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PRODUCTS OF COMMUTING NILPOTENT OPERATORS*
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POLONA OBLAK!

Abstract. Matrices that are products of two (or more) commuting square-zero matrices and
matrices that are products of two commuting nilpotent matrices are characterized. Also given are
characterizations of operators on an infinite dimensional Hilbert space that are products of two (or
more) commuting square-zero operators, as well as operators on an infinite-dimensional vector space
that are products of two commuting nilpotent operators.
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1. Introduction. Is every complex singular square matrix a product of two
nilpotent matrices? Laffey [5] and Sourour [8] proved that the answer is positive:
any complex singular square matrix A (which is not 2 x 2 nilpotent with rank 1) is a
product of two nilpotent matrices with ranks both equal to the rank of A. Earlier Wu
[9] studied the problem. (Note that [9, Lem. 3] holds but the decomposition given in
its proof on [9, p. 229] is not correct since the latter matrix given for the odd case is
not always nilpotent.) Novak [6] characterized all singular matrices in M,, (F), where
F is a field, which are a product of two square-zero matrices. Related problem of
existence of k-th root of a nilpotent matrix was studied by Psarrakos in [7].

Similar results were proved for the set B(H) of all bounded (linear) operators
on an infinite-dimensional separable Hilbert space H. Fong and Sourour [3] proved
that every compact operator is a product of two quasinilpotent operators and that
a normal operator is a product of two quasinilpotent operators if and only if 0 is
in its essential spectrum. Drnovsek, Miiller, and Novak [2] proved that an operator
is a product of two quasinilpotent operators if and only if it is not semi-Fredholm.
Novak [6] characterized operators that are products of two and of three square-zero
operators.

Here we consider similar questions for products of commuting square-zero or
commuting nilpotent operators on a finite dimensional vector space or on a infinite-
dimensional Hilbert or vector space. The commutativity condition considerably re-
stricts the set of operators that are such products. Namely, if A = BC and B, C
are commuting nilpotent operators then A is nilpotent as well and it commutes with
both B and C. If in addition B and C are square-zero then so is A.
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In the paper we characterize the following sets of matrices and operators:

e Matrices that are products of £ commuting square-zero matrices for each
k> 2.

e Matrices that are products of two commuting nilpotent matrices.

e Operators on a Hilbert space that are products of k& commuting square-zero
operators for each k > 2.

e Operators on an infinite-dimensional vector space that are products of two
commuting nilpotent operators.

2. When is a matrix a product of commuting square-zero matrices?

First we consider the following question:

QUESTION 1. Which matrices A € M,,(F) can be written as a product A = BC),
where B> = C? =0 and BC = CB?

Observe that if A, B and C are as above then B and C' commute with A.

ExaMPLE 2.1. It can be easily seen that

0 0 1 0 1 0|0 0 O
Eiz=(0 0 0| =10 0 0] (0 0 1],
0 0 0 0 0 00 0 O

but Ej3 cannot be written as a product of two commuting square-zero matrices.
Therefore the set of matrices that can be written as a product of two commuting
square-zero matrices is not the same as the set of matrices that are products of two
square-zero matrices.

Next, we have that

0001 0 1. 0 0] [0 0 1 0]
E_OOOO_OOOOOOOI
710 00 0 {000 1|00 0 0
0 0 00 00 0 0j |0 0 0 0]
0 0 1 0] 0o 1 0 0]
100 0 1110 0 0 O
|0 0 0 0[]0 O 0 1
00 0 0f |0 0 0 0]
and
01 00> oo 1 0]
0 00 0f {0001 —0
0o 00 1 o0 o0 O
0 0 0O 0 0 0O
Thus E14 is a product of two commuting square-zero matrices. O
We denote by J, = Jiu perene) = Jun © Juy @ ... @ Jy, the upper triangular
nilpotent matrix in its Jordan canonical form with blocks of order W1 > g > >

pe > 0. If A is similar to J,, then we call p the partition corresponding to A. We also
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say that p is the Jordan canonical form of A. For a finite sequence of natural numbers
A= ()\1,X2, ..., At) we denote by ord(\) = p the ordered sequence pg > po > ... > .

Let ¢(A) denote the index of nilpotency of matrix A. For a nilpotent matrix A,
define a sequence

J(A) = (1, 0z,...,0,4)) = (a1,02,...,05)

where «; is the number of Jordan blocks of the size ¢ and o; = 0 for j > +(A). Note
that E?Zl joj =n.

If C' commutes with J,, it is of the form C = [Cj;], where C;; € M, x,; and Cj;
are all upper triangular Toeplitz matrices (see e. g. [4, p. 297]),ie. for 1 <i<j <t
we have

[0 1 i —17]
Cii Cj - Cj
0 0. :
0 1 pi—1 It
0 0 ¢ ¢ Cis ) .
0 & e
_ ij o
Cij and Cj; = 0 &,
0 " c%j
0 0 o 0
0o ... ... 0

(2.1)
If p1; = p; then we omit the rows or columns of zeros in Cj; or Cj; above.
PROPOSITION 2.2. A matrixz A is a product of two commuting square-zero ma-

trices if and only if it has a Jordan canonical form (2%,1"=2) for some x < 1 le

if and only if J(A) = (n — 2x,x) for some x < 4.

Proof. Since A? = B2C? = 0, it follows that also A is a square-zero matrix. Since

B? = 0, the Jordan canonical form of matrix B is equal to u = (2¢,1"72%) for some

0<a< % Suppose that B = J, is in its Jordan canonical form. Since C' commutes

with B it is of the form C' = [C};], where C;; are given in (2.1). Following Basili [1,

p. 60, Lemma 2.3], the matrix C is similar to

U X Y
0o U 0],
0 W U,

where Uy, X € Maxa, Y € Max(n—Qa)a W e M(n—Qa)xav Us € M(n—Qa)x(n—Qa) and
Uy and U, are strictly upper triangular matrices. Note that B is transformed by the
same similarity to

well
|
coco
o O~
coco
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Take an invertible matrix P; such that PU; P, t—Jg '\ and denote

[P0 0] [un X Y][P" 0 0 Jy X' Y
C=|0 P 0|0 U 0 0 Ptol=]0 Jy 0

0o 0 I 0 W U, 0 0 I 0 W U,
Note that B does not change under the above similarity. Since C2? = 0, also C2 = 0
and thus Ji = 0. Therefore, A = (2%,1972%) where 0 < z < 5 < 4. We see that

oI 0] X YT o0 J
BC=10 0 0[|0 Ju 0|=1[00 0
00 o0f|0 W Uy |00 0

Now, it easily follows that rk(A4) = rk(BC) = z. Since A% = 0, we see that A must
have Jordan canonical form (27,1"72%) for some z < %.

Now, take a nilpotent matrix A with its Jordan canonical form (2%,1%~2%), where
z < %. Then there exists an invertible matrix @) such that

0 0 0

o

0 0

o

QAQ~! = @ ..o

o O OO
O O OO

1 1
0 0O 0 0
0 0 O 0 0
0 00 0 0

o O O

0 0
0 0
0 0

o O O

x

In Example 2.1 we observed that the matrix F14 is a product of two commuting
square-zero matrices. Then it follows that QAQ~! and A are also products of two
commuting square-zero matrices. We have proved the proposition. O

THEOREM 2.3. A matriz A is a product of k pairwise commuting square-zero
matrices if and only if it has a Jordan canonical form (2%,1"=2%) for some x < 5%
i.e. if and only if J(A) = (n — 2z,x) for some x < 5.

Proof. Let A be a matrix with Jordan canonical form (2%, 1%~2%) for some z <
Then it is similar to a matrix

n
Q_k .

A,:E12k @Elgk@@Elgk@O@O@@o,

z n—2kg

where Ejor € Myix(C) is a matrix with only nonzero element (equal to 1) in the
upper-right corner. To prove that A is a product of k pairwise commuting square-
zero matrices it is sufficient to show, that F;ox is a product of k pairwise commuting
square-zero matrices.

We define matrices

02:‘—1 IQi—l

Ci= |:02i1 Ogi-1

} € My (C)

for every i = 1,2, ...,k and let
B,=CioC;d...0C EMQk((C).

ok—1i
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It is easy to check that B? = 0 and B;B; = B;B; for every i,j and that
Ei9x = B1Bs...By.

To prove the converse we have to show that every product of k pairwise commuting
square-zero matrices has rank at most 5. We will show this by induction. The
assertion is true for kK = 2 by the previous proposition. Suppose that every product
of k pairwise commuting square-zero matrices has rank at most gr and let

A=BBy... By

where Bj, Ba, ... By are pairwise commuting square-zero matrices. Denote by m
the rank of B;. Since B% = 0 we have that m < % Now the matrix Bj is similar to

a matrix
0m I 0
Bi: O0m O 0
0 02n—m

Again following Basili [1, p. 60, Lemma 2.3], we transform the matrices B; simulta-
neously by similarity to the matrices
Xi Y. Z;
Bi=|0 X, 0
0 U V
Here matrices X; are square-zero and they pairwise commute. Now

A'=BBy...Bj,, =

0 I 0| |Xe Yo 2 Xkr1 Yerr Ziia 0 Xo... X341 O
=10 0 O 0 X O07... 0 Xkt 0 =10 0 0
0000 U W 0 Ut Vin 0 0 0

and the matrix X5 ... Xy is a product of k pairwise commuting square-zero matrices,
so it has the rank at most g and thus the rank of A is at most 5%. O

3. When is a matrix a product of two commuting nilpotent matrices?

In this section we study the following question:

QUESTION 2. Which matrices A € My, (F) can be written as A = BC = CB,
where B and C' are nilpotent matrices?

Clearly, A must be nilpotent. Thus, not every singular matrix is a product of two
commuting nilpotent matrices.

Moreover, suppose that rk(4) = n—1 and A = BC = C'B with B and C nilpotent.
Then also rk(B) = rk(C) = n—1 and thus B = PJ,,P~! and P~'CP = p(J,,), where
p is a polynomial such that p(0) = 0. Then A = BC = PJ,p(J,)P~! and thus
rk(A) < n — 1, which is a contradiction. Hence not every nilpotent matrix is a
product of two commuting nilpotent matrices (for example J;, is not).
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Im
0 0
a product of two commuting nilpotent matrices? Assume that A = BC is such a

Tg Wg -
Ve UB:| and C =

EXAMPLE 3.4. Suppose A = { where m > 3. Can A be written as

product. Since B and C' commute with A it follows that B = [

Tc We
[VC Uc
Up,Uc € M (F) are nilpotent matrices (see Basili [1]), Wg, We € M,k (F) have
the only nonzero entries in the first row and Vi, Vo € My (F) have the only nonzero
entries in the last column.

Since A = BC it follows that J,, = TgTc + WgVe. The product WiV has
the only nonzero entry in the first row and the last column, and T and T are
strictly upper-triangular. The assumption that m > 3 is needed to conclude that
TgTc + WgVe is upper triangular Toeplitz matrix with zero superdiagonal. This
contradicts the fact that J,, has nonzero superdiagonal and implies that A is not a
product of two commuting nilpotent matrices. m]

What is the Jordan canonical form of J¢ for ¢ > 27 Tt is an easy observation that
the partition of n corresponding to J¢ is equal to (A1, A2, ..., Ar), where Ay — Ay < 1.
We denote this partition by r(n,t). If n = kt + r, where 0 < r < ¢, then r(n,t) =
((k+1)",k'="). Note that k = [2|. It follows that J(J!) = (0,...,0,t —r,7).

———
L#]-1

PRrROPOSITION 3.5. If a nilpotent matriz A has a Jordan canonical form

} , where Tp, Tc € M, (F) are (strictly) upper triangular Toeplitz matrices,

ord(r(ni,t1),r(na, ta), ..., r(Nm, tm), 1’“),

where n =k+Y i~ n; and t; > 2 for all i, then A can be written as a product of two
commuting nilpotent matrices.

Proof. Since the Jordan canonical form of Jt is r(n;,t;), matrix A is similar to
JreJze. .. e Jm®@0e08...60, which is obviously equal to the product of

k
two commuting nilpotent matrices

Jy @Jpy @ ... ® T, ®000D...00
—_—
k

and

JilgJtle . e il 90000...00
k

Thus also A can be written as a product of two commuting nilpotent matrices. O
In the following we show that the converse is true as well.
THEOREM 3.6. For a nilpotent matriz A the following are equivalent:
(a) A can be written as a product of two commuting nilpotent matrices,
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(b) A has a Jordan canonical form
ord(r(ni,t1),7(n2, t2), . ., 7 (N, tm), 17),

where n =k+ Y. n; and t; > 2 for all i,
(c) J(A) does not include a subsequence (0,1,1,...,1,0) for anyl > 1.
—_——
211
We first prove the following lemma and propositions.
LemmA 3.7. If J(A) = (0,...,0,1,...,1), where l > 1 and m > 2l, then A is
—— ——
m—2l41  2l—1
not a product of two commuting nilpotent matrices.
Proof. Suppose that A = BC = CB is nilpotent matrix with J(A) as in the
statement of the lemma. Let us denote s = 2] — 1 and let us assume that A =
J(m,m—1,....,m—s+1)- Then

B= . ) ) and C'=| . . s
le BgQ “ e BSS CSl CSQ “ e CSS

where all B;; and C; are upper triangular Toeplitz and we use the notation introduced
in (2.1).

Since J,,, = B11C11 + B12Co1 + ...+ B1sCs1 = C11B11 + C12Ba1 + ...+ C15sBs1
and the only possible summands with nonzero superdiagonal are B12Co1 and C12Bo1,
it follows that b%5c9; = {409, = 1. Since J,,—1 = B21C12 + B22Cas + ... + BasCso =
C91B12+ C39Bos + . . .4+ Co5Bso and the only possible summands with nonzero super-
diagonals are By1C1s + Bo3Cs1 and Coy Bio + Ca3 Bsy, it follows that b9, cfs + b33c32 =
9,695 + 9509, = 1 and therefore b95c5, = 9503, = 0.

Similarly, we show by induction, that bY;,,¢?,, ; = ¢f;,,b?,, ; = 0 for all even

iand 09, ¢, = ¢, 100, = 1 for all odd i. In particular, it follows that
0 0 — 0 0 —
bsfl,scs,sfl - csfl,sbs,sfl =0.

Furthermore, Jm,—s—i-l = B31013+BSQCQS+. . -+Bsscss = CslBls+CSQBQS+. .+
(s Bgs and the only possible summands with nonzero superdiagonals are Bs s_1Cs_1 5
and Css-1Bs_1,5. It follows that the superdiagonal of J,,_s41 is equal to 1 =

bgs_lcg_m = cg,s_lbg_m = 0, which is a contradiction. O
ProrosiTION 3.8. If J(A) = (a1, -+, Qm—21,0,1,..., 1,0, mto,...,an), where
——

211
[ > 1, then A is not a product of two commuting nilpotent matrices.
Proof. Denote p = (n®,(n— 1)1, ..., (m+2)*2) A=(m,m—1,...,m—
20 +2) and g/ = ((m — 20)m=2 (m — 21 — 1)@m-20-1_ ]01),
Suppose that A = BC' = CB with J(A) as in the statement. Then we can

Bi1 B2 Bis Cii Ci2 Cis
assume that A = Jg &) JA@ J/_L/) B=|Bs1 By Bas| and C = |Cy; Cy (Css
B3y Bsy Bss C31 Cso Cs3

in the same block partition, where all B;;, C;; are block upper triangular Toeplitz.
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We compute that Jy = B21Ci2 + BaaCaz + Ba3Csa = Ca1 Bi2 + Ca2Bag + Ca3Bss.
Since m — 21 +2 > m — 2] + 1, it follows that superdiagonals of all blocks of J, must
be equal to superdiagonals of BgsCo and by symmetry to superdiagonals of Cas Bas.
We have already seen in the proof of Lemma 3.7 that this is not possible. O

PROPOSITION 3.9. If J(A) does not include a subsequence (0,1,1,...,1,0) for
———
211
any | > 1, then the Jordan canonical form of a matriz A is equal to
ord(r(ny, t1),7(n2,ta), . .., 7(Nmy tm), 1%),
where n =k + Y i~ n; and t; > 2 for all i.
Proof. It J(A) does not include a subsequence of the form (0,1,1,...,1,0), then
—_———
211
for any subsequence of J(A) of the form
(Oaat7at+1)"'7a870)) (32)

for some 2 <t < s <mn, where a; #0 for i =¢,t 4+ 1,...,s holds either

(a) s—t+1is even or

(b) s —t+1is odd and there exists j, ¢t < j < s, such that a;; > 2.
So, the matrix A can be written as a direct sum A, & As & ... P A,, where each A;
has one of the following forms:

(i) J(A;) = (a1) and the Jordan canonical form of A; is equal to (11).

(i) J(A4;) =(0,...,0,qq,), where oy, > 2 and the Jordan canonical form of A4,

——

qi—1
is equal to r(giay,, g, )-
(iii) J(A4;) = (0,...,0,aq,,0q+1) and the Jordan canonical form of A; is equal
——
qi—1
to r(giag, + (¢ + 1)ag, 41, 0, + atg,41).
(iv) J(A4;) =(0,...,0,aq-1,Qq, g +1), Wwhere g, > 2 and the Jordan canonical

qi—2
form of A; is equal to

Ord(r((qi _1)04(17:—1""(11'(0‘(11‘, _1)a Og;—1F 0, _1)a r(qr“(%"f'l)aqa‘,-i-lv 1+0‘q1:+1))'

In case (a) we can write each block corresponding to subsequences of the form (3.2)
as a direct sum of blocks of type (iii). In the case (b) we use types (ii) and (iii) if
there is an odd ¢ > 1 such that ay—_14; > 2 and types (iii) and (iv) otherwise. If
a7 > 1 then the block corresponding to the subsequence (a1, ao,...,as,0), a; > 1,
is decomposed as a direct sum of blocks of type (iii) if s is even and a combination of
types (i) and (iii) if s is odd. This proves the proposition. O

Proof. (of Theorem 3.6) Since Proposition 3.8 holds also for m = n, the im-
plication (a) = (c) follows from Proposition 3.8. The implication (c¢) = (b) is
the statement of Proposition 3.9 and the implication (b) = (a) is the statement of
Proposition 3.5. O
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4. When is an operator a product of commuting square-zero operators?

In this section we assume that H is an infinite-dimensional, separable, real or
complex Hilbert space. We denote by B(H) the algebra of all operators (i.e., bounded
linear transformations) on H.

QUESTION 3. Which operators A € B(H) can be written as a product of two
commuting square-zero operators?

Similarly as in the finite-dimensional case we notice that also A is square-zero.
Therefore im A C ker A. So the space im A + ker A is closed.

THEOREM 4.10. Let A € B(H). Then A = BC = CB, where B> = C? =0, if
and only if dim(ker A Nker A*) = oo and A% = 0.

Proof. If A is a product of two square-zero operators it follows by [6] that
dim(ker A © im A) = oco. Since ker A © im A = ker A N (M)l = ker A N ker A*
we have that dim(ker A Nker A*) = oo and A% = 0.

It remains to prove the converse. We can choose a decomposition of H as a direct
sum of infinite-dimensional subspaces H; and Hs such that Hy C ker ANker A*. The
0 8] . Since A% = 0 also
D? = 0. Therefore we can find a decomposition of space H; = Hi1 ® Hi2, where
both subspaces are infinite-dimensional and im D C H;;. The matrix of D relative to

matrix of A relative to this decomposition is of the form [

. Ce Dy . C . . .
this decomposition is . Since Hs is infinite-dimensional space, we can write

0 O
it as a direct sum of two infinite-dimensional subspaces Ho1 and Hso. The form of A
relative to the decomposition H11 ® Hiz & Hay B Hoo is

0 Dy 0 0

0O 0 0 0

0O 0 0 0

0 0 0 O

Define operators B and C on H by

0 0 Dy 0 0 0 0 I
0 0 0 0 0 00 0
B=1o 0 o0 o ™ %=]0 1 00
0 Dy 0 0 0 0 0 O

It is evident that A = BC' = CB and B?> = C? =0. 0

The factorization in the proof above is based on the factorization in the finite-
dimensional case. Since Hs, is an infinite-dimensional space, we can write it as a
direct sum of k infinite-dimensional subspaces. Using the factorization in the proof
of Theorem 2.3 we get the following result.

COROLLARY 4.11. An operator A is a product of two commuting square-zero
operators if and only if A is a product of k square-zero operators.
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5. When is an operator a product of two commuting nilpotent opera-
tors?

Let V' be an infinite-dimensional vector space and A : V' — V a nilpotent operator
with index of nilpotency n. We proceed to define the sequence

J(A) = (aq,a9,...,ap),

where now «; € NU {0, co}.
For k=0,1,...,n — 1 we choose subspaces V,,_j, such that:
1. For k =0 we have V = ker A” = ker A"~ 1 @ V/,.
2. For k > 0 we have ker A" % = ker A" %=1 @ AW,, 11 @® V,,_p, where
Wh—tt1 = AWy _ 12 @ Vg1 and W1 = 0.
Then we define o; = dimV;, i = 1,2,...,n. Observe that if dimV < oo then this
definition of J(A) coincides with the one given in §2.

Observe that if an operator A is a product of two commuting nilpotent operators,
then A is also a nilpotent operator.

THEOREM 5.12. A nilpotent operator A with J(A) = (a1, aa,...,ay) is a prod-
uct of two commuting nilpotent operators if and only if a matriz B with J(B) =
(61,52, -, 0Bn), where B; = min{w;, 2}, is a product of two commuting nilpotent ma-
trices.

Before we prove the theorem let us show the following two lemmas.

LEMMA 5.13. If J(A) = (0,...,0,00), then A is a product of two commuting
nilpotent operators.

Proof. Since a; = 0 for i # n, it follows that all the indecomposable blocks are of
size n. Then A is similar to &2, Jxn = 321 (J2k—1,n ® J2k,n), Wwhere Jpn, k € N,
are indecomposable blocks of A each of them similar to .J,,. Since Jog—1,n @ Jok,n is a
product of two commuting nilpotent matrices by Theorem 3.6, the assertion follows. O

LEMMA 5.14. Let A be a nilpotent matriz with J(A) = (o1, g, ..., a,), where
there exists an index j such that a; > 2. Suppose that B is a matric with J(B) =
(B1, B2, ...,0n), where B; = «; for i # j and B; = oj + 1. Then A is a product of
two commuting nilpotent matrices if and only if B is a product of two commuting
nilpotent matrices.

Proof. By Theorem 3.6 a matrix A is a product of two commuting nilpotent
matrices if and only if J(A) is not of the form

(a1, oy0,0, 1,000,100,y ooy i) (5.3)
———
2l—1

It follows easily that matrices A and B are simultaneously the products of two com-
muting nilpotent matrices. O

Proof. (of Theorem 5.12) Suppose that A is a product of two commuting nilpotent
operators. Similarly as in the finite-dimensional case we can show that J(A) can not
be of the form (5.3). Hence also J(B) is not of that form and therefore B is a product
of two commuting nilpotent matrices.

To prove the converse write A as a direct sum of A; and A with

J(Aj) = (o, azj, - - -, )
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so that a;; = «; and a;o = 0 if «; is finite, and «;; = 2 and a;2 = oo otherwise. It
suffices to show that A; and Ay are the products of commuting nilpotent operators,
which follows from the lemmas above. O
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