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AFFINE TRANSFORMATIONS OF A LEONARD PAIR*

KAZUMASA NOMURAT AND PAUL TERWILLIGER?

Abstract. Let K denote a field and let V denote a vector space over K with finite positive
dimension. An ordered pair is considered of linear transformations A: V — V and A* : V — V that
satisfy (i) and (ii) below:

(i) There exists a basis for V with respect to which the matrix representing A is irreducible
tridiagonal and the matrix representing A* is diagonal.
(ii) There exists a basis for V' with respect to which the matrix representing A* is irreducible
tridiagonal and the matrix representing A is diagonal.
Such a pair is called a Leonard pair on V. Let &,(,&*,(* denote scalars in K with &, £* nonzero, and
note that A+ (I, {*A* 4+ (*1 is a Leonard pair on V. Necessary and sufficient conditions are given
for this Leonard pair to be isomorphic to A, A*. Also given are necessary and sufficient conditions
for this Leonard pair to be isomorphic to the Leonard pair A*, A.

Key words. Leonard pair, Tridiagonal pair, g-Racah polynomial, Orthogonal polynomial.

AMS subject classifications. 05E35, 05E30, 33C45, 33D45.

1. Leonard pairs. We begin by recalling the notion of a Leonard pair. We
will use the following terms. A square matrix X is said to be tridiagonal whenever
each nonzero entry lies on either the diagonal, the subdiagonal, or the superdiagonal.
Assume X is tridiagonal. Then X is said to be irreducible whenever each entry on
the subdiagonal is nonzero and each entry on the superdiagonal is nonzero. We now
define a Leonard pair. For the rest of this paper K will denote a field.

DEFINITION 1.1. [37] Let V' denote a vector space over K with finite positive
dimension. By a Leonard pair on V we mean an ordered pair A, A* where A:V — V
and A* : V — V are linear transformations that satisfy (i) and (ii) below:

(i) There exists a basis for V' with respect to which the matrix representing A is

irreducible tridiagonal and the matrix representing A* is diagonal.

(ii) There exists a basis for V' with respect to which the matrix representing A*

is irreducible tridiagonal and the matrix representing A is diagonal.

NoTE 1.2. It is a common notational convention to use A* to represent the
conjugate-transpose of A. We are not using this convention. In a Leonard pair A, A*
the linear transformations A and A* are arbitrary subject to (i) and (ii) above.

We refer the reader to [9,22,25-31,35-37,39-46,48-50] for background on Leonard
pairs. We especially recommend the survey [46]. See [1-8,10-21,23,24,32-34,38,47]
for related topics.
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In this paper we consider the following situation. Let V' denote a vector space
over K with finite positive dimension and let A, A* denote a Leonard pair on V. Let
£,(, &%, (" denote scalars in K with &, £* nonzero, and note that A+ (I, £*A* 4+ (*1
is a Leonard pair on V. We give necessary and sufficient conditions for this Leonard
pair to be isomorphic to A, A*. We also give necessary and sufficient conditions for
this Leonard pair to be isomorphic to the Leonard pair A*, A.

2. Leonard systems. When working with a Leonard pair, it is convenient to
consider a closely related object called a Leonard system. To prepare for our definition
of a Leonard system, we recall a few concepts from linear algebra. Let d denote a
nonnegative integer and let Maty1(K) denote the K-algebra consisting of all d+ 1 by
d 4+ 1 matrices that have entries in K. We index the rows and columns by 0,1,...,d.
We let K?*! denote the K-vector space of all d + 1 by 1 matrices that have entries in
K. We index the rows by 0,1,...,d. We view K?*! as a left module for Mat1(K).
We observe this module is irreducible. For the rest of this paper, let A denote a K-
algebra isomorphic to Matg41(K) and let V' denote an irreducible left .A-module. We
remark that V is unique up to isomorphism of .4-modules, and that V has dimension
d+ 1. Let {v;}&, denote a basis for V. For X € A and Y € Matyy1(K), we say YV
represents X with respect to {v;}{_, whenever Xv; = E?:o Yijv; for 0 < 5 < d. For
A € A we say A is multiplicity-free whenever it has d+ 1 mutually distinct eigenvalues
in K. Assume A is multiplicity-free. Let {6, }2, denote an ordering of the eigenvalues
of A, and for 0 <17 < d put

A—-06;1
2.1 E; = -
@1) H 0i —0;°
0<j<d
J7#i

where I denotes the identity of A. We observe (i) AE; = 6,E; (0 < i < d); (ii)
EiE; = 6;F; (0<i,j <d); (iii) N B = I; (iv) A= ", 6;E;. Let D denote
the subalgebra of A generated by A. Using (i)—(iv) we find the sequence {E;}%  is a
basis for the K-vector space D. We call E; the primitive idempotent of A associated
with 6;. It is helpful to think of these primitive idempotents as follows. Observe

V=EV+EV+.--+E;V (direct sum).

For 0 < i <d, E;V is the (one dimensional) eigenspace of A in V associated with the
eigenvalue 0;, and F; acts on V as the projection onto this eigenspace.

By a Leonard pair in A we mean an ordered pair of elements taken from A that
act on V as a Leonard pair in the sense of Definition 1.1. We call A the ambient
algebra of the pair and say the pair is over K. We now define a Leonard system.

DEFINITION 2.1. [37] By a Leonard system in A we mean a sequence
® = (A4 {Ei} o AL {E T,)

that satisfies (i)—(v) below.
(i) Each of A, A* is a multiplicity-free element in A.
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(ii) {E:}%, is an ordering of the primitive idempotents of A.
(iii) {E7}L, is an ordering of the primitive idempotents of A*.
(iv) For 0 <14,j <d,

il s
(2.2 parg =0 Hld=
#0 ifji—j]=1.

(v) For 0 <i,j <d,

(2.3) prag: =10 HEi=dl>1L
T 0 - =1

We refer to d as the diameter of ® and say @ is over K. We call A the ambient algebra
of ®.

Leonard systems are related to Leonard pairs as follows. Let (A;{E;}9 ; A*;
{Er}4 ) denote a Leonard system in A. Then A, A* is a Leonard pair in A [45,
Section 3]. Conversely, suppose A, A* is a Leonard pair in .A. Then each of A, A* is
multiplicity-free [37, Lemma 1.3]. Moreover there exists an ordering {E;}¢_, of the
primitive idempotents of A, and there exists an ordering {E;}% , of the primitive
idempotents of A*, such that (A; {E;}L; A*; {Ef}%,) is a Leonard system in A [45,
Lemma 3.3]. We say this Leonard system is associated with the Leonard pair A, A*.

We recall the notion of isomorphism for Leonard pairs and Leonard systems.

DEFINITION 2.2. Let A, A* and B, B* denote Leonard pairs over K. By an
isomorphism of Leonard pairs from A, A* to B, B* we mean an isomorphism of K-
algebras from the ambient algebra of A, A* to the ambient algebra B, B* that sends
A to B and A* to B*. The Leonard pairs A, A* and B, B* are said to be isomorphic
whenever there exists an isomorphism of Leonard pairs from A, A* to B, B*.

Let ® denote the Leonard system from Definition 2.1 and let o : A — A’ denote
an isomorphism of K-algebras. We write ®° := (A%; {E7}L ; A*;{E77}4 ) and
observe ®7 is a Leonard system in A’.

DEFINITION 2.3. Let ® and ®' denote Leonard systems over K. By an isomor-
phism of Leonard systems from ® to ® we mean an isomorphism of K-algebras o from
the ambient algebra of ® to the ambient algebra of ® such that ®° = ®'. The Leonard

systems ® and ®' are said to be isomorphic whenever there exists an isomorphism of
Leonard systems from ® to @'.

3. The D, action. Let ® = (A; {E;}L o; A*; {E;}%,) denote a Leonard system
in A. Then each of the following is a Leonard system in .A:
®* = (A { B s A {Ei i),
o= (4 {Ei}g:oé A% {E;—i}gzo);
oV = (A {Bami}los A% {E] }io)-
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(3.1) £ =2=7=1,

(3.2) ==, Lx=xl,

W=1{l.

The group generated by symbols %, |, |} subject to the relations (3.1), (3.2) is the
dihedral group D4. We recall Dy is the group of symmetries of a square, and has 8
elements. Apparently *, |, |} induce an action of D4 on the set of all Leonard systems.
Two Leonard systems will be called relatives whenever they are in the same orbit of
this D4 action. The relatives of ® are as follows:

name relative

P (A {Ei} o A { B HE )
P! (A H{E Ny A% {E; )
ot | (A {Ea- z}z 0; A% {EZ 0)

1 (A{Egi )i 0 A% LB i o)
o (A" { B L i 4; {E} 0)

q)l* (A*7{E§ i= 07A {E }z 0)
ob | (A {ET) i A; { B iti=o)
(I)lb* (A*’{E;—z i= 07A {Ed ’L}z 0)

4. The parameter array. In this section we recall the parameter array of a
Leonard system.

DEFINITION 4.1. Let ® = (A;{E;}L; A*; {E}% ) denote a Leonard system
over K. For 0 < i < d we let ; (resp. 60}) denote the eigenvalue of A (resp. A*)
associated with E; (resp. E}). We refer to {0;}%, (resp. {0} ,) as the eigenvalue
sequence (resp. dual eigenvalue sequence) of ®. We observe {9 1o (resp. {0:},)
are mutually distinct and contained in K.

DEFINITION 4.2. [26, Theorem 4.6] Let ® = (A4;{E;}d ; A {E;}L ) denote
a Leonard system with eigenvalue sequence {6;}¢_, and dual elgenvalue sequence
{0:}L . For 1 <i < d we define

e (B Tl (A = 6n1))
. = (65 -6’
(4.1) (6 gz)tr( =2 (A= 0u1))
o (pF _ tI‘(f?())k (A 04— hI))
(4.2) 61 = (6 ai)tr(E ST

where tr means trace. In (4.1), (4.2) the denominators are nonzero by [26, Corollary
4.5]. The sequence {¢;}% ; (vesp. {¢;}% ;) is called the first split sequence (resp.
second split sequence) of ®.

DEFINITION 4.3. Let ® = (A;{E;}L; A*;{E}L ) denote a Leonard system
over K. By the parameter array of ® we mean the sequence ({6;}&_o; {07} o; {0} 1;
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{¢:}4 1), where the 6;, 67 are from Definition 4.1 and the ¢;, ¢; are from Definition

THEOREM 4.4. [37, Theorem 1.9] Let d denote a nonnegative integer and let

(4.3) ({05} _0s {07 i3 {0 Yiis {0} im0
denote a sequence of scalars taken from K. Then there exists a Leonard system ®
over K with parameter array (4.3) if and only if (PA1)—(PA5) hold below.

(PAL) i £0, 6, #0 (1< i < d).
(PA2) 0 0,, 67 £ 0% if i £ (0<4,j < d).
(PA3) For 1l <i<d,

i—1
Op — Oa— * *
pi=d1) ﬁ + (67 — 05)(0i—1 — ba).

(PA4) For1<i<d,
= Z - 9d —05)(0a—ir1 — o).

(PA5) The expressions
(4.4) Oi—2 —0is1 07 5 — 07,
' i1 —0; 7 0, —0;

are equal and independent of i for2 <i<d-—1.
Suppose (PA1)—(PA5) hold. Then ® is unique up to isomorphism of Leonard systems.

The D4 action affects the parameter array as follows.
(A; {E s A% {E YL, denote a

LEMMA 4.5. [37, Theorem 1.11] Let & =
For each

Leonard system with parameter array ({0;}q; {071 ; {801,}1:17 {¢z}z:1)
relative of ® the parameter array is given below.

relative parameter array
P ({9i}§’:o;{9*}d 0§{<Pi}d 1 {dit i 1)
P! ({6: }z 0i {05 Y= 07{¢d 1+1}z 13 {pa- 1+1}z 1)
¥ ({04 z}z 07{9* i= 07{¢z —1:{wi i:l)
oLt ({0a—i}io; {ed—i}izo; {Pa—it1 oy {Ba—it1}ioy)
P~ ({93}%1 03 100 {eitri {da—it 1)
ol {0 Yo {0} {@a—it1 Firs {witan)
ol ({9} Loi{0a—iiioi {diiiys {pa—ita}iy)
P ({05 }i= 07{9(1 1}1 0 {a- z+1}z 1:{@}1 1)
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5. Affine transformations of a Leonard system. In this section we consider
the affine transformations of a Leonard system. We start with an observation.

LEMMA 5.1. Let ® = (A;{E;}d o; A% {E;}L,) denote a Leonard system in A.
Let £,(, €%, (* denote scalars in K with £,£* nonzero. Then the sequence
(5.1) (EA+CL{BY g €A + C LB Y,)
is a Leonard system in A.

DEFINITION 5.2. Referring to Lemma 5.1, we call (5.1) the affine transformation
of ® associated with &, (, &%, C*.

DEFINITION 5.3. Let ® and @’ denote Leonard systems over K. We say ® and
@' are affine isomorphic whenever ® is isomorphic to an affine transformation of @’.
Observe that affine isomorphism is an equivalence relation.

Let ® denote a Leonard system. We now consider how the set of relatives of ® is
partitioned into affine isomorphism classes. In order to avoid trivialities we assume
the diameter of ® is at least 1. The following is our main result on this topic.

THEOREM 5.4. Let ® denote a Leonard system with first split sequence {p;}¢_,
and second split sequence {¢;}L,. Assume d > 1.
(i) Assume ©1 = @4 = —¢1 = —dq. Then all eight relatives of ® are mutually
affine isomorphic.
(il) Assume o1 = pgq, 1 = Qg and p1 # —¢1. Then the relatives of ® form
exactly two affine isomorphism classes, consisting of
(@, 01 o o} {2l ¥ ol ol
(ili) Assume @1 = @q and ¢1 # ¢a. Then the relatives of ® form exactly four
affine isomorphism classes, consisting of
o, 04, (alob), (ot a¥), (ol 7).

(iv) Assume ¢1 = ¢da and o1 # wq. Then the relatives of ® form exactly four
affine isomorphism classes, consisting of

(@, 0%}, (@}, o}, {2V o}, (ol ol
(v) Assume ©1 = —¢1, pa = —dq and @1 # pq. Then the relatives of ® form
exactly four affine isomorphism classes, consisting of
0,04}, {0} 0l), {o",0V), (ol ol
(vi) Assume p1 = —¢a, wa = —¢1 and @1 # wq. Then the relatives of ® form
exactly four affine isomorphism classes, consisting of
(@, 04, {o% o) {o* o}, {o¥ ol

(vii) Assume none of (i)—(vi) hold above. Then o1 # @4, ¢1 # Pa, at least one of

Y1 # —01, pa F —dg, and at least one of p1 # —a, g #* —¢1- In this case
the eight relatives of ® are mutually non affine isomorphic.

The proof of Theorem 5.4 will be given in Section 9. In Sections 6-8 we obtain
some results that will be used in this proof.
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6. How the parameter array is affected by affine transformation. Let ®
denote a Leonard system. In this section we consider how the parameter array of ®
is affected by affine transformation.

LEMMA 6.1. Referring to Lemma 5.1, let ({0;}&o; {05 Yo {pi} s {pi},) de-
note the parameter array of ®. Then the parameter array of the Leonard system (5.1)
18

(6.1) ({66 + o {6707 + ¢ o {€€ @i b {E€ di Y.

Proof. By Definition 4.1, for 0 < ¢ < d the scalar 6; is the eigenvalue of A
associated with F;, so £6; + ( is the eigenvalue of £A + (I associated with F;. Thus
{€0; + (}L, is the eigenvalue sequence of (5.1). Similarly {£*6F + ¢*}¢ is the dual
eigenvalue sequence of (5.1). In the right-hand side of (4.1), if we replace A by (A+(1,
and if we replace 0;, 07 by £0;+¢, £ +¢* (0 < j < d) and simplify the result we get
£€*p;. Therefore {£€*p;}L , is the first split sequence of (5.1). Similarly {£€*¢;}¢ ,
is the second split sequence of (5.1) and the result follows. O

7. Some equations. In this section we obtain some equations that will be useful
in the proof of Theorem 5.4.

NOTATION 7.1. Let ® = (A; {E;}L 0, A% {Er}d ) denote a Leonard system over
K, with parameter array ({0;}L ;{0719 o; {gol}l 1 {qﬁz}l 1)- To avoid trivialities we
assume d > 1.

LEMMA 7.2. [37, Lemma 9.5] Referring to Notation 7.1,

0n —Oa—r, 05 — 05,
= < h<d).
0o — 04 98—9; (O_h_d)

DEFINITION 7.3. Referring to Notation 7.1, for 1 < i < d we have

Zeh—ed h:iiie;_e;h
bo— 00 2 00y

We denote this common value by ;. We observe that ¥ = 1 and ¢; = 94_;41 for
1<4<d.
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LEMMA 7.4. Referring to Notation 7.1 and Definition 7.3, the following hold for
1<i<d.

pi = ¢10; + (0] — 605)(0i—1 — ba),
Pa—it1 = P10 + (07,14 90)(9d i —0a),
i = pq¥; + (6; — 90)( ed)
Cd—it1 = ¢a¥i + (0a—iy1 — 90)(9(1 i —03),
¢i = p19; + (07 — 05)(0a—i+1 — o),
Ga—iv1 =1V + (0551 — 05)(0; — o),
¢i = pali + (0a—i — 04)(0;_1 — 03),
Pa—i+1 = padi + (0i—1 — 0a)(05_; — 07).

e B B e B B M
0 ~J O Ot W N
NN NGNS NN NN

Proof. Apply Dy to the equation (PA3) from Theorem 4.4, and use Lemma 4.5. O

8. The relatives and affine transformations of a Leonard system. Let
® denote a Leonard system in A. In this section we give, for each relative of &,
necessary and sufficient conditions for it to be affine isomorphic to ®. Recall that by
Theorem 4.4, two Leonard systems are isomorphic if and only if they have the same
parameter array.

LEMMA 8.1. Let ® and ® denote Leonard systems over K which are affine
isomorphic. Then ®9 and ®'Y are affine isomorphic for all g € Dy.

Proof. Routine. O

PROPOSITION 8.2. Referring to Notation 7.1, let £,(,&*,(* denote scalars in K
with &,&* nonzero. Then ® is isomorphic to the Leonard system (5.1) if and only if

£=1,(=0,¢ =1, =0.

Proof. Suppose that ® is isomorphic to the Leonard system (5.1). Then these
Leonard systems have the same parameter array. These parameter arrays are given
in Notation 7.1 and (6.1); comparing them we find £6; + ¢ = 6; for 0 < i < d. Setting
i =0, %=1 in this equation we find £ =1, { = 0. Similarly we find £* =1, {* =
This proves the result in one direction and the other direction is clear. O

LEMMA 8.3. Referring to Notation 7.1, let £,(,&*,(* denote scalars in K with
£,&* nonzero. Then ®! is isomorphic to the Leonard system (5.1) if and only if

(8.1) 0; =&0; + ¢ (0<i<ad),
(8.2) 0: . = €07 +C* (0<i<d),
(8.3) ba—iv1 = " 0 (1<i<a),
(8.4) Pd—it1 =& Py (1 <i<d).

Proof. Compare the parameter array of ® from Lemma 4.5, with the parameter
array (6.1). O
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PROPOSITION 8.4. Referring to Notation 7.1, the following (i)—(iil) are equiva-
lent.

(i) ®! is affine isomorphic to ®.

(i) p1 = —¢a and pq = —¢1.

(ili) @i = —pa—iy1 for 1 <i < d and 0} + 0);_, is independent of i for 0 <i <d.
Suppose (i)-(iii) hold. Then ®' is isomorphic to (5.1) with & =1, ( =0, & = —1,
and ¢* equal to the common value of 67 + 07_,.

Proof. (i)=(ii): By Definition 5.3 there exist scalars &,(,£*,¢* in K with &, &*
nonzero such that ®! is isomorphic to the Leonard system (5.1). Now (8.1)—(8.4) hold
by Lemma 8.3. Setting i = 0,47 =11in (8.1) we find £ =1, ( = 0. Setting i =0,i=d
in (8.2) we find £* = —1. Setting i =1, i =d in (8.3) and using { =1, £* = —1 we
find 1 = —¢q and g = — 1.

(ii)=>(iii): By (7.1), (7.8) and ¢4 = —é1,

(8.5) ©i + Pa—iv1 = (0i—1 — 0a)(0; +07_; — 65 — 07) (1<i<d).
By (7.3), (7.6) and @1 = —¢a,
(8.6) i+ Pa—iv1 = (0s —00)(0;_1 + 07 ;.1 — 05 —07) (1<i<d).

Replacing ¢ by i+1 in (8.6) and comparing the result with (8.5) we find

Oi + Gd—it1 _ Pit1 + Pa—i
0i1—0s b1 — 0o
From this and since p1 + ¢4 = 0 we find ¢; + ¢g—i11 = 0 for 1 < i < d. Evaluating
(8.5) using this we find 6} 4 67_, is independent of i for 0 < i < d.
(ii))=(i): Let ¢* denote the common value of 67 + 65_,, and let £ = 1, ( = 0,
&* = —1. Now (8.1)—(8.4) hold so ®! is isomorphic to (5.1) by Lemma 8.3. Now ®!
is affine isomorphic to ® in view of Definition 5.3.0

(1<i<d-1).

PROPOSITION 8.5. Referring to Notation 7.1, the following (1)—(iil) are equiva-
lent.

(i) @Y is affine isomorphic to ®.

(i) @1 = —¢1 and g = —q.

(iil) ;i = —¢; for 1 <i<d and 0; + 04—, is independent of i for 0 < i <d.
Suppose (1)-(iii) hold. Then ®V is isomorphic to (5.1) with & = —1, ¢ equal to the
common value of 0; +04_;, & =1, and (* = 0.

Proof. By Lemma 8.1 (with ¢ = *) and since | *=x%| we find ®% is affine
isomorphic to ® if and only if ®*! is affine isomorphic to ®*. Now apply Proposition
8.4 to ®* and use Lemma 4.5. O

LEMMA 8.6. Referring to Notation 7.1, let £,(,&*,(* denote scalars in K with
&, &* nonzero. Then ®* is isomorphic to the Leonard system (5.1) if and only if

(8.7) 0; =¢0;+¢  (0<i<a),
(8.8) 0;=¢&0; +¢  (0<i<d),
(8.9) pi =g (1<i<a),
(8.10) Ga—it1 = £ D (1<i<d).
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Proof. Compare the parameter array of ®* from Lemma 4.5, with the parameter
array (6.1). O

PROPOSITION 8.7. Referring to Notation 7.1, the following (1)—(iv) are equivalent.
(i) ®* is affine isomorphic to ®.
(i) 61 = pu.
(111) (ﬁz = ¢d7i+1 fOT‘ 1 § ) § d.
(iv) (07 —603)(0; — 60)~" is independent of i for 1 <i <d.
Suppose (1)—(iv) hold. Then ®* is isomorphic to (5.1) with & equal to the common
value of (0F —65)(0; — 00)™, ¢ =05 — &by, & =&, and ¢* = 0y — £*6;.

Proof. (1)=-(ii): By Definition 5.3 there exist scalars £, {,£*,¢* in K with & &*
nonzero such that ®* is isomorphic to the Leonard system (5.1). Now (8.7)—(8.10)
hold by Lemma 8.6. By (8.9) we find £&&* = 1. Setting ¢ = 1 in (8.10) and using
&8 =1 we find ¢1 = ¢g.

(ii)=(iv): For 0 < ¢ < d define n; = (6} — 65)(6q — 00) — (6; — 00)(8}; — 65) and
observe ng = 0. We show n; =0 for 1 <14 <d. By (7.1), (7.3) and since ¢; = ¢q,

(6 — 03)(6,-1 — 0) = (6 — 60)(6;_, — 6) (1<i<d).
In this equation we rearrange terms to get
ni(8i—1 — 6q) = 1i—1(0; — 0o) (1<i<d).

By this and since 19 = 0 we find n; = 0 for 1 < i < d. The result follows.
(iv)=-(iii): Let i be given. Since (0} — 65)(0; — o)~ " is independent of i,

(07 —05)(Oa—ir1 —00) = (07_;11 — 65) (0 — 0o).

Comparing (7.5) and (7.6) using this we find ¢; = ¢pg—_it1.

(iii)=-(ii): Clear.

(iii), (iv)=-(i): Let ¢ denote the common value of (87 — 65)(6; — 6p)~* and set
& =¢1 (=05 — 0o, ¢* = 0 — £°0;. Then (8.7)—(8.10) hold so ®* is isomorphic
to (5.1) by Lemma 8.6. Now ®* is affine isomorphic to @ in view of Definition 5.3.0

PROPOSITION 8.8. Referring to Notation 7.1, the following (1)—(iv) are equivalent.
(i) @1 is affine isomorphic to ®.
(i) 1 = @a-
(ili) @i = @a—it1 for1 <i<d.
(iv) (05_, —05)(0; — 09)~" is independent of i for 1 <i <d.
Suppose (i)—(iv) hold. Then ®* is isomorphic to (5.1) with & equal to the common
value of (85, — 05)(0; — 60) ", € = 05— €0, € = €1, and C* = b — £°6.

Proof. By Lemma 8.1 (with g = |) and since | * | = we find that ®!V* is affine
isomorphic to ® if and only if ®!* is affine isomorphic to ®*. Now apply Proposition
8.7 to ®! and use Lemma 4.5. O
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LEMMA 8.9. Referring to Notation 7.1, let £,(,&*,(* denote scalars in K with
&, &% nonzero. Then ®Y is isomorphic to the Leonard system (5.1) if and only if

(8.11) Oa—i =&0; + ¢ (0<i<d),
(8.12) O0q_; =607 +C (0<i<d),
(8.13) Pa—i+1 =& p (1<i<d),
(8.14) Ga—iv1 = EE P (1<i<d).

Proof. Compare the parameter array of ® from Lemma 4.5, with the parameter
array (6.1). O

PROPOSITION 8.10. Referring to Notation 7.1, the following (1)—(iv) are equiva-

lent.
(i) @Y is affine isomorphic to ®.
il) o1 =4 and ¢1 = ¢q.
(iil) i = a—i+1 and ¢; = ¢a—i1 for 1 <i < d.
(iv) Each of (67 —65)(0; — 60)~L, (675, — 07)(0; — 09)~* is independent of i for

1<i<d.
Suppose (i)—(iv) hold. Then each of 8; + 64—;, 0 + 05_, is independent of i for
0 < i< d. Moreover ®V is isomorphic to (5.1) with &€ = —1, £ = —1, and { (resp.
¢*) equal to the common value of 0; + 60q—; (resp. 07 +07_.).

Proof. (i)=(ii): By Definition 5.3 there exist scalars &,(,£*,¢* in K with &, &*
nonzero such that ®'¥ is isomorphic to the Leonard system (5.1). Now (8.11)—(8.14)
hold by Lemma 8.9. Setting i = 0, i« = d in (8.11) we find £ = —1. Setting ¢ = 0,
i = d in (8.12) we find £* = —1. Setting ¢ = 1 in (8.13), (8.14) and using & = —1,
&* = —1 we find 1 = ¢4 and ¢p1 = ¢q.

(i) < (iii)<(iv): Follows from Propositions 8.7 and 8.8.

(iii), (iv)=-(i): We first show that 6} + 6%_, is independent of ¢ for 0 <i < d. By

assumption
0y -6 05—165 )

1 ! = 1<:i<d
(8 5) 91'_60 6(1_90 ( —Z— )ﬂ
and

9* - 9* * Ok
(8.16) ai % _ b — b (1<i<d).

91'—90 _Qd—eo

Adding (8.15), (8.16) we find 6} +6%_, = 65 + 0 for 1 < i < d. Therefore 8] + 6}_,
is independent of 7 for 0 < ¢ < d. Next we show that 6; + 64_; is independent of i for
0 < i < d. Rearranging the terms in (8.15) we find that for 1 <14 <d,

Oi +0a_i —0o—0q 07 +0;_,—65—0]

0y — 04 05— 0;

In the above equation the numerator on the right is zero so the numerator on the left
is zero. Therefore 8; + 64_; is independent of ¢ for 0 < i < d. Now let ¢ (resp. (*)
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denote the common value of 6; + 04—; (resp. 6 +65_,), and let £ = —1, & = —1.
Then (8.11)—(8.14) hold so ®'¥ is isomorphic to (5.1) by Lemma 8.9. Now ®¥ is
affine isomorphic to ® in view of Definition 5.3. O

LEMMA 8.11. Referring to Notation 7.1, let £,(,&*,(* denote scalars in K with
€,&* nonzero. Then ®'* is isomorphic to the Leonard system (5.1) if and only if

(8.17) 05 =80 +¢ (0<i<d),
(8.18) 0; =&0; + ¢ (0<i<ad),
(8.19) ba—it1 = EE7 @i (1<i<d),
(8.20) pi = &6 ¢ (1<i<a).

Proof. Compare the parameter array of ®1* from Lemma 4.5, with the parameter
array (6.1). O

PROPOSITION 8.12. Referring to Notation 7.1, the following (i)—(iil) are equiva-
lent.

(i) ®'* is affine isomorphic to ®.

(i) @1 =pa=—¢1 = —da-

(iil) @i, ©d—it1, —Gi, —Pa—it1 coincide for 1 < i < d and each of (6 — 65)(0; —

00)~ 1, (05_, — 05)(6; — 00)~" is independent of i for 1 <i <d.

Suppose (1)—(iii) hold. Then ®* is isomorphic to (5.1) with & equal to the common
value of (05_, — 05)(0; — 60) ™", ¢ =64 — &by, & = =71, and ¢* = 6y — £765.

Proof. (1)=-(ii): By Definition 5.3 there exist scalars £, (,£*,¢* in K with & &*
nonzero such that ®1* is isomorphic to the Leonard system (5.1). Now (8.17)—(8.20)
hold by Lemma 8.11. Setting ¢ = 0, ¢ = d in (8.17) we find £(0y — 64) = 6 — 65.
Setting ¢ = 0, ¢ = d in (8.18) we find £*(6f — 03) = 6y — 64. By these comments
&€ = —1. Setting i = 1, ¢ = d in (8.19) and using ££* = —1 we find ¢1 = —¢4 and
w4 = —¢1. Setting i = 1 in (8.20) and using ££* = —1 we find ¢1 = —¢1.

(ii)«(iii): Follows from Propositions 8.4, 8.5 and 8.10.

(i), (iii)=(i): Let & denote the common value of (5_, — 67)(6; — 6y)~*, and let
& =~ ¢ =05—E€00, C* = 0p—E*05. Then (8.17)(8.20) hold so ®* is isomorphic
to (5.1) by Lemma 8.11. Now ®!* is affine isomorphic to ® in view of Definition 5.3.0

PROPOSITION 8.13. Referring to Notation 7.1, the following (1)-(iil) are equiva-
lent.

(i) ®Y* is affine isomorphic to ®.

(ii) o1 = wa=—¢1 = —Pa-

(ill) @i, Pd—it1, —Pi, —Pa—i+1 coincide for 1 < i < d and each of (8] — 0§)(0; —

00)~ 1, (05_, — 03)(0; — 00)~" is independent of i for 1 <i <d.

Suppose (i)—(iii) hold. Then ®V* is affine isomorphic to (5.1) with & equal to the
common value of (07 —05)(0; — )1, ¢ = 05 — £y, & = —€71, and ¢* = 0y — £*05.

Proof. By Lemma 8.1 (with g = |) and since |} * | == | | * we find that ®¥* is
affine isomorphic to ® if and only if (®!)!* is affine isomorphic to ®'. Now apply
Proposition 8.12 to ®! and use Lemma 4.5. O
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9. Proof of Theorem 5.4. In this section we prove Theorem 5.4.

(i): Observe that ®9 is isomorphic to ® for all g € D4 by Propositions 8.4, 8.5,
8.7, 8.8, 8.10, 8.12 and 8.13.

(ii): Since 1 = pq and ¢ = ¢q4, the Leonard systems ®*, ®H* @V are affine
isomorphic to ® by Propositions 8.7, 8.8, 8.10 respectively. Therefore ®, ®*, ®1¥*,
@M are contained in a common affine isomorphism class. By this and Lemma 8.1
the Leonard systems ®!, ¥ &1* ®¥* are contained in a common isomorphism class.
The above affine isomorphism classes are distinct; indeed ®! is not affine isomorphic
to ® by Proposition 8.4 and since p1 # —¢4. The result follows.

(iii): By Proposition 8.8 the Leonard system @ is affine isomorphic to ®¥*. By
Propositions 8.4, 8.5, 8.10, 8.7, 8.12, 8.13, ® is not affine isomorphic to any of ®!,
b o o*, oI &Y. The result follows from these comments in view of Lemma
8.1 and (3.1), (3.2).

(iv): By Proposition 8.7 the Leonard system & is affine isomorphic to ®*. By
Propositions 8.4, 8.5, 8.10, 8.12, 8.13, 8.8, ® is not affine isomorphic to any of ®!,
oV, ¥ pl* ¥ dL¥* The result follows from these comments in view of Lemma
8.1 and (3.1), (3.2).

(v): By Proposition 8.5 the Leonard system @ is affine isomorphic to ®¢. By
Propositions 8.4, 8.10, 8.7, 8.12, 8.13, 8.8, ® is not affine isomorphic to any of ®!,
o o ol o L The result follows from these comments in view of Lemma
8.1 and (3.1), (3.2).

(vi): By Proposition 8.4 the Leonard system @ is affine isomorphic to ®!. By
Propositions 8.5, 8.10, 8.7, 8.12, 8.13, 8.8, ® is not affine isomorphic to any of ®¥,
oL o* ol* ¥+ & The result follows from these comments in view of Lemma
8.1 and (3.1), (3.2).

(vii): By Propositions 8.4, 8.5, 8.7, 8.10, 8.12, 8.13, 8.8, ® is not affine isomorphic
to any of ®t, ®¥, &*, @Y oI d¥* PL* The result follows from this and Lemma
8.1.

10. The parameters a; and a}. It turns out that for some of the cases of
Theorem 5.4 there is a natural interpretation in terms of the parameters a; and
al [37, Definition 2.5]. In this section we explain the situation. We start with a
definition.

DEFINITION 10.1. [37, Definition 2.5] Referring to Notation 7.1, for 0 < ¢ < d
we define scalars

a; :=tr(E;A), al :=tr(E;AY).

LEMMA 10.2. Referring to Notation 7.1 and Definition 10.1, the following (i),
(il) are equivalent.

(i) a; is independent of i for 0 <i <d.

(ii) The equivalent conditions (1)—(iil) hold in Proposition 8.5.
Suppose (1), (ii) hold. Then the common value of 6; + 04_; is twice the common value
of a;.
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Proof. Follows from [25, Theorem 1.5] and Proposition 8.5. O

LEMMA 10.3. Referring to Notation 7.1 and Definition 10.1, the following (i),
(ii) are equivalent.

(1) a} is independent of i for 0 < i <d.

(ii) The equivalent conditions (1)—(iil) hold in Proposition 8.4.
Suppose (i), (ii) hold. Then the common value of 07 +67_, is twice the common value
of ay.

Proof. Follows from [25, Theorem 1.6] and Proposition 8.4. O

THEOREM 10.4. Referring to Notation 7.1 and Definition 10.1, the following
(i)—(iv) hold.
(i) In Case (i) of Theorem 5.4, each of a;, a} is independent of i for 0 <i <d.
(ii) In Case (v) of Theorem 5.4, a; is independent of i for 0 < i < d but a} is not
independent of i for 0 <1i < d.
(ii) In Case (vi) of Theorem 5.4, a} is independent of i for 0 < i < d but a; is
not independent of i for 0 <1 < d.
(iv) In the remaining cases of Theorem 5.4, neither of a;, af
for 0 <i<d.

Proof. Follows from Theorem 5.4 and Lemmas 10.2, 10.3. O

1s independent of i

11. Affine transformations of a Leonard pair. Let A, A* denote a Leonard
pair in A and let &,(, &%, (* denote scalars in K with &, £* nonzero. By Lemma 5.1
and our comments below Definition 2.1 the pair

(11.1) EA+CI, €A+

is a Leonard pair in A. We call (11.1) the affine transformation of A, A* associated
with &, ¢, &%, ¢*. In this section we find necessary and sufficient conditions for the
Leonard pair (11.1) to be isomorphic to A, A*. We also find necessary and sufficient
conditions for the Leonard pair (11.1) to be isomorphic to the Leonard pair A*, A.

NOTATION 11.1. Let A, A* denote a Leonard pair in A. Let ® = (A; {E;}Lo; A%;
{E;}4_ ) denote a Leonard system associated with A, A* and let ({6;}¢_q; {07} o;
{pi}d 1 {¢:}% ) denote the parameter array of ®. To avoid trivialities we assume
d>1.

PROPOSITION 11.2. Referring to Notation 11.1, the Leonard pair A, A* is iso-
morphic to the Leonard pair (11.1) if and only if at least one of (1)—(iv) holds below.
(i) £€=1,(=0,{=1,¢=0.
(i) p1==¢4, pa=—¢1,{=1,(=0,§ = -1, " =65 +0;.
(i) @1 =01, pa = —da, E=—1, (=0 +04, & =1, " =0.
(iv) p1=9da, p1 =a, § =1, (=0 + 04, & = -1, (" =05 + 0.
In this case precisely one of (i)—(iv) holds.

Proof. By [40, Lemma 5.4] the Leonard systems associated with A, A* are ®, ®!,
oV & Therefore the Leonard pair A, A* is isomorphic to the Leonard pair (11.1) if
and only if at least one of ®, !, ¢ & is isomorphic to the Leonard system (5.1).
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By this and Propositions 8.2, 8.4, 8.5, 8.10 we find A, A* is isomorphic to (11.1) if and
only if at least one of (i)—(iv) holds. Assume that at least one of (i)—(iv) holds. We
show that precisely one of (i)—(iv) holds. By way of contradiction assume that at least
two of (i)—(iv) hold. Then at least one of 2§, 2¢* is zero, forcing Char(K) = 2, and at
least one of 6y + 0g, 65 + 0} is zero, forcing Char(K) # 2 and giving a contradiction.
Therefore precisely one of (i)—(iv) holds. O

PRrROPOSITION 11.3. Referring to Notation 11.1, the Leonard pair A*, A is iso-
morphic to the Leonard pair (11.1) if and only if at least one of ()—(iv) holds below.

(1) é1=a, & = (07— 05)(6a — 60) ™", ¢ = 05 — &bo, £ =&, ¢* =0 — £"65.

(i) o1 =pa=—¢1 = —¢a, § = (05 — 07)(0a — o) ™", { =05 — 00, & = =€,

¢* =00 —&"65.
(iil) o1 = pa = —¢1 = —¢a, & = (65— 05)(0a — 00) ™', ¢ =05 — €0y, & = —¢71,
(" =00 —£"0].

(iv) p1=0a, £ = (05 = 03)(0a — 00) "1, ( =07 — &b, & =€, ¢F =0 — £70;.
In this case precisely one of (1)—(iv) holds.

Proof. By [40, Lemma 5.4] the Leonard systems associated with A* } A are ®*,
ol* oV* W Therefore the Leonard pair A*, A is isomorphic to the Leonard pair
(11.1) if and only if at least one of ®*, ®1* ®¥* &M* is isomorphic to the Leonard
system (5.1). By this and Propositions 8.7, 8.8, 8.12, 8.13 we find A*, A is isomorphic
to (11.1) if and only if at least one of (i)—(iv) holds. Assume that at least one of
(i)—(iv) holds. We show that precisely one of (i)—(iv) holds. By way of contradiction
assume that at least two of (i)-(iv) hold. Then at least one of 8y = 64, 6§ = 6}, holds,
for a contradiction. Therefore precisely one of (i)—(iv) holds. O

The following is the main result of the paper.

THEOREM 11.4. Referring to Notation 11.1, we set o = (6% — 65) (04 — 6o)~*.
(i) Assume @1 = @q = —¢p1 = —¢g. Then A, A* is isomorphic to (11.1) if and
only if the sequence &,(, £, (* is listed in the following table.

€ ¢ £ ¢

1 0 1 0
1 0 1 gt
-1 0o + 04 1 0

-1 0o + 04 -1 964‘9;

Moreover A*, A is isomorphic to (11.1) if and only if the sequence &,(, &%, C*
is listed in the following table.

S ¢ & ¢

a Oy—aby ot Oyp—alf;
—a 05+ aby a”l fy— 07193
« 05 — by —a 1l 6y + a’lf);;
-« 9; + aby —a~! 0o + a*19;
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Assume 1 = g, 1 = ¢q and p1 # —p1. Then A, A* is isomorphic to
(11.1) if and only if the sequence &,(,£*,(* is listed in the following table.

€ ¢ & ¢
1 0 1 0
1 Bo+64 —1  65+0;

Moreover A*, A is isomorphic to (11.1) if and only if the sequence £, ¢, &*,
C* is listed in the following table.

€ ¢ & ¢

a O5—abp a ' p—a 6]

—a O5+aby —a ! Oy+al6

Assume 1 = @q and ¢1 # ¢gq. Then A, A* is isomorphic to (11.1) if and
onlyif E=1,¢=0,& =1, (*f =0. Moreover A*, A is isomorphic to (11.1)
if and only if £ = —a, ( =05+ aby, & = —a~ !, (* =0y +a 10}

Assume ¢1 = ¢q and ©1 # pq. Then A, A* is isomorphic to (11.1) if and
only if E=1,(=0,& =1, (" =0. Moreover A*, A is isomorphic to (11.1)
if and only if £ = a, ( =0} — aby, £ =a~ L, (* =0y — a6}

Assume o1 = —¢1, pqa = —¢pq and p1 # pg. Then A, A* is isomorphic to
(11.1) if and only if the sequence &,(,£*,(* is listed in the following table.

S ¢ & ¢
1 0 1 0
-1  6g+ 04 1 0

Moreover A*, A is not isomorphic to (11.1) for any &,{,&*,C*.
Assume 1 = —¢g, pqg = —d1 and p1 % @pq. Then A, A* is isomorphic to
(11.1) if and only if the sequence &,¢,&*,C* is listed in the following table.

§ ¢ & ¢
T 0 1 0
10 -1 65+0;

Moreover A*, A is not isomorphic to (11.1) for any &,(, &%, C*.

Assume none of (i)—(vi) hold above. Then A, A* is isomorphic to (11.1) if
and only if € =1, =0,& =1, (* =0. Moreover A*, A is not isomorphic
to (11.1) for any &,(, &%, C*.

Proof. Routine consequence of Propositions 11.2 and 11.3. O

12.

The parameter arrays in closed form. In [25] and [44] the parameter

array of a Leonard system is given in closed form. For the rest of this paper we
consider how the results of previous sections look in terms of this form.

NoTATION 12.1. Let ® = (A;{E;}L ; A*;{E;}L ) denote a Leonard system

over K and let ({0;}% ;{053 o; {wi}y; {#i}L ) denote the corresponding param-
eter array. We assume d > 3.
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NoraTioN 12.2. Referring to Notation 12.1, let K denote the algebraic closure
of K and let ¢ denote a nonzero scalar in K such that ¢ + ¢~! + 1 is equal to the
common value of (4.4). We consider the following types:

type description
I q#1,q# -1
I g =1, Char(K) # 2

It | ¢ = —1, Char(K) # 2, d even
III- | ¢ =—1, Char(K) # 2, d odd
v g =1, Char(K) =2

13. Type I: ¢ #1 and g # —1.

LEMMA 13.1. [25, Theorem 6.1] Referring to Notation 12.1, assume ® is Type I.
Then there exists unique scalars m, p, h, n*, p*, h*, 7 in K such that

(13.1) 0; =n+ uqg' + hq*’,
(13.2) 0; =0 +u'q +hq"

for0<i<d and

(13.3) o= (¢' = D@ = )(r —pp*q ™" = hh7¢" ),
(13.4) ¢i = (¢ = 1)(¢" " = 1) (7 — hp* g — ph g
for1 <i<d.

REMARK 13.2. Referring to Lemma 13.1, for 1 < i < d we have ¢* # 1; otherwise
©; = 0 by (13.3). For 0 <i < d — 1 we have u # hq'; otherwise 04_; = 6. Similarly

w*# h*g'.
LEMMA 13.3. Referring to Notation 12.1, assume ® is Type I. Then (1)—(iv) hold
below.
(i) 0; + 04—; is independent of i for 0 < i <d if and only if p = —h.
(i) 0 +605_, is independent of ¢ for 0 < i < d if and only if p* = —h*.
(iii) (07 —65)(0;—00)~" is independent of i for 1 <i < d if and only if uh* = p*h.
(iv) (05_, — 05)(0; — 0p) ™' is independent of i for 1 <i < d if and only if up* =

0; +04—i — 00— 04 =(¢" —1)(1 —q“ ) (u+h)

for 0 <7 < d. The result follows from this and Remark 13.2.
(ii): Similar to the proof of (i).
(iii): Using (13.1) and (13.2),
0r =05 03— 05 _ (uh* —prh)(1— g")
0i—6o  0a— 0o (1= h)(p —hg*)

for 1 < i <d. The result follows from this and Remark 13.2.
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(iv): Using (13.1) and (13.2),
Oii =03 05 —05  (uu—hh*)(1—q?)
0; —0o 04— (1= h)(p — hg?=)
for 1 <4 < d. The result follows from this and Remark 13.2. O

LEMMA 13.4. Referring to Notation 12.1, assume ® is Type I. Then (i)—(iv) hold
below.

) i = —¢; for 1 < i <dif and only if T =0 and u = —h.

(i) p; = —g_it1 for 1 <i <d if and only if 7 =0 and p* = —h*.
i) ¢; = da—ir1 for 1 <i < d if and only if uh* = p*h.

iv) @; = @a—it1 for 1 <i < dif and only if pu* = hh*.

Proof. (i): Using the data in Lemma 13.1 we find

(13.5) it di= (¢ = (" = D@7 — (A d T R
for 1 <i<dand
(13.6) p1+¢1—a—da=(a— 1" = 1)(g? = 1)(u +h)(u* = h*).

First assume ¢; = —¢; for 1 <4 < d. Then in (13.6) the expression on the left is zero
so the expression on the right is zero. In this expression each factor except p + h is
nonzero by Remark 13.2, so u = —h. In (13.5) the expression on the left is zero so the

expression on the right is zero. Evaluating this expression using y = —h and Remark
13.2 we find 27 = 0. Note that Char(K) # 2; otherwise 4 = h and Remark 13.2 is
contradicted. Therefore 7 = 0. We have now shown 7 = 0 and y = —h. Conversely

assume 7 = 0 and g = —h. Then by (13.5) we have p; = —¢; for 1 < i < d.
(ii): Similar to the proof of (i). We note that

pit Bumiss = @ = D@ = D@7 — (0 1) (g™ + g’
for 1 <i<dand
P14 ¢a —pa—d1 = (¢ — D¢ = 1)(¢" = 1)(u— h) (" + h").
(iii): Using the data in Lemma 13.1 we find
¢ — da—ir1 = (¢ — )@ = 1) (¢"" = ¢" ) (ph* — p*h)

for 1 <4 < d. The result follows from this and Remark 13.2.
(iv): Using the data in Lemma 13.1 we find

@i — a1 =(¢" = )¢ = 1) (" = ¢ ) (up* — hh")
for 1 <4 < d. The result follows from this and Remark 13.2. O

PROPOSITION 13.5. Referring to Notation 12.1, assume ® is Type 1. Then (i)-
(vii) hold below.
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) ®! is affine isomorphic to ® if and only if p* = —h*, T = 0.
) @Y is affine isomorphic to ® if and only if u = —h, T =0.
) @ s affine isomorphic to ® if and only if p = —h, u* = —h*.
iv) ®* is affine isomorphic to ® if and only if ph* = p*h.
) ®'* is affine isomorphic to ® if and only if p = —h, u* = —h*, 7= 0.
) ®Y* is affine isomorphic to ® if and only if u = —h, p* = —h*, 7= 0.
(vii) @1 is affine isomorphic to ® if and only if up* = hh*.

Proof. Follows from Propositions 8.4, 8.5, 8.7, 8.8, 8.10, 8.12, 8.13, and Lemmas

13.3,13.4. O
THEOREM 13.6. Referring to Notation 12.1, assume ® is Type I. Then (i)—(vii)
hold below.
(i) Case (i) of Theorem 5.4 occurs if and only if p = —h, p* = —h* and 7 = 0.
(ii) Case (ii) of Theorem 5.4 occurs if and only if p = —h, p* = —h* and 7 # 0.
(iil) Case (iii) of Theorem 5.4 occurs if and only if pp* = hh* and ph* # p*h.
(iv) Case (iv) of Theorem 5.4 occurs if and only if pp* # hh* and ph* = p*h.
v) Case (v) of Theorem 5.4 occurs if and only if p = —h, u* # —h* and 7 = 0.
(vi) Case (vi) of Theorem 5.4 occurs if and only if u # —h, p* = —h* and 7 = 0.

Case (vii) of Theorem 5.4 occurs if and only if pu* # hh*, ph* # p*h, and
at least two of u # —h, p* # —h*, 7 # 0.

Proof. Combine Theorem 5.4 and Proposition 13.5. O

14. Type II: ¢ = 1 and Char(K) # 2.

LEMMA 14.1. [25, Theorem 7.1] Referring to Notation 12.1, assume P is Type II.
Then there exists unique scalars n, u, h, n*, p*, h*, 7 in K such that
(14.1) 0; =n+ u(i —d/2) + hi(d — 1),
(14.2) 0F =n* +p* (i —d/2) + h*i(d —1i)

for0<i<d and

(14.3) wi =i(d—i+1)(T — pp*/2
+ (hp* + ph*) (i — (d+1)/2) + hh* (i — 1)(d — 7)),

(14.4) ¢i =i(d—i+1)(7 + pp*/2
+ (hp* — ph™)(i — (d +1)/2) + hh* (i — 1)(d — )
for1 <i<d.

REMARK 14.2. Referring to Lemma 14.1, for 0 < i < d — 1 we have pu # —ih;
otherwise 64_; = 6. Similarly p* # —ih*. For any prime 7 such that i < d we have
Char(K) # ¢; otherwise ; = 0 by (14.3).

LEMMA 14.3. Referring to Notation 12.1, assume ® is Type II. Then (i)—(iv)
hold below.
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) 0; + 64—, is independent of © for 0 < i <d if and only if h = 0.
(i) 0 +65_, is independent of ¢ for 0 <i < d if and only if h* = 0.
iii)

)

(iv) (65_; — 05)(0; — 60)~* is independent of i for 1 < i < d if and only if ph* =
—p*h.
Proof. (i): Using (14.1),
0; +04_; — 0y — 04 = Ql(d — Z)h

for 0 < i < d. The result follows from this and Remark 14.2.
(ii): Similar to the proof of (i).
(iil): Using (14.1) and (14.2),

0 =05 05— 05  (d—i)(uh* — u*h)

i—06o O6a—00  p(p+(d—1ih)

for 1 <4 < d. The result follows from this and Remark 14.2.
(iv): Using (14.1) and (14.2),

Oa_i — 03 65 -0 (d—i)(uh™+ p*h)
0; — 0o 6q— 0o p(p+ (d—i)h)

for 1 <4 < d. The result follows from this and Remark 14.2. O

LEMMA 14.4. Referring to Notation 12.1, assume ® is Type II. Then (i)—(iv)
hold below.
(i) i =—¢; for 1 <i<dif and only if =0 and h = 0.
(ii) @i = —¢a—it1 for 1 <i < d if and only if T =0 and h* = 0.
(iil) ¢ = pa—it1 for 1 <i < d if and only if ph* = p*h.
(iv) @i = @a—it1 for 1 <i<d if and only if ph* = —p*h.

Proof. (i): Using the data in Lemma 14.1 we find
(14.5) it ¢ =2i(d—i+1)(7+p"h(i—(d+1)/2) + hh"(i — 1)(d —i))
for 1 <i<dand
(14.6) 1+ ¢1— pa — ¢a = 2d(1 — d)p"h.

First assume ¢; = —¢; for 1 < ¢ < d. Then in (14.6) the expression on the left is
zero so the expression on the right is zero. In this expression each factor except h is
nonzero by Remark 14.2, so h = 0. In (14.5) the expression on the left is zero so the
expression on the right is zero. Evaluating this expression using h = 0 and Remark
14.2 we find 7 = 0. We have now shown 7 = 0 and h = 0. Conversely assume 7 = 0
and h = 0. Then by (14.5) we have p; = —¢; for 1 <i <d.

(ii): Similar to the proof of (i). We note that

i+ Ga—ir1 =2i(d — i+ 1)(7 + ph*(i — (d+1)/2) + hh*(i — 1)(d — 1))
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for1 <i<dand
01+ ¢a — pa — ¢1 = 2d(1 — d)ph”.
(iii): Using the data in Lemma 14.1 we find
¢i — Pa—iv1 = i(d — i+ 1)(d —2i + 1)(uh™ — p*h)

for 1 < i < d. The result follows from this and Remark 14.2.
(iv): Using the data in Lemma 14.1 we find

©i — @d—it1 = —i(d— i+ 1)(d —2i + 1)(ph™ + p*h)
for 1 <4 < d. The result follows from this and Remark 14.2. O

PROPOSITION 14.5. Referring to Notation 12.1, assume ® is Type II. Then (i)—
(vii) hold below.
(i) ®! is affine isomorphic to ® if and only if h* =0, T = 0.
) @V is affine isomorphic to ® if and only if h =0, T = 0.
) @ is affine isomorphic to ® if and only if h =0, h* = 0.
v) ®* is affine isomorphic to ® if and only if uh* = p*h.
) ®* is affine isomorphic to ® if and only if h =0, h* =0, 7 = 0.
) ®¥* is affine isomorphic to ® if and only if h =0, h* =0, 7 = 0.
(vii) ®H* is affine isomorphic to ® if and only if uh* = —u*h.

Proof. Follows from Propositions 8.4, 8.5, 8.7, 8.8, 8.10, 8.12, 8.13, and Lemmas
14.3, 14.4. O

THEOREM 14.6. Referring to Notation 12.1, assume ® is Type II. Then (i)—(vii)
hold below.
(i) Case

i

) of Theorem 5.4 occurs if and only if h =0, h* =0 and 7 = 0.
ii

(
(ii) Case (ii) of Theorem 5.4 occurs if and only if h =0, h* =0 and 7 # 0.
(iil) Case (iii) of Theorem 5.4 occurs if and only if ph* # p*h and ph* = —p*h.
(iv) Case (iv) of Theorem 5.4 occurs if and only if uh™ = p*h and ph* # —p*h.
(v) Case (v) of Theorem 5.4 occurs if and only if h =0, h* #0 and T = 0.
(vi) Case (vi) of Theorem 5.4 occurs if and only if h #0, h* =0 and T = 0.
(vii) Case (vii) of Theorem 5.4 occurs if and only if ph* # p*h, uh* # —p*h, and
at least two of h, h*, T are nonzero.

Proof. Combine Theorem 5.4 and Proposition 14.5. O
15. Type III": ¢ = —1, Char(K) # 2 and d is even.

LeEMMA 15.1. [25, Theorem 8.1] Referring to Notation 12.1, assume ® is Type
III*. Then there exists unique scalars 1, h, s, n*, h*, s*, 7 in K such that

(15.1)

0. — n+s+h(i—d/2) ifiiseven,
" ln—s—h(i—d/2) ifiisodd,

n* +s*+h*(i—d/2) ifiis even,

15.2 0r =
(15.2) ! {n*—s*—h*(i—d/2) if 4 is odd
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for 0 <i<d and

153) o= {i(f — sh* — s*h — hh*(i — (d + 1)/2)

~—

if 7 is even,

(d—i+1)(1+ sh* +s*h+hh*(i — (d+1)/2)) ifiis odd,

—~

filr = sh* 4 s*h 4 hh*(i — (d+1)/2)
(15.4) ¢ = {(d_Hl)(TJFSh*_s*h—hh*(i_

~—

if 7 is even,

d+1)/2)) ifiisodd

—~

for 1 <i<d.

REMARK 15.2. Referring to Lemma 15.1, we have h # 0; otherwise 6y = 65 by
(15.1). Similarly we have h* # 0. For ¢ odd with 0 < i < d — 1 we have s # ih/2;
otherwise 64_; = 6y. For any prime ¢ such that ¢ < d/2 we have Char(K) # i;
otherwise @pg; = 0 by (15.3). By this and since Char(K) # 2 we find Char(K) is either
0 or an odd prime greater than d/2. Observe neither of d, d — 2 vanish in K since
otherwise Char(K) must divide d/2 or (d — 2)/2.

LEMMA 15.3. Referring to Notation 12.1, assume ® is Type IIIT. Then (i)—(iv)
hold below.
(i) 0; + 04—; is independent of i for 0 < i < d if and only if s = 0.

(i) 07 + 0* _; i mdependent of i for 0 <i <d if and only if s* = 0.

(iii) (07 —63)(0; —00) ™! is independent of i for 1 <i < d if and only if hs* = h*s.

(iv) (Hd s — 05)(0; — 00)~t is independent of i for 1 <i < d if and only if hs* =
—h*s.

Proof. (i): Using (15.1),

bt 04 — 2(n+s) 1fz ?s even,
2(n—s) ifiis odd
for 0 <7 < d. The result follows from this.
(ii): Similar to the proof of (i).
(iii): Using (15.1) and (15.2),

0:« _ 96 02 _ 96 0 le is even,
0, — 0y 0a—0p hs” — s if 4 is odd
e T h(s — h(d—1)/2)
for 1 <4 < d. The result follows from this.
(iv): Using (15.1) and (15.2),

0% . — 0% g _ o 0 if ¢ is even,
Rt vy Rl B it i is odd
e @0 h(s — h(d—1)/2)

for 1 < i < d. The result follows from this. O

LEMMA 15.4. Referring to Notation 12.1, assume ® is Type III*. Then (i)—(iv)
hold below.
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w; = —¢; for 1 <i<dif and only if T =0 and s =0.
0i = —Pi—i+1 for 1 <i < d if and only if T =0 and s* = 0.
O; = Pa—iv1 for 1 <i < d if and only if hs* = h*s.

©i = @a—i+1 for 1 <i < d if and only if hs* = —h*s.

Proof. (i): Using the data in Lemma 15.1 we find

2i(T — h*s) if ¢ is even,
i+ i = . y e
2(d—i+1)(r+ h*s) ifiisodd

for 1 <4 < d. The result follows from this and Remark 15.2.
(ii): Using the data in Lemma 15.1 we find

o baier = 2i(T — hs*) if 7 is even,
PO T Vo i 4 1)(r + hs®)  if i is 0dd
for 1 < i < d. The result follows from this and Remark 15.2.

(iii): Using the data in Lemma 15.1 we find

2i(hs* — h*s) if 7 is even,
Gi — Pd—it1 = ‘ . s e
—2(d— i+ 1)(hs* —h*s) ifiis odd
for 1 < i < d. The result follows from this and Remark 15.2.
(iv): Using the data in Lemma 15.1 we find

| [ =2i(hs + 1s) if 4 is even,
$Yi — Pd—i+1 = 2(d i+ 1)(h8* + h*s) if 7 is odd

for 1 < i < d. The result follows from this and Remark 15.2. O

PROPOSITION 15.5. Referring to Notation 12.1, assume ® is Type IIIT. Then
(i)—(vii) hold below.

(i) ®! is affine isomorphic to ® if and only if s* =0, T = 0.
(i) @ is affine isomorphic to @ if and only if s =0, 7 = 0.
(iii) @V is affine isomorphic to ® if and only if s =0, s* = 0.
(iv) @* is affine isomorphic to ® if and only if hs* = h*s.
(v) ®'* is affine isomorphic to ® if and only if s =0, s* =0, 7 = 0.
(vi) ®@¥* is affine isomorphic to ® if and only if s =0, s* =0, T = 0.
(vii) @1 is affine isomorphic to ® if and only if hs* = —h*s.

Proof. Follows from Propositions 8.4, 8.5, 8.7, 8.8, 8.10, 8.12, 8.13, and Lemmas
15.3, 15.4. O

THEOREM 15.6. Referring to Notation 12.1, assume ® is Type III". Then (i)-
(vii) hold below.

(i) Case (i) of Theorem 5.4 occurs if and only if s =0, s* =0 and T = 0.

(i1) Case (ii) of Theorem 5.4 occurs if and only if s =0, s* =0 and 7 # 0.
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(iii) Case (iii) of Theorem 5.4 occurs if and only if hs* # h*s and hs* = —h*s.
(iv) Case (iv) of Theorem 5.4 occurs if and only if hs* = h*s and hs* # —h*s.
v) Case (v) of Theorem 5.4 occurs if and only if s =0, s* #0 and 7 = 0.
(vi) Case (vi) of Theorem 5.4 occurs if and only if s £ 0, s* =0 and 7 = 0.
(vii) Case (vii) of Theorem 5.4 occurs if and only if hs* # h*s, hs* # —h*s, and

at least two of s, s*, T are nonzero.
Proof. Combine Theorem 5.4 and Proposition 15.5. 0
16. Type III": ¢ = —1, Char(K) # 2 and d is odd.

LEMMA 16.1. [25, Theorem 9.1] Referring to Notation 12.1, assume @ is Type
III~. Then there exists unique scalars n, h, s, n*, h*, s*, 7 in K such that

(16.1)

0. — n+s+h(i—d/2) ifiis even,
" lm—s—h(i—d/2) ifiisodd,

n* 4+ s*+h*(i—d/2) ifiis even,

16.2 gr —
162 ’ {U*—S*—h*(i—d/Z) if i is odd

for 0 <i<d and

hh*i(d—i+1) if 7 is even,

(16.3) i = 7 —2s5" +i(d—i+ 1)hh*
—2(hs* 4+ h*s)(i — (d+1)/2) ifiis odd,
hh*i(d —i+1) if 7 is even,

(16.4) ¢s = S T+ 2ss* +i(d —i+ 1)hh*

—2(hs* —h*s)(i — (d+1)/2) ifiisodd
for 1 <i<d.

REMARK 16.2. Referring to Lemma 16.1, we have h # 0; otherwise 6y = 65
by (16.1). Similarly we have h* # 0. We have s # 0; otherwise 6y = 64 by (16.1).
Similarly we have s* # 0. For i even with 0 <1i < d — 1 we have s # th/2; otherwise
04—; = bp. For any prime i such that i < d/2 we have Char(K) # i; otherwise @o; =0
by (16.3). By this and since Char(K) # 2 we find Char(K) is either 0 or an odd prime
greater than d/2. Observe d — 1 does not vanish in K since otherwise Char(K) must
divide (d — 1)/2.

LEMMA 16.3. Referring to Notation 12.1, assume ® is Type IIT-. Then (i)—(iv)
hold below.
(i) 6o+ 04 # 01+ 0q_1.
(it) 90+9*7é91+9
(iii) (07 —65)(0; —0o) 1 zs independent of i for 1 <1i < d if and only if hs* = h*s.
(iv) (92 . —07)(0; — 0p)~! is independent of i for 1 <i < d if and only if hs* =
_h*s.
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Proof. (i): Using (16.1),
Op+64—01 —04-1 = —2(d — 1)h.
The result follows from this and Remark 16.2.

(ii): Similar to the proof of (i).
(iii): Using (16.1) and (16.2),

hsh;hs if 7 is even,

0; =0y 05—65 5

fimto fabo (d—3)(hs” = 1"s) if 4 is odd

s(2s — h(d — 1))
for 1 < i < d. The result follows from this.
(iv): Using (16.1) and (16.2),
% if 4 is even,

Oii =05 05—05 i

il Gamf o £ g

s(=2s + h(d —1))
for 1 < i < d. The result follows from this. O

LEMMA 16.4. Referring to Notation 12.1, assume ® is Type III-. Then (i)—(iv)
hold below.
(i) w2 # —¢2. Moreover if o1 = —¢1 then @4 # —dq.
(i) @2 # —da—1. Moreover if o1 = —dq then g # —¢1.
(i) ¢ = Pa—it1 for 1 <i < d if and only if hs* = h*s.
(iv) @i = pa—i+1 for 1 <i < d if and only if hs* = —h*s.

Proof. (i): Using the data in Lemma 16.1 we find
@2 + o = 4(d — 1)hh",
P14+ @1 — pa — ¢a = 4(d — 1)hs".

The result follows from this and Remark 16.2.
(ii): Using the data in Lemma 16.1 we find

Y2 + pg—1 = 4(d — 1)hh™,
01+ ¢d —wa — &1 = 4(d— 1)h*s.
The result follows from this and Remark 16.2.
(iii): Using the data in Lemma 16.1 we find

0 if 7 is even,

bi — Qd—it1 = {2(d —2i+1)(hs* — h*s) ifiis odd
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for 1 < i < d. The result follows from this and Remark 16.2.
(iv): Using the data in Lemma 16.1 we find

| - 0 if 7 is even,
Vi — Pd—i+1 = 2(d — 2%+ 1)(h8* + h*s) if 7 is odd

for 1 <i < d. The result follows from this and Remark 16.2. O

PROPOSITION 16.5. Referring to Notation 12.1, assume ® is Type III-. Then
(i)—(vii) hold below.
(i) ®! is not affine isomorphic to ®.
) ®Y is not affine isomorphic to ®.
) @ is not affine isomorphic to .
v) ®* is affine isomorphic to ® if and only if hs* = h*s.
) ®1* is not affine isomorphic to ®.
) ®¥* is not affine isomorphic to ®.
(vii) @1 is affine isomorphic to ® if and only if hs* = —h*s.

Proof. Follows from Propositions 8.4, 8.5, 8.7, 8.8, 8.10, 8.12, 8.13, and Lemmas
16.3, 16.4. O

THEOREM 16.6. Referring to Notation 12.1, assume ® is Type III-. Then (i)—
(iv) hold below.
(i) Case (iil) of Theorem 5.4 occurs if and only if hs* = —h*s.
(ii) Case (iv) of Theorem 5.4 occurs if and only if hs* = h*s.
(iii) Case (vii) of Theorem 5.4 occurs if and only if both hs* # h*s, hs* # —h*s.
(iv) Cases (i), (ii), (v), (vi) of Theorem 5.4 do not occur.

Proof. Combine Theorem 5.4 and Proposition 16.5. O
17. Type IV: ¢ =1 and Char(K) = 2.

LEMMA 17.1. [25, Theorem 10.1] Referring to Notation 12.1, assume P is Type
IV. Then d = 3. Moreover there exists unique scalars h, s, h*, s*, r in K such that

91290+h(8+1), 02 =6y + h, 03 = 0y + hs,

07 =05 +h*(s* +1), 05 =65+ h*, 05 =05+ h*s*,

w1 = hh*r, w2 = hh*, w3 = hh*(r + s + s%),
¢1 = hh*(r+s(1 +s%)), ¢2 = hh*, ¢3 = hh*(r 4+ s*(1 + s)).

REMARK 17.2. Referring to Lemma 17.1, each of h, h*, s, s* is nonzero, and
each of s, s* is not equal to 1.

LEMMA 17.3. Referring to Notation 12.1, assume ® is Type IV. Then (i)—(iv)
hold below.
(1) 9i+9d,i:h8f01ﬂ0§i§d,
(i) 07 +65_, =h*s* for 0 <i<d.
(iii) (6F —60)(0; — 00) ™" is independent of i for 1 <i < d if and only if s = s*.
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(iv) (05, — 0%)(0; — 00) ™! is independent of i for 1 <i < d if and only if s = s*.

Proof. (i), (ii): Routine verification using the data in Lemma 17.1.
(iii): Using the data in Lemma 17.1 we find

0r — 05 h*(s*+1) 05— 05 h* 0;—0;  h's*

01 -0y  h(s+1)’ 02 —0  h’ 03 —0y  hs '

The result follows from this and Remark 17.2.
(iv): Using the data in Lemma 17.1 we find

05— 65 h*(s*+1) 0; —0; b 05— 05  hs*

91—907 ]’L(S—|—1)7 92—907]17 03 — 6y hs

The result follows from this and Remark 17.2. O
LEMMA 17.4. Referring to Notation 12.1, assume ® is Type IV. Then (i)—(iv)

hold below.
(i) ¢1 # —o1.
(i) @1 # —¢s.

(iil) @1 = @3 if and only if s = s*.
(iv) ¢1 = @3 if and only if s = s*.

Proof. Using the data in Lemma 17.1 we find

1+ ¢1 = hh*s(s" + 1), 1+ ¢3 = hh™s"(s + 1),
b1 — g5 = h*(s + 5°), o1 — o3 = h*(s 4 5°).

Now (i)—(iv) follow from this and Remark 17.2. O

PROPOSITION 17.5. Referring to Notation 12.1, assume ® is Type IV. Then
(i)—(vii) hold below.

(i) ®! is not affine isomorphic to ®.

(i) ®¥ is not affine isomorphic to ®.

(iii) @V is affine isomorphic to ® if and only if s = s*.

(iv) @* is affine isomorphic to ® if and only if s = s*.

(v) ®'* is not affine isomorphic to ®.

(vi) ®t* is not affine isomorphic to ®.
(vii) @1 is affine isomorphic to ® if and only if s = s*.

Proof. Follows from Propositions 8.4, 8.5, 8.7, 8.8, 8.10, 8.12, 8.13, and Lemmas
17.3,17.4. 0

THEOREM 17.6. Referring to Notation 12.1, assume ® is Type IV. Then (i)—(iii)
hold below.
(i) Case (ii) of Theorem 5.4 occurs if and only if s = s*.
(ii) Case (vil) of Theorem 5.4 occurs if and only if s # s*.
(iil) Cases (i), (iii)—(vi) of Theorem 5.4 do not occur.

Proof. Combine Theorem 5.4 and Proposition 17.5. O
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