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ON THE EXPONENT OF R-REGULAR PRIMITIVE MATRICES*

M.I. BUENOT AND S. FURTADO#

Abstract. Let Pp, be the set of n-by-n r-regular primitive (0, 1)-matrices. In this paper, an
explicit formula is found in terms of n and r for the minimum exponent achieved by matrices in Pp,.
Moreover, matrices achieving that exponent are given in this paper. Gregory and Shen conjectured
that bp, = L%JQ + 1 is an upper bound for the exponent of matrices in Pp,. Matrices achieving the
exponent by, are presented for the case when n is not a multiple of r. In particular, it is shown that
bar41,r is the maximum exponent attained by matrices in Pa,41,-. When n is a multiple of r, it is
conjectured that the maximum exponent achieved by matrices in Py, is strictly smaller than by-.
Matrices attaining the conjectured maximum exponent in that set are presented. It is shown that
the conjecture is true when n = 2r.
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1. Introduction. A nonnegative square matrix A is called primitive if there
exists a positive integer k such that AF is positive. The smallest such k is called the
exponent of A. We denote the exponent of a primitive matrix A by exp(A).

A (0,1)-matrix A is said to be r-regular if every column sum and every row sum
is constantly r.

Consider the set P,, of all primitive r-regular (0, 1)-matrices of order n, where
2 < r < n. Notice that, for n > 1, n-by-n l-regular matrices are permutation
matrices, which are not primitive. An interesting problem is to find the following two
positive integers:

lnr = min{exp(A) : A€ Py}, and  up, = max{exp(A4) : A € P},

as well as finding matrices attaining those exponents. In this paper, we call the
integers [, and u,, the optimal lower bound and the optimal upper bound for the
exponent of matrices in P, respectively.
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In the literature, numerous papers can be found about good upper bounds for the
exponent of general primitive matrices A of order n. In [8] Wielandt stated, without
proof, that

exp(A) < (n—1)2 +1.

Recently, the proof was found in Wielandt’s unpublished diaries and published in [5].
There are many improvements of Wielandt’s bound for special classes of primitive
matrices. The problem of finding an upper bound for the exponent of matrices in P,
has been considered by several authors in Discrete Mathematics, in particular, by
some researchers in Graph Theory [2, 4, 6, 7]. In the literature, several such bounds
can be found. In [4], it is shown that exp(A) < % - fif In [7], it is shown
that, if A € P,,, then exp(A) < 3n?/r?. Also, it is conjectured there that, if A € P,
then exp(A) <[22+ 1, where | | denotes the floor function, that rounds a number
to the next smaller integer. J. Shen proved that this conjecture is true when r = 2

[6], however it remains open for r > 2.

In this paper, we give an explicit expression for [, in terms of n and r, and con-
struct matrices attaining that exponent. We also construct matrices whose exponent
is [2]2 4+ 1 when n = gr + ¢, with 0 < ¢ < 7, which proves that up, > [2]* + 1 in
those cases. Moreover, we prove that wu,, = L%JQ + 1 when ¢ = 2 and ¢ = 1. When
n = gr, with g = 2, we determine u,,,; when g > 3, we give a conjecture for the value
of u,, and present matrices achieving the conjectured optimal upper bound exponent.
According to this conjecture, u,, would be smaller than L%JQ + 1.

2. Notation and Auxiliary Results. In the sequel we will use the following
notation: If A is an n-by-m matrix, we denote by A(i,j) the entry of A in the
position (7, 7). By A(i1 : i2, j1 : J2), with i3 > 41 and ja > j1, we denote the submatrix
of A lying in rows i1,41 + 1,...,i2 and columns ji,j; + 1...,j2. We abbreviate
A(il : il;jl : jg) to A(il,jl . jg) and A(]. : n,j1 : jg) to A(:,jl . jg) Similar
abbreviations are used for the columns of A. The m-by-n matrix whose entries are all
equal to one is denoted by J,,,,. Unspecified entries in matrices are represented by a
*.

Some of the proofs in this paper involve the concept of digraph associated with a
(0,1)- matrix.

DEFINITION 2.1. Let A be a (0,1)-matriz of size n-by-n. The digraph G(A)
associated with A is the directed graph with vertex set V.= {1,2,...,n} and arc set E
where (i,7) € E if and only if A(i,j) = 1.

Notice from the previous definition that A is the adjacency matrix of G(A).

A digraph G is said to be r-regular if and only if its adjacency matrix is an
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r-regular matrix. Note that the outdegree and the indegree of each vertex of an -
regular digraph are exactly r. A digraph is said to be primitive if and only if its
adjacency matrix is primitive. Clearly, for A € P,,,., exp(A) = k if and only if any
two vertices in G(A) are connected by a walk of length k and, if & > 1, there are at
least two vertices that are not connected by a walk of length & — 1.

It is important to notice that if A is an r-regular primitive matrix and B = PTAP
for some permutation matrix P, then, for any positive integer k, B* = PTAFP.
Thus, exp(A) = exp(B). Also G(A) and G(B) are isomorphic digraphs. Therefore,
throughout the paper, we will work on the set of equivalence classes under permutation
similarity. Notice also that A € P,, if and only At € P,,.

Next we include some simple observations about r-regular primitive matrices that
will be useful to prove some of the main results in the paper.

LEMMA 2.2. Let A € P,,, and let k be any positive integer. Then, every row of
AF contains at most r* nonzero entries.

Proof. We prove the result by induction on k. Let A € P, ,. Then, every row
of A contains r nonzero entries since A is r-regular. Therefore, the result is true for
k=1.

Assume that every row of A1 contains at most r*~1 nonzero entries. Then, any
r x n submatrix of A¥~'has at most 7* nonzero columns. Because A* = AA*~! the
result follows. O

LEMMA 2.3. Let A € P, and let k > 1 be a positive integer. If A*(i,j) = 0,
then there are at least r zero entries in the i-th row of AF~'; also there are at least r
zero entries in the j-th column of AF=1.

Proof. Notice that A¥(i,7) = A¥=1(i,:)A(:,j) = 0. Since A is r-regular, r entries
of A(:,7) are ones. Taking into account that A*~1(i,:) > 0, the first result follows.

The second claim can be proven in a similar way taking into account that A*(i, j) =
A(i, ) AR, 4) =0.0

LEMMA 2.4. Let A € P, and i € {1,...,n}. Then, the number of nonzero
entries in the i-th row (column) of A*, k > 1, is a nondecreasing sequence in k.

Proof. Suppose that in the i-th row of A* there are exactly s nonzero entries. We
want to show that in the i-th row of A¥*! there are at least s nonzero entries. Denote
by S the set {j € {1,...,n} : A*(i,j) # 0}. Since the outdegree of each node of G(A)
is exactly r, there are rs arcs with origin in the vertices in S. Since the indegree of
each node of G is exactly r, then the rs arcs with origin in S have their terminus in
at least rs/r = s vertices. Thus, with origin in the i-th node of G(A), there are walks
of length k£ + 1 to at least s distinct vertices. The result for columns follows taking
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into account that At € P,,.. 0

Note that the last lemma implies that each row (column) of A* has at least r
nonzero entries.

If i € {1,...,n} is such that A(i,i) = 1, then Lemma 2.4 may be refined. We
consider this situation in the next lemma, as it will allow us to get an interesting
corollary. We assume that n > 2r since, by Lemma 2.3, if n < 2r, A2(i,:) is positive.

LEMMA 2.5. Let A € Py, withn > 2r, and i € {1,...,n}. Suppose that A(i,i) =
1. Let sy be the number of nonzero entries in AX(i,:), k > 1. If s, < n, then the
number of nonzero entries in the i-th row of A¥*1 is at least s + 1. In particular, the
i-th row of A"~2"*3 s positive.

Proof. By a possible permutation similarity of A, we assume that ¢ = 1 and
A(l,:) = [ Jir 0] Let k € {2,...,n}. Clearly, the first r entries of A*(1,:) are
nonzero. If k = 2, since A is not reducible, A%(1,:) has more than r nonzero entries.
Now suppose that & > 2 and s < n. With a possible additional permutation sim-

ilarity, we assume, without loss of generality, that A*(1,:) = [ ar - as O } ,
where a; > 0, i = 1,...,k. We show that s;;1 > sp + 1. Suppose that A¥=1(1,:
)=1[b1 -+ by |, where by,ba,..., by biy,...,b;, . are positive integers, with
r<i < - < s ,—r < n. Because AF = AAF1 then is,_1—r < si; also, as
AF = A*71 A then

Jir 0 0

A x Ryp 0 7
*  Ro1  Rao
*  R31 Rso

for some blocks R;;, where R11 and Rag are (r—1)-by-(sx —r) and (sx —r)-by-(n—si)
matrices, respectively. Since all the entries of

t
[b2 e by ][ Ril R§1 an ]
are nonzero, then also all the entries of
t
[a2 - as, OJ[ Ry RL RY |

are nonzero, which implies that A¥*1(1,4) # 0 for i = 1,...,s,. Since A is not
reducible, it also follows that Rso is nonzero. Therefore, Ak“( 1,:) has at least s + 1
nonzero entries. Clearly, A»~27+2(1,:) has at most r — 1 zero entries, which implies,
by Lemma 2.3, that A"~2"+3(1,:) is positive. O

The next result is a simple consequence of Lemma 2.5. It gives an upper bound
for the exponent of matrices in P,, with nonzero trace. Another such upper bound
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can be found in [4]: if A € P,, has p nonzero diagonal entries, then exp(A) <
max{2(n —r+1) —p,n —r+ 1}. It is easy to check that there are values of n and r
for which the upper bound given in Corollary 2.6 for the exponent of matrices with
nonzero trace is smaller than those in [4] and [7]. Check with n=30 and r=15, for
instance.

COROLLARY 2.6. Let A € P,,, with n > 2r, and suppose that trace(A) # 0.
Then, exp(A) < 2n — 4r + 6.

Proof. Let i € {1,...,n} be such that A(¢,7) # 0. According to Lemma 2.5, the
i-th row and the i-th column of A"~2"*3 have no zero entries. Therefore, from any
vertex in G(A) there is a walk of length n — 2r 4+ 3 to vertex 4; also, there is a walk of
length n — 2r 4+ 3 from vertex i to any vertex. Thus, any two vertices are connected
by a walk of length 2n — 4r + 6.0

Finally, we include the following technical lemma.

LEMMA 2.7. Let Dyi, k <, denote an r-by-k matriz with exactly r — 1 nonzero
entries in each column. Then, at least one row of D, has no zero entries. Moreover,
if k <r—1, then at least two rows of Dy, have no zero entries.

Proof. Notice that the number ¢ of nonzero entries in D, is k(r — 1) since every
column contains r — 1 nonzero entries. Assume that all rows of D, have at least
one zero entry. Then, the number m of zero entries in D,.; would be at least r. This
implies that

t=rk—m<rk—r<k(r—1),

which is a contradiction. The second claim can be proven in a similar way. 0

3. Optimal lower bound. In this section, we determine the optimal lower
bound [,,, for the exponent of matrices in P, in terms of n and r. We also present
matrices achieving this exponent.

LEMMA 3.1. Let A € P,,.. Then,

exp(A) > [logr(n)].

Proof. Taking into account Lemma 2.2, each row of A has at most ¥ nonzero
entries. Since r* > n if and only if k > log,.(n), the result follows. O

Next we prove that there exist matrices in P,, whose exponent is [log,(n)].

DEFINITION 3.2. Let B = [b;;] be an m-by-n real (complex) matriz. We call the
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indicator matriz of B, which we denote by M(B), the m-by-n (0, 1)-matriz [p;;], with
Hij = 1 ’Lfb” # 0 and Hij = 0 Zfb” =0.

DEFINITION 3.3. Let v = (v1,v2,....,0,) be a row vector in R™. Let s be an
integer such that 0 < s < mn. Define the s-shift operator fs: R™ — R"™ by

Fs(U1,02, s Un) = (Vn—st1, Un—st2y ovs Uny V1, V2, evvy Up—g ).

The s-generalized circulant matriz associated with v is the n-by-n matriz whose k-th
row is given by fF1(v), for k = 1,....,n, where f¥=1 denotes the composition of fs
with itself k — 1 times.

Note that f7'(v1, ..., vn) = (v1, ..., V), as the position of v; after n s-shifts is ns+1
modulo n, that is, 1.

Let 0 < s < r be an integer. We denote by T.'" the s-generalized circulant matrix
associated with u, = Y_;_, ef, where e; denotes the i-th column of the n-by-n identity
matrix. For instance,

52 _
T =

_ o O O
o O O = =
OO = = O
O = = O O
_ = O O O

LEMMA 3.4. For r > 2, the matriz T['" s r-reqular and primitive. Moreover,
exp(T™) = [logr(n)].

Proof. First we prove that T"" is an r-regular matrix. By construction, it is easy
to see that the row sum is constantly r. In order to determine the column sum note
that there are exactly nr entries equal to one in T*". We denote by s;, ¢ > 1, the
remainder of the division of ¢ by n, if 7 is not a multiple of n, and s; = n otherwise. By
construction again, the ones in the i-th row occur in positions s(;_1)y41, -, Sir- The
sequence of columns in which the ones occur, starting in the first row, then the second
row and so on, is just the sequence s1, $2, 3, ..., Snr, that is, 1,...,n, 1, ...on, .01, . n.
Clearly, each j € {1,2,...,n} appears exactly r times in that sequence.

Now we prove that T,*" is primitive by computing its exponent. We first show, by
induction on k, that the first min{n, 7"} entries of the first row of (7"")* are nonzero
and, if r* < n, the last n — r* entries of the first row of (T"")* are zero. If k = 1,
this claim is trivially true. Now suppose that the claim is valid for £ = p. Note that,
for each integer 1 < k < n, all the columns of the submatrix of 7" indexed by the
first r* rows and the first min{n, r**1} columns are nonzero. Also, if r**! < n, the
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k+1 columns is 0.

submatrix of T"" indexed by the first r* rows and the last n —r
Taking into account this observation, it follows that the first min{n,7?*!} entries of

(TP )P+ (1:) = (T)P(1,:)T" are nonzero while the last n — min{n,r?*1} are zero.

Using similar arguments, we can show that, in general, the i-th row of M ((T"")")

N gk
is 17U (wy), where uy, = E;n:”i{r o} eh.

Therefore, any row of (T"")* has exactly min{r*,n} nonzero entries. Thus,
(T[”“)k is positive if and only if ¥ > n, which implies the result. O

THEOREM 3.5. Suppose that 2 < r <n. Then, l,,, = [log,(n)].

Proof. Follows from Lemma 3.1 and Lemma 3.4. O

4. Optimal upper bound. Although stated in terms of graphs, the following
conjecture is given in [7]: If A € P,,, then exp(A) < L%JQ + 1. In [6] this conjecture
was proven for r = 2. Notice that this conjecture is trivially true for r» > ”TH Hence,

in the sequel we assume that n > 2r.

Given any g > 2, an r-regular primitive digraph with n = gr + 1 vertices whose

exponent is | 2 | ® 41 can be found in [7]. A matrix with such a graph is the following:

0 0 0 0 J,
Jo 0 0 0 0
0 J. 0 0 0

A= , (4.1)
0 0 J, 0 0
L0 0 " Ja 0

In the next two subsections we generalize the structure of the matrix A by defining
the matrices E,, for all possible combinations of n and 7.

4.1. The case in which n is not a multiple of . Generalizing the structure of
the matrix in (4.1), in this section we define the n-by-n matrices F,,,., when n = gr+c
for some positive integers g > 2 and 0 < ¢ < r, as follows:
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0 0 Jrr
E, = Jer 0 0 , ifn=2r+c¢, (4.2)
L1777 Jee O
0 0 - 0 0 0 Jo ]
Jor 0 0 0 0 0
0  Jrr 0 0 0 0
By = : : " : : : : ) (4.3)
0 0 - Ju 0 0 0
0 o --- 0 Jer 0 0
| O o -~ 0 TV"° Je 0 |
if n =gr+ ¢, with g > 3. (4.4)

Note that we can replace 7]"" ¢ by any matrix in P, ,_. without changing the expo-
nent of E,,.

Next we show that exp(E,,) = L%JQ + 1, which implies that w,,,. > L%JQ +1. We
then prove the equality when g = 2 and ¢ = 1.

LEMMA 4.1. Ifn=2r+c, where 0 < ¢ <r, then exp(Eyp,) = LEJQ +1=05.

Proof. 1t is easy to check that

J’I’T‘ J’I’C 0 J’I"T’ 0 J’I"T’
M(Efw) = 0 0 Jer |, M(E?:’))LT) = | Jor Jee O )
‘]7'7" 0 ‘]7'7" J’I"T J’I"C J’I"T
J’I’T‘ J’I"C J’I’T‘
M(Ep)=| Jo 0  Jor
‘]7'7" J’I"C ‘]7'7"

Finally, we get that M (E2,) = Jy,,, which implies the result. O

LEMMA 4.2. Ifn = gr—+c, withg > 3 and 0 < ¢ < r, then exp(En,) = LEJQ—I—l =
2
g°+ 1.

Proof. Consider the digraph G associated with FE,,. Let us group the vertices
of G in the following way: We call B; the set of vertices from (¢ — 1)r + ¢+ 1 to
gr + ¢; we call Bs the set of vertices from (g — 1)r + 1 to (g — 1)r + ¢; we call B;,
1=3,...,9+ 1, the set of vertices from (g —¢+ 1)r+ 1 to (g — i+ 2)r.

Suppose that v and v are two vertices in the same block B;. Then there is a
path from u to v of length g and another one of length g + 1, except if u,v € Ba,
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in which case there is just a path of length g + 1. Therefore, a walk from u to v has
length ¢ if and only ¢t = ag 4+ B(g + 1), for some nonnegative integers a, 3, with § > 0
if u,v € Bo. In particular, no vertex in B lies on a closed walk of length g2 since
ag+ (g + 1) = g% implies 8 = 0. Thus, exp(E,.) > g*.

Because
P +1=(g—Dg+(g+1),

it follows that there is a walk of length g + 1 from any vertex to any other in the
same block B;, i =1,,...,9g+ 1.

Now consider a vertex u in B; and a vertex v in Bj, where ¢,j € {1,...,g+1} and
i # j. Let s be the distance from u to v. Note that s < g. We will show that there is
a walk of length g% 4+ 1 from u to v. Suppose that s > 1. In this case we have

G —s+1=(s=2)g+(g—s+1)(g+1).

Thus, u lies on a closed walk of length g> — s + 1, which implies that there is a walk
of length ¢ + 1 from u to v.

Now suppose that s = 1. If u ¢ Bs, u lies on a closed walk of length g2, which
implies that there is a walk of length g2 + 1 from u to v. If u € By, then v € B3 and
v lies on a close walk of length g2, which implies that there is a walk of length g% + 1
from u to v.

We have shown that the vertices in By do not lie on any closed walk of length g2.
On the other hand, between any two vertices there is a walk of length g2 + 1. Thus
EY" is not positive, while E9. 71 is positive. Therefore, exp(E9. ") = g%+ 1.0

The following theorem follows in a straightforward way from Lemmas 4.1 and 4.2.
THEOREM 4.3. Ifn = gr+c, with 0 < ¢ < r, then uy, > L%JQ + 1.

We now show that, when n = 2r + 1, up, = | 2]* 4+ 1.

THEOREM 4.4. Letn = 2r + 1. Then, up, = L%JQ +1=5.

Proof. Clearly, by Theorem 4.3, u,, > 5. We now show that if A € P,,. and

exp(A) > 4, then exp(A4) = 5, which means that there are no matrices in P,, with
exponent greater than 5, and, therefore, u,, = 5. The strategy we follow allows us
to characterize, up to a permutation similarity, all the matrices in P, that achieve
exponent 5.
Suppose that exp(A) > 5. Then, there is a zero entry in A*. Without loss of gener-
ality, we can assume that A*(1,i) = 0 for some i € {1,...,n}. Applying Lemma 2.3
repeatedly, we deduce that there are at least r zero entries in the first row of A3 and
A2,
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By a convenient permutation similarity on A, we can reduce the proof to the
next two cases (and subcases). Throughout the proof, we denote by D, an r-by-k
matrix with exactly r—1 nonzero entries in each column and by C,., a matrixin P, ,_j.

Case 1. Let us assume that A(1,:) = [J1, 0]. Then, A%(1,4) #0 fori=1,...,r
and we can assume that A%(1,7 +2: n) = 0. Therefore,

Jlr 0 Olr
A= * Ry 07"—1,7" )
* * Dr+1,r

for some (r — 1)-by-1 block Ry. If R; is zero, clearly A is reducible, which is a
contradiction. If R; is nonzero, then M(A2%)(1,:) = [J1,+1 01,] and A3(1,i) =
A%(1,:)A(,i) # 0 for i = 1,...,7 + 1. Since A3(1,:) contains at least r zero entries
then M(A3)(1,:) = [Ji,41 01,], which implies that D,1,(1,:) = 0. Thus,

Jlr 0 017"
A= Crr Jr1 Opr
Orr 07"1 Jrr

is reducible, which is again a contradiction.

Case 2. Let us assume now that A(1,:) = [0 Ji, 031,]. Notice that there is
i € {r +2,...,n} such that A%(1,i) # 0, otherwise A(1:r+ 1,7 +2:n) =0, and A
would be reducible. This observation leads to the following subcases:

Subcase 2.1. Assume that A%(1,i) =0 fori = 1,7 +2,...,n — 1. Then

0 Jir 0 0
A = O Cr'r 0 J’rl
JTl 0 Jr,rfl 0

A calculation shows that exp(A) = 3, which is a contradiction.

Subcase 2.2. Let us assume that A%(1,i) =0 fori=1,...,k+ 1,7 +2,...,2r — k,
with 0 < k < r — 1. Then,

0 Jir Jip—k Orp—k—1 Orrg1
A= 0r1 Org Ry Or,r—k—l Ry )
Jr1i Drk * Jrr—k—1 Ra

for some blocks R;, i = 1,2,3. Taking into account Lemma 2.7, each column of R
and Ry is nonzero, which implies that A%(1,i) # 0 for i = k + 2,...,r + 1,2r —
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k+1,..,n. Since A2(1,:) has at least r entries equal to zero, then M(A2%)(1,:) =
01541 Jir—k Op—p—1 J1ks1]. Note that the submatrix of [ RS R} }t indexed
by rows k+ 1,...,7,2r — k,...,2r has all columns nonzero, otherwise A would not
be r-regular. Thus, A3(1,i) = A%(1,:)A(:,i) # 0 for i = 1,..,k+ 1,r +2,...,n, and
A3(1,:) would not have r zero entries, a contradiction.

Subcase 2.3. Let us assume that A?(1,i) = 0 for i = 1, ...,r. Then,

0 Jir—1 1 O
A = 07-1 07-,7"—1 Rl R2 )
Jrl Dr,rfl * *

for some blocks R;, i = 1,2. Taking into account Lemma 2.7, all columns of Ry are
nonzero, which implies that A%(1,4) # 0 for i = r +2,...,n. If Ry = 0, then

0 Jir O
A= 0 0 J |,
Jrl Crr 0

and exp(A) = 5. If Ry is nonzero, then, M(A?)(1,:) = [01, J1,-41] and A3(1,:) =
A2(1,:)A has at most one nonzero entry, which is a contradiction. (Note that the last
row of [Ry Rz] has exactly one zero entry.)

Subcase 2.4. Assume that A%(1,i) =0 for i =2,...,7 + 1. Then,

0 Jy, O
A= 0
x D, *

Note that, by Lemma 2.4, A%(1,:) has at least r nonzero entries.

e Let us assume that A2(1, :) has exactly r nonzero entries. If
M(AQ)(L :) = [01,r+1 Jl?"]7 then

0 Jir O
A= 0 0 Jrr |3 (45)
Jrl Crr 0

1f M(A2)(]., Z) = []. 01,r+1 lerfl], then

0 Jir O 0
A= Ja 0 0 Ju1 |- (4.6)
0 Crr Jrl 0

A straightforward computation shows that in both cases exp(A) = 5.
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e Let us assume that A%(1,:) has exactly r + 1 nonzero entries. Then,
M(A%)(1,:) =[1 0y, Ji,] and A has the form

0 Jir O
A=| R 0 R, |, (4.7)
RB Drr R4

where R; and Ry are r-by-1 and r-by-r matrices, respectively, with all
columns nonzero. Notice also that, since not all rows of D,.,. sum r, either
R3 or some column in Ry is nonzero. A calculation shows that A3(1,i) # 0
for i = 2,...,7 + 1. Moreover, there is another nonzero entry in 143(17 ). If
A3(1, I) = [J17r+1 Olr]; then

0 Jir O
A= 0 0 Ju |;
Jrl Crr 0

if AB(L :) = [O .]177n+1 0177«_1], then

0 Jir O 0
A= J,«l 0 0 Jr,?"—l
0 Crr Jrl 0

In both cases, exp(A) = 5.

Subcase 2.5. Let us assume that A%(1,4) =0 fori = 2,....,k+1,7+2,...,2r—k+1,
with 0 < k < r. Then,

0 Jie Jip—k O1p—r O
A= R1 O'r‘k; * Or,rfk R2 )
* Drk * Jr,rfk *

for some blocks R;, i = 1,2. Taking into account Lemma 2.7, each column of R
and Ry is nonzero. Then, A?(1,4) # 0 for i = 1,2r — k + 2, ..., n, which implies that
A3(1,i) = A%(1,:)A(:,4) # 0, for i = 2,...,2r — k+ 1. Since A3(1,:) has at least r zero
entries, then r — 1 < k < r, that is, kK = r — 1. Therefore,

M(AQ)(L:):[I Ol,r—l * 0 .]177n_1].
o If M(A%)(1,:)=[1 01,1 O 0 Jyy_1], then

0 Jl?" 0 0177"—1
A= Jrl Orr 07"1 Jr,r—l
Orl Crr Jrl 07’,7"71

A calculation shows that exp(A) = 5.
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o If M(AQ)(]., 2) = []. 01’7,,1 1 0 J17r,1], then

0 Jl’rfl 1 0 01,7’71
A = * 07'77‘—1 * 07‘1 *
* Dppo1 x Jn *

and M(A3)(1,2:r+2) = Jy 11. Because A3(1,:) has at least r zero entries,
it follows that M (A43)(1,:) =[0 Ji 41 01,—1]. Since A%(1,7+1) # 0, then
A3(1,i) = A%(1,:)A(:,i) = 0 implies A(r + 1,i) = 0. Thus, A(r + 1,i) = 0,
fori=1,..,7r+2,..,n, and the (r + 1)-th row of A would have at least 2r
entries equal to 0, which contradicts the fact that A is r-regular. 0O

Notice that, according to the proof of Theorem 4.4, the only “types” of matrices
in Pory1, (up to a permutation similarity) that achieve maximum exponent are

0 0  Jrr 0 0 Jm
A1 = Jlr 0 0 and A2 = Crr Jrl 0
Crr Jrl 0 Jlr 0 0

Clearly, if C,., is chosen equal to T}""~', then A; = Egy i1,

Note that the matrix As has nonzero trace and has maximum exponent among
the matrices in P, . However, Corollary 2.6 shows that, for most combinations of
n and 7, Uy, is not attained by matrices with nonzero trace. In particular, this is true
ifn=gr+c withO<c<randg>7r+vVr2—4r+5+2c, as2n—4r+6 < g?>+1
and, by Theorem 4.3, u,,, > g + 1.

4.2. The case in which n is a multiple of r. Suppose that n = gr, for some
positive integer g > 2. Denote by E,, the n X n matrix given by

E.r = Hopp, ifn=2r,

0 J,
= rr ifn=23
" L H2r,7" 0 ’ n "
0 o --- 0 0 Ty |
Jrr 0 0 0 0
0  Jrr 0 0 0
B, = . . . . . . , ifn= qr, with g>4,

0 0 Irr 0 0

L0 0 0 Hyyp 0
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where

Jrfl,rfl Jrfl,l O7’71,1 07’71,7’71
Jir-1 0 1 01,01
01,01 1 0 Jir1

Op—17r-1 Op—11 Jrc11 Jr—1r-1

HQ'I",T =

We will show that ug,, = exp(F2r2). Taking into account the result of some
numerical experiments, we also conjecture that, when n = gr for some g > 3, the
matrices E,, achieve the maximum exponent in the set P,,.. This conjecture is also
reinforced by the following observation. Let us say that the exponent of an n-by-n
r-regular matrix A is infinite if A is not primitive. Given n = gr, with g > 3, consider
the following cyclic matrix:

0 0 0 Jm
iy f— 0 0
P1 = 0 Jrr 0 0
0 0 I 0

which is irreducible but not primitive and, therefore, has infinite exponent. In [3] it
was proven that given two n-by-n r-regular matrices A and B, then B can be gotten
from A by a sequence of interchanges on 2-by-2 submatrices of A:

0 1 1 0
Lg[l O:|<—>IQ|:0 1}.

The matrix E,,, we have constructed has been obtained by applying just one of these
interchanges to P;. Notice, however, that not any arbitrary interchange in P; produces
a matrix with maximum exponent.

In particular, our conjecture implies that wu,, < L%JQ + 1. It is worth to point
out that Shen [6] proved that uns < [%]? + 1.

Next we show that, if n = 2r, then u,, = % +2=3.

THEOREM 4.5. Let r > 2. Then, ug,, = 3.

Proof. Let A € Ps,, and suppose that exp(A) > 3. Then, there must exist a zero
entry in A3. Without loss of generality, we can assume that A3(1,i) = 0 for some
1 € {1,....,n}. Applying Lemma 2.3, we deduce that there must be at least r zero
entries in the first row of A2. Without loss of generality, we can assume that one of
the next cases holds.
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Case 1. Suppose that A(1,:) = [J1, 01,]. Then, for A to have exponent larger
than 3, M(A2%)(1,:) = [Ji 01,]. Taking into account the position of the zeros in the
first row of A2, we deduce that

which is a reducible matrix.

Case 2. Suppose that A(1,:) =1[0 Ji, 01,-1]. If A%(1,1) =0 or A%(1,i) =0
for some i > r+ 1, then A would not be r-regular. Therefore, for A to have exponent
larger than 3, M(A?)(1,:) =[1 01 Ji,—1]. Then,

O Jlr 01,7‘—1
A= Jrl Orr Jr,rfl )
O7’71,1 Jrfl,r 07’71,7’71

which is reducible.

In both cases, we get a contradiction. Thus, for any A € Py, .., exp(A) < 3. Since

E2, . is not positive, then exp(Fa,) = 3 = ua, . O

2r,r

Next we give the exponent of the matrices E,, when n = gr for some positive
integer g > 3. Before we prove the result, we include a preliminary result.

Let a1, ag, ..., a, be positive integers such that ged(as, .., ap) = 1. The Frobenius-
Schur index, ¢(a1,...,ap), is the smallest integer such that the equation x1a1 + ... +
xpap, = [ has a solution in nonnegative integers 1, Ta, ..., zp for all I > ¢(aq, ..., ap).
The following result is due to Brauer in 1942.

PROPOSITION 4.6. [1] Let y be a positive integer. Then

y+.7'—3J

¢(y,y+17---,y+j—1)=y{ -

LEMMA 4.7. Let y > 1 be a positive integer. Then,

%yQ, if y is even

oy, y+1,y+2) =
Hy—1Vy,  ifyis odd.

Moreover, there are monnegative integers a,b,c satisfying ¢(y,y + 1,y + 2) — 2 =
ay + by + 1) + c(y + 2) if and only if y is even. If y is odd, there are nonnegative
integers a, b, c satisfying &(y,y + L,y+2) —3=ay+bly+ 1)+ c(y+ 2).
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Proof. The first claim follows from Proposition 4.6. Now we show the second
claim. Clearly, if y is even, ¢(y,y + 1,y +2) —2 = (§ — 1)(y + 2) can be written as
ay + b(y + 1) + c¢(y + 2) for some nonnegative numbers a, b, c. If y is odd

oy 1 +2) -3 =30 -y -3= (L5 ~1) +2),

which implies that ¢(y,y + 1,y 4+ 2) — 3 can be written as ay + b(y + 1) + ¢(y + 2) for
some nonnegative integers a, b, c. To see that there are no nonnegative integers a, b, ¢
such that

Py, y+1,y+2)—2=ay+bly+1)+cly+2),
notice that the largest number of the form ay+b(y+1)+c(y+2), for some nonnegative

integers a, b, ¢, smaller than ¢(y,y + 1,y + 2) is (nyl — ) (y+2) and

(52 -1 o< (L -1) w+n+3-2=04y+Ly+2) -2.0

THEOREM 4.8. Let n = gr, with g > 3 and r > 2. Then,

n(n—r) e n
57— + 2, if T is even

exp(Enr) =
() +1), 2 s odd

Proof. Consider the digraph G associated with E,,.. We group the vertices of G in
the following way: fori =1,..., g, we call block B; the set of vertices from (g —i)r+1

to (g — i + 1)r. For convenience, we denote the vertices n — 3r+1,...,n — 2r in Bs
by wi,...,w., resp; the vertices n — 2r +1,...,n — r in Bs by wv1,...,v,, resp.,
and the vertices n —r +1,...,n in By by u1,...,u,, resp. Let B} = {ug,...,us},

BS = {va,...,v,—1} and B} = {wy,...,w,_1}. Note that B} is empty if » = 2. The
digraph G is given in Figure 4.1.

A directed edge in this graph from a set S to a set S3 means that there is an arc
from each vertex in S to each vertex in Ss.

Let G’ be the subgragh of G induced by the vertices in B;UByUBs. The following
table gives the possible lengths of a walk in G’ from a vertex in B; to a vertex in Bs.

(From To Possible lengths
Uy any vertex in Bj 2,3

uy Wy 1,2 (if r > 2),3
any vertex in Bf | any vertex in Bj 2,3
any vertex in Bj Wy 2,3

Table 1.
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Fic. 4.1.

Thus, for any @ € {1,...,9}\{2}, any walk in G from a vertex u € B; to a vertex
v € B; has length ¢t if and only if

t=allg—2)+1]+b[(g—2)+2]+cllg—2)+3], (4.8)
for some nonnegative integers a, b, ¢, with b+ ¢ > 0 if either u € B} or v € Bj.

Taking into account Lemma 4.7, the smallest nonnegative integer ¢y such that,
for any t > tg, (4.8) holds for some nonnegative integers a, b, ¢ is
%(g —1)2, if g is odd
to =
(g—2)(g—1), if g is even.

We will show that, if ¢ is odd, any two vertices u, v in G are connected by a walk
of length tg + g but not of length g+ g — 1; if ¢ is even, any two vertices u,v in G are
connected by a walk of length t9 + g + 1 but not of length ¢y + g. Denote by d(u, v)
the distance from the vertex u to the vertex v. Clearly, d(u,v) < g.

If u,v € B; for some i € {1,...,g}\{2}, withu =y if i = 1, and v = w, if i = 3,
then, for any t > tg, there is a walk of length ¢ from u to v.

Suppose that u,v € Bs. Clearly, there is a walk of length 1 from u to some vertex
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in Bs. Also, there is a vertex v’ in Bj such that there is a walk of length 1 from o’
to v. Taking into account these observations, and the fact that, for ¢ > tg, there is a
walk of length ¢ from any vertex in B3 to w,, it follows that there is a walk of length
t+(g—2)+2=t+g from u to v.

Suppose that u € B} and v € By. Notice that there is a walk of length ¢ from u
to uy. Since, for ¢ > tg, there is a walk of length ¢ from u; to v, it follows that there
is a walk of length ¢t + ¢ from w to v.

Let w € By and v € Bj. Then, there is a walk of length g from w,. to v. Since, for
t > tg, there is a walk of length ¢ from u to w,, then there is a walk of length ¢ + g
from w to v.

Now suppose that v € B; and v € By, with 7 # j.

Suppose that u ¢ Bj U By. Let w = w if ¢ # 3, and w = w, otherwise. Then,
for t > to, since g — d(w,v) > 0, t + g — d(w,v) > to and there is a walk of length
t+ g — d(w,v) from u to w. This implies that there is a walk of length ¢ + g from u
to v.

Suppose that v € B} and v ¢ By U Bs. Note that d(w,,v) < g — 2. Also, there
is a walk of length 2 from u to w,. As, for t > ¢y, w, lies on a closed walk of length
t+g—d(w,,v)—2, then there is a walk of length 2+ (t+g—d(w,, v) —2)+d(w,, v) = t+g
from u to v.

Suppose that v € By and v ¢ Bj. Then d(w,,v) < g — 1. As, for t > tg, there is
a walk of lenth ¢ + g — d(w,,v) — 1 from any vertex in Bs to w,., then there is a walk
of length 1+ (¢t 4+ g — d(w,,v) — 1) + d(w,,v) =t + g from u to v.

We have shown that, for any ¢ > tg, there is a walk of length ¢t + ¢ from u to v,
unless either v € By and v € B, or u € Bj and v € B2 U Bs.

In order to determine the exponent of E,,,., we now consider two cases, depending
on the parity of g.

Case 1. Suppose that g is odd. Notice that every walk in G from vy to v, of
length t > g contains a subgraph which is a walk of length ¢ — g from a vertex in B3
to a vertex in Bs. Because there is no walk of length ¢y — 1 from a vertex in B3 to a
vertex in Bs, then there is no walk of length ty + g — 1 from vy to v,

We have already proven that there is a walk of length ¢y + g from any vertex u to
any vertex v, unless either u € By and v € B}, or u € B} and v € By U B3, in which
cases there is a walk of length s; from u to some vertex in Bs and there is a walk of
length sy from some vertex in By to v, with s; + so = 4. By Lemma 4.7, there are
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nonnegative integers a, b, ¢ such that

1
t0—2:5(9—1)2—2:a(g—1)+bg+c(g+1).

Thus, from any vertex in Bs, there is a walk to w, of length ¢y — 2, which implies that
there is a walk of length (t9 — 2) 4+ (9 — 2) + 4 = tp + g from u to v. Therefore,

1 1 n\ 2

Case 2. Suppose that g is even. First, consider the case u € B] and v € Bs.
Clearly, there is a walk of length 3 from u to w,; also, there is a walk of length 3 from
some vertex in Bj to v. Taking into account Lemma 4.7, w, lies on a closed walk of
length to—3, which implies that there is a walk of length (to—3)+(g—2)+6 = to+g+1
from w to v.

Now suppose that either u € By and v € B}, or u € B] and v € By. Then, there
is a walk of length s; from u to some vertex in Bs and there is a walk of length sg
from some vertex in B to v, with s1 + s = 3. As, from any vertex in Bs, there is a
walk of length ¢y to w,, then there is a walk of length to+ (¢ —2)+3 =to+g+1
from w to v.

Now we show that there are two vertices not connected by a walk of length tg + g.
Note that tg + g > g + 2. Also, every walk of length ¢t > ¢g + 2 from u € Bj to v,
contains a subgraph which is a walk of length t — g — 1 or t — g — 2 from a vertex in
Bs to a vertex in Bs. By Lemma 4.7, for k € {1, 2}, there are no nonnegative integers
such that tg —k = a(g — 1) + bg + ¢(g + 1). So, there is no walk of length tg + g from
u € B] to vy.

Thus,

n(n —r)

s 2.1

1
exp(Eny) =to+g+1=5(g"—g)+2=
If n = r, the only matrix in P, is J,, which has exponent 1. Note that n/r =1 is
odd and uy, = % ((%)2 -+ 1) = 1. If n = 2r, by Theorem 4.5, 1, = % +2=3.
If n = gr, with ¢ > 3 and r > 2, it follows from Theorem 4.8 that w,, > exp(F,,). We
conjecture that in this case the equality also holds. Note that exp(En,) < [Z]? + 1.

CONJECTURE 1. Let n = gr with g > 1 and r > 2. Then,

n(n—r) rm -
—5= t2, if = s even

Unr =

N[

() +1), 2 is odd
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