MINIMUM RANK OF A TREE OVER AN ARBITRARY FIELD^∗

NATHAN L. CHENETTE^† , SEAN V. DROMS^‡ , LESLIE HOGBEN^§ , RANA MIKKELSON^¶, AND OLGA PRYPOROVA¶

Abstract. For a field F and graph G of order n, the minimum rank of G over F is defined to be the smallest possible rank over all symmetric matrices A ∈ F^{n×n} whose (i, j)th entry (for i ≠ j) is nonzero whenever {i, j} is an edge in G and is zero otherwise. It is shown that the minimum rank of a tree is independent of the field.

Key words. Minimum rank, Tree, Graph, Field, Path, Symmetric matrix.

AMS subject classifications. 05C50, 15A18.

1. Introduction. The minimum rank problem is the problem of finding the smallest rank of a matrix in the set of symmetric matrices having the zero-nonzero pattern of off-diagonal entries described by a given (simple undirected) graph. This problem has received considerable attention recently; see [1], [2], [3], [4], [5], [7], [9], [10], [11], [13], [14], [15]. Originally the minimum rank problem was studied over the real numbers, where it is equivalent to the question of maximum multiplicity of an eigenvalue of the same family of matrices. The study of minimum rank was expanded to arbitrary fields in [4] and [5].

In this paper, a graph G = (V (G), E(G)) is a simple undirected graph, i.e. a set V (G) of vertices with a set E(G) of two-element subsets of vertices called edges. The order of a graph G is the number of vertices in V (G) and is denoted by |G|. A connected graph is a graph that has a path between any two vertices. A tree is a connected graph with no cycles.

Define S_n(F ) to be the set of all symmetric n × n matrices over a field F . The graph of A ∈ S_n(F ), denoted G(A), is the graph G with vertices {1, ..., n} and edges {{i, j} | a_{ij} ≠ 0 and i ≠ j}. The diagonal entries of A have no bearing on the structure of G. Define

S^F (G) = {A ∈ S_n(F ) | G(A) = G}.

Define the minimum rank of G over F as

mr^F (G) = min{rank(A) | A ∈ S^F (G)}.

∗Received by the editors 3 August 2006. Accepted for publication 27 June 2007. Handling Editor: Bryan L. Shader.

†Department of Mathematics, Harvey Mudd College, Claremont, CA 91711, USA (nchenette@hmc.edu). Research supported by NSF grant DMS 0353880.

‡Department of Mathematics, University of Mary Washington, Fredericksburg, VA 22401, USA (seandroms@gmail.com). Research supported by NSF grant DMS 0353880.

§Department of Mathematics, Iowa State University, Ames, IA 50011, USA (lhogben@iastate.edu). Research partially supported by NSF grant DMS 0353880.

¶Department of Mathematics, Iowa State University, Ames, IA 50011, USA (ranam@iastate.edu, olgav@iastate.edu). 183

In 1996 Nylen gave a method for computation of minimum rank for a tree, subsequently improved by Johnson and Leal-Duarte [11], Johnson and Saiago [14], and others. Convenient algorithms for computation of the minimum rank (over the reals) of a tree (by computation of the graph parameter Δ, cf. Section 2) are available, e.g., in [12]. In Section 2 we show that the minimum rank of a tree is independent of field.

We will need some additional terminology and notation to prove the main result. Given R ⊆ V (G), the subgraph of G induced by R is G[R] = (R, E(G[R])) where E(G[R]) = {{i, j} ∈ E(G) | i, j ∈ R}. The induced subgraph G[V (G) \ R] will be denoted by G(R). Let A be an n × n matrix and R ⊆ {1, 2, ..., n}. Let A(R) denote the principal submatrix of A obtained by deleting the rows and columns in R. By a slight abuse of notation, if A ∈ S^F (G) and R ⊆ {1, . . . , n}, then A[R] ∈ S^F (G[R]) (technically, the rows and columns of the matrix should be indexed by R, but this distinction will be ignored). We use the following notation: P_n denotes the path on n vertices. K_n denotes the complete graph on n vertices.

The limited progress on the (real) minimum rank problem for graphs that are not trees has come mainly in two ways, by deleting cut-vertices (as is done in the tree algorithms), and by characterizing graphs having relatively extreme minimal rank. The connected graphs having minimum rank 1 are exactly the complete graphs K_n (and this is clearly independent of field). Of course, only connected graphs need be considered to compute minimum rank, as the minimum rank of a graph is the sum of the minimum ranks of its connected components.

Since a singular matrix can be obtained by adjusting diagonal entries to make every row sum equal to zero, it is clear that for any field F and graph G, mr^F (G) ≤ |G| − 1. For any field F , if A ∈ S^F (P_n) and P_n has the standard vertex labeling so A is tridiagonal, then the matrix obtained from A be deleting column 1 and row n is invertible. Hence mr^F (P_n) = n − 1. In the study of minimum rank of a graph over the real numbers, it is well-known that mr^R(G) = |G| − 1 implies G is a path. This result is obtained as a consequence of the following theorem of Fiedler.

Theorem 1.1. [8] (Fiedler’s Tridiagonal Matrix Theorem) If A is a real symmetric n × n matrix such that for all real diagonal matrices D, rank(A + D) ≥ n − 1, then A is irreducible and there is a permutation matrix P such that P^T AP is tridiagonal.

Fiedler’s proof of his Tridiagonal Matrix Theorem relies on continuity properties of the real numbers, but a combinatorial proof valid over any infinite field was subsequently given by Rheinboldt and Shepherd [16]. More recently, Bento and Leal-Duarte [6] established Fiedler’s Theorem for all fields except for a few 5 × 5 matrices over Z_3. Since the matrices involved have all off-diagonal entries nonzero, these matrices are in S^{Z3} (K_n), so their exceptional behavior in regards to Fielder’s Tridiagonal Matrix Theorem does not affect the application of the theorem to minimum rank problems (since Fiedler’s Theorem is not needed for K_n). Thus, Fiedler, Rheinboldt, Shepherd, Bento and Leal-Duarte have established that

mr^F (G) = |G| − 1 if and only if G = P_{|G|}.

In [4] and [5] graphs having minimum rank 2 over a field F are characterized by a

Minimum Rank of a Graph 185

short list of forbidden induced subgraphs, and in [7] it is shown that for a finite field, the graphs having minimum rank ≤ k can always be characterized by a finite set of forbidden induced subgraphs. In [13] all graphs having minimum rank |G| − 2 over an infinite field F are characterized.

2. Trees. In this section we show that the minimum rank of a tree is the same for all fields. For any tree T , the path cover number P (T ) is the minimum number of vertex-disjoint induced paths needed to cover all vertices of T and

Δ(T ) = max{p − q | there is a set of q vertices whose deletion leaves p paths}.

Eigenvalue interlacing is used in [11] to prove that mr^R(T ) ≤ |T | − Δ(T ) for any tree T . Unfortunately, this method is not meaningful for fields other than the reals, since the geometric and algebraic multiplicities of eigenvalues of symmetric

matrices are no longer necessarily equal; for example, the matrix [ 1 i i −1 ] ∈ C^{2×2} has

eigenvalue 0 with algebraic multiplicity 2 and geometric multiplicity 1, and eigenvalue interlacing is not valid for this matrix. However, the result mr^F (T ) ≤ |T | − Δ(T ) remains valid and can be proved by examining the ranks of the matrices involved in the interlacing technique. A similar technique was used in [1].

Proposition 2.1. For any field F and tree T , mr^F (T ) ≤ |T | − Δ(T ). Proof. Let n = |T |. Recall that Δ(T ) = max(p − q) such that there exist q vertices of T whose deletion leaves p paths. Let Q be a set of q such vertices, where G(Q) is p paths P^{(1)}, P^{(2)}, . . . , P^{(p)}. Let n_i be the number of vertices in path P^{(i)}. For each P^{(i)}, choose an n_i × n_i matrix A_i ∈ S^F (P^{(i)}) of rank n_i − 1. Embed each A_i in an n × n matrix A so that each A_i is the principal submatrix corresponding to the vertices of P^{(i)}. Add nonzero entries (of arbitrary value) symmetrically to the rows and columns of the q vertices deleted, in locations corresponding to existing edges of T , so that the resulting matrix is in S^F (T ). Then

rank(A(Q)) = p∑ i=1 rank(A_i) = p∑ i=1 (n_i − 1).

Adding each row/column can increase the rank by at most 2. So

rank(A) ≤ p∑ i=1 (n_i − 1) + 2q = p∑ i=1 n_i + q + (q − p) = n − Δ(T ).

Thus mr^F (T ) ≤ n − Δ(T ).

Let T be a tree. The proof of mr^R(T ) ≥ |T | − P (T ) in the Theorem in [11] remains valid over an arbitrary field, i.e., for any field F , mr^F (T ) ≥ |T |−P (T ). Since Δ(T ) and P (T ) are determined by T independent of the field, and since for F = R, Δ(T ) = |T | − mr^R(T ) = P (T ) [11], we have established the following theorem.

Theorem 2.2. For any field F and tree T , mr^F (T ) = |T | − Δ(T ) = |T | − P (T ). In particular, for a tree, minimum rank is independent of field.

186 N.L. Chenette, S.V. Droms, L. Hogben, R. Mikkelson, and O. Pryporova

Acknowledgments The authors would like to thank the referee for many helpful suggestions.

REFERENCES

[1] F. Barioli and S. Fallat. On the minimum rank of the join of graphs and decomposable graphs.

Linear Algebra and its Applications, 421:252-263, 2007.

[2] F. Barioli, S. Fallat, and L. Hogben. Computation of minimal rank and path cover number for graphs. Linear Algebra and its Applications, 392:289–303, 2004.

[3] F. Barioli, S. Fallat, and L. Hogben. A variant on the graph parameters of Colin de Verdière:

Implications to the minimum rank of graphs. Electronic Journal of Linear Algebra, 13:387– 404, 2005.

[4] W. Barrett, H. van der Holst, and R. Loewy. Graphs whose minimal rank is two. Electronic Journal of Linear Algebra, 11:258-280, 2004.

[5] W. Barrett, H. van der Holst, and R. Loewy. Graphs whose minimal rank is two: the finite fields case. Electronic Journal of Linear Algebra, 14:32-42, 2005.

[6] A. Bento and A. Leal-Duarte. On Fiedler’s characterization of tridiagonal matrices over arbitrary fields. Linear Algebra and its Applications, 401:467–481, 2005.

[7] G. Ding and A. Kotlov. On minimal rank over finite fields. Electronic Journal of Linear Algebra, 15:210-214, 2006.

[8] M. Fiedler. A characterization of tridiagonal matrices. Linear Algebra and its Applications, 2:191–197, 1969.

[9] L. Hogben. Spectral graph theory and the inverse eigenvalue problem of a graph. Electronic Journal of Linear Algebra, 14:12-31, 2005.

[10] L. Hogben and H. van der Holst. Forbidden minors for the class of graphs G with ξ(G) ≤ 2.

Linear Algebra and its Applications, 423:42-52, 2007.

[11] C. R. Johnson and A. Leal Duarte. The maximum multiplicity of an eigenvalue in a matrix whose graph is a tree. Linear and Multilinear Algebra, 46:139–144, 1999.

[12] C. R. Johnson, A. Leal Duarte, and C. M. Saiago. Multiplicity lists for the eigenvalues of symmetric matrices with a given graph. In Handbook of Linear Algebra, L. Hogben, Editor, CRC Press, Boca Raton, 2006.

[13] C. R. Johnson, R. Loewy, and P. A. Smith. The graphs for which maximum multiplicity of an Eigenvalue is Two. Preprint.

[14] C. R. Johnson and C. M Saiago. Estimation of the maximum multiplicity of an eigenvalue in terms of the vertex degrees of the graph of the matrix. Electronic Journal of Linear Algebra, 9:27–31, 2002.

[15] P. M. Nylen, Minimum-rank matrices with prescribed graph. Linear Algebra and its Applications, 248:303–316, 1996.

[16] W.C. Rheinboldt and R.A. Shepherd. On a characterization of tridiagonal matrices by M.

Fiedler. Linear Algebra and its Applications, 8:87-90, 1974.