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ON THE CHARACTERIZATION OF GRAPHS WITH PENDENT
VERTICES AND GIVEN NULLITY*

BOLIAN LIUT, YUFEI HUANG', AND SIYUAN CHENT

Abstract. Let G be a graph with n vertices. The nullity of G, denoted by n(G), is the
multiplicity of the eigenvalue zero in its spectrum. In this paper, we characterize the graphs (resp.
bipartite graphs) with pendent vertices and nullity 7, where 0 < n < n. Moreover, the minimum
(resp. maximum) number of edges for all (connected) graphs with pendent vertices and nullity 7 are
determined, and the extremal graphs are characterized.
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1. Introduction. Let G be a simple undirected graph with vertex set V(G) and
edge set F(G). For any v € V(G), the degree and neighborhood of v are denoted by
d(v) and N(v), respectively. If W is a nonempty subset of V(G), then the subgraph
induced by W is the subgraph of G obtained by taking the vertices in W and joining
those pairs of vertices in W which are joined in G. We write G — {v1, va, ..., vk}
for the graph obtained from G by removing the vertices vy, va, ..., v and all edges
incident to any of them.

The disjoint union of two graphs G; and G5 is denoted by G; U G2. The disjoint
union of k copies of G is often written by kG. The null graph of order n is the graph
with n vertices and no edges. As usual, the complete graph, the cycle, the path, and
the star of order n are denoted by K,, C,, P, and S, respectively. An isolated
vertex is sometimes denoted by Kj.

Let t (> 2) be an integer. A graph G is called t-partite if V(G) admits a partition
into t classes X7, Xa, ..., X3 such that every edge has its ends in different classes;
vertices in the same partition must not be adjacent. Such a partition (X1, Xo, ..., X¢)
is called a t-partition of G. A complete t-partite graph is a simple t-partite graph with
partition (X7, X3, ..., X¢) in which each vertex of X is joined to each vertex of G—X;
(1<i<t). If|X;|=mn; (1 <i<t),sucha graph is denoted by Ky, n,, ..
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Instead of “2-partite” (resp. “3-partite”) one usually says bipartite (resp. tripartite).

The adjacency matriz A(G) of a graph G of order n, with vertex set V(G) =
{v1, v2, ..., vn}, I8 n X n symmetric matrix [a;;], such that a;; = 1 if v; and v;
are adjacent and 0, otherwise. A graph is said to be singular (resp. nonsingular)
if its adjacency matrix is a singular (resp. nonsingular) matrix. The eigenvalues
A1, A2y ooy Ay of A(G) are said to be the eigenvalues of G, and to form the spectrum
of this graph. The number of zero eigenvalues in the spectrum of a graph G is called
its nullity and is denoted by n(G). Let r(A(G)) be the rank of A(G). Obviously,
n(G) = n—r(A(G)). The rank of a graph G is the rank of its adjacency matrix A(G),
denoted by 7(G). Then n(G) =n —r(G). Clearly, if G is a simple connected graph,
then 0 <r(G) <|V(G)| <|E(G)|+ 1.

The problem of characterizing all graphs G with 1n(G) > 0 was posed in [1] and
[10]. This problem is relevant in many disciplines of science (see [2, 3]), and is very
difficult. At present, only some particular cases are known (see [3-9,11-12]). On the
other hand, this problem is of great interest in chemistry, because, for a bipartite
graph G (corresponding to an alternant hydrocarbon), if n(G) > 0, then it indicates
that the molecule which such a graph represents is unstable (see [8]). The nullity of a
graph G is also meaningful in linear algebra, since it is related to the singularity and
the rank of A(G).

It is known that 0 < n(G) < n — 2 if G is a simple graph on n vertices and G
is not isomorphic to nK;. In [4], B. Cheng and B. Liu characterized the extremal
graphs attaining the upper bound n — 2 and the second upper bound n — 3.

LEMMA 1.1. ([4]) Suppose that G is a simple graph of order n. Then

(1) n(G) =n—2 if and only if G is isomorphic to Ky, n, UkK1, where
ni+nz2+k=n(>2) and ny, ng >0, k>0.

(2) n(G) =n—3 if and only if G is isomorphic to Kn, n,, ns UKK1, where
ni+ne+ns+k=n(>3) and ni, ne, ng >0, k>0.

As a continuation, S. Li ([9]) determined the extremal graphs with pendent ver-
tices which achieve the third upper bound n — 4 and fourth upper bound n — 5,
respectively. Recently, Y. Fan and K. Qian ([6]) characterized all bipartite graphs of
order n with nullity n — 4.

DEFINITION 1.2. ([6]) Let P, = viva---vy, (n > 2) be a path. Replacing each
vertex v; by an empty graph O,,, of order m; for i =1, 2, ... | n and joining edges
between each vertex of O; and each vertex of O;11 fori =1, 2, ..., n—1, we get a
graph G of order (my +msa + -+ - +my,), denoted by O, Oy - - - Oy, . Such graph is
called an expanded path of length n, and the empty graph O,,, is called an expanded
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vertex of order m; fori =1, 2, ..., n.

LEMMA 1.3. ([6]) Let G be a bipartite graph of order n > 4. Then n(G) =n — 4
if and only if G is isomorphic to a graph H possibly adding some isolated vertices,
where H is one of the following graphs: a union of two disjoint expanded paths both
of length 2, an expanded path of length 4 or 5.

In Section 2 of this paper, we give a characterization of the graphs (resp. con-
nected graphs) with pendent vertices and nullity n (0 < 7 < n). As corollaries of
this characterization, some results in [9] can be obtained immediately. Moreover, all
bipartite graphs (resp. bipartite connected graphs) with pendent vertices and nullity
17 = n— 2k are characterized. (It is known from [6] that the nullity set of all bipartite
graphs of order nis {n — 2k | k=0, 1, ..., [n/2]}.)

Let I'(n, e) be the set of all simple graphs with n vertices and e edges. In [4],
the maximum nullity number of graphs with n vertices and e edges, M(n, e) =
maz{ n(A) | A € T(n, €)}, was studied, where n > 1 and 0 < e < (}). Conversely,
we shall study the number of edges for the graphs with pendent vertices and nullity
n (0 < n <n) Let enﬁ% and e,,(LZ)z ('evni% and 'evn(lz)x) denote the minimum and
maximum number of edges for all (connected) graphs with pendent vertices and nullity
7. Let Gngy,)b (resp. éng%) denote the graphs (resp. connected graphs) of nullity 7

(m) = () (n)

with pendent vertices and e,,;, (resp. €, ) edges. We call Gniz)b (resp. émm)

the minimum graphs (resp. connected graphs) with pendent vertices and nullity 7.

Similarly, we can define GNSZZC (resp. Gngz)x), the maximum graphs (resp. connected

graphs) with pendent vertices and nullity . In Section 3, we determine the number
(n) (m) @ =

€mins €maz s E€mins Emaz and characterize the graphs G,é%, G,,(Lz)z , G,,(LZ]%, GWSZ)I,

respectively. Now we list some known results needed in this paper.
LEMMA 1.4. ([12]) Let G be a simple graph of order n. Then
(1) n(G) =n if and only if G is a null graph.

2)If G=G UGyU---UG; , where G1, Go, ... , Gy are the connected
components of G, then n(G) = ZE:l n(Gi).

LEMMA 1.5. ([9]) Let v be a pendent vertex of a graph G and u be the vertezx in
G adjacent tov. Then n(G) =n(G — {u, v}).

LEMMA 1.6. ([4])

(P) n—1, nis odd; () n—2, n=0 (mod 4);
r(P,) = r(C,) =
n, otherwise. n, otherwise.

2. The graphs with pendent vertices and nullity n. Let n be an integer
with 0 < n < n. Now the graphs with pendent vertices and nullity n are characterized
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as follows, where n —3 <n < n.
LEMMA 2.1. Let G be a simple graph of order n with pendent vertices. Then
(1) There exists no such graph G with nullity n(G) =n, n—1 orn —3;
(2) n(G) =n—21if and only if G is isomorphic to S, UkK, (0 <k <n-—2).

Proof. (1) Obviously, there exists no such graph G with nullity n(G) = n — 1.
Moreover, by Lemmas 1.1 and 1.4, the graph G of nullity n(G) = n (resp. n — 3)
contains no pendent vertices. This leads to the desired results.

(2) Since the graph G has pendent vertices, combining this with Lemma 1.1,
n(G) = n — 2 if and only if G is isomorphic to K1, », UkK:, where 1 +no +k =n
and no > 0, kK > 0. This completes the proof. O

Now we give a characterization of the graphs with pendent vertices and nullity n
for 0 <np <mn—4. Let ﬁ") be the set of all connected graphs of order n with nullity
7 (0 < n < n). Then it follows from Lemmas 1.1 and 1.4 that T%n) = TS{“” =0,
T2 = {Kny, ny | M1 +n2 =n, and n1, ngy > 0}, T3 = {Kn,, no, ng | n1+
ng +n3 =n, and ny, ng, ng > 0}.

Let n, k, t be positive integers with 4 < k < nand 1 <t < L%J — 1, and let
p, nj, pj (1 < j <t) be integers with n; > p; > 1 (1 < j <t), Z;=1pj +2=k,
Z;:1 n; +p+2=n. Let H, ; be any graph of order n created from H; € T%’:J P5)
(=1, 2, ..., t), pKi and K3 (suppose V(K3) = {u, v}) by connecting v to all
vertices of pKy and H; (j =1, 2, ..., t) (see Figure 1.). Suppose that E* is a subset

of E(G). Let G{E*} (resp. G{E*}) denote the (resp. connected) spanning subgraph
of G which contains the edges in E*.

moom o G O
O ) t

Figure 1. H,, j and B, &
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THEOREM 2.2. Let G be a graph (resp. connected graph) of order n with pendent
vertices. Then n(G) =n—k (4 <k <n)if and only if G is isomorphic to H,, {E*}
(resp. Hp, 1{E*}), where E* = U5_ E(H;) U {uv}.

Proof. To begin with, we need to check that n(H,, ({E*}) = n(m{E*}) =n—
k (4 <k <n). Note that v is a pendent vertex of H,, p{E*} (resp. E;/k{E*}) and
N(u) = {v}. Delete u, v from H,, ,{E*} (resp. m{E*}), then the resultant graph
is (U_, H;) UpK,. Since H; € T;?j_pj), we have n(H;)=n;—p; (=1, 2, .., t).
Hence by Lemmas 1.4 and 1.5,

0(Hp, 1{E*Y) = n(Ha, 1{E"}) = n((Ui_y Hy) UpK1) = X n(H;) + p- (K1)
=Y —p)+p= (i n+p+2)— (i +2) =n—k

On the other hand, assume that n(G) = n — k. Choose a pendent vertex, say
z, in G. Let N(z) = {y}. Delete z, y from G, and let the resultant graph be
G1 =G UG12 U+ - UGy, where Gi1, Gia, ..., Gi4 are connected components of
G1. Some of these components may be trivial, i.e. K7. We conclude that there exist ¢
nontrivial connected components, where 1 <t < ng — 1. Without loss of generality,
assume that G11, Gi2, ..., G1¢ be nontrivial. By contradiction, suppose that ¢t =0
or t> %]

Case 1. t = 0. Then all the connected components are trivial, adding =, y to
(G1 gives a star with some isolated vertices, which contradicts to Lemma 2.1.

Case 2. t> L%J By Lemmas 1.1, 1.4 and 1.5, n(G) = 22:1 N(G1j) +2n(Kq) <
Z;:l (|[V(G1;) —2]) + 2z , where z is the number of isolated vertices in G1. The above
equality holds iff G11, ..., G1t are all complete bipartite graphs.

Therefore, n(G) < 22‘:1 [V(Gij)|—2t+2z=(n—2—2)—2t+z=n—-2t—-2 <n—k
for ¢ > |£], contradicting that 7(G) =n — k.

Hence 1 <t < |£] — 1. Let [V(Gyj)| =n; (=1, 2, ..., t). Then G| =
(Uis1Grj) U (n — Z;:l n; —2)K;. It follows from Lemmas 1.4 and 1.5 that

n—k=n(G) =n(G1) =n(U',Grj) +n((n - X5y n; — 2)Ky).

Since G1; (j =1, 2, ..., t) are nontrivial connected components, suppose that
n(Gij) =nj; —p; , where 1 <p; <n; (j=1, 2, ..., t). Thus we have
t t
n—k= Zj:l(nj —pj)+(n— Zj:l nj — 2).
Hence Z;lej +2=Fkand Gy € Tg:j*p") (=1, 2, ..., ).

Let p=n-— Z;:l n; — 2. In order to recover G, to add z, y to G, we need
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to insert edges from y to x and to some (maybe partial or all) vertices of pK; and
Gij (=1, 2, ..., t). Thus the graph (resp. connected graph) G is isomorphic to
H, w{E*} (vesp. H, r{E*}), where E* = U;izlE(Hj) U{uv}. O

Now we have the following corollaries of this characterization.

Knh nz, n3

Figure 2. @1 and Q2
Let Q1 be a graph of order n created from K,,, ,,, pK; and Ky (suppose V(K») =
{u, v}) with n;+n2+p+2=mn and ni, no > 0, p > 0 by connecting v to all vertices
of pK; and K, n,. Let Q2 be a graph of order n created from K, n,, ns, pPK; and
Ky (V(K3) ={u, v}) with n1 +na+n3+p+2=n and nq, na, ng >0, p>0by
connecting v to all vertices of pK7 and Ky, n,, n, (see Figure 2.).

COROLLARY 2.3. Let G be a graph (resp. connected graph) of order n with
pendent vertices. Then

(1) n(G) = n—4 if and only if G is isomorphic to Q1{E*} (resp. @:{E*}),
where B* = E(Ky, n,) U {uv}.

(2) n(G) =n—>5if and only if G is isomorphic to Q2{E*} (resp. @;{E*}),
where E* = E(Kp, | ny, ng) U {uv}.

Proof. By Theorem 2.2, n(G) =n—k =n — 4 implies t = 1, p; = 2, while
n(G) =n—k=mn—>5impliest =1, p; = 3. Besides, T2 = {Kny, ny | M1 +n2 =

n, and ny, ny > 0}, T;ni?’) ={Kn,, ns, ny | M1 +n2+n3=mn, and n1, ng, ng > 0}.
Then we obtain the results as desired. O

Remark. If G is connected, the results of Corollary 2.3 are that in [9].

Now we shall determine all bipartite graphs with pendent vertices and nullity
n=n—-2k (k=0,1, ..., [n/2]). Since S, UkK; (0 < k < n — 2) is a bipartite
graph, combining Lemma 2.1, the following corollary is obvious.

COROLLARY 2.4. Let G be a bipartite graph of order n with pendent vertices.
Then
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(1) There ezists no such graphs G with nullity n(G) = n;
(2) n(G) =n—2 if and only if G is isomorphic to Sp,_ UkK; (0 <k <n-—2).

Let 5%") be the set of all connected bipartite graphs of order n with nullity
n=n—2k (k=0,1, ..., [n/2]). Tt is easy to see that &\ =0, & =
{Kny, ny | M1 +n2 =mn, n1, ng > 0}. Let n, k, t be positive integers such that k
iseven, 4 <k <mn,and 1 <t < g — 1. Let p, nj, p; (1 <j <t) be integers such
that p; is even, n; > p; > 1 (1 <j <), Z§'=1Pj+2 =k, Z;Zlnj+p+2:n.

Let By, i be a graph of order n created from B; € &J%ffp’) (1=1,2, ..., 1), pK;
and Ky (suppose V(K3) = {u, v}) by connecting v to all vertices of pK; and to all
vertices in one partite set of B; (j =1, 2, ..., t) (also see Figure 1.).

THEOREM 2.5. Let G be a bipartite graph (resp. connected graph) of order n
with pendent vertices. Then n(G) =n —k (k is even and 4 < k < n) if and only if
G is isomorphic to By x{E*} (resp. Bn, 1{E*}), where E* = Ui_, E(B;) U {uv}.

Proof. Note that By, p{E*} (resp. é;/k{E*}) is a bipartite graph. The proof is
now analogous to that of Theorem 2.2. O

Let Q3 be a graph of order n created from K,,, ,,, pK; and Ky (suppose V(K») =
{u, v}) with ny +nao+p+2 =mn and ni, no > 0, p > 0 by connecting v
to all vertices of pK; and all vertices in one partite set of K, ,. Let Q4 be a
graph of order n created from Oy, Oy, OmyOm,, pK1 and Ko (V(K2) = {u, v})
with m; >0 (i =1, ..., 4), p > 0 and Z?Zlmi + p + 2 = n by connecting
v to all vertices of Oy, (0r Om,)y, Omg (0or On,) and pK;. Let Qs be a graph
of order n created from Oy, OmyOmyOm,, PK1 and Ky (V(K2) = {u, v}) with
m; >0 =1, ..., 4), p >0 and Zle m; + p + 2 = n by connecting v to all
vertices of pK1, Op,, Om, (or pK1, Opm,, Om,). Let Qg be a graph of order n
created from Oy, Oy Oy Oy O, pK1 and Ky (V(K2) = {u, v}) withm; >0 (i =
1, ..., 5), p >0 and Z?Zl m; + p + 2 = n by connecting v to all vertices of pKj,
Omis Omy, Omy (or pKi, Op,, Op,) (see Figure 3.).
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Figure 3. @3, Q4, Q5 and Qg

COROLLARY 2.6. Let G be a bipartite graph (resp. connected graph) of order n
with pendent vertices. Then

(1) n(G) = n—4 if and only if G is isomorphic to Qs{E*} (resp. @;{E*}),
where B* = E(Ky, n,) U {uv}.

(2) n(G) =n—6if and only if G is isomorphic to Qu{E7}, Qs{E3} or Qe{E3}
(resp. Q4{ET}, Qs{E3} or Qe{E%}), where EY = E(Op,Om,) U E(OpyOm,) U
{uwv}, B3 = E(OpyOumyOimy Op,) U{uv}, Ef = E(Oumy Oy Oy Omy Omy ) U {uv}.

Proof. (1) Note that n(G) = n—4 impliest = 1, p; = 2. Since e = {Kn,, ns |
ny + ne = n, and ni, ng > 0}, by Theorem 2.5, the result follows.

(2) Notice that n(G) = n — 6 implies the following two cases: Case 1. t = 1,
pr = 4; Case 2. t =2, p1 = 2, po = 2. By Lemma 1.3, we have <I>5Ln74) =
{01 01m30m;0m., Oy Oy Oy O i O}, @52 = {01, Oy} (Here Y m; = n).

Thus the results are obtained by applying Theorem 2.5 to Cases 1 and 2. O

3. The minimum and maximum (connected) graphs with pendent ver-

tices and nullity 7. In this section, we shall determine the number ew(b?zb, en), ,

'evn(l?r)l, e,,(LZ)z and characterize GW(LZ)Z, Gn(lz)m , Gn(;zr)w (N?,,(LZ)I for 0 <n <n.

Note that there exists no graph G of order n with pendent vertices and nullity
n(G) =n, n—1, n— 3 by Lemma 2.1, so we exclude these three cases.

THEOREM 3.1. Gn(l?;%) >~ kKo U (n — 2k)Kq, e,,(LZ:%) = k, where k =
L2 .., 5]

Proof. Suppose |E (G,,(L?n 2k))| = 4 and there are j nontrivial connected compo-
nents G117 Glg, ey Glj of Gn(Lan 2k) Thenj SZ

Claim 1. |E(G (n— 2k))| = k. By contradiction, suppose i < k — 1.

min

Note that |V(G1:)| < |E(G1e)|+1 (t=1, 2, ..., j). It follows that

j j j
Gw(:n%) ZTGU SZ (G1e)| Z (Gu)|+j=i+7<2i<2k-—2.
t=1 t=1 =1
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Hence n(GYV(L?YL_Qk)) =n-— T(G,,(L?n 2k)) — 2k + 2, a contradiction.

Hence i > k. Note that n(kK2U(n—2k)K1) = n—2k, and |E(kK2U(n—2k)K1)|
= k, then we have |E(G (n—2k) )| k.

min

n—2k)

Claim 2. There are k nontrivial connected components of Gmm

Since |E(G (n— 2k))| =k, we have j < k. Assume that j <k —1.

min

Notice that |V (G1t)| < |E(Gu)|+1 (t=1, 2, ..., j), hence

J J
(G, 2k ZrGltSZ (Gi)|+j=k+j<2k—1.

t=1 t=1

It is a contradiction that n — 2k = n(G (7}7%)) =n-r(G (7}7%)) >n—2k+1.

man man

Hence j = k. Combining Claims 1 and 2, G (n=2k) i isomorphic to a graph with k

min
edges and k nontrivial connected components. Clearly, G (n=2k) ~ >~ kKoU(n—2k) Ky,

min
and e, i = |B(G 0, ) = k, where k=1, 2, ..., [4]. 0
TueorREM 3.2, Gil 7Y 2 Ky U(k—1)KaU(n—2k— 1)Ky, and e, =
k+2, where k=2, 3, .., [25].
Proof. Suppose that |E(G 'n"rzlzn2k71))| = ¢ and there are j nontrivial connected
components G11, Gi2, ..., G1; of Gg:;;%ﬂ).
Claim 1. There are at most k nontrivial connected components of Gfgm% 2

By contradiction, suppose j > k4 1. By Lemma 1.4, n(G1:) < |[V(G1t)| — 2

(t=1,2, ..., j)and n(G(n 2k 2 ) = Zg:1 n(G1¢) + z, where z is the number of

min
(n 2k 1)

isolated vertices of Gg:;;% Y. Hence n—2k—1= Gin ) =211 n(Gr)+2 <

T_(IV(G)| —2) + 2 <n—2j <n-—2k— 2, a contradiction.

Claim 2. |E(G" " V) =k +2.

man
Note that |V(G1)| < |E(Gi)|+1 (t=1, 2, ---, j). Thus
j j
(G2 ZrGu gz (G1y)| Z (Gio)| +j =i+
t=1 t=1 =1

It follows that
n—2k—1= n(G(n 2k 1)) n— T(G(nf%*l)) >n—1i—j.

mwn mwn

Hence ¢+ j > 2k + 1. Since j < k by Claim 1, we have i >k + 1.

If i=k+1,then j=4k Thus G 2" V>~ K ,U(k—1)KU(n—2k—1)K;.

man

However, n(Ky, 2 U(k—1)KyU(n—2k—1)K;) =n—2k#n—2k—1.
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Thus ¢ >k + 2. Note that n(KsU (k- 1)Ky U(n—2k—1)K;) =n—2k—1
and |E(K3U (k—1)KoU (n— 2k — 1)K3)| = k+2. Then |E(GU" 2Dy =k + 2.

mn

By Claim 2, |E(GU"2""V)| =i =k+2, and it follows that i+j = (k+2) +j
> 2k 4+ 1. Combining this with Claim 1, we have j=k—1 or k.

Case 1. j = k—1. First we show that there is no nontrivial connected components
which are isomorphic to Ps. Suppose to the contrary that G1; =2 Ps.

Note that r(P3) =2 by Lemma 1.6 and E{:z |E(G1t)| = k. Hence

J
(Gg:LL'ka 1) P<3 Z Glt
t=2
j J

r(Ps) + > [V(Gu)| < r(Ps) + > |E(Gu)| + ( — 1) = 2k.
t=2

=2
Thusn —2k—1= (Ggsm% 1)) (Ggsm% 1)) > n — 2k, a contradiction.
Therefore, Gfgm% 2 may be isomorphic to one of the following:
(1) T =CyU(k—2)KaU (n — 2k)Ky;
(2) To =PyU(k—2)KaU (n — 2k —1)Ky;

(3) T5 =T*U (k—2)KyU (n — 2k)K;, where T* is a graph of order 4 created
from C3 and K> by identifying a vertex of C3 with a vertex of Ko;

4) Ty =T"U((k—-2)KyU (n— 2k — 1)K;, where T** is a graph of order 5
created from K5 and S3 by connecting the center of S3 to a vertex of Ko;

(5) Ts =S5 U (k— Z)KQ U (n— 2k — 1)K1.

By Lemmas 1.4 and 1.6, we get n(Ty) = n(T5) = n—2k+2 # n — 2k — 1,
n(Ty) = n(T3) =n(Ty) =n—2k #n — 2k — 1. Hence j#k— 1.

Case 2. j=k. Gf:i;%_l) may be isomorphic to one of the following:

(1) Uy =K3U (k- 1)Kz U (n — 2k — 1)Ky;
(2) Uy =Ky 3U (k- 1)Ky U (n— 2k — 2)K1;
(3) Us=PyU(k— 1)Ky U (n — 2k — 2)K1;
(4) Up=2K, 2U (k —2)K2 U (n — 2k — 2)K1.

It is not difficult to check that n(Uy) =n —2k —1, n(Usz) = n(Us) =n — 2k #
n—2k—1, nUs)=n—2k—2#n—-2k—1.
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Allin all, G2 D >~ 7, = Ky U (k— 1)Ko U (n — 2k — 1)K, and e, (72671

min

min
=k+ 2, where k=2, 3, ..., L"T_lj O
Let Sp; be a star of order n; , where j =1, 2, ..., k and Z?Zl n; =n. Let
Sny @ Sny © -+ © Sy, denote a tree of order n created from Sy, (j =1, 2, ..., k) by

adding k—1 edges to connect these stars, but the connection of two non-center vertices
(not the center of a star) is not permitted. It is easy to see that Sy, © Sy, ®---© Sy,
(2 < p < k) can be constructed recurrently by connecting the center of S, to one
vertex of Sy, ® Sp, © -+ ® Sn,_,.

Now é,,g?n_%) can be characterized for k=1, 2, ..., |§] as follows.
. TueorEM 3.3. G,0M 2§, 08, & @S, &0 =n -1, where
Yjmani=n and k=1,2, .., [3].

Proof. On one hand, by the definition of S,, ® Sy, ®---® S, , there is a pendent
vertex u,, which is adjacent to the center of S,,. Then

77(‘8%1 D SYLQ DD Snk) = 77(‘8%1 D Sn2 DD Snk—l) + U((nk - Z)Kl)

:U(Sm ® Sh, @'.'@Snk—l) + (nk _2)
k
'=77(Sm)+2(ni —2)=n—2k.

=2

On the other hand we prove that é,,g?,;%) is isomorphic to Sy, ® Sp, D - - B Sn,

by induction on k, where Z?:l nj=n and k=1,2, .., [Z].

For k =1, by Lemma 2.1, C?WSZ?) >~ S,,. Thus, the statement holds in this
case. Suppose the statement holds for £ < p— 1. Now we consider the case of k = p,

where 2 <p < [§].

Claim 1. It’s obvious that for any connected graph of order n, the minimum
connected graph is a tree which has n — 1 edges.

Claim 2. If T is a tree of order n with n(T") =n — [, then [ is even.

Note that a tree T could be decomposed into t (with possibly ¢ = 0) isolated
vertices by deleting a pendent vertex and its adjacent vertex from T' (and its resultant
graph, suppose s times) recurrently. Hence r(T) = r(tK;i) + 2s = 2s, and then
n(T)=n—r(T) =n — 2s. Therefore, | =2s is even.

Notice that éng?,:%) has pendent vertices and n(é (n72p)) =n — 2p. Choose a

min

pendent vertex, say z, in G " =2) et N(z) = {y}. Delete z, y from G ("_QP), and

min min
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let the resultant graph be (~¥1 = 611 U (?12 U---u (~¥1q UzK7, where élj are nontrivial

connected components of order nf (j =1, 2, ..., q), and Z?:l n;+z+2=n.

J

By the definition of G,,(:Zn ) and Claim 1, each nontrivial connected component

élj should be a tree with n} — 1 edges (j =1, 2, ..., g). Moreover, it follows from
Claim 2 that we suppose n(Glj) = nj — p;, where p; is even and 0 < p; < nj
(1 <j <¢q). By Theorem 2.2, we have ZFI pj+2=2p.

Let p; = 2k;, and then k; = &% <p—-1 (j =1, 2, ..., ¢). According

2_
to the inductive assumption, since n(G1;) = n¥ — 2k;, each Gy, is isomorphic to

J

k; .
Sngy © 05, @0 ® Sy where YiZymy, =nj (15 <)

172 46 add x, y to Gy, we need

to insert edges from y to each of z isolated vertices of él and x. This gives a star
K1, 241 = Sz42. Moreover, we shall connect the vertex y (namely, the center of S, 2)

In order to recover the connected graph G

to one vertex of each élj (j=1,2, ..., q). So G,,(:Zn 2P) is a tree of order n created
from Spx (i=1, 2, ..., kj; =1, 2, ..,p)andSergbyaddlngZ 1 ki=p—1
edges to connect these stars, and any two non-center vertices are not connected since

y is the center of S, 1.

All in all, it follows from the induction that G (n=2k) o~ =5, @ Sn, @D Sn,,

min
~ (n 2k)

and then ¢ . =n — 1, where E?Zlnj:n and k=1, 2, .., |5].0

mwn

Let Cop41 be a (2h+ 1)-cycle and let S,,; be a star of order n; , where 1 < h <k,
1<j<k—h and (2h+1)+z _ nj =mn. Let Copt1® Sny & Spy @+ B Sny_,
denote a unicyclic connected graph of order n created from Cop, 11 (1 < h < k) and S,
(j=1,2, ---, k—h) by adding k—h edges to connect them, but the connection of two
non-center vertices is not permitted. It is easy to see that Cp41®Sn, ®Sn, ®- - @ Sp,
(1 <p < k—h) can be constructed recurrently by connecting the center of S,, to
one vertex of Copy1 @ Spy @ Spy @+ @ Sp,_,

THEOREM 3.4. G?’V(LZL?’L D o C2h+1 b Sn1 ¥ Sn2 b---D S’mC h? err(t?n 21— =n,

where 1 < h <k, (2h—|—1)+z] 1nj7n and k=2, 3, L"le

Proof. By the definition of Cap,41 ® Spy B Sny &+ D Snp_1ns
N(Coht1 B Sny & ® Sny_,) = N(Cong1 B Sny -+ @ Sy 1) +n((ne—p, — 2) K1)
= = (Con) + i —2) =0+ (X s — 2k +20) =n — 2k — 1.

On the other hand, we show that éw(;n_%_l) is isomorphic to Cth @S Sn, &

-+ @ Sp,_, by induction on k, where 1 <h <k and (2h+1)+ E] L =n.

For k=2, we have h =1, and it follows from Corollary 2.3 (2) that G (5)

min
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C3@® S,,_3. Therefore, the statement holds in this case. Suppose the statement holds
for k <p—1. We consider the case of k= p, where 3 <p < L"T_lj

Note that G, "2~ has pendent vertices and n(@ (n—2p= 1)) = n—2p—1. Choose

min min

a pendent vertex, say z, in éng?n_%_l). Let N(z) = {y}. Delete z, y from éw(;n_%_l),
and let the resultant graph be Gi = G171 U - U G4 U 2K, where G1; are nontrivial
connected components of order nj (j=1,2, .., q), and 22:1 nj+z+2=n.

Assume that 7(G;) = n;—1; (0<lj<n}) for j=1,2,..,q

Claim 1. One of the nontrivial connected components (suppose 611) is an
unicyclic connected graph, and others are trees.

If all (~¥1j are trees, then I¥ (j =1, 2, ..., q) is even by Theorem 3.3 Claim 2,
and
q
2p+1=n—nG 2P ZUGU +zf2+Zl
Jj=1 Jj=1
a contradiction. Since the number of edges for G,,(:Zn =1 should be as least as

possible, and Copt1 @ Sp, & - B 5, with nullity n — 2p — 1 which satisfies this

claim, it follows that Claim 1 holds.

p—h

Claim 2. [ is odd. Otherwise, we get a similar contradiction as Claim 1.

Claim 3. Let [f =2t*+ 1. Then 611 = CQt*—i—l (nl = 2t* + 1) or 611 =
CQ}U-H@Sni 1EB - P Sy where 1 < hy < t¥, (2h1+1)+z ’I’Ll»ZTlT.

1t*}’

Case 1. If én has pendent vertices, since t* = 112_1 < p — 1 (note that
I¥=2p—1) and n(G11) = n} — 2t* — 1, according to the inductive assumption,

] 1%
GH,C%IH@S . B DS, where 1 < hy < t*, (2h1+1)+2t —h n}; =

ni 1 1, t*—hy’
Case 2. If GH has no pendent vertex, since GH is an unicyclic connected
graph, G11 is an odd cycle of order n}. Hence Gu = Coprqq and 1] = 2t* + 1 = n].

Claim 4. Combining Claim 1 with Theorem 3.3, each Glj 2<j<ygq)
isomorphic to Sn; L@ Sn;, , P Sn; . » Where Ef 1 nj s =n; and 7 = 2k;.
G (n—2p—1)

In order to recover the connected graph G,,;, , to add =, y to él, we in-

sert edges from y to each of z isolated vertices of G1 and x. This gives a star
K1, 241 = Sy42. Moreover, we shall connect the vertex y (namely, the center of

S.12) to one vertex of each Gi; (j =1, 2, ..., ¢q). Let t* —hy = k;. Then
Gw(gn =1 s an unicyclic connected graph of order n created from Cap, 41, Sn;

(i=1,2 .., k3 j=1,2 ..., p)and S,4o by adding > 5_ kj +1 =p— My
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(1 < hy < p) edges to connect these graphs, and any two non-center vertices are not
connected since y is the center of S, .

In conclusion,

G (n=2h—1) ~ Coht1® Spy © Sp, @+ D Spy s

and then 5,,5?,:%71) =n, where 1 < h <k, (2h+1)+ Z;:lh n; = n and
k=23, ..., %] 0O
The following lemma describes the relationship between G,,(LZ)I and én(lz)x .

LEMMA 3.5. Gni?. = G\"), , et = &\, , where 0 <n<n.

Proof. Since we want to insert edges as many as possible, by Lemma 2.1 and
Theorem 2.2, this lemma is proved. O

Now G\, (namely, én(LZ)z) is characterized forn =n—2, n —4, n — 5.
THEOREM 3.6. Gniny ) = Ginn? 28, efnr? =&l =n—1.
Proof. By Lemma 2.1 (2), we obtain the results as desired. O

Let U#&;@ be a graph of order n created from K[%Fl, l2]-1 and Ks by con-
necting a vertex v of K5 to all vertices of Kinyo1, |2)-1-

THEOREM 3.7. Gyirs® =G, no o gt o (o) _ g (n2d) L%J'

Proof. By Corollary 2.3 (1), G,,(LZ;4) should be a graph Q4. of order n created
from K, n,, pK;i and Kj such that n; +ng+p+2=n and ny, ng >0, p>0 by
connecting a vertex v of K5 to all vertices of pK; and Ky, n,.

Since no =n—n; —p—2 and ny, no >0, p >0, we have

|E(Qmaz)| = nine +n—1= —n% +n—-p—2n1+(n-1)
<—n24(n—2)n1 +(n—1)

2

n n
=—(m—=+1)72%2+—
(n1 2+)+4
< %2, n s even;
- #, n is odd.

where the first equality holds if and only if p = 0, and the second equality holds if

and only if ny =2 —1 (niseven); ny =231 —1 or 2 —1 (nis odd), which
n

implies that np =2 — 1 (nis even); no =2 —1 or 231 —1 (n is odd).

Combining Lemma 3.5, it follows that GW(LZ;AL) = éw(LZ;Al) = Uy(,?a}‘l).
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n® n is even;
—4) _ ~(n—4 T
Moreover, ew(ng ) = e,,S,Zx ) = 4 ’1 ) 0
=, mnisodd.

Let U,(nﬁa;s) be a graph of order n created from

K%’%7%, ’I’LEQ(mOd3)
U=¢ Ky n3 ns, n=0(mod3)
37 3 3
Kn-a w1 a1, n=1(mod3)
3 3 3

and Ko by connecting a vertex v of K5 to all vertices of U*.
THEOREM 3.8. Grvaz ) 2 Gt ) 2 Ultas”), envas ) = Evan ) = [l |

Proof. By Corollary 2.3 (2), G,,S,Z;B) is isomorphic to a graph C,,., of order
n created from Ky, n, n, , pPK1 and Ky satisfying ni +no+n3+p+2 =n
and mp, ng, ng >0, p > 0 by connecting a vertex v of K5 to all vertices of pK; and

K’ﬂh nz, n3-
Since ng=n—ny —ng —p—2 and nq, ne, ng >0, p >0, we have
|E(Caz)| = ning + nang +ngny +n — 1
=—(n + n2)2 +(n—2-=p)(n1+n2)+(n—1)+nng

(ny + 712)2
4

:—Z(n—ng—p—2)2+(n—2—p)(n—n3—p—2)+(n—1)

< —(mi4n)?+(n—2—p)(n1+n2)+(n—1)+

1
:Z[—3n§+2(n—p—2)n3+(n—p—2)2]+(n—1)
1
< Z[—3n§+2(n—2)n3+(n—2)2]+(n— 1)
2,41 - )
:_g(n3_n—2)2+n2—n+1 < :T”"’, n—2=0 (mod 3);
4 3 3 =, n—2%0 (mod 3),

where the first equality holds if and only if n; = ns, the second equality holds if
and only if p = 0, and the third equality holds if and only if

n=2 " pn—2=0 (mod 3);

3
ng =%, n—2=1 (mod 3);
nd | n—2=2(mod 3).
22 n—2=0 (mod 3);
Thus n1=ny =423 n—-2=1 (mod 3);

nl . n—2=2 (mod 3).
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n’—ntl n—2=0 (mod 3);
Hence G772 = U5 and then e,\"z” = , 3 ’ ( )i
R n—2%0 (mod 3).

Combining this with Lemma 3.5 gives the desired results. O
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