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SPECTRA OF WEIGHTED COMPOUND GRAPHS OF
GENERALIZED BETHE TREES*

OSCAR ROJOT AND LUIS MEDINAT

Abstract. A generalized Bethe tree is a rooted tree in which vertices at the same distance
from the root have the same degree. Let G,, be a connected weighted graph on m vertices. Let
{Bi : 1 <i<m} be a set of trees such that, for i =1,2,...,m,

(i) B; is a generalized Bethe tree of k; levels,
(74) the vertices of B; at the level j have degree d; 1, —j41 for j =1,2,...,k;, and

(#i7) the edges of B; joining the vertices at the level j with the vertices at the level (j + 1) have
weight w; j, —; for j =1,2,...,k; — 1.

Let Gm {B; : 1 <i < m} be the graph obtained from G,, and the trees B, B, ..., Bm by identify-
ing the root vertex of B; with the ith vertex of G,,. A complete characterization is given of the eigen-
values of the Laplacian and adjacency matrices of G {B; : 1 < i < m} together with results about
their multiplicities. Finally, these results are applied to the particular case B1 = By = --- = By,

Key words. Weighted graph, Generalized Bethe tree, Laplacian matrix, Adjacency matrix,
Spectral radius, Algebraic connectivity.
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1. Introduction. Let G = (V| E) be a simple graph with vertex set V' and edge
set F/. A weighted graph G is a graph in which each edge e € F has a positive weight
w (e). Labelling the vertices of G by 1,2, ..., n, the Laplacian matrix of G is the n xn
matrix L (G) = (l; ;) defined by

—w (e) if i # j and e is the edge joining ¢ and j
lij = 0 if 7 # j and 7 is not adjacent to j
—Zk;éili’k ifi=j
and the adjacency matrix of G is the n x n matrix A (G) = (a;,;) defined by

w(e) ifi#j and e is the edge joining ¢ and j
aij = 0 if ¢ # j and 7 is not adjacent to j
0  ifi=j
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L (G) and A(G) are both real symmetric matrices. From this fact and Gersgorin’s
Theorem, it follows that the eigenvalues of L (G) are nonnegative real numbers. More-
over, since its rows sum to 0, (0,e) is an eigenpair of L (G), where e is the all ones
vector. Fiedler [1] proved that G is a connected graph if and only if the second small-
est eigenvalue of L (G) is positive. This eigenvalue is called the algebraic connectivity

of G.

If w(e) =1 for all e € E, then G is an unweighted graph. In [4], some of the
many results known for the Laplacian matrix of an unweighted graph are given.

A generalized Bethe tree is a rooted tree in which vertices at the same distance
from the root have the same degree. In [5], one can find a complete characterization
of the spectra of the Laplacian matrix and adjacency matrix of such class of trees.

Let {B; : 1 <i < m} be a set of trees such that
(1) B; is a generalized Bethe tree of k; levels,
(i) the vertices of B; at the level j have degree d; k,—j+1 for j =1,2,...,k;, and

(7it) the edges of B; joining the vertices at the level j with the vertices at the
level (j + 1) have weight w; &, —; for j =1,2,...,k; — 1.

Let G,, be a connected weighted graph on m vertices vy, va,...,Uy. As usual
v; ~ v; means that v; and v; are adjacent. Let €;; = €, be the weight of the edge
vv; if v; ~v; and let €; ; = €;; = 0 otherwise.

In this paper, we characterize completely the spectra of the Laplacian and ad-
jacency matrices of the graph G,, {B;: 1 <14 < m} obtained from G,, and the trees
Bi1,Ba, ..., B, by identifying the root vertex of B; with v;. In particular, we apply
the results to the case By = By = -+ - = B,,.

(From now on, we write G,,, {B;} instead of G,,, {B; : 1 <1i < m}.

For j =1,2,3,...,k;, let n; 1,—j+1 be the number of vertices at the level j of B;.
Observe that n; 5, =1 and n; 4,1 = d; ;. We have

(1.1) Niky—j = (dik;—j+1 — D) Mig—jr1, 2< 5 <ki—1

For i =1,2,...,m, let d (v;) be the degree of v; as a vertex of G,,,. The total number
of vertices in G, {B;}isn=> 1", Zf:_ll N +m.

Fori=1,2,...,m, let
dip = wi1, Gy =(dij —Dwij—1+wiy (j=2,3,....k —1)

5i,k,; :di,kq‘,w’i,kq‘,—l and 61 = § : giaj'

Vi~V
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Observe that if B; is an unweighted tree, then d; ; = d; j, and if G, is an unweighted
graph, then 0; = d (v;).

We introduce the following additional notation:
|A| is the determinant of A.

0 and I are the all zeros matrix and the identity matrix of appropriate sizes,
respectively.

I is the identity matrix of size r X r.

e, is the all ones column vector of dimension 7.

Forl1<i<mand1<j<k —2 m;= iy and C;,; is the block diagonal

Ti,5+1

matrix defined by
C;; = diag {emm gy ,emm}

with n; ;41 diagonal blocks. The size of C; ; is n; ; X n; jt1.

For1<i<m,lets; = Efz_lz n;; and E; be the s; x m matrix defined by

1 ifg=itands;+1<p<s;+nik-1

Ewa-{,

elsewhere

We label the vertices of G, {B;} as follows:

1. Using the labels 1,2,. ..,Z;ﬁ:}lnm, we label the vertices of B; from the
bottom to level 2 and, at each level, in a counterwise sense.

2. Using the labels Z;“:Il ny; +1,.. ,E;“:Il ni; + 252:;1 ng ;, we label the
vertices of By from the bottom to level 2 and, at each level, in a counterwise sense.

3. We continue labelling the vertices of Bs, By, ..., B, in this order, as above.
4. Finally, using the labels n —m 4+ 1,n — m + 2,...,n, we label the vertices of
Gm.-
Thus, the adjacency matrix A (G, {B;}) and the matrix L (G,, {B;}) become
Ay 0 0 W,k —181
0 A 0 W2, gy —1H0
(1.2) A(Gm {Bi}) = : : ; :
0 0 e Am wm,,km—lEm,
w1 gy 1B wog,1EY oo wpp, 1 EL A(Gm)

and
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(1.3)  L(Gm{Bi})

L1 0 s 0 _wl,kl—lEl
0 Ly e 0 — W3,y -1
0 0 . Lo W —1Em
T T T
—wi 1By —wa k1B o —wWmk, 1B, L1

where, for i = 1,2,...,m, A; and L; are the following block tridiagonal matrices:

0 w1051
T
w; 1074 0 w; 2C; 2
_ T
(14) Ai = w1720i’2
0 Wik —2C; ke —2
T
L wi,ki*QCi,ki72 0 ]
and
(15) I,
0i1ln,, —winCin
T
—w; 105, biglyn,, —wi202
_ T
= —wi2C;y
Oiki—2limg, 5 —Wik—2Cip,—2
T
L _w@ki—QCi,kifQ 57;71“72_1["'1”76,;71
Moreover,
0 €12 €13 €1,m
€1,2 0 e23 e €2.m
(1.6) AGn)=| €13 €23
0 Em—1,m
L €Lm €2m " Em—1m 0 ]
and
01,6, + 01 —€1,2 —€1,3 e —E€1,m
—€12 Ok, +02 —e23 E —€2,m
(1.7) Lypy1 = —€1,3 —€2,3
5m71,km,1 + 5m71 —Em—1,m
i —€1,m —€2.m s —Em—1,m 6m,km + 5m i
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2. Preliminaries.

LEMMA 2.1. Let

X1 0 0 Fw g, 1E1
0 X5 0 Fwa g, —1E0
X = : : . : :
0 0 Xm Wi k-1 Fm
ikal_lElT iw27k2_1E2T j:wmyk7n_1E7,171L Xm+1

where, fori=1,2,...,m, X; is the block tridiagonal matriz

ajily,,  Fw;1Ci
T
Tw;1Cry il  FwiCio

T
X,L' = iwi,gCi’Q
Qigi—2Ling, 5 FWwik—2C; k-2
T
i twi g, —2C; 0 Qiki—1lin,,
and
aq €12 €1,3 s €1,m
€12 Q2 €23 ak €2.m
(2.1) Xmy1= | €13 €23
Qo —1 Em—1,m
L €1m  €2m " Em—1m Qmy ]
or
aq —€1,2 —€1,3 s —€1,m
—€1,2 (e5] —€2.3 s —€2m
(22) Xerl = —€1,3 —€2,3 T. . N
Om—1 —Em—1,m
L —€1m —&2m te —Em—1,m Am ]

respectively. Fori=1,2,...,m, let

ﬂi,l = 41,
2
Nij—1 Wij—1 .
5i:j Qi j — ’.4 6"' ) ]:273a'~'7ki_1a
Nij Pij—1
2
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If Bij #0 for allt =1,2,...,m and j =1,2,...,k; — 1, then

m k;—1
M,
(2:3) (X1 =TI II 8% | Ynsal,
i=1 j=1
where
B1 €12 €13 €1,m
€1,2 B2 €23 s €2.m
(2.4) Y41 =] €13 €23
Bm—l Em—1,m
L €1,m €2m e Em—1,m 5777, |
or
B —€12 —€13 —E€1,m
—€1,2 B2 —€2.3 te —€2.m
(2.5) Ying1 = —€1,3 €2,3 : )
Bm-1 —Em—1,m
| —€1,m —E2m te —Em—1,m Bm ]
respectively.

Proof. We give a proof for X,,41 in (2.1). Suppose 51,; # 0 for all j =
1,2,...,k1 — 1. After some steps of the Gaussian elimination procedure, without
row interchanges, we reduce X to the intermediate matrix

R1 0 T 0 iwl,kl—lEl
0 XQ T 0 i’LU27k2_1E2
0 0 e Xm :twm}kmflEm
0 Fwyp,1E] - Fwmp,-1E] X

where R; is the block bidiagonal matrix

Braln,, Fwi1Crin
Br,21n, ,

w1 gy —2C1 k-2
ﬁLkl—lInl,kl—l
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and X,(,Brl is the matrix

B1 €12 €13 €1.m
€12 Qo €23 €2.m
1 _
Xnh1=| €13 €23

Qo —1 Em—1,m

E1om €2m " Em—1m O

Suppose, in addition, that 3; ; # 0 for all ¢ =2,3,...,mand j =1,2,...,k — 1. We
continue the Gaussian elimination procedure to finally obtain the upper triangular
matrix

R1 0 0 iwlﬁklflEl

0 R2 e 0 iUJQ7k2_1E2

0 0 -+ Ry, Fwmk,-1Em

0 0 --- 0 Ying1
where, for i =2,3,...,m,

Binln,, Fwi1Cia
Bi2In,

tw; k;—2C5 k-2
ﬂ’%ki*l‘l’iynki—l

and Y, 41 is as in (2.4). A similar proof yields to Y;,,+1 in (2.5) whenever X, 1 is in
form (2.2). Thus, (2.3) is proved. O

(From now on, we denote by A the submatrix obtained from A by deleting its
last row and its last column. Moreover, for i = 1,2,...,m and j = 1,2,...,m, let
F; ; be the k; x k; matrix with F; ; (k;, k;) = 1 and zeroes elsewhere.

. . A 0 A C
In the proof of the following lemma, we will use the facts c B ‘ = ‘ 0 B ‘ =
A 0 B A B A C B
|Al|B]and | C D E |= ‘ F oG ‘ |[D=| 0 D 0 | for matrices of appropri-
F 0 G F E G

ate sizes.

LEMMA 2.2. Fori = 1,2,...,m, let B; be a matriz of size k; x k; and p;; be
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arbitrary scalars. Then it holds that

By 1,2F 2 t1,m—1F1,m—1 wmE1m
p2a Fiy By . to.mEFo m
(2.6) psaFily  psaFys :
: Bm—l /Jm—l,mFm—l,m
Mm,lFEm Mm,QFQT:m Nm,m—1F£_17m Bm
| B1| #1,2‘§2‘ H1m—1 | Bm—1 H1,m B
2,1 ‘E‘ | Ba| H2,m By,
| o [B] |
: . |Bm—1| Mm—l,m‘é\;‘
Hm, 1 ‘E‘ Hm,2 ,35/2‘ Hm,m—1 B |Bm|
. B bis L
Proof. Let us write B; = b7 b7 . We use induction on m. For m = 2, we
0,2 i
have i
By bi; 0 0
By p2Fie | b, b 0
2 iy By 0 0 By by
0 /.L271 bg:Q bg
Bi by 0 0 Bi bis 0 0
_ b{2 b1 ,(\), 0 + b{z b1 9/ H1,2
0 0 B2 b271 0 0 B2 0
0 H2,1 b£2 bg 0 H2,1 bg}z 0
B bii 0 0
_| Bi b By  ba; bi, b 0 e
b,{2 bl b%—:z b2 O O B2 0
0 H2,1 b£2 0
| By | 0 5 BTl bip 0
- ~ +|Ba| | BT, b
fi2.1 ‘Bl‘ |B2| 2 1,2 1 H1,2
0 H2,1 0
|B1 0 ~ Bi b
= 5 - ‘Bz‘ pno| 8 UH
w21 |Bi|  |Ba 0 po1




Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 18, pp. 30-57, January 2009

38 O. Rojo and L. Medina
Clearly,
0 H1,2 ‘E‘ —
—~ =- ‘32‘ 11,2
2,1 ’Bl’ | Ba|
Thus,
‘ B, p1oFie | | By
21 Fiy By 12,1 ‘31‘ |BQ|
| By | 1,2 ‘Bz‘
12,1 ‘E‘ | Bz

B b1
0 21
0
M21‘B1

http://math.technion.ac.il/iic/ela

1,2 ’BQ’
| Ba|

We have proved (2.6) for m = 2. Let m > 3, and assume that (2.6) is true for m — 1.

The meaning of the scalars t,t; and to below will be clear from the context.

linearity on the last column,

B
b{2
0

o O o O

o O o O

by
b1
0

H21

0
0

By
b£2

|lo o

By
b%—:Q

Hm,2

H1,2
b2,1
ba

Bm—l

T
bm71,2

van—l,z
0
0

,Ufl,mfl

bm—l,l

bm—l

Hm,m—1

H1m—1

bm—l,l

bm—l
0

,Ufm,mfl

o O O O

o o

m

bT

o O O O

By

,Ufl,m

,LLQ,m

Hm—1,m

bm,l

o O O O
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Bi b, 0 0
bng b1 0 g
0 0 By by,
0 H2,1 b2T,2 bo
+
0 0
0 Hm—1,1
0 0 0 0
0 Hm,1 0 Hm,2
By definition,
By p1,2F1 2
p2a Fiy By
b= ; M3,2F27:3
1=
/J’m—2,1F17:m_2 :
ﬂmfl,lFEm—l ﬂmfl,QFQT:m—l
Mm,lFljjm Mm,QFZT:m
and hence,
By H1,2F1 2
p21 Fiy Ba
t, = :

T
w32k 3

T
Pom—2,1F7 o

T
Mm*LlFl,m—l

T
Pm—1,2F5 1

http://math.technion.ac.il/iic/ela

We apply the induction hypothesis on the first factor obtaining that

Bil  pia|Bl
H2,1 ‘E‘ | Ba|
ty = : 13,2 ‘sz‘
Hm—2,1 E ;
Mm—1,1 E Hm—1,2 }E‘

39
0 0 0 0
0 H1m—1 0 Him
0 0
0 H2,m
=11 +1to.
Bmfl bmfl,l 0 0
b%—l@ bm—1 ,QJ Hm—1,m
0 0 B, 0
0 fimm—-1 Do 0
H1m—1F1m—1 0
p2,3F% 3 H2m—1Fm_1 0
Hm—2m—1Fm_2m—1
Br—1 0
ftmm—1Fg 1  Bm
H1m—1F1m—1
p2,3F% 3 H2m—1F2m_1
' | B -
Hm—2m—1Fm_2m—_1
Bmfl
t,m—1 | Bm—1
12,3 ‘E‘ t2,m—1 | Bm—1
|Bin| -
Mm72,m71 Bmfl
|Bm—1|
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Now it is easy to see that

| B | 1,2 ‘sz‘
12,1 ‘E‘ | Bz | 12,3 ‘E‘
: 3,2 ‘E‘
2.7) t = -
tm—2.1 |B1
Hm—1,1 Bi| fim- 1,2 ‘Bz‘
um,l“fB\I‘ MmZ‘B2‘
We have
B, bi1 0 0 0
bng by ,(l 1,2 0
0 0 B> b271
0 H2,1 b£2 bg
to = .
0 0 Bt
0 Hm—1,1 : b%—m
0 ,LLm,l 0 Mm,Q 0

Expanding along the last column, we get

ta=(s1+ 82+ +5m-1)

where, for ¢ = 1,2,...,m
particular,

http://math.technion.ac.il/iic/ela

1m—1 | Bm—1 0
M2,m71 Bmfl 0
Mo — 2,m— I‘B ‘
| Br—1] 0
Hm,m—1 |Bm—1 |Bm|
0 0
H1,m—1 H1,m
0
/-I/Q,m o
5.
b_11 0
bm—1 Hm—1,m
Mm,mfl 0
2]

— 1, the summand s; is the cofactor of the entry p; .

B1 by 0 0 0 0

0 0 By by 0 0

0 H2,1 bg}z b 0 H2,m—1
81 = (_1)k2+"'+k37n71+1 [1.m :

0 0 Bri-1 bpmoi

0 pum-11 van—l,Q bm—1

0 Mm,l 0 ,LLm,2 0 ,LLm,m 1

In
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After k1 + ko + - -

1= —HMi1,m

0

Hm—1,1 0

+ ko row interchanges, we obtain

b1 0 0
Hm,1 0 Hm,2

0 Bs ba1
H2,1 bng ba

0 0 0
Mm71,2

We apply the induction hypothesis to get that

Bm—l

T
bm—1,2 bm—1

Hm,m—1

o O O O

H2m—1

bm—l,l

Hm,1 ‘Bl‘ Hm,2 ‘E‘ Hm,m—1 Bmfl
2.1 ‘31‘ | Bz | t2.m—1 |Bm—1
S1 = —H1im 3,2 ‘52‘
: ,LLm 1,m—1 ‘B ‘
Hm—1,1 }E} Hm—1,2 ‘E‘ | Bp—1]
After m — 2 row interchanges, we have
12,1 ‘E‘ | Ba| H2,m—1 |Bm—1
w31 ‘E‘ 3,2 ‘sz‘
m—1
(2.8) s1=(=1)""" pi1m fom—1m—1 ‘B }
Hm— 11‘31‘ Hm— 12‘32‘ | Bp—1]
Hm,1 ‘Bl‘ Hm,2 ‘BZ‘ Hm,m—1 Bmfl
We may write
| B1| 11,2 ‘E‘ H1m—1|Bm-1| H1m
12,1 ‘E‘ | Ba| H2,m—1 [Bm-1 0
(2.9) S1 =] pus31 ‘E‘ 13,2 ‘sz‘
: : | B 1| 0
Hm,1 }Bl} Hm,2 }BQ} Hm,m—1 ‘Bm—l} 0
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In fact, expanding (2.9) along the last row we obtain (2.8). Similarly,

| B1] 11,2 ‘sz‘
12,1 ‘E‘ | Bz
S2 = M3,1‘E‘ M3,2‘E‘
,LLm,l ‘E‘ Mm,Q ‘E‘
| B1] 11,2 ‘sz‘
12,1 ‘E‘ | Ba|
Sm=1=1| pg ‘E‘ 3,2 ‘sz‘
Hm,1 ’E’ Hm,2 ’,BS/Q’
Therefore,
| B1| 11,2 ‘52‘
2,1 ‘E‘ | Ba|
(2.10) tp =

By (2.7) and (2.10), we have
|B1]

H2,1 ’E’

t=1t1+t2=1| w3 ‘E‘

Hm,1 ‘E/l‘

This completes the proof. O

A

Mm,l ‘E‘ Mm,Q ‘E;‘

H1,2 ‘E‘
| Ba|

u3,2 ‘E‘

Hm,2 ‘E;‘

t,m—1 [ Bm—1 0
t2m—1 |Bm—1| tom
0
|Bm71|
Mm,mfl Bmfl 0
H1m—1 |Bm-1 0
H2,m—1 ‘B ‘
0
|Bm 1| Hm—1,m
Hm,m—1 ‘B ’ 0
H1,m—1 |Bm—1 H1,m Bom
H2,m—1|Bm—1 H2,m Bom
|Bm 1| Hm—1,m ‘Bm‘
Mm m—1 Bmfl 0
H1,m—1 Bt H1,m E;
H2,m—1 |Bm—1 H2,m By,
|Bm—1| Hm—1,m ’Bm’
Hm,m—1 ‘Bm—l‘ |Bm|
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3. The spectrum of the Laplacian matrix.

DEFINITION 3.1. For ¢ =1,2,...,m, let
Po(A)=1 and Pi1(A\)=X—0di1
and, for j =2,3,...,k; — 1,

i i—
(3.1) PN =\—=68) P (A) — —LLw?,  Pja (V).

iy bl
Moreover, for i = 1,2,...,m, let

Pi(A)=(A—0ir, — i) Pig,—1 (N — ni,kiflwzki71pi,ki72 (A
and

Qi:{j:1§j§]€i—12ni7j>ni’j+1},

THEOREM 3.2. The following hold:

(3.2) M =L Gu{BN =PWN]]IT P " ™,

i1 jeqs
where
Py (N) €12P2 k-1 (A) 0 E1mPrk,—1(N)
€1,2P1 k-1 (A) Py (A) o e P, -1 (V)
P()) = : : ' :
: . Em,17um}km71 (A)
ermPri—1(A) €2,mPok—1(A) - B (N)

(b) The set of eigenvalues of L (G, {B;}) is

o (L (Gm {Bi})) = (UL Ujea, {A: Bij (A) =0h)U{A: P(A) =0}

Proof. (a) L(Gm {B:}) is given by (1.3),(1.5) and (1.7). We apply Lemma 2.1
to the matrix X = A — L (G, {B;}). For this matrix,

Oéi’j:A—(Si’j (1§Z§m,1§j§/€l—1) and ai:)\—éiyki—éi (1§Z§m)
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Let 8;,;, B; be as in Lemma 2.1. We first suppose that A € R is such that P; ; (A) # 0
foralli=1,2,...,mand j = 1,2,...,k; — 1. For brevity, we write P; ; (A\) = P,
and P (\) = P. Then we have

1,7

P,
Bin=A—d;1 = 1¢o

’LO
n w2 n P, 0
ni1 Wi i1 o P
Biz=A—0i2)— —==(A—di2) — —wj,
ni2 Bin N2 Py
_ nia, 2 .
. ()‘ 51 2) i,1 N wi,lp’ho . PLQ 7& 0
- - 5 b
Pi’1 Pi,l
n w? n P,
ki—2 Wik, —2 iki—2 9 ke —3
Biki—1=A=0ip—1) — —————=(A=0iky—1) = ———W; j, oy
Nk, —1 Bi ki —2 N k-1 P o
_ DMki=2 02 )
B (A =0i k1) Pigi—2 m’kiilwlykifgpz,k,:—ia’ _ Pipa 0
P k-2 P g —2
Moreover, for i = 1,...,m,
k 1 Pig—2
ﬁizx\—5i,ki—5i—ni,ki—1 = A= 0k —0; _nzk—lwzk_lp—
ﬂz k;—1 Jki—1
2
(A= 0ik; = 0i) Piky—1 — Moy —1w;5 g, 1 Pigy—2 P,
P P

By (2.3), it follows that
det (AT — L (G, {Bi}))

m k;—1

H nw |Crm1l

=1 j=1

<m n11Pn12Pn7s

.

’ﬂz 1 ’ﬂz 2 nL,3 e |Cm+1|
i=1 P Pi,2 P

m
i, 1—Mi,2 N2 =T, 3 iy —2 "M k; =1 i k;—1
I I Pi,l Pi,2 Pi,ki72 Pi,k,-q |Cm+1| ’

i=1
where
Py
Pro €1,2 €1,3 €1,m
P,
€1,2 Pz,szl €23 e €2.m
|Crgi|l =| €13 €2,3
Pm—1 c

Ptk 4 -1 m—1,m

P,
€1,m €2,m s Em—1,m =
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Py c12Po k-1 0 o E1mPmkn—1
€1,2P1 k-1 P e o m Pk, -1
1
—m
H Pz ki—1 : : .
i=1 : : T 5m—1,um,km—1
E1mPr—1 €2mPak,—1 -0 - P
1
= P ()
H Pz ki—1
i=1

Hence,

M — L (Gm {Bi})|
m o . e _— 1
<HP£{”1 MR P 1P:;Z;’211> = P())
i=1 H i ks —1

m
_ i1 —MNi,2 N, 2—N4 3 Nik; —27Nik; —1 i k; —1 ik,
= <H Pi,l Pi,2 - 'Pz‘,k,;—z Pi,k,;—l ) P (X))
i=1
m ki—1

— H H P"L 3 TG+

’Lljl

H I 2 (.

i=1j€Q;

We have used the fact that n;,, = 1. Thus, (3.2) is proved for all A € R such
that P; ; (A\) # 0, for all 4 = 1,2,...,m and j = 1,2,...,k; — 1. Now, we consider
Ao € R such that P 5 (Ag) = 0 for some 1 <! <mand 1< s <k — 1. Since the
zeros of any nonzero polynomial are isolated, there exists a neighborhood N (Xg) of
Ao such that P; ; (A) # 0 for all A € N (Ag) — {Xo}, and for all 4 = 1,2,...,m and
i=1,2,...,k; — 1. Hence,

A — L (G {B:})] H I 2 o
i=1j€Q;
for all A € N (Ag) — {M\o}. By continuity, taking the limit as A tends to Ag, we obtain

Xl — L (G {Bi})] = P (Xo) H I 2o ().

i=1j€Q;
Therefore, (3.2) holds for all A € R.

(b) It is an immediate consequence of part (a). O
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DEFINITION 3.3. For ¢ = 1,2,3,...,m, let T; be the k; x k; symmetric matrix
defined by
[ di wi1/di2 — 1 1
wi1+/di2 —1 i 2
Ti = e Wik—24/dik—1 — 1

Oik;—1 Wi s —1+/ i ks
Wi oy —14/ i s Oi ke, + 6;

Moreover, fori =1,2,...,mand for j = 1,2,3,...,k;—1, let T} ; be the j x j leading
principal submatrix of T;.

LeEmMMA 3.4. Fori=1,2,.... mand j=1,2,...,k; — 1, we have

(3.3) A —T; ;] =Pij()N).
Moreover, fori=1,2,3,...,m,
(3.4) M =T;| =P ().

Proof. Tt is well known [6, page 229] that the characteristic polynomial, Q;, of
the j x j leading principal submatrix of the k x k symmetric tridiagonal matrix

br—2 cr—1 br—1
br—1 ¢k

satisfies the three-term recursion formula
(3.5) Qi () = (A=) Qi1 () — B2_,Q5-2 (V)
with

Qo(A\) =1 and Q1 (\) =A—ci.

We recall that, for ¢ = 1,2,...,m and j = 1,2,...,k;, the polynomials F;; are

defined by formula (3.1). Let 1 < i < m be fixed. By (1.1), ,/ﬁ = /dijt1 —1

forj =1,2,...,k —2. For the matrix T} ;,, _1, we have ¢; = §; ; for j =1,2,... k;—1
and bj = w; j\/dij+1 — 1 = w;j\ /== for j = 1,2,...,k; — 2. Replacing in (3.5),

i, j+1

we get the polynomials P; ;, j =1,2,...,k; — 1. Thus, (3.3) is proved. The proof of
(3.4) is similar. O
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LEMMA 3.5. Let r = >_"", k;, and let G be the r x r symmetric matriz defined

by

Then

Ty
T
_51,2F1,2

T
—e1,3F7 3

T
L _Elval,m

Proof. We have

M-G=

A —-T
ELQFEQ

T
€137 3

T
L 6LmF‘l,m

We apply Lemma 2.2 to AI — G to get

A =G|
|>\I—T1| €1

€1,2 ‘)\I/ji‘

E1,m—1 ‘Aﬁ/ﬂ‘

€1,m ‘)\I - Tl‘ €2.m ‘)\mg‘

—c12F12  —e13F13 —&1,mE1m
T, —€23Fs 3 —2.mEo m
—62,3F21;3
Tm—l _Em—l,mFm—l,m
—62,mF27:m Tm i
N —Gl=P().
1212 e13F13 e1,mF1,m 1
M—Ty e23F33 €2,mIom
62,3F27:3
: M —Th 1 Em—l,mFm—l,m
62:mF27:m Emfl,mFg/;_Lm M — Tm
2 ‘AT:/TQ‘ E1m )\I—/\?m
A — Ty Eam | M — T,
M — Tpy1| Em1.m ‘AI/—\/Tm‘
Emtm Mfﬂ,l‘ N — Ty

We observe that /\mi =AM —T;,—1. We now use Lemma 3.4 to obtain

I\ — G| =

P ()

=P().

€12P1 k-1 (A)
€13P1 k-1 (A)

e1.mP1 k-1 (A)

€1,2P -1 (N)

Py ()\)
€2.3P2 ky—1 (A)

c2mPa k-1 (A)

Em—1,mPrm k1 ()

51,um,km—1 (/\)
E2,'m]Dm,k,,,L71 (A)

P (M)
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The proof is complete. O

THEOREM 3.6.
(a) o (L(Gm {Bi})) = (UL Ujeq, 0 (T3,;)) Vo (G).

(b) The multiplicity of each eigenvalue of T; ;, as an eigenvalue of L (G, {B;}),
8 Nij — N j+1 fOTj € Q;.

(¢) The matriz G is singular.

Proof. 1t is known that the eigenvalues of a symmetric tridiagonal matrix with
nonzero codiagonal entries are simple [2]. This fact, Theorem 3.2, Lemma 3.4 and
Lemma 3.5 yield (a) and (b). One can easily check that |T; ;| = wi1wi2---w;; >0
for1 <i<mandl<j<k;—1. This fact and part (a) imply that 0 is an eigenvalue
of G. Hence, G is a singular matrix. 0

THEOREM 3.7. The spectral radius of L (Gm {Bi}) is the largest eigenvalue of the
matriz G.

Proof. Since L (G, {B;}) is a positive semidefinite matrix, its spectral radius is its
largest eigenvalue. By Theorem 3.6, the eigenvalues of L (G,,, {B;}) are the eigenvalues
of the matrices T; ; for i € Q; and 1 < j < k; — 1 together with the eigenvalues of G.
Since the eigenvalues of the matrices 7} ; interlace the eigenvalues of G, we conclude
that the spectral radius of L (G, {B;}) is the largest eigenvalue of G. O

Next, we summarize the above results for the particular case of unweighted trees
B; and unweighted graph G,,.

THEOREM 3.8. If each B; is an unweighted generalized Bethe tree and G, is an
unweighted graph, then the following hold:

(a)
o (L (Gm {Bi})) = (UL Ujeq, 0 (1)) U (G),

where G is the matrix defined in Lemma 3.5 with

1 dia 1
dio—1 di2

s

. dig,—1—1
dig,—1—1 di ke, —1 di 1,

sl

i ik, di g, +d(v;)

of size ki x k; and T;; is the j x j leading principal submatriz of T;.
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(b) The multiplicity of each eigenvalue of T; ;, as an eigenvalue of L (G, {B;}),
28 Nij — N j+1 fOTj S Ql

(¢) The matriz G is singular.

(d) The spectral radius of L (G {B:}) is the largest eigenvalue of the matriz G.

4. The spectrum of the adjacency matrix. By (1.2), we have

Ay 0 0 U
0 As 0 W ky—1E0
A(GmBi}) = : : : : ;
0 0 A, Wi ks —1Em
w1 gy 1B wog,1ET oo wpp, —1EL A(Gnm)

where the diagonal blocks A; (1 <14 <m) are given by (1.4) and A (G,,) is given by
(1.6).

We may apply Lemma 2.1 to X = A — A(G, {B;}). For this matrix, a; ; = A
forl<i<mand1<j<k —1,anda; =Afor1 <i<m.

DEFINITION 4.1. For i =1,2,...,m, let
Qio(N) =1, Qi1(A)=2A
and, for j =2,3,...,k; — 1, let

T 5—
Qij (A) = AQi -1 (A) — —nJ w?; Qg2 (N
]

Moreover, for i =1,2,...,m, let

Qi (M) = AQisi—1 (\) = Mg, —1w] ;1 Qi —2 (N

THEOREM 4.2. The following hold:
(a)

|/\I A(gm{B} |_ HHQnLJ*n1J+1 )

i=13j€Q;

0 (A(Gm {Bi})) = (UZ1 Ujea, {A: Qi (A) =0} U{A: Q(N) =0},
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where
Q1 (M) —€12Q2k,-1(A) —E1,mQm k-1 (A)
00 = _51,2Q1:,k1—1 (A QQ:(/\) . —Ez,met,kmq (A
@it ) —eam@aa () Qu ()

Proof. Similar to the proof of Theorem 3.2. O

DEFINITION 4.3. For i = 1,2,...,m, let S; be the k; x k; symmetric matrix
defined by
0 wi\/dig — 1 |
Wi 1y/di2 — 1 0
Si = e Wik—2y/dig—1 — 1

0 Wi ks —11/ Di ks
Wi ey —14/ i ks 0

Moreover, for i = 1,2,...,m and for j =1,2,...,k; — 1, let S; ; be the j x j leading
principal submatrix of S;.

LEMMA 4.4. Fori=1,2,...,m and for j =1,2,...,k; — 1, we have
AL = Si ] = Qi (A).
Moreover, fori=1,2,...,m,

AT = Si| =Qi(N).
Proof. Similar to the proof of Lemma 3.4. O

LEMMA 4.5. Let r =Y " k; and H be the r x r symmetric matriz defined by

S1 €12l 2 €13l 3 €1,mE1,m
T
€1,2F7 5 S €2,3F% 3 €2.mEFom
_ T T
H= e1,3F7 3 £2,3F5 3
. . Smfl 6'mfl,mly'mfl,'m
T T T
L ElymFl,m 82777741:12,777, T €m71’mFm717m S’m 1

Then

A= H|=Q ).
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Proof. We have

Al — 5 —e12F12 - —e1,mF1 m
T
—e1,2F7 5 M — Sy —e2,mFom
_ T T
M —H= —6173F1’3 —5273F2’3
A — Sm—l _5m—1,mFm—1,m
T T T
L _glvaLm _527mF2,m T _Em—l,mFm_Lm A — S,

We apply Lemma 2.2 to A\l — H to obtain that

I\ — H]|
A — S| . ‘)\I/:/Sg‘ . S 1 | A = S
—€1,2 ‘)\I/:'gl‘ |>\I_SQ| —&€2.m )\I/—\'gm
it ‘)\I/—\/Sl‘ : M — Spu_i] —emtm ‘Mf:gm‘
i ‘AT—/Sl‘ —eom ‘AI/—VSQ‘ et AIfB‘;,l‘ AT — Spn

We observe that )\T:/Si = A — S, k,—1. We now use Lemma 4.4 to obtain |\ — H| =
Q). O

THEOREM 4.6.
(a) o (A(Gm{Bi})) = (UL Ujeq, 0 (5i;)) Uo (H).

(b) The multiplicity of each eigenvalue of the matriz S;j, as an eigenvalue of
A(gm {Bz}), 5 Ny =N j+1 fOT’j S Qz

(¢) The largest eigenvalue of H is the spectral radius of A (Gm {Bi}).

Proof. The proofs of (a) and (b) are similar to the proof of Theorem 3.6. Finally,
(¢) follows from part (a) and the interlacing property of the eigenvalues. O

The following theorem summarizes the above results for the case of unweighted
trees B; and unweighted graph G,,.

THEOREM 4.7. If each B; is an unweighted generalized Bethe tree and G, is an
unweighted graph, then we have:

(a) 0 (A(Gm {B:})) = (UL Ujeq, 0 (Si,;))Uo (H), where H is the matric defined
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in Lemma 4.5 with

0 dia—1

s

dia—1 0

. di,ki—l -1
dig,—1—1 0
di ki 0

2R

dik,

2R

of size ki X k; and S;; is the j x j leading principal submatriz of S;.
(b) The multiplicity of each eigenvalue of the matriz S;j, as an eigenvalue of
A(gm {Bz}), 18 N5 — N j+1 forj S Qz

(¢) The spectral radius of A(Gm {B;}) is the largest eigenvalue of the matriz H.

5. Unweighted compound graphs of copies of a generalized Bethe tree.
In this section, we assume that G,, is any connected unweighted graph and that
By = By = -+ = B, = B, where B is an unweighted generalized Bethe of k levels in
which di_j+1 and np_;1 are the degree of the vertices and the number of them at
the level j. Then

ki =ky =+ =ky =k,
Q==Q,=0={j:1<j<k-1n54 >n;},
Fi,j:Fv

where F is a k x k matrix whose entries are 0 except F (k,k) = 1. Moreover, for
t=1,2,...,mand j =1,2,...,k — 1, the matrix T} ; is the j x j leading principal
submatrix of

[ Vidy — 1 1
Vdy — 1 dsy
n = T . /dk—l —1 )
V-1 —1 di—1 Vi
L Vdp di +d (’Ul) |
and
[ T1 —8172F —8173F —ElymF ]
—e12F T —e2 3l —&om I’
G= —6173F -F
Tm—l _5m—1,mF
L _El,mF _52,mF _5m—1,mF T ]
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We recall that the Kronecker product [8] of two matrices A = (a; ;) and B = (b; ;)
of sizes m x m and n X n, respectively, is defined to be the (mn) x (mn) matrix
A® B = (a;;B). For matrices A, B,C and D of appropriate sizes,

(A® B) (C® D) = (AC ® BD).

We write G, {B} instead of G,, {B;}.

(From now on

B — ... ... dkil — 1
Vdy dy,

THEOREM 5.1. If B is an unweighted generalized Bethe tree and G, is an un-
weighted graph, then

o (L (Gm{B})) = (Ujeao (B;)) U (UL 0 (B +7:1))

where, for j =1,2,...,k—1, B; is the j X j leading principal submatriz of

1 Vds — 1
\/dg -1 dg
B+ vF = . ) 7
+7 . . 1
V-1 =1 dya Vi,

\/% dk+’)/s_

and v1 > Y2 >+ > Ym—1 > Ym = 0 are the Laplacian eigenvalues of G, .

Proof. By Theorem 3.8,
o (L (Gm {Bi})) = (UL Ujeq; o (Ti)) Vo (G).
Fori=1,2,...,mand j=1,2,...,k—1,T;; = B;. As a consequence,
o (L (Gm {B})) = (Ujeao (Bj)) Ua (G).
It remains to prove that o (G) = U7, 0 (L (B + vsF')). We may write

G=1,®B+L(G,)®F,



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 18, pp. 30-57, January 2009
http://math.technion.ac.il/iic/ela

54 O. Rojo and L. Medina
where
d(vi) —e12 —¢€13 e —€1,m
—€1,2 d (1)2) —€2.3 s —€2m
L(Gmn)=| —e13 —e23
—Em—1,m
—€1,m  —E&2m te —Em—1,m d ('Um)

is the Laplacian matrix of G,,,. Let v1,72,...,7Vm be the eigenvalues L (G,,), and let

V = [ Vi Vo -+ V1 Vm ]
be an orthogonal matrix whose columns vy, va, ..., v,, are eigenvectors corresponding
to the eigenvalues v1,72, ..., Vm. Therefore,

VRL)G(V'@l) =V ®Il)(In®B+L(Gn®F) (V' I)
=1, @B+ (VL(Gn)VT) @ F.

We have

[ at

V2
(VL(Gn) V)@ F = ®F
TYm—1
I Y
[ nF
Yo F
Ym—1F

I Ym

and hence,
B+mF
B+ yF
Vel)GVIel)=
B+ ’)/mle
B+ v, F

Since G and (V ® I;;) G (VT ® I,) are similar matrices, we conclude that

7 (G) = U™,0 (B +7.F).
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The proof is complete. O

COROLLARY 5.2.

(a) For j € Q, the multiplicity of each eigenvalue of B;, as an eigenvalue of
L (G {B}), ism(n; —njy1).

(b) det (B + s F) = 5. In particular, B is a singular matriz.

(¢) The spectral radius of L (G, {B}) is the largest eigenvalue of B + v F.

(d) The algebraic connectivity of L (G {B}) is the smallest eigenvalue of B +
Ym—1F.

Proof. (a) We have T; ; = B; fori=1,2,...,mand j =1,2,...,k—1. Then the
result is an immediate consequence of part (b) of Theorem 3.8.

(b) It follows easily applying the Gaussian elimination procedure.

(¢),(d) The eigenvalues of L (G, {B}) are the eigenvalues of the matrices B;
for j € Q together with the eigenvalues of the matrices B + vsF. The eigenvalues
of each B; interlace the eigenvalues of any B + v,F. Then the spectral radius of
L (G, {B}) is the maximum of the spectral radii of the matrices B + v F and the
algebraic connectivity of L (G,, {B}) is the minimum eigenvalue in U™ o (B + v, F).
For s =1,2,...,m,

B+mF = (B+7vF)+ (m—7) F.

We use the fact that the spectral radius of an irreducible nonnegative matrix increases
when any of its entries increases [7], to conclude part (¢). For s =1,2,...,m — 1,

B+7sF = (B+vm-1F) + (7 = ym-1) F.
We use now the fact that the eigenvalues of a Hermitian matrix do not decrease if a
positive semidefinite matrix is added to it [3], to conclude part (d). O

We consider now the adjacency matrix of G, {B}. Fori =1,2,...,m and j =
1,2,...,k —1, the matrices S; ;, S; and H in Theorem 4.7 become

0 Vda —1
Vda —1 0
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0 Vda —1
Vda —1 0

Si=8=--=8,=8= Vi1 =1
V-1 —1 0 Vi,
I Vi 0]
and
I S 6172F 6173F El,mF 1

6172F S 62’3F cee 62’mF
H = 6173F F :

: : S Em—1,mF
61’mF 62’mF e EmemF S

THEOREM 5.3. If B is an unweighted generalized Bethe tree and G, is an un-
weighted graph, then

o (A(Gm {B})) = (Ujeao (U;)) U (UL (S + 75 F))

where y1 > Yo >+ > Ym—1 > Ym are the eigenvalues of the adjacency matriz of

Gm-

Proof. The proof uses Theorem 4.7 and is similar to the proof of Theorem 5.1. O

COROLLARY 5.4.

a) For j € Q, the multiplicity of each eigenvalue of U;, as an eigenvalue o
J

A (G ABY), s m (n; — njsa)-
(b) The spectral radius of A (Gm {B}) is the largest eigenvalue of S + v F'.

Proof. Similar to the proof of Corollary 5.2. O
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