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GENERALIZED PASCAL TRIANGLES AND TOEPLITZ MATRICES*

A. R. MOGHADDAMFAR'! AND S. M. H. POOYA?

Abstract. The purpose of this article is to study determinants of matrices which are known as
generalized Pascal triangles (see R. Bacher. Determinants of matrices related to the Pascal triangle.
J. Théor. Nombres Bordeauz, 14:19—41, 2002). This article presents a factorization by expressing
such a matrix as a product of a unipotent lower triangular matrix, a Toeplitz matrix, and a unipotent
upper triangular matrix. The determinant of a generalized Pascal matrix equals thus the determinant
of a Toeplitz matrix. This equality allows for the evaluation of a few determinants of generalized
Pascal matrices associated with certain sequences. In particular, families of quasi-Pascal matrices
are obtained whose leading principal minors generate any arbitrary linear subsequences (Fpnrts)n>1
or (Lnrys)n>1 of the Fibonacci or Lucas sequence. New matrices are constructed whose entries are
given by certain linear non-homogeneous recurrence relations, and the leading principal minors of
which form the Fibonacci sequence.

Key words. Determinant, Matrix factorization, Generalized Pascal triangle, Generalized sym-
metric (skymmetric) Pascal triangle, Toeplitz matrix, Recursive relation, Fibonacci (Lucas, Catalan)
sequence, Golden ratio.

AMS subject classifications. 15A15, 11C20.

1. Introduction. Let P(oo) be the infinite symmetric matrix with entries P, ; =
(itj ) for i,j > 0. The matrix P(c0) is hence the famous Pascal triangle yielding the
binomial coefficients. The entries of P(co) satisfy the recurrence relation P;; =
P;i_1,; + P;j—1. Indeed, this matrix has the following form:

11 1 1 1
12 3 4 5
13 6 10 15
Plo)=1| 1 4 10 20 35
15 15 35 70
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Generalized Pascal Triangles and Toeplitz Matrices 565
One can easily verify that (see [2, 6]):
(1.1) P(c0) = L(c0) - L(c0)?,

where L(00) is the infinite unipotent lower triangular matrix

— = = e
N N
D W =

=~ =

—_

with entries L; ; = (;) We denote by L(n) the finite submatrix of L(co) with entries
LiJ',OSZ',jS’I’L—l.

To introduce our result, we first present some notation and definitions. We recall
that a matrix T'(c0) = (¢; )i, j>0 is said to be Toeplitz if ¢; ; = t;; whenever i — j =
k—1. Let o = (a)i>0 and 8 = (B;)i>0 be two sequences with oy = p. We shall
denote by T g(00) = (ti;)i,j>0 the Toeplitz matrix with ¢; o = a; and to; = 3;. We
also denote by T, g(n) the submatrix of T, 3(c0) consisting of the entries in its first
n rows and columns.

We come now back to the (1.1). In fact, one can rewrite it as follows:
P(00) = L(o0) - I - L(o0)",

where matrix I (identity matrix) is a particular case of a Toeplitz matrix.

In [1], Bacher considers determinants of matrices generalizing the Pascal triangle
P(c0). He introduces generalized Pascal triangles as follows. Let o« = (a;);>0 and
B = (Bi)i>o be two sequences starting with a common first term ag = Gy = 7.
Then, the generalized Pascal triangle associated with o and (3, is the infinite matrix
Paﬁ(oo) = (Pi,j)i,jzo with entries Pi’() = Qy, P()’j = 5]‘ (Z,j Z 0) and

Pij=Pi_1;+ P, for i,j>1

We denote by P, g(n) the finite submatrix of P, g(co) with entries P; j, 0 < 4,5 <
n — 1. An explicit formula for entry P;; of P, g(n) is also given by the following
formula (see [1]):

() (e (D (1)

s=1 t=1
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For an arbitrary sequence o = (o;);>0, we define the sequences & = (&;);>0 and
& = (&;)i>o0 as follows:

(1.3) f; = i:(—n”k (;) ar and & = Z (;) .

k=0

With these definitions we can now state our main result. Indeed, the purpose
of this article is to obtain a factorization of the generalized Pascal triangle P, g(n)
associated with the arbitrary sequences a and (3, as a product of a unipotent lower
triangular matrix L(n), a Toeplitz matrix T, 5(n) and a unipotent upper triangular
matrix U(n) (see Theorem 3.1), that is

Pag(n) = L(n) - Ty 5(n) - U(n).
Similarly, we show that
Tap(n) = L(n)™" - Py 5(n) - U(n) ™",

In fact, we obtain a connection between generalized Pascal triangles and Toeplitz
matrices. In view of these factorizations, we can easily see that

det(Pa,p(n)) = det(T, 5(n)).

Finally, we present several applications of Theorem 3.1 to some other determinant
evaluations.

We conclude the introduction with notation and terminology to be used through-
out the article. For convenience, we will let v/—1 denote the complex number i € C.
By || we denote the integer part of z, i.e., the greatest integer that is less than or
equal to z. We also denote by [z] the smallest integer greater than or equal to x.
Given a matrix A, we denote by R;(A) and C;(A) the row ¢ and the column j of A,
respectively. We use the notation A’ for the transpose of A.

In general, an n X n matrix of the following form:

Al B ] (resp

C | Pap(n—k)

A B
C | Tap(n—k) )

where A, B and C are arbitrary matrices of order k x k, k x (n — k) and (n — k) x k,
respectively, is called a quasi-Pascal (resp. quasi- Toeplitz) matrix.

Throughout this article we assume that:
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(0,1,1,2,3,5,8,..., F;, ...

F*=(F)i>1 = (1,1,2,3,5,8,..., F, ..

L=(L)i>0 =

(2,1,3,4,7,11,18,. ..,

C=(Ciiso = (1,1,2,5,14,42,132, .

T = (Ti)iso = (0, 11,21, 31,41, 51,61, . .,
(11,21,31,41, 51,61, ..., Z; = ..

I* = (Zi)i>1 =

The rest of this article is organized as follows.

Li, ...
L Ciy .

)

)

(
(
(
(

I, =il,..)

)
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Fibonacci numbers),
Fibonacci numbers # 0),
Lucas numbers),

Catalan numbers),

In Section 2, we derive some

preparatory results. In Section 3, we prove the main result (Theorem 3.1). Section 4
deals with applications of Theorem 3.1. In Section 5, we present two matrices whose
entries are recursively defined, and we show that the leading principal minor sequence

of these matrices is the sequence F* =

(Fi)i>1-

2. Preliminary Results. As we mentioned in the Introduction, if o = (e;);>0

is an arbitrary sequence, then we define the sequences & = (&;)i>o and & = (&;)i>0

as in (1.3). For certain sequences « the associated sequences & and & seem also to be

of interest since they have appeared elsewhere. In Tables 1 and 2, we have presented

some sequences « and the associated sequences & and a.

Table 1. Some sequences « and associated sequences d&.

Reference &
( 1, — ,2,—3,5,—8,...) A039834in [8] | F
(1,0 2,-3,5,—-8,...) A039834in [8] | F*
(2,— 1 3 4 7,—11,18,...) A0610841in [8] | £
(1,0,1,1,3,6,15,...) A005043 in [8] | C
(1,0,1,2,9,44,265,...) A000166 in [8] | Z
(1,1,3,11,53,309,2119,...) A000255 in [8] | Z*

Table 2. Some sequences a and associated sequences &.

Reference

(
(
(2,
(1,
(
(1,

0,1,3,8,21,55, 144, .
1,2,5,13,34, 89, 233, .
2,3,7,18,47,123, 322, .
1,2,5,15,51,188,731,.
1,2,5,16,65, 326, 1957, .
1,3,11,49, 261, 1631, .

)

)

)
)

)

)

A001906 in [8
A001519 in [8
A005248 in [8
A007317 in [8
A000522 in [8

[

]
]
|
|
]
A001339 in [8]

Q
f’
Fr

NNAR
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As another nice example, consider o« = R;(L(c0)) where L is introduced as in
(1.2). Then, we have

& = Ri(P(00)).

LEMMA 2.1. Let o be an arbitrary sequence. Then, we have & = & = o
Proof. Suppose a = (a;);>0 and & = (&;);>0. Then, we have

i = Yool )’H“()Oék

= Thoo(=DH () i (Des
= Yoo Xm0l “Lk( ) (e
= ('YX (D) ()
= (D' Yo (D" () ()
= (D' Sipa() i)D",

Qo

But, if I < 4, then we have 22:1(—1)%;;11) = 0. Therefore, we obtain
i—1
-1 h = Oy,
- (,23) =e

The proof of second part is similar to the previous case. O

& = (—1)1‘;0[1 (;) hl

and hence & = o

LEMMA 2.2. Let i,j be positive integers. Then, we have

o))
P k+j J 1 if i=j.
The proof follows from the easy identity

() (5= G0%)
k+j i) \JU/\ k)
The following Lemma is a special case of a general result due to Krattenthaler

(see Theorem 1 in [9]).

LEMMA 2.3. Let a = (ov)i>o0 and B = (B;);>0 be two geometric sequences with
a; = p* and B = 7. Then, we have

det(Pa,(n)) = (p+0 — po)" .
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3. Main Result. Now, we are in the position to state and prove the main result
of this article.

THEOREM 3.1. Let a = (ay)i>0 and § = (B;)i>0 be two sequences starting with
a common first term ag = By = y. Then, we have

(3.1) Pop(n) = L(n) - T, 5(n) - U(n),
and
(32) Tosp(n) = Ln) ™1+ Py () - U (),

where L(n) = (L j)o<i,j<n S a lower triangular matriz with

;)0 if i<y
YOG o iz

and U(n) = L(n)". In particular, we have det(Po,g(n)) = det(T} 5(n)).

Proof. First, we claim that

Pop(n) = L(n) - Q(n),

where L(n) = (L; j)o<i,j<n is a lower triangular matrix with

o0 i i<y
Md{(p it i

and Q(n) = (Qi,j)o<i,j<n With Qi = &, Qo,; = (B; and
(3.3) Qij=Qi—1,j—1+Qij—1, 1Z4,j<n.

For instance, when n = 4 the matrices L(4) and Q(4) are given by:

1 0 0 O
1 1 0 O
L) = 12 1 0|’
1 3 3 1
and
o B1 B2 Bs

Q(4) = v+ a o Bi+ar B+ B2+
v — 2001 + o —a1 + o fe% B1+ a4+ oz

—y+3a1 —3a2 +a3 a1 —2ax+a3 —ay+ a3 ag
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Note that the entries of L(n) satisfying in the following recurrence
(34) Li,j = Li—l,j—l —+ Li—l,j7 1 S Z,j <n.

For the proof of the claimed factorization we compute the (i, j)-th entry of L(n)-Q(n),
that is

(L(n) - Q(n))ij = > LixQk;-
k=1

In fact, it suffices to show that

and

(3-5) (L(n) - Q(n))i; = (L(n) - Q(n))ij—1 + (L(n) - Q(n))i-1,5,

for 1 <i,j <n.

First, suppose that ¢ = 0. Then, we obtain
n—1
(L(n) - Q(n)o; = > LoxQr.j = Lo.0Qo; = B,
k=0

and so Ro(L(n) - Q(n)) = Ro(Pa,g(n)) = (Bo, B1, - -, Bn-1)-

Next, suppose that ¢ > 1 and j = 0. In this case, we have

(L(n)-Q(n))io = SiZo LixQro
= o {() Sho-1r ()8}
= T { THED ()]
= B, (by Lemma 2.2)

and so Co(L(n) - Q(n)) = Co(Pas(n) = (0, @i, ... an-1)"
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Finally, we must establish (3.5). Therefore, we assume that 1 < ¢,j < n. In this
case, we have

(L(n)-Q(n))i; = YileLinQur;
= LioQoj+ S0 i LikQr,;
= LioQo,; + 22;11 Lin(Qr—1,j—1+ Qrj—1) (by (3.3))
= LioQoj+ S0t LinQu-1j-1+ =1 LipQuj—1
= L;oQo,; + ZZ:(LFMA + Li16)Qr—1,j-1
+ EZ;& L; 1Qk,j—1 — Li,0Qo,j—1 (by (3.4))
= LioQo,+ 22;11 Li1k—1Qr—1,-1
+ 3000 Lic 1k (Qry = Qi) + (L(n) - Q(n))s i1
—LioQo,j-1  (by (3.3))
= LioQoj+ Xio Lic1xQrj-1 + S5z Lic1.4Qkj
— EZ;& Li1,5Qk,j—1 + Li—1,0Q0,j—1 + (L(n) - Q(n))i,j—1
—L;i0Qo,j—1
= LioQoj+ 0o LicikQrjr + X r e Lio1.4Quj
—Li_1,0Q0,; — Z;é Li1,:Qkj—1+ Li—1,0Q0,5—1
+(L(n) - Q(n))ij—1 — LioQo,j—1 (note that L;_1 ,—1 =0)
= (Lio—Li—1,0)Qo,; + (L(n) - Q(n))i-1,
+(Li1,0 = Lip)Qo -1 + (L(n) - Q(n))ij—1
= (L(n)-Q(n))i-1,; + ( (n) - Qn))ij-1,
(note that L; o = Li—1,0 = 1)

which is (3.5).

Next, we claim that

Q(n) =T, 3(n) - U(n),

where U(n) = L(n)! and T, 5(n) = (Tij)o<ij<n with Tyo = &, To; = 3;, and
Tj=Ti1,1, 1<ij<n.

Note that, we have

(3.6) Uij=Ui-1j-1+Uij1, 1<i,j<n.
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For instance, when n = 4 the matrices T, 5(4) and U(4) are given by:

Y —v+ 51 Yy=201+B2 —v+301—360+03
_ —yt+a Y v+ 6 ¥ =261+ B2
Taé(4)—
’ ¥ —2a1 + a2 —v 4+ a1 0% —v+ b1
—y+3a1 —3a2 +as3 y—201 + a2 -y 4+ a1 ~
and
1 1 1 1
01 2 3
U(4) =
(4) 00 1 3
0 0 0 1

As before, the proof of the claim requires some calculations. If we have i = 0,
then

(T 50)-Umoy = XiZo TosUh,
= o {(Zhurhe) @}
= S {To0 L) (]
= f;, (by Lemma 2.2)

which implies that Ro(T, 5(n) - U(n)) = Ro(Q(n)) = (Bo, b1, --; Ba-1). If j =0,
then we obtain

n—1
(T4 5(n) - U(n))io = > TiwUka = TioUso = di,
k=0
and so Co(T 5(n) - U(n)) = Co(Q(n)) = (4o, a1, ..., Gn-1)". Finally, we assume
that 1 <4,5 <n — 1 and establish (3.3). Indeed, by calculations we observe that
(Top(n)-Un))iy = Spzo TirUky

= TioUoj+n_t TinUs,;
= TioUo;+ 4oy Tik(Uk-15-1+Ukj-1)  (by (3.6))
= TioUoj+ ot TiwlUk-1j-1 + S5z TinUrj—1
= TolUo; + 22;11 Ti1,k—1Uk—1j-1+ ZZ;& T kUk,j—1
—T;0Uoj—1 (note that, Tjr = Ti—1,4-1)
= Ti0(Uos — Uoj-1) + Spzo Ti1,kUnj—1
+(T; 5(n) - U(n))ij—1 (note that U,—1 ;-1 =0)

«

= (T&,B(n) -Un))i-1,j-1+ (T&ﬁ(n) ~U(n))ij-1,
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which is (3.3). The proof of (3.1) is now complete.

To prove of (3.2), we observe that

L(n)™" - Py g(n) - U(n)™" = L(n)~" - L(n) - T, 5(n) - U(n)-U(n)~" (by (3.1))

= Tap(n). (by Lemma 2.1)
The proof is complete. O

4. Some Applications. Let A = (a;;); ;>0 be an infinite matrix and let D,
be the nth leading principal minor of A consisting of the entries in its first n rows
and columns. We will mainly be interested in the sequence of leading principal
minors (D1, Do, D3, ...), especially, in the case that it forms a Fibonacci or Lucas
(sub)sequence.

4.1. Generalized Pascal Triangle Associated With an Arithmetic or
Geometric Sequence . It is of interest to evaluate the determinant of general-
ized Pascal triangle P, g(n), where one of the sequences a or § is an arithmetic or
geometric sequence.

COROLLARY 4.1. Let a = (a;)i>0 be an arithmetic sequence with a; = a + id,
and let B = (8;)i>0 be an arbitrary sequence with B = a. We set D,, = det(Pq g(n)).
Then, we have

Dp=> (=) kD1,

with Do = 1.
Proof. By Theorem 3.1, we deduce that D, = det(T 4(n)), where & = (&:)i>o
with
& = Yo~
= Lo () (Bo + k)
= BoTho(-D™ () +dTho (D))

Bo if i=0,
= d if i=1,
0 if i>1.

Now, expanding through the first row of T, 5(”)7 we obtain the result. O
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COROLLARY 4.2. Let a = (o)i>0 be an arithmetic sequence with oa; = a + id,
and let B = (B;)i>0 be an alternating sequence with 3; = (—1)%a. Then, we have

det(P, 5(n)) = a(2d 4+ a)" .

Proof. Let D,, = det(P, g(n)). By Corollary 4.1, we have

n—1

D= (=d)f*BDn_1 (n>1),

k=0

with Dy = 1. An easy calculation shows that

B = So(=DF(B
= Y1 (M) (-1
= a-1)F2, (5)

= a(-2)~.
Hence, we have
n—1
D,=a) (2d)*D,_j_1.
k=0
Now, replacing n by n — 1, we obtain
n—2

Dnp1=a (2d)k_1Dn—k—2;

k=0
and by calculation it follows that
D, —2dD, . = a( " 2d)* Dy — g;g(zd)k—lpn_k_Q)
= o 1o @D Dy — L (2 D)

= aDy_,
or equivalently
D, = (2d+ a)D,_1.
But, this implies that D,, = a(2d + a)""!. O

COROLLARY 4.3. Let o = (;)i>0 be an arithmetic sequence with o; = id, and
let B = (Bi)i>0 be the square sequence, i.e., 3; = i*. If D, = det(Py g(n)), then we
have

(4.1) D, = —dD,,_5 + 2d*D,,_3.
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Proof. By Corollary 4.1, we get
D, = (_d)kBanfkfb

We claim that 3o =0, f1 = 1, 32 = 2 and B = 0 for k > 3. Now, it is obvious that
our claim implies the validity of (4.1).

Clearly Bo =0, Bl =1 and Bg = 2. Now, we assume that k > 3. In this case we
have
k

=31 (]) 5, - >y (5)~

7=0 7=0 J

We define the functions f and g as follows:

k
fla) = (1—x>k—2<’?><—x>f‘ and  g(z) = —af'(@).

i=o M

Now, an easy calculation shows that
k
/o)== =3 ()2
and putting = = 1, we get

5o

—o \J

<.

Now, by multiplying both sides by (—1)**!, we obtain

(o

COROLLARY 4.4. Let o = (a;)i>0 and 8 = (B;);>0 be two geometric sequences
with o; = p* and B; = a7. Then, we have

det(To 5(n)) = (1 = po)"~L.

Mk

<.
I
o

as claimed. O

Proof. By Theorem 3.1, we have det(7s,g(n)) = det(P; 3(n)). On the other
hand, straightforward computations show that & = (&;);>0 with & = (1 + p)" and
similarly 3 = (Bj)jzo with Bj = (14 0)’. By applying Lemma 2.3, we conclude the
assertion. O
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4.2. Certain Generalized Pascal Triangles.

PROPOSITION 4.5. Let a,b,c € C and let n be a positive integer. Let a = (o;)i>0
and B3 = (Bj);>0 be two sequences with o; = (2 — 1)a+ ¢ and B; = (29 — 1)b +c.
Then, we have

\_%JC if a=b=c,
det(Pyg(n)) ={ letam=D)c—a)"t i a=b#c,
pla(c—a)" + 52 (c—=b)" if a#b.

Proof. By Theorem 3.1, we have det(Fu,5(n)) = det(T 3(n)). A straightforward

computation shows that
& =(c,a,a,a,...) and 3= (c,bb,b,...).

Therefore, in the notation of [7], we have T, 5 (n) = My, (b, a,c), and since M, (a,b,c) =
M, (b, a,c)' we have

det(T} 5(n)) = det(Mn(a,b,c)).
Now, the proof follows the lines in the proof of Theorem 2 in [7]. O

PROPOSITION 4.6. Let a,b,c € C and let n be a positive integer. Let a = (o;)i>0
and B3 = (B;)j>0 be two sequences with o; = 27 (ia 4 2¢) and B; = 2971(jb + 2¢).
Then, we have

det(Pag(n)) = (=1)"* (a +b)""?[c(a+b) + (n — 1)ab].

Proof. Again from Theorem 3.1, we have det(Pa,5(n)) = det(T}, 5(n)), where &

and B are two arithmetic sequences as

&= (&)i>o = (¢c,c+a,c+2a,...,c+ia,...)
and

B=(8;)js0 = (c;c+b,c+2b,....,c+35b,...).

Now we compute the determinant of T B(n) To do this, we apply the following
elementary column operations:

Cj—>Cj—Cj71, j:n—l,n—Q,...,Q;
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and we obtain the following quasi-Toeplitz matrix:

c b b b
c+a
c+ 2a

. T,\W(’I’L— 1)
c+(n—1)a

where A = (—a, —a,—a,...) and u = (—a,b,b,...). Again, we subtract column j from
column j+1,j=n—2,n-—3,...,2. It is easy to see that, step by step, the rows and
columns are “emptied” until finally the determinant

c b |0 . 0
c+a —a
c+2a —a (@+0)(n—2)x(n—2)

det(T} 5(n)) = det : : ;

c+(n—-2)a -a
c+(n—1)a —a|0 0

is obtained. The proposition follows now immediately, by expanding the determinant
along the last row. O

4.3. Fibonacci and Lucas Numbers as Leading Principal Minors of a
Quasi-Pascal Matrix . There are several infinite matrices for which the leading
principal minors form a Fibonacci or Lucas (sub)sequence. For instance, in [10], we
have presented a family of tridiagonal matrices with the following form:

1 Ao 0 0 O
-t 1 M0 0
-1
(4.2) Fec)=| 0 A 1 0

0 0 X' o1

where A = (\;)i>o with \; € C* = C\{0}. Indeed, the leading principal minors of
these matrices for every A form the sequence (.7:”+1)n>1 (Theorem 1 in [10]). Also,

for the special cases \g = A\ = ... € {1,v/—1}, see [3, 4] and [11]. In ([12], pp.
555-557), Strang presents the infinite tridiagonal (Toeplitz) matrices:

(4-3) P = T(S,t,O,O,...),(3,1&,0,0,...)(00)7

where t = %1, and it is easy to show that the leading principal minors of T' form
the subsequence (.7:2”+2)n>1 from the Fibonacci sequence. As another example, the
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leading principal minors of the Toeplitz matrices:

(4.4) Q =T2,1,1,1,.),(2,:400,..)(00),

where t = £1, form the sequence (‘7:”+2)n>1 for t = 1 and the sequence (.7:2"4_1)

n>1
for t = —1 ([3], Examples 1, 2).
We can summarize the above results in the following proposition.

PROPOSITION 4.7. ([3, 4, 11, 12]) Let n be a natural number, o = ()i>0

and B = (B;)i>0 be two sequences, and let Dy, be the nth leading principal minor of
To 3(00). Then, the following hold.

(1) Ifa = 3= (1,v/-1,0,0,...), then D, = Fpi1.

(2) Ifa=p=(3,t,0,0,0,...) where t = £1, then D, = Fonia.

3) Ifa=(1,-1,0,0,...) and 8 =(1,1,0,0,...), then D, = Fp41.
4) Ifa=(2,1,1,1,...) and 8 = (2,—1,0,0,...), then D,, = Fony1.
(5) Ifa=(2,1,1,1,...) and 8 =(2,1,0,0,...), then D,, = Fp42.

Let ¢ = #, the golden ratio, and ® = 1*2‘/5, the golden ratio conjugate. The
recent article of Griffin, Stuart and Tsatsomeros [7] gives the following result:

PROPOSITION 4.8. ([7], Lemma 7) For each positive integer n, let

Pn)=Tqs,9,.),0,60,.)10), and Q1) =T —o,-,.),0,—¢—a,.) (1)

Then, we have

det(P(n)) = Fny1, and det(Q(n)) = Fpn_1.

Using Propositions 4.7, 4.8 and Theorem 3.1, we immediately deduce the following
corollary.

COROLLARY 4.9. Let n be a natural number, a = (a;)i>0 and 8 = (8;)i>0 be

two sequences, and let D, be the nth leading principal minor of P, g(c0). Then, the
following hold.

(1) If a; = Bi = 1 +iv/—1, then D, = Fp11.
(2) If a; = B; = 3 —i, then D,, = Fopto.
(3) If a; = B; = 3414, then D,, = Fopto.
(4)

4H Ifa;=1—1i and B; =1+14, then D, = Fpy1-
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5) If a; =20 +1 and B; =2 — i, then Dy, = Fopy1.

(5)

(6) If ; =20+ 1 and B; =2 +1i, then D, = Fyia.

(N Ifa; = (28 = 1)@+ 1 and B; = (2 — 1)¢p + 1, then D,, = Fry1.
(8)

8) If i = (1 —29)® and 3; = (1 — 2%)¢, then D,, = Fp_1.

In the sequel, we study together the sequences F and L, and, in order to unify
our treatment, we introduce the following useful notations. For ¢ € {4, —} we let
Fi=Fpife=+4;and F; =L, if e = —.

THEOREM 4.10. Let r be a non-negative integer and s be a positive integer.
Suppose that

s =[] and b= \for e P

Then, the leading principal minors of the following infinite quasi-Pascal matriz:

Frts Yrs 0 0
Yr.s brs | /(=D (=D L
Pl(o0) =] 0 (="
0 (=) Po,a(00)

where o = ()i>0 s an arithmetic sequence with a; = F. + iy/(—1)", form the
subsequence {Fr,, . 3oy from Fibonacci or Lucas sequences.

Proof. Cahill and Narayan in [5] introduce the following quasi-Toeplitz matrices:

Frivs Ur. s 0 0
Vrs Or.s (-1 0
o) = | 0 VDY
0 0 Tgﬁ(oo)

where 8 = (F,~,/(=1)7,0,0,...). Moreover, they show that
(4.5) det(T1"*)(n)) = F2, ..
Now, we decompose the matrix T*l(n) as follows:

(4.6) T (n) = L(n) P (n) E(n)',



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 18, pp. 564-588, August 2009
http://math.technion.ac.il/iic/ela

580 A. R. Moghaddamfar and S. M. H. Pooya

where

L(n) = Irx2 ® L™ (n - 2).

The proof of (4.6) is similar to the proof of Theorem 3.1 and we omit it here. Now,
using (4.5) and (4.6), we easily see that

det(P*l(n)) = F2

nr—+s?

and the proof of theorem is complete. O

4.4. Generalized Pascal Triangle Associated With a Constant Se-
quence. In this subsection, we study the generalized Pascal triangle P, g(n), where
one of the sequences « or (8 is a constant sequence. The following result is another
consequence of Theorem 3.1.

COROLLARY 4.11. Let a = (a;)i>0 and S = (Bi)i>0 be two sequences with

ap = Po=r. If a or B is a constant sequence, then we have det(Py g(n)) =~".

Proof. By Theorem 3.1, we have det(Fq,5(n)) = det(Ty 5(n)). But in both cases,
the Toeplitz matrix T, 5(71) is a lower triangular matrix or an upper triangular one
with ~ on its diagonal. This implies the corollary. O

The generalized Pascal triangle P, (0c0) associated with the pair of identical
sequences « and «, is called the generalized symmetric Pascal triangle associated
with o and yields symmetric matrices Py o(n) by considering principal submatrices
consisting of the first n rows and columns of P, ,(c0). For an arbitrary sequence
a = (a;)i>0 with ap = 0, we define & = (&;);>0 where &; = (—1)%a; for all i. Then,
the generalized Pascal triangle P, s(c0) associated with the sequences o and &, is
called the generalized skymmetric Pascal triangle associated with a and &, and yields
skymmetric matrices P, s(n) by considering principal submatrices consisting of the
first n rows and columns of P, 4(00).

EXAMPLE 4.12. Let n > 2 be a natural number. Then, we have:
(i) The generalized symmetric Pascal triangle Pr +(n) has determinant —2"~2.
(i4) The generalized skymmetric Pascal triangle Py z(n) has determinant 2" 2.

All assertions in this example follow from Theorem 3.1 of [1]. However, we will
reprove them independently.
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Proof. (i) Consider the generalized symmetric Pascal triangle

0 1 1 2 3 ... Fnoa
1 2 3 5 8 ... Fnon
1 3 6 11 19

Pr.s(n) = 2 50 11 22 41
3 8 19 41 82
-,anl fnJrl

Now, we apply the following elementary row operations:

Ri—>R¢—R¢_1—R¢_2, izn—l,n—2,...,2.

It is easy to see that

0111 2 3 ...  F.a
1 213 5 8 ... Fun
0 012 4 8 2(Fn—1)
det (Pr r(n)) = det 8 8 ; g ;; N
*
0 012 x =% %
0 1]1 2 3 Foy
1 2 5 8 Fit
0 0
= det 0 0
Py .(n—2)
0 0

where A = (2,2,2,...) and p = (2(F3 —1),2(F1 — 1),2(F5 — 1),2(Fs — 1),...). Now,
by Corollary 4.11, we get

det(Pr,r(n)) = det ( { 9

01 ) ~det (Pyu(n —2)) = —2"72,

as desired.
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(ii) Here, we consider the generalized skymmetric Pascal triangle

0 -1 1 -2 3 (1)1 F,
1 0 1 -1 2
1 12 1 3
P]_-J:-(n) - 2 3 5 6 9
3 6 11 17 26
fnfl

Similarly, we apply the following elementary column operations:
Cj—>Cj+Cj71—Cj72, j=n—-1n—-2...2;

and we obtain

0 -1 0 0 O 0
1 0 0 0 O 0
1 1 2 2 2 2
det(Pz #(n)) = det 2 3 6 8 10 *
/ 3 6 14 22 32 *
: : SR oo
]:n—l fn—i—l—z * * * A
0 -1 0 0 0 0
1 0 0 0 O 0
1 1
= det 9 3
: : P,,)\(TL — 2)
]:n—l fn—i—l -2

where A = (2,2,2,...). Again, by Corollary 4.11, we get

det(Py 2(n)) = det < _01 (1) > et (Pya(n — 2)) = 22,
as desired. O

EXAMPLE 4.13. Let n > 2 be a natural number. Then, the generalized Pascal
triangle Pr- 7+(n) has determinant (—1)™.
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Proof. Consider the following generalized Pascal triangle:

1 2 6 24 120 ... n!
1 3 9 33 153
2 5 14 47 200
Pr« 17+(n) = 3 8 22 69 269
5 13 35 104 373
fn—l ]:n-i-l

Again, we use the similar elementary row operations as Example 1(i):
Ri—>Ri—Ri71—Ri72, i:n—l,n—2,...,2.

Therefore, we deduce that

1 21 6 24 120 ... n!

1 319 33 153 *

0O 0|—-1 —-10 -73 *

0O 0|-1 —-11 -84 *
det (Pr-z(n)) = det| g g|_; _12 _gp .

0O 0|—-1 —-13 -—109 *

0 0] -1 * * L.ox

1 216 24 120 n!

1 319 33 153 *

0 0

. . P)\’M(TL - 2)

0 0

where A = (—1,—1,—1,...) and p = (—1,-10,-73,...). Now, by Corollary 4.11, we
get

det (Pr- z+(n)) = det ( 1 g > ~det (P, (n —2))

(-1)" 2 = (-1)",
as desired. O

5. New Matrices Whose Leading Principal Minors Form the Fibonacci
Sequence. In this section, we present two matrices whose entries are recursively



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 18, pp. 564-588, August 2009
http://math.technion.ac.il/iic/ela

584 A. R. Moghaddamfar and S. M. H. Pooya

defined, and we show that the leading principal minor sequence of these matrices is
the sequence F* = (F,)n>1- It is worth mentioning that to construct these matrices
we use non-homogeneous recurrence relations.

THEOREM 5.1. Let a,b € C and let n be a natural number. Let (r; ;)i >0 be the
doubly indexed sequence given by the recurrence

Tij = Tij—1 + Ti—1,; + ai + bj,
fori,j > 1, and the initial conditions r;0 =ro; =1, 1,5 > 0. Let
D,, = det(r; j)o<i,j<n—1
Then, D,, satisfies the following recursion:

D=1,
(5.1) Dy=1+a+b,
D, = (1 +a-+ b)Dn_l —abD,,_o (n > 3)

In particular, we have D,, = F,, if and only if (a,b) € {(1,-1),(-1,1)}.

Proof. Let R(n) denote the matrix (7 ;)o<i,j<n—1. First, we claim that

where U(n) = L(n)* and

1
w b
a w b
T(n) = o ,
b
a w

- - nXn

where w = 1+ a + b. Now it is easy to see that D,, = det(7'(n)) and by expansion
through the last row of T'(n), we obtain (5.1).

In what follows, for convenience, we will let R = R(n), L = L(n), T = T(n) and
U = U(n). Now, for the proof of the claimed factorization we compute the (i, j)-entry
of L-T-U, that is

n—1ln—1

(5.2) (L-T-U)ij=Y_Y Li,TyUs;.

r=0 s=0

In fact, so as to prove the theorem, we should establish

Ro(L-T-U) =Ro(R) = (1,1,...,1),
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Co(L-T-U)=Co(A) =(1,1,...,1),
and
(5.3) (L-T-U)jj=L-T-U)im1j-1+(L-T-U)i—1,; + ai + by,
forl1 <i,j<n-1.

Let us do the required calculations. First, suppose that i = 0. Then, we have

n—1n—1

(LTUO]—ZZLOT‘TTGU‘?]_ZTOQ $,J = UOJ_l

r=0 s=0
and so Ro(L-T-U) =Ro(R) =(1,1,...,1).

Next, assume that j = 0. In this case, we obtain

n—1ln—1

(L T- UlO_ZZLlT‘TTGUGO_ZLtTTT‘O_ 0217

r=0 s=0
and hence we have Co(L - T -U) = Co(R) = (1,1,...,1).

Finally, we must establish (5.3). At the moment, let us assume that 1 < 4,5 <
n — 1. In this case we have

(L-T-U)iy = > L, T, Us ;

n— n—1ln—1

= Liﬂ"ThOUOJ + E E Li,rTr,sUs,j

r=0 r=0 s=1
1

n— n—1ln—1

= E Li,rTr,OUO,j + E E Li,rTr,s (Us—l,j—l + Us,j—l)

r=0 r=0 s=1

by (3.6))

n—1ln—1

- Z Lz TTTOUO,] + Z Z L’L rTr sUs 1,5—1

r=0 s=

n—1ln—1

+ Z ZLerrsU,j 1

r=0 s=

n—1ln—1

- Z Lz TTTOUO,] + Z Z L’L rTr sUs 1,5—1

r=1 s=

n—1ln—1

+ Z ZLerrsU,j 1

r=0 s=

n—1 n—1
+ > LioTo,sUs—1,j-1 — > LiyTroUoj—1
s=1 r=0
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n—1n—1

= Z L’L rT OUO,j + Z Z ( i—1,r—1 + Lifl,r)Tr,sUsfl,jfl + (L 2T U)i,jfl

r=1 s=

n—1 n—1
=+ Z Li,OTO,sUsfl,jfl — Z Li,rTr,OUO,jfl (by (34) and (52))

n—1n—1 n—1ln—1
- Z L’L rTr OUO,j + Z Z Lz 1,r— lTr SUS 1,5—1 + Z Z L’L err sUs 1,5—1
r=1 s= r=1 s=

n—1 n—1
+(L-T-U)ij + Z L oTo,sUs—1,5-1 — Z L; 7T 0Ug j—1

n—1n—1
- Z LlTTTOUO,j+ Z Z Lz 1,r— lTrsUs 1,5— 1+ Z L’L 1,r— lTrlUO,j 1
r=2 s=
n—1ln—1
+ZL1 IOTISUS 1,7— 1+ Z ZLz errsUs 1,75— 1+(L T U)J 1
r=1 s=1

n—1 n—1
+ Z L;i 0To,sUs—1,5-1 — Z L /Tro0Uo j—1

n—1n—1
- Z LlTTTOUO,j+ Z Z Lz 1,r— lTrsUs 1,5— 1+ Z L’L 1,r— lTrlUO,j 1
r=2 s=
n—1ln—1
+ Z Lz 10T1 SUS 1,5— 1+ Z Z Lz 1,r rs(Us,j_Us,jfl)

n—1 n—1
+(L-T-U)ij + Z L oTo,sUs—1,5—1 — Z LiyToUoj—1 (by (3.6))

n—1n—1

- ZLlTTTOUO,j+ Z ZLZ 1,r— lTr 1,5— lUs 1,7—1

r=2 s=

n—1 n—1
+ > Lici,—1TraUoj—1+ > Li—1,0T1,6Us—1,5-1
r=1 s=2

n—1ln—1 n—1n—1
+Z ZLZ errsU,j Z ZLZ errsU,j 1
r=1 s= r=1 s=

n—1 n—1
+(L-T-U)ij1+ > LioTo,sUs—1-1— > LiyTr0Uoj—1
s=1 r=0

(by the structure of T)

n—1ln—1

= ZLerrOUOj"‘Z ZL’L 17‘T7"9Uj 1+ZL1 1,r— 1TT1UOj 1
r=0 r=1 s=1 =1
n—1ln—1 —
+ Z Li—1,0T1Us—1j—1+ >, > Lic1,TrsUsj — Z Li_1,T0Uo;
s=2 r=1 s=0 r=1
n—1ln—1
ZZL’L 17‘T7"9U,j 1+(LTU)1] 1+ZL’LOT09U9 1,7—1
r=1 s=1

— ZL“nT,«()UO] 1(notethat Lz 1,n— 1—Un 1,5— 1—0)

r=0
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n—1 n—1 n—1
= > Li,ToUo;+ > Lic1,r—1Tr1Uoj—1 + Z Li—1,0T1,sUs—1,5-1
r=0 r=1 s=2

n—1n—1

+Z ZLZ errsU,j ZLZ 10TOS s,J ZL’L 1,r rOUO,]

r=0 s=

+(L-T-U)ij-1+ Z LioTo,sUs—1,j-1 — Z LirTroUo,j—1
s=1 r=0
n—1 n—1 n—1
= Z Li,rTr,OUO,j + Z Li,1’r71Tr71U0,j71 + Z Lifl,OTl,sUsfl,jfl
r=0 r=1 s=2
+(L'T'U)i71,j Z Lz 10TOS 8, Z Lz 1,7 ,OUO,j
+(L-T-U)ij—1+ Z L;i 0T0,sUs—1,5-1
s=1

n—1
- Z Li,rTr,OUO,jfl (by (52))
r=0
= (L-T-U)j1j+(L-T-U)ij-1+ Vi,
where

\I/i,j = Z LlTTTOU0j+ Z Li_ 1,r— lTrlUO,] 1+ Z Li_ 10T1 sUs— 1,5—1

r=0 =1

_ZL’L 10T08 EN ZLZ 1,r T0U0j+ ZLZOTOSUS 1,7—1

ne1
— > LT 0Up 1.
r=0

But by an easy calculation one can show that
\Il'i,j = Cl’i + bj,
which implies the first part of theorem.

The second part of theorem is now obvious. O
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