PRINCIPAL EIGENVECTORS OF IRREGULAR GRAPHS^∗

SEBASTIAN M. CIOABĂ^† AND DAVID A. GREGORY^‡

Abstract. Let G be a connected graph. This paper studies the extreme entries of the principal eigenvector x of G, the unique positive unit eigenvector corresponding to the greatest eigenvalue λ_1 of the adjacency matrix of G. If G has maximum degree Δ, the greatest entry x_{max} of x is at most 1/ √ 1 + λ^2_1/Δ. This improves a result of Papendieck and Recht. The least entry x_{min} of x as well as the principal ratio x_{max}/x_{min} are studied. It is conjectured that for connected graphs of order n ≥ 3, the principal ratio is always attained by one of the lollipop graphs obtained by attaching a path graph to a vertex of a complete graph.

Key words. Spectral radius, Irregular graph, Eigenvectors.

AMS subject classifications. 05C50, 15A18.

1. Introduction. The study of the eigenvectors of the adjacency matrix of a graph has led to many applications. The principal eigenvectors of graphs form the basis of the PageRank algorithm used by Google (see [2]). The eigenvector corresponding to the second largest eigenvalue of a connected graph has been used in spectral partitioning algorithms (see [14]). The ratio of a non-negative irreducible matrix has been studied by Ostrowski [9, 10], Minc [5], De Oliveira [8], Latham [4] and Zhang [17] among others.

In this paper, we study principal eigenvectors of connected irregular graphs. Our graph theoretic notation is standard, see West [15]. The eigenvalues of a graph G are the eigenvalues λ_i of its adjacency matrix A, indexed so that λ_1 ≥ λ_2 ≥ . . . ≥ λ_n. The greatest eigenvalue, λ_1, is also called the spectral radius. If G is connected, then the multiplicity of λ_1 is 1. The positive eigenvector of length 1 corresponding to λ_1 will be called the principal eigenvector of G. Note that if G is k-regular and connected, then k = λ_1 > λ_2 and the principal eigenvector of G is^{1√}_n 1, where 1 is the all one vector.

If x ∈ R^n, we denote by x_{max} the greatest entry of x and by x_{min} the least entry of x. The ratio of x is defined as x_{max}/x_{min}. If A is a non-negative irreducible matrix and ρ is the positive eigenvalue of A of maximum modulus, then σ(A) denotes the ratio of x, where x is a positive eigenvector corresponding to ρ. The principal ratio, γ(G), of a connected graph G is the ratio of the principal eigenvector of G. It is well known that G is regular if and only if γ(G) = 1. Thus, one can regard γ(G) as a measure of the irregularity of the graph G.

Schneider [12] has proved that if G is a connected graph, then γ(G) ≤ λ^{n−1}_1 . In Section 2, we improve Schneider’s result as well as some recent results of Nikiforov

∗Received by the editors 2 April 2007. Accepted for publication 8 October 2007. Handling Editor: Hans Schneider.

†Department of Mathematics, University of California at San Diego, La Jolla, CA 92093-0112, USA (scioaba@math.ucsd.edu). Research supported by an NSERC Postdoctoral Fellowship ‡Department of Mathematics and Statistics, Queen’s University, Kingston, Ontario K7L 3N6, Canada (gregoryd@mast.queensu.ca). Research supported by NSERC Canada. 366

Principal Eigenvectors of Irregular Graphs 367

[7]. We also present some lower bounds on γ(G) which improve previous results of Ostrowski [9]and Zhang [17].

If G is a connected graph and x is the principal eigenvector of G, then Papendieck and Recht [11] proved that x_{max} ≤^{1√}_2 with equality if and only if G = K_{1,n−1}. In Section 3, we generalize and extend this result and we also prove some lower and upper bounds for the extreme entries of the principal eigenvector of a connected graph.

2. The principal ratio of a graph. In this section, we study the principal ratio γ(G) of a connected graph. As stated before, this parameter can be regarded as a measure of the irregularity of a graph.

2.1. Upper bounds for γ(G). Let G be a connected graph with vertex set {1, 2, . . . , n}. Suppose that the path P_r on the first r vertices 1, 2, . . . , r is a subgraph of G. Subgraphs found by taking the shortest path between two vertices in G and renumbering the vertices will have this property and will be induced paths. Such examples will have length at most D, the diameter of G.

Assume that λ_1 = λ_1(G) > 2. Let x be the principal eigenvector of G. Because Ax = λ_1x, it follows that, for each vertex i,

λ_1x_i = ∑ j∼i x_j .

Since the entries of x are all positive, if we let x_0 = 0, it follows that

x_2 ≤ λ_1x_1 and x_k ≤ λ_1x_{k−1} − x_{k−2} for 2 ≤ k ≤ r,

(2.1)

where x_2 = λ_1x_1 if and only if vertex 1 has degree 1 while x_k = λ_1x_{k−1} − x_{k−2} if and only if vertex k − 1 has degree 2. Thus [ x_k x_{k−1} ] ≤ [ λ_1 −1 1 0 ] [ x_{k−1} x_{k−2} ] for 2 ≤ k ≤ r.

Thus [ x_k x_{k−1} ] ≤ [ λ_1 −1 1 0 ]_{k−1} [ x_1 x_0 ] for 1 ≤ k ≤ r,

with equality for 2 ≤ k ≤ r if and only if vertices 2, 3, . . . , r − 1 all have degree 2.

Let σ, τ =^1_2 (λ_1 ± √ λ^2_1 − 4), the eigenvalues of the 2×2 matrix above. Because λ_1 > 2, then σ ≠ τ and there is an invertible matrix P such that [ λ_1 −1 1 0 ] = P [ σ 0 0 τ ] P^{−1}.

Then

x_k ≤ [ 1 0 ] P [ σ^{k−1} 0 0 τ^{k−1} ] P^{−1} [ x_1 x_0 ] for 1 ≤ k ≤ r.

368 S.M. Cioabă and D.A. Gregory

Thus, there are constants a, b such that

x_k ≤ aσ^{k−1} + bτ^{k−1} for 1 ≤ k ≤ r.

Solving the recursion in the case of equality gives a+b = 1 when k = 1 and σa+τb = λ_1 when k = 2. Thus we may take a = (λ_1 − τ)/(σ − τ) and b = (σ − λ_1)/(σ − τ). Substituting these values and noting that στ = 1 and σ + τ = λ_1, we get

x_k ≤ σ^k − τ^k σ − τ x_1 for 1 ≤ k ≤ r,

(2.2)

with equality at a particular value of k ≥ 2 if and only if vertex 1 has degree 1 and vertices 2, 3, . . . , k − 1 all have degree 2.

Theorem 2.1. Let G be a connected graph of order n with spectral radius λ_1 > 2 and principal eigenvector x. Let d be the shortest distance from a vertex on which x is maximum to a vertex on which it is minimum. Then

γ(G) ≤ σ^{d+1} − τ^{d+1}

σ − τ , (2.3)

where σ =^1_2 (λ_1 + √ λ^2_1 − 4) and τ = σ^{−1}.

Equality is attained if and only if either G is regular or there is an induced path of length d > 0 whose endpoints index x_{min} and x_{max} and the degrees of the endpoints are 1 and 3 or more, respectively, while all other vertices of the path have degree 2 in G. Proof. Let x denote the principal eigenvector of G. If G is regular, then d = 0 and the bound equals 1. If G is irregular, relabel the vertices so that x_1 is a smallest entry of x and x_{d+1} a largest and let P_{d+1} be a path of length d connecting vertex 1 and vertex d + 1. Because λ_1 > 2, the upper bound (2.3) follows from (2.2) with r = d + 1.

If d = 0, then equality is attained if and only if γ(G) = 1, that is, if and only if G is regular. If d > 0 and equality occurs then, by (2.2), vertex 1 has degree 1 and vertices 2, 3, . . . r − 1 all have degree 2. Vertex r cannot have degree 1, otherwise x_{r−1} = λ_1x_r > x_{r−1}, a contradiction. If vertex r has just one more neighbour, x_{r+1} say, then λ_1x_r = x_{r+1} + x_r < 2x_r and so λ_1 < 2, a contradiction. Thus, x_r has degree at least 3. Conversely, if such a path exists and the endpoints index extreme entries, then all the inequalities in (2.2) are equalities and we have equality for the ratio.

In a recent paper [7], Nikiforov proved that if H is a proper subgraph of a connected graph G with n vertices and diameter D, then

λ_1(G) − λ_1(H) > 1 nλ^{2D}_1 (G) . (2.4)

In proving (2.4), Nikiforov uses the following inequality. If r is the distance between two vertices i and j of a connected graph G, then

x_i x_j

< λ_1(G)^r .

(2.5)

Principal Eigenvectors of Irregular Graphs 369

If λ_1 = λ_1(G) > 2, then (2.2) gives the following slight improvement of (2.5)

x_i x_j ≤ σ^{r+1} − τ^{r+1}

σ − τ , (2.6)

where σ =^{λ1 +}

√_{λ21 −4} 2 and τ =^{λ1 −}

√_{λ21 −4} 2 =^1_σ . Following the arguments from [7], inequality (2.6) can be used to show that if H is a proper subgraph of a connected graph G with n vertices and diameter D, then

λ_1(G) − λ_1(H) >

(σ − τ)^2 n(σ^{D+1} − τ^{D+1})^2 = 1 n ( σ^D + σ^{D−2} + . . . + σ^{−(D−2)} + σ^{−D}

)_2 .

This is a slight improvement of inequality (2.4) since 1 nλ^{2D}_1 = 1 n(σ + τ)^{2D} = 1 n ( σ^D +

(_D 1 ) σ^{D−2} + . . . +

(_D D−1 ) σ^{−(D−2)} + σ^{−D}

)_2 .

When λ_1(G) ≤ 2, inequality (2.4) can be further improved by using Smith’s classification [13] of the connected graphs with spectral radius at most 2.

2.2. Maximizing γ(G) over connected graphs on n vertices. Let γ(n) be the maximum value of γ(G) taken over all connected graphs of order n. Let P_r ·K_s denote the graph of order n = r + s − 1 formed by identifying an end vertex of a path P_r on r ≥ 2 vertices with a vertex of the complete graph K_s on s ≥ 2 vertices. In [1], Brightwell and Winkler call such graphs lollipop graphs and show that, for a graph on n vertices, the maximum expected time for a random walk between two vertices is attained on a lollipop graph P_r ·K_s of order n with s = ⌈(2n − 2)/3⌉. A computer search reveals that for 3 ≤ n ≤ 9, γ(n) is always attained by one of the two lollipop graphs P_r·K_s of order n with s = ⌈(n + 1)/4⌉+ϵ where ϵ = 1 or 2. We conjecture that γ(n) is always attained by a lollipop graph of order n. As a first step in studying this conjecture, we examine the entries of the principal eigenvectors of the graphs P_r ·K_s.

2.3. Principal eigenvectors of lollipop graphs. Let the vertices of P_r in P_r ·K_s be {1, 2, . . . , r} and the vertices of K_s be {r, r + 1, . . . , r + s − 1}. We continue to assume that n = r + s − 1 denotes the order of P_r·K_s and that r ≥ 2. However, we assume now that s ≥ 3. This ensures that λ_1 = λ_1(P_r ·K_s) > 2 since K_s is a proper induced subgraph. As before, we let σ =^1_2 (λ_1 + √ λ^2_1 − 4 ) and τ = σ^{−1}.

Lemma 2.2. Let λ_1 be the greatest eigenvalue of P_r·K_s and let x be the principal eigenvector. Then

x_k = σ^k − τ^k σ − τ x_1 for 1 ≤ k ≤ r,

while

x_k = 1 s − 1 σ^{r+1} − τ^{r+1} σ − τ x_1 for r + 1 ≤ k ≤ n.

370 S.M. Cioabă and D.A. Gregory

Proof. Because the vertices {1, 2, . . . , r} are the vertices of a path, the inequalities (2.1) and (2.2) are equalities for k = 1, 2, . . . , r. This gives the first expression.

Because x is unique, by symmetry we have x_{r+1} = x_{r+2} = · · · = x_n. Thus, λ_1x_r = (Ax)_r = x_{r−1} + (s − 1)x_n. So, for k = r + 1, . . . , n,

x_k = 1 s − 1

(λ_1x_r − x_{r−1}) = 1 s − 1

(σ + τ)(σ^r − τ^r ) − (σ^{r−1} − τ^{r−1}) σ − τ x_1 = 1 s − 1 σ^{r+1} − τ^{r+1}

σ − τ x_1.

Lemma 2.3. Let λ_1 be the greatest eigenvalue of P_r·K_s and let x be the principal eigenvector. Then x_{r+1} = · · · = x_n and x_1 < x_2 < · · · < x_{r−1} < x_n < x_r. Thus

γ(P_r ·K_s) = x_r x_1 = σ^r − τ^r σ − τ . Also,

λ^{r−1}_1 − λ^{−r−1}_1 < γ(P_r ·K_s) < λ^{r−1}_1 .

em Proof. These results follow from Lemma 2.2, but it is perhaps clearer and shorter to give direct proofs based on the recursion (2.1). Because the graph has maximum degree s and K_s is an induced subgraph, it follows that

2 ≤ s − 1 < λ_1 < s.

Thus, λ_1 − s + 2 > 1, λ_1 > 2 and σ is real. Because 1, 2, . . . , r are the vertices of a path, the inequalities (2.1) are equalities for k = 1, 2, . . . , r. Thus

x_k = λ_1x_{k−1} − x_{k−2} = (λ_1 − 1)x_{k−1} + (x_{k−1} − x_{k−2}),

and it follows by induction that x_k < λ_1x_{k−1} for k = 2, . . . , r. Thus, x_1 < x_2 < · · · < x_r and x_r < λ^{r−1}_1 x_1. Because x is unique, by symmetry we have x_{r+1} = x_{r+2} = · · · = x_n. Thus λ_1x_n = (Ax)_n = x_r + (s − 2)x_n and so

x_r = (λ_1 − s + 2)x_n > x_n.

(2.7)

Also, (λ_1 − s + 2)x_n = x_r > (λ_1 − 1)x_{r−1} ≥ (λ_1 − s + 2)x_{r−1} so x_{r−1} < x_n. Thus γ = x_r /x_1. Finally, because σ > λ_1 and στ = 1, we have τ < 1/λ_1 and so γ = x_r x_1 = σ^r − τ^r σ − τ > λ^r_1 − λ^{−r}_1 √ λ^2_1 − 4

> λ^{r−1}_1 − λ^{−r−1}_1 .

Note that substituting the expression (2.7) into the formulae in Lemma 2.2 gives

σ^{r+1} − τ^{r+1}

σ^r − τ^r = s − 1 λ_1 − s + 2

(2.8)

Principal Eigenvectors of Irregular Graphs 371

a relation that determines λ_1 in terms of r and s.

In the next lemma, we see that the parameter r has only a slight effect on the spectral radius of the graphs P_r · K_s.

Lemma 2.4. For r ≥ 2 and s ≥ 3,

s − 1 + 1 s(s − 1)

< λ_1(P_r · K_s) < s − 1 + 1 (s − 1)^2 .

Proof. Because P_2 · K_s is an induced subgraph of P_r · K_s, we have λ_1(P_r · K_s) ≥ λ_1(P_2 · K_s). Thus, it is sufficient to establish the lower bound when r = 2.

If r = 2, then in (2.8),

σ^3 − τ^3 σ^2 − τ^2 = σ^2 + στ + τ^2 σ + τ = λ^2_1 − 1 λ_1 = s − 1 λ_1 − s + 2 . Thus, λ_1 is a root of the polynomial

p(x) = x^3 − (s − 2)x^2 − sx + s − 2 = (x − s + 1)(x^2 + x − 1) − 1

and so

λ_1 = s − 1 + 1 λ^2_1 + λ_1 − 1 . (2.9)

Since λ_1 > s − 1, we deduce that

λ_1(P_2 · K_s) < s − 1 + 1 s^2 − s − 1 . Substituting this upper bound for λ_1 in the denominator in (2.9), a lengthy calculation shows that, for s ≥ 4,

λ_1(P_2 · K_s) > s − 1 + 1 s(s − 1) . (2.10)

This also holds for s = 3 because p(x) < 0 when x = s − 1 +^1_{s(s−1)} = 2 +^1_6 .

Suppose now that r ≥ 3. Then from (2.8), we have

λ_1(P_r ·K_s) = s − 2 + (s − 1) · σ^r − τ^r σ^{r+1} − τ^{r+1}

< s − 2 + (s − 1)τ.

Thus, to obtain the upper bound, it is sufficient to show that

s − 2 + (s − 1)τ < s − 1 + 1 (s − 1)^2 , or, equivalently, that

2τ = λ_1 − √ λ^2_1 − 4 < 2 s − 1 + 2 (s − 1)^3 .

372 S.M. Cioabă and D.A. Gregory

Isolating and squaring the radical, we find that the above inequality is equivalent to

λ_1 ( 1 s − 1 + 1 (s − 1)^3 ) > 1 + 1 (s − 1)^2 + 2 (s − 1)^4 + 1 (s − 1)^6 . Substituting the lower bound (2.10) for λ_1 shows that the inequality holds.

Given n, it would be interesting to see if there are bounds that can be used to determine the values of r and s with r + s = n + 1, for which γ(P_r ·K_s) is maximum. A computer run indicates that for n ≤ 50, the maximum is always attained by one of the two graphs P_r ·K_s of order n with s = ⌈(n + 1)/4⌉ + ϵ where ϵ = 1 or 2.

2.4. The principal ratio of an irreducible matrix. In this subsection, we review some of the previous results regarding the ratio of the principal eigenvector of an irreducible matrix. This parameter has been studied by many researchers. Ostrowski [10] proved the following result.

Lemma 2.5 (Ostrowski [10]). If A is an n by n positive, irreducible matrix, then

γ(A) ≤ max_{i,j∈[n]} a_{ij} min_{i,j∈[n]} a_{ij} . (2.11)

Inequality 2.11 was improved by Minc [5].

Theorem 2.6 (Minc [5]). If A is an n by n positive irreducible matrix, then

γ(A) ≤ max_{j,s,t∈[n]} a_{sj} a_{tj} . Equality holds if and only if the p-th row of A is a multiple of the q-th row for some pairs of indices p and q satisfying a_{ph} a_{qh}

= max_{j,s,t} a_{sj} a_{tj} .

From Minc’s proof [5], one can deduce the stronger inequality

γ(A) ≤ max_j a_{1j} a_{nj} , where x_1 = x_{max} and x_n = x_{min}. This result along with other refinements of Minc’s inequality were obtained by De Oliveira [8] and Latham [4].

Let k^{(i)} be the smallest positive entry of the i-th row of A. Ostrowski [10] also proved the following theorem.

Theorem 2.7 (Ostrowski [10]). If A is an irreducible non-negative matrix and assume that 1, . . . , r is a path (a_{i,i+1} ≠ 0 for i ∈ [r − 1]) from 1 to r, where x_1 = x_{max} and x_{min} = x_r. Then

γ(A) ≤ r−1∏ i=1 ρ − a_{ii} k^{(i)} . (2.12)

Principal Eigenvectors of Irregular Graphs 373

The proof of this result is done by using the inequality x_{i+1} x_i ≤ ρ − a_{ii} k^{(i)}

(2.13)

for each i ∈ [r − 1]. This follows from

(ρ − a_{ii})x_i = ∑ j≠i

a_{ij} x_j ≥ k^{(i)}x_{i+1}.

The previous result implies a result of Schneider [12] who proved that

γ(A) ≤ ( ρ − k_1 k )_{n−1} , where k is the smallest positive entry of A and k_1 = min a_{ii}. When A is the adjacency matrix of a connected graph G on n vertices, the previous inequality implies

γ(G) ≤ λ^{n−1}_1 (G)

which is weaker than Theorem 2.1.

Using the stronger inequality

(ρ − a_{ii})x_i = ∑ j≠i

a_{ij} x_j ≥ k^{(i)}(x_{i+1} + x_{i−1})

and the argument from the proof of Theorem 2.1, one can improve Theorem 2.7.

2.5. Lower bounds for γ. For a matrix A, let k_1 = min_{i∈[n]} a_{ii} and for i ∈ [n], let d_i =

∑_n j=1 a_{ij} . Also, let Δ = max_{i∈[n]} d_i and δ = min_{i∈[n]} d_i.

Ostrowski [9] proved the following result.

Theorem 2.8 (Ostrowski [9]). If A is a non-negative irreducible matrix, then

γ ≥ max ( Δ − k_1 ρ − k_1 , ρ − k_1 δ − k_1 ) ≥ √ Δ − k_1 δ − k_1 . (2.14)

If we apply this inequality to the adjacency matrix of an irregular graph G, we obtain

γ(G) ≥ max ( Δ λ_1 , λ_1 δ ) ≥ √ Δ δ . This inequality has been also observed by Zhang [17].

We improve Theorem 2.8 as follows.

Theorem 2.9. If A is a non-negative irreducible matrix. Let T = {t : d_t > ρ} and S = {s : d_s < ρ}. Also, let i ∈ T such that d_i = Δ and j ∈ S such that d_j = δ. Then

γ ≥ max ( Δ − a_{ii} + ∑ r∈T \{i} air d_r −ρ ρ−a_{rr}

ρ − a_{ii} , ρ − a_{jj} δ − a_{jj} − ∑ r∈S\{j} a_{jr} (ρ−d_r ) ρ−a_{rr} ) . (2.15)

374 S.M. Cioabă and D.A. Gregory

Proof. For each r, we have (ρ − a_{rr})x_r = ∑ l≠r

a_{rl}x_l ≥ (d_r − a_{rr})x_{min} > 0,

where the final expression is positive since A is nonnegative and irreducible. Thus, for each r, x_r x_{min} ≥ d_r − a_{rr} ρ − a_{rr} . Now (ρ − a_{ii})x_i = ∑ r∈T \{i}

a_{ir} x_r + ∑ s /∈T

a_{is}x_s.

Since d_i = Δ, this implies

(ρ − a_{ii})x_i ≥ x_{min} ∑ r∈T \{i}

a_{ir}(d_r − a_{rr})

ρ − a_{rr}

+ (Δ − ∑ s∈T a_{is})x_{min}.

Putting d_r − a_{rr} = (d_r − ρ) + (ρ − a_{rr}) and simplifying, we obtain the first lower bound γ ≥ x_i x_{min} ≥ Δ − a_{ii} + ∑ r∈T \{i} air d_r −ρ ρ−a_{rr}

ρ − a_{ii} . To obtain the second lower bound on γ, we note first that for each r, 0 < (ρ − a_{rr})x_r = ∑ l≠r

a_{rl}x_l ≤ (d_r − a_{rr})x_{max}

and so x_{max} x_r ≥ ρ − a_{rr} d_r − a_{rr}

> 0. Now (ρ − a_{jj} )x_j = ∑ r∈S\{j}

a_{jr}x_r + ∑ s /∈S

a_{js}x_s.

Since d_j = δ, this implies

(ρ − a_{jj} )x_j ≤ x_{max} ∑ r∈S\{j}

a_{jr}(d_r − a_{rr})

ρ − a_{rr}

+ (δ − ∑ s∈S a_{js})x_{max}.

Principal Eigenvectors of Irregular Graphs 375

Putting d_r − a_{rr} = (d_r − ρ) + (ρ − a_{rr}) and simplifying, we obtain

(ρ − a_{jj} )x_{min} ≤ (ρ − a_{jj} )x_j ≤ x_{max} ∑ r∈S\{j}

a_{jr} (d_r − ρ) ρ − a_{rr}

+ (δ − a_{jj} )x_{max}.

The previous inequality implies γ = x_{max} x_{min} ≥ ρ − a_{jj} δ − a_{jj} − ∑ r∈S\{j} a_{jr} (ρ−d_r ) ρ−a_{rr} . Note that if T = {i} and S = {j}, then the previous result is the same as Ostrowski’s bound.

If G is a graph with δ = Δ − 1 having exactly one vertex of degree Δ − 1, then the previous result implies that γ ≥ Δ + Δ ·^{Δ−λ1 (G)}

λ_1(G)

λ_1(G) = Δ^2 λ^2_1(G)

which improves Ostrowski’s inequality γ ≥ Δ λ_1(G) . 3. Extreme entries of principal eigenvectors. In this section, we determine some upper bounds for the entries of x when G is an irregular graph.

Papendieck and Recht [11] obtained the following upper bound on x_{max}. Zhao and Hong [16] generalized Papendieck and Recht’s result to symmetric nonnegative matrices with zero trace.

Theorem 3.1. If G is a connected graph on n vertices, then

x_{max} ≤ 1 √ 2 (3.1)

with equality if and only if G = K_{1,n−1}.

The next result improves Theorem 3.1.

Theorem 3.2. Let G be a connected graph on n vertices whose principal eigenvector is x. For i ∈ [n], if d_i is the degree of vertex i, then

x_i ≤ 1 √ 1 +^{λ21}_{di} . (3.2)

Equality is attained if and only if x_i = x_{max} and G is the join of vertex i and a regular graph on n − 1 vertices.

Proof. Using the Cauchy-Schwarz inequality, we have ∑ j∼i x^2_j ≥ ( ∑ j∼i x_j )^2 d_i = λ^2_1x^2_i d_i .

376 S.M. Cioabă and D.A. Gregory

It follows that 1 = n∑ l=1 x^2_l ≥ x^2_i + ∑ j∼i x^2_j ≥ x^2_i ( 1 + λ^2_1 d_i ) . This proves the inequality.

Equality is attained if and only if x_j = a for j ∼ i and x_l = 0 for l not adjacent to i. Since G is connected, it follows that every vertex different from i is adjacent to i. For j ≠ i, we have λ_1x_j = x_i + (d_j − 1)x_j . This implies that the graph G \ {i} is regular.

Theorem 3.1 follows now easily since λ_1 ≥ √ Δ ≥ √ d_1.

An easy lower bound on x_{max} can be obtained from the fact that

(n − 1)x^2_{max} + x^2_{min} ≥ n∑ i=1 x^2_i = 1.

This implies the following result.

Lemma 3.3. If G is a graph on n vertices with maximum degree Δ and minimum degree δ, then

x_{max} ≥ 1 √ n − 1 +^1_{γ2(G)} ≥ 1 √ n −^{Δ−δ}_Δ

with equality if and only if G is regular. If G is irregular, then

x_{max} > 1 √ n −^1_Δ .

Proof. From the previous inequality, we have

x^2_{max} ( (n − 1) + 1 γ^2(G) ) ≥ 1.

Because γ(G) ≥

√_Δ δ , we obtain

x_{max} ≥ 1 √ n −^{Δ−δ}_Δ

with equality if and only if G is regular.

If G is irregular, we have Δ − δ ≥ 1 which implies x_{max} ≥^1√_{n− 1Δ} . The previous

inequality is strict because otherwise, it would imply that n − 1 vertices of the graph have their eigenvector entry equal to x_{max} and one vertex has its eigenvector entry equal to x_{min}. It can be shown easily that this situation cannot happen when G is irregular.

Principal Eigenvectors of Irregular Graphs 377

Note that the graph on n vertices obtained from K_n by deleting an edge has x_{max} <^1√_{n− 4n−1} =^1√_{n− 4Δ} so the second inequality from Lemma 3.3 comes very close

to approximating x_{max} in this case.

Next, we present another lower bound for x_1 in terms of the spectral radius and the degree sequence of the graph.

Theorem 3.4. Let G be a connected graph with degrees d_1, . . . , d_n. Then

x_{max} ≥ λ_1 √∑_n i=1 d^2_i ≥ 1 √ n with equality iff G is regular.

Proof. For each i, we have

λ_1x_i = ∑ j∼i x_j ≤ d_ix_{max}.

Squaring and summing over all i, we obtain

λ^2_1 ≤ x^2_{max} n∑ i=1 d^2_i

which implies the inequality stated in the theorem.

Equality happens iff x_{max} = x_j for each j which is equivalent to G being regular. One can also apply this inequality to powers of A since the eigenvectors of A^k are the same as the eigenvectors of A. Let w_l(G) denote the number of walks of length l in G.

Corollary 3.5. If G is a graph on n vertices, then

x_{max} ≥ √ λ^{2k}_1 w_{2k}(G)

for each k ≥ 1.

It follows from the results in [6] that the right hand-side of the previous inequality is monotonically increasing with k. If, in addition, G is connected and not bipartite, it actually tends to^{1∑}n_{i=1 xi} as k goes to infinity.

We have provided upper and lower bounds for the maximum entry of the principal eigenvector of a connected graph that are sharp in some cases. We conclude this section with the following result which gives an upper bound for the minimum entry of the principal eigenvector of a connected graph.

Theorem 3.6. If G is a graph on n vertices with maximum degree Δ and e edges, then ( Δ − 2e n ) x_{min} ≤

Δ − λ_1 √ n ≤ Δ −^{2e}_n √ n . Equality happens in the first inequality if and only if d_i = Δ for each vertex i with x_i > x_{min}. The second inequality is equality if and only if G is regular.

378 S.M. Cioabă and D.A. Gregory

Proof. Since λ_1

∑_n

i=1 x_i =

∑_n i=1 d_ix_i, it follows that

(Δ − λ_1) n∑ i=1 x_i = n∑ i=1 (Δ − d_i)x_i ≥ x_{min} n∑ i=1 (Δ − d_i) = nx_{min} ( Δ − 2e n ) . (3.3)

Equality happens if and only if d_i = Δ for each i with x_i > x_{min}. Since λ_1 ≥^{2e}_n with equality if and only if G is regular, this finishes the proof.

Actually, using the inequality

∑_n

i=1 x_i ≤ x_{min} + √ (n − 1)(1 − x^2_{min}) in (3.3), one can obtain the following better although more complicated inequality

x_{min} · √ (Δ − λ_1)^2 +

((n − 1)Δ + λ_1 − 2e)^2 n − 1

≤ Δ − λ_1.

Applying Theorem 3.6 and results from [3], we can show that if G is an irregular graph, then

x_{min} ≤

Δ − λ_1 Δ −^{2e}_n · 1 √ n < ( 1 − 1 (Δ + 2)(nΔ − 2e) ) 1 √ n . Note that while the maximum entry of the principal eigenvector can be as large as^{1√}_2 , the principal eigenvector can contain entries which are exponentially smaller than^{1√}_n as shown by the graphs of the form P_r ·K_s.

Acknowledgment. We thank Vladimir Nikiforov for comments on an earlier version of this paper.

REFERENCES

[1] G. Brightwell and P. Winkler. Maximum hitting time for random walks on graphs. Random Structures and Algorithms, 1:263-276, 1993.

[2] S. Brin and L. Page. The anatomy of a large-scale hypertextual search engine. Computer Networks and ISDN Systems, 30:107-117, 1998.

[3] S. M. Cioabă and D. A. Gregory. Large matchings from eigenvalues. Linear Algebra and its Applications, 422:308-317, 2007.

[4] G. A. Latham. pp. 403-406 in:A remark on Minc’s maximal eigenvector bound for positive matrices. SIAM Journal on Matrix Analysis and Applications, 16:307-311, 1995.

[5] H. Minc. On the maximal eigenvector of a positive matrix. SIAM Journal on Numerical Analysis, 7:424-427, 1970.

[6] V. Nikiforov. Walks and the spectral radius of graphs. Linear Algebra and its Applications, 418:257-268, 2006.

[7] V. Nikiforov. Revisiting two classical results on graph spectra. Electronic Journal of Combinatorics, 14: Research Paper 14, 7 pp., 2007.

[8] G. N. De Oliveira. On the characteristic vectors of a matrix. Linear Algebra and its Applications, 5:189-196, 1972.

[9] A. M. Ostrowski. Bounds for the greatest latent root of a positive matrix. The Journal of the London Mathematical Society 27:253-256, 1952.

[10] A. M. Ostrowski. On the eigenvector belonging to the maximal root of a non-negative matrix.

Proceedings of the Edinburgh Mathematical Society. Series II, 12:107-112, 1960/1961. [11] B. Papendieck and P. Recht. On maximal entries in the principal eigenvector of graphs. Linear Algebra and its Applications, 310:129-138, 2000.

[12] H. Schneider. Note on the fundamental theorem on irreducible non-negative matrices. Proceedings of the Edinburgh Mathematical Society, 11:127-130, 1958/1959.

Principal Eigenvectors of Irregular Graphs 379

[13] J. H. Smith. Some properties of the spectrum of a graph. Combinatorial Structures and their applications (Proc. Conf. Calgary, 1969), pp. 403-406, Gordon and Breach, New York, 1970.

[14] D. Spielman and S. H. Teng. Spectral partitioning works: Planar graphs and finite element meshes. Linear Algebra and its Applications, 421:284-305, 2007.

[15] D. B. West. Introduction to graph theory, Edition 2. Prentice-Hall, Upper Saddle River, NJ, 2001.

[16] S. Zhao and Y. Hong. On the bounds of maximal entries in the principal eigenvector of symmetric nonnegative matrix. Linear Algebra and its Applications, 340:245-252, 2002.

[17] X.-D. Zhang. Eigenvectors and eigenvalues of non-regular graphs. Linear Algebra and its Applications, 49:79-86, 2005.