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THE EIGENVALUE DISTRIBUTION OF SCHUR COMPLEMENTS
OF NONSTRICTLY DIAGONALLY DOMINANT MATRICES AND
GENERAL H-MATRICES*

CHENG-YI ZHANGT, SHUANGHUA LUO?, FENGMIN XU$, AND CHENGXIAN XUY

Abstract. The paper studies the eigenvalue distribution of Schur complements of some special
matrices, including nonstrictly diagonally dominant matrices and general H—matrices. Zhang, Xu,
and Li [Theorem 4.1, The eigenvalue distribution on Schur complements of H-matrices. Linear
Algebra Appl., 422:250-264, 2007] gave a condition for an n x n diagonally dominant matrix A to have
|/r, (A)| eigenvalues with positive real part and |Jr_ (A)| eigenvalues with negative real part, where
[Jr, (A)] (|Jr_(A)]) denotes the number of diagonal entries of A with positive (negative) real part.
This condition is applied to establish some results about the eigenvalue distribution for the Schur
complements of nonstrictly diagonally dominant matrices and general H—matrices with complex
diagonal entries. Several conditions on the n X n matrix A and the subset o« C N = {1,2,---,n} are
presented so that the Schur complement A/a of A has [/ (A)[— IJ%Jr (A)| eigenvalues with positive
real part and |Jr_(A)| —|J§ (A)| eigenvalues with negative real part, where \J§+ A1 1Jg_ A
denotes the number of diagonal entries of the principal submatrix A(a) of A with positive (negative)
real part.

Key words. Eigenvalue distribution, Schur complements, (Generalized) Diagonally dominant
matrices, General H—matrices.
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1. Introduction. The eigenvalue distribution of special matrices has various im-
portant applications in many aspects of matrix theory and in applied mathematics;
see [9], [13] and [15]. A great deal of work has been devoted on the topic by a number
of authors; see e.g., the references within [9, 10, 16, 18, 21, 24, 14]. Recently, con-
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siderable interest in the work on Schur complements for strictly diagonally dominant
matrices and nonsingular H —matrices has been witnessed and some properties, such
as diagonal dominance and the eigenvalue distribution of Schur complements, have
been proposed. Readers are referred to [3, 4, 6, 7, 8, 9, 10, 11, 16, 18, 20, 21, 22, 24].
For example, Liu et al. [9, 10, 11], as well as Zhang, Xu, and Li [21] studied the
eigenvalue distribution on the Schur complements of strictly diagonally dominant
matrices and nonsingular H —matrices and proposed some useful results, respectively.
But little attention has been paid to work on the eigenvalue distribution of the Schur
complements for nonstrictly diagonally dominant matrices and general H—matrices.

In this paper, we study the eigenvalue distribution on the Schur complements of
some special matrices including nonstrictly diagonally dominant matrices and general
H-matrices. Let A be either a nonstrictly diagonally dominant matrix or a general
H—matrix and « C N = {1,2,---,n}, and denote the Schur complement matrix of
the matrix A by A/a. Zhang et al. in [21] give the following result for a matrix
A = (a;5) € Cm. If A= (@i;) is nonsingular diagonally dominant, where G;; is
defined in (2.3), then A has |Jr, (A)| eigenvalues with positive real part and |Jr_(A)]|
eigenvalues with negative real part. Here |Jr, (A)| (or |Jgr_(A)|) denotes the number
of diagonal entries of A with positive (or negative) real part. Applying this result
to the matrii_él/ «, some properties on diagonal dominance and nonsingularity for
the matrix A/a will be presented to establish some results about the eigenvalue
distribution for the Schur complements of nonstrictly diagonally dominant matrices
and general H—matrices with complex diagonal entries. Several conditions on the
n X n matrix A and the subset « C N = {1,2,---,n} are presented such that the
Schur complement matrix A/« of the matrix A has |Jr, (4)] — [J§, (4)] eigenvalues
with positive real part and |Jr_(A)] — |J5 (A)| eigenvalues with negative real part,
where [J§, (A)| (or [J§_(A)[) denotes the number of diagonal entries of the principal
submatrix A(a) of A with positive (or negative) real part.

The paper is organized as follows. Some notation and preliminary results about
special matrices are given in Sgc\tion 2. Some conditions on diagonal dominance and
nonsingularity for the matrix A/« are then presented in Section 3. The main results
of this paper are given in Section 4, where we give the different conditions for a non-
strictly diagonally dominant matrix or general H —matrix A with complex diagonal en-
tries and the subset a C N so that the Schur complement A/a has [Jr, (A4)|—|J3, (A)]
eigenvalues with positive real part and |Jr_(A)| —|J% (A)| eigenvalues with negative
real part. Conclusions are given in Section 5.

2. Preliminaries. In this section we give some notions and preliminary results
about special matrices that are used in this paper. C™*™ (R™*™) will be used to
denote the set of all n x n complex (real) matrices. Let A = (a;5) € R"*" and
B = (blﬂ) S Rnxn, we write A > B7 if Qg5 > bij holds for all Z,j = 1,2," <, M. A



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 18, pp. 801-820, December 2009
http://math.technion.ac.il/iic/ela

Eigenvalue Distribution of Schur Complements 803

matrix A = (a;;) € R"*" is called a Z—matriz if a;; < 0 for all ¢ # j. We will use
Zy, to denote the set of all n x n Z—matrices. A matrix A = (a;;) € Z, is called
an M —matriz if A can be expressed in the form A = sI — B, where B > 0, and
s > p(B), the spectral radius of B. If s > p(B), A is called a nonsingular M—matriz;
if s = p(B), A is called a singular M —matriz. M,, M2 and M? will be used to denote
the set of all n x n M —matrices, the set of all n x n nonsingular M —matrices and
the set of all n x n singular M —matrices, respectively. It is easy to see that

(2.1) M, =M*UM°’ and M2NM°=0.

The comparison matriz of a given matrix A = (a;;) € C**", denoted by p(A) =
(pij), is defined by

_ |CL1'Z'|, lf 7= j,
Mij_{ —lag|, if i
It is clear that pu(A) € Z, for a matrix A € C**™. A matrix A € C"*" is called a
general H—matriz if u(A) € M, (see [2]). If u(A) € My, A is called a nonsingular
H—matriz and if u(A) € MY, A is called a singular H—matriz. H,, H2 and H?
will denote the set of all n x n general H—matrices, the set of all n X n nonsingular
H—matrices and the set of all n x n singular H—matrices, respectively. Similar to
equalities (2.1), we have

(2.2) H,=H:UH’ and H?NHS=0.

REMARK 2.1. A matrix A € H? is not necessarily singular.

For example, given a matrix A = ( _1 1 1 ) . Obviously,
1 -1 0 1
u(A)—(_l ) >—I—<1 O>—I—B,
0 1 . Sy
where B = ( 1 0 ) > 0, and the spectral radius p(B) = 1, which implies that

w(A) € M? and thus A € HY. But, detA = 2 # 0 shows that the singular H —matrix
A is nonsingular.

Another example is seen in [2, Example 1].

For n > 2, an n X n complex matrix A is reducible if there exists an n x n
permutation matrix P such that

pAPT — { A An ]

0 Ago
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where A1 is an r X r submatrix and A is an (n — r) x (n — r) submatrix, where
1 <7 < n. If no such permutation matrix exists, then A is called irreducible. If A is a
1 x 1 complex matrix, then A is irreducible if its single entry is nonzero, and reducible
otherwise.

Given a matrix A = (a;;) € C"*™ and a set « C N = {1,2,---,n}, we define the
matrix A = (a;;) € C™*" and the matrix A, = (d;5) € C**™ by

~ R i ) s ) = ', . R i),  — g N — ,
(23) a"ij = { e(a”) ! j and a’ij = { e(a”) v J € . @
a;j, otherwise a;j, otherwise,
respectively. Here, the matrix A, is introduced for further study on the eigenvalue
distribution for the Schur complement of nonstrictly diagonally dominant matrices

and general H—matrices (see [21] and section 4 in this paper). Obviously, A, = A if
a=Nand A, = A if a = 0.

Let |a| denote the cardinality of the set « C N = {1,2,---,n}. For nonempty
index sets a, 5 C N, A(«, ) is the submatrix of A € C"*™ with row indices in «
and column indices in 5. The submatrix A(a, «) is abbreviated to A(«). Let « C N,
o/ = N — a, and A(«) be nonsingular, the matrix

(2.4) AJa = AJA(a) = A(d) — A(d, @)[A(a)] "L A, o)

is called the Schur complement with respect to A(c), where indices in both a and
o are arranged with increasing order. We shall confine ourselves to the nonsingular
A(a) as far as A/« is concerned.

DEFINITION 2.2. A matrix A € C"*" is called diagonally dominant by rows if
(2.5) laisl > > agl
j=1j#i

holds for all ¢« € N. If inequality in (2.5) holds strictly for all ¢ € N, A is called
strictly diagonally dominant by rows. If A is irreducible and the inequality in (2.5)
holds strictly for at least one i € N, A is called irreducibly diagonally dominant by
rows. If (2.5) holds with equality for all ¢ € N, A is called diagonally equipotent by
TOwS.

D,, (SD,, ID,) and DE, will be used to denote the sets of all n xn (strictly, irre-
ducibly) diagonally dominant matrices, and the set of all n x n diagonally equipotent
matrices, respectively.

DEFINITION 2.3. A matrix A € C"*" is called generalized diagonally dominant
by rows if there exist positive constants «;, ¢=1,2,---,n, such that

(2.6) aglagi| > Z ajlaij]

j=1,j#i
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holds for all ¢« € N. If inequality in (2.6) holds strictly for all ¢ € N, A is called
generalized strictly diagonally dominant by rows. If (2.6) holds with equality for all
i € N, Ais called generalized diagonally equipotent by rows.

We will denote the sets of all n x n generalized (strictly) diagonally dominant
matrices and the set of all n x n generalized diagonally equipotent matrices by
GD,, (GSD,,) and GDE,,, respectively.

DEFINITION 2.4. A matrix A is called nonstrictly diagonally dominant, if either
(2.5) or (2.6) holds with equality for at least one i € N.

REMARK 2.5. Let A = (a;;) € C™ " be nonstrictly diagonally dominant and
a=N-d CN. If A(a) is a (generalized) diagonally equipotent principal submatrix
of A, then the following hold:

o Ala, o) =0;
o A(i1) = (a4, ) being (generalized) diagonally equipotent implies a;,;, = 0.

REMARK 2.6. Definition 2.2 and Definition 2.3 show that

D, c GD,, and GSD, C GD,,.

The following properties of diagonally dominant matrices and H —matrices will
be used in the rest of the paper.

LEMMA 2.7. (see [17]) If A€ SD, UID,, then A is nonsingular.

LEMMA 2.8. (see [21]) A matriz A € D, is singular if and only if the matriz
A has at least either one zero principal submatriz or one irreducible and diagonally
equipotent principal submatriz Ay = A(i1,i2,---,k),1 < k < n, which satisfies con-
dition that there exists a k x k unitary diagonal matrix Uy, such that

U;lDziAkUk = /L(DgiAk),
where D, = diag(aiyiy, Qigig, 5 Qigiy )-

LEMMA 2.9. (see [22]) Let A € D,,. Then A is singular if and only if A has at
least one singular principal submatriz.

LEMMA 2.10. (see [19, 22]) Let A € D,. Then A € H? if and only if A has
no diagonally equipotent principal submatrices. Furthermore, if A € D, N Z,, then
A e M if and only if A has no diagonally equipotent principal submatrices.

LEMMA 2.11. (see [1, 24]) A matriz A € C"*" is generalized (strictly) diagonally
dominant if and only if there exists a positive diagonal matriz D such that D~*AD
is (strictly) diagonally dominant.
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LEMMA 2.12. (see [1]) Hy = GSD,

LEMMA 2.13. A matriz A € H? if and only if A € GD,, and has no generalized
diagonally equipotent principal submatrices.

Proof. Lemma 2.11, Lemma 2.12 and Lemma 2.10 give the conclusion of this
lemma. O

LEMMA 2.14. (see [2]) H, = GD,,.

LEMMA 2.15. A matriz A € H? if and only if A € GD,, and has at least one
generalized diagonally equipotent principal submatrix.

Proof. Tt follows from (2.2), Lemma 2.13, and Lemma 2.14 that the conclusion of
this lemma is obtained immediately. 0

3. Further results on the Schur complements of diagonally dominant
matrices. As is shown in [3, 7], the Schur complement of a diagonally dominant
matrix is diagonally dominant. This section will present some further results on
the Schur complements of diagonally dominant matrices. Applying these results to
the Schur complement matrix A/a of nonstrictly diagonally dominant matrices and
singular H—matrices will in Section 4 establish some theorems on the eigenvalue
distribution for the Schur complements of nonstrictly diagonally dominant matrices
and singular H—matrices. The following lemmas will be used in this section.

LEMMA 3.1. (see [21]) Given a matriz A € C™", if A € D,, and is nonsingular,
then A is nonsingular.

LEMMA 3.2. (see [5, 9, 20]) If A € H?, then

[n(A)] > A7 > 0.

LEMMA 3.3. (see [12]) Let A € C™*™ and be partitioned as

ail A1z
A= :
( Ao Az >

_ T _ , .
where A1 = (a21,a31, - +,an1)" , A1z = (a12,013,---,a1n). If Asy is nonsingular,
then

a1
det A asi
—1
——— =a11 — (a12,a13, -+, a1n) [ A2 )
det AQQ ( ’ ’ ’ n)[ ]

an1
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LEMMA 3.4. Given a matric A € Dy, and a set « = N — o' C N, if A(v) is the
largest diagonally equipotent principal submatriz of A(«) for v = a —+' C «, then
Ala= Ao’ UY') /v, where

(3.1) A uyy=| A0D Al

Proof. If v = «, i.e., A(a) is diagonally equipotent and nonsingular, then it
follows from Remark 2.5 that A(a, o) = 0. As a result,

Ala=A(d) — A, )[A(a)] Tt Ao, o) = A(o) = A(e U D) /0.

Now we consider the case when v C a. Since A € D,, and A(v) is diagonally
equipotent, we have with Remark 2.5 that A(v,~') = 0 and A(y,«’) = 0. Thus, there
exists an || X |a| permutation matrix P, such that

_ A7) 0
Pad() P = { AWy A() ]

correspondingly

A, a)PT = (A(d,7), A(/,7")) and

[e3%

PaA(aa) = (ﬁ%ﬁ):<A&ﬁv)

Since A(«) is nonsingular, A(y) and A(y’) are both nonsingular. Therefore, we have

(3.2)

o)-1 = pT [A(y)] ! 0

33 Al RX[—M@M*vammwrl mwm*}Ry
o A 0 e pr
I”%‘{—wwwmwwwnl www}"“[“” Fa BFo.

As a consequence, it follows from (3.2) and (3.3) that

Ala = (o', )[A(e)] " Aa, )
= — A(d, ) PTBP, A, &)
pay
Ay, o)
(@, YA A, o)

|
N

This completes the proof. O
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LEMMA 3.5. (see [1,5]) Let A € R"*™. If A € M, then det A > 0. Furthermore,
if Ae My, then det A > 0.

LEMMA 3.6. (see [22]) Let A € C"™™ and o C N. If both A and A(c) are
nonsingular, then A/« is also nonsingular.

THEOREM 3.7. Given a matriz A = (a;;) € C"*", if A € D,, and is nonsingular,
where A is given in (2.3), then A/a € Dy_jq and is nonsingular for any given
a C N.

Proof. We firstly prove the conclusion that Z/\a € D,,_|q for any given o C N
by proving the following two cases: (i) If A(a) € HJ, |, then A/a € Dy,_q5 (ii) if
A(a) ¢ HE,, then A/a € D,,_ .

le]?

First, we prove case (i). Since A€ D, and is nonsingular, it follows from Lemma
3.1 that A is nonsingular. Thus, Lemma 2.9 indicates that A(«) is nonsingular. As a
result, A/ exists. Assume o = {41,142, -*,ix}, & = N—a = {j1,J2,  *,Jm}, k+m =
n. Let A/a = (@}, j, ) mxm- According to definition (2.4) of the matrix A/a, we have
the entries of the Schur complement A/a,

Qiy,5e
Qiy,j¢
=~ — L o N T -1 ’
Ajrge = Qjige (ajz,ll y Ay yig s ) a]z,lk)[A(a)] . )
(3.4)
Qi 5y
lvt: 1527"'5m5
and the diagonal entries,
iy
iy,
= — o o N T -1 ’
A = Qg — (ajhh y Ay yias 7a]z,lk)[A(a)] . )
(3.5)
Qi
l=1,2,---,m.

Since A(a) € Hf},|, Lemma 3.2 gives
(3.6) {uA@} " 2 [[A(@)] 7] > 0.

Then from (3.4), (3.5), (3.6), and Lemma 3.3, we have
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Qiy g
. m . 1 Qis,j;
|Re(ajz,jl)| - 12_# |aj1»ji| = |Re |aj, 5, — (a’jlail P ajz»ik)[A(O‘)]
i=1,i
iy g
Qiy,j;
m 1 Qiz,j;
Iy 123_#1 Ajyg; — (ajz,iw' o 7ajz,ik)[A(O‘)]
i=1,i
iy, j;
m
> |R6(ajz»jz)| - Z |a’jlaji|
i=1,i#l
Qiy,j;
m _ ai27jz‘
B Z:1 (ajz»il y Agyyins """ ajz,ik)[A(O‘)] !
1= .
(3.7) Qig,j;
m
> |R6(ajz»jz)| - Z |a’jlaji|
) i=1,i#l
|ai1,ji|
m | e
- Zl (|ajz,i1|7|ajz,i2|7"'7|ajz’ik|)|[A(a)] |
i=
L |a’ikaji|
m
> |Re(ajz »J1 )| - Z |a‘jz 7ji|
) i=1,i#l
|ai17ji|
m 1 |ai27ji|
_-21 (lagpils lasi sl - s lag, i D{p[A()]}
i=
detB |a’ikaji|
elDy
detH[A(a)] b b b 7m7
where
U T
|R€(ajzyjl)| - Z |a’jl7ji h
B = i=1,i£l
9 plA(@)]) (k1) % (k+1)
m m
T
9=(— Z |ai1,j¢|7 BR) _Z |aik;ji|) )
i=1 =1

h = (_|ajzﬁi1|v Tty _|ajlﬁik|>T
It is clear that B; € Zj41. Since Ac D,,, we have

k
> Z |ajlqit |
t=1

m

(3.8) |Re(ajzyjl)|_ Z |ajlﬁji

i=1,i#l

http://math.technion.ac.il/iic/ela
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Since A € D,, for Ac D,,, we obtain

k

(3.9) @i il > > aii ]+ lai gl =12, k.

t=1,t#r i=1

Inequalities (3.8) and (3.9) indicate that B; € Dgiq. Therefore, it follows from
Remark 2.6 and Lemma 2.14 that B; € Hyg41 N Zi+1 and consequently B; € M.
Lemma 3.5 gives detB; = detj(B;) > 0. Again, since A(a) € H|, u[A(a)] € M.
Using Lemma 3.5, we have detu[A(«)] > 0. Thus, by (3.7), we have

m

~ ~ detBl
(3'10) |Re(ajz,jz)| - i_;#l |ajl,ji > W >0,1=12,---,m,
and thus
(311) |Re(ajl7jl)| 2 Z |ajl,]¢|7 I = 1727"'7m7
i=1,i#l

which shows A//\a € D,,,. This completes the proof of case (i).

Next, we prove case (ii): Assume A(w) ¢ Hp,, it then follows from Lemma 2.10
that A(a) has at least one diagonally equipotent principal submatrix. Let A(y) be
the largest diagonally equipotent principal submatrix of the matrix A(«a) for v =
a —v" C a. Then A(y') has no diagonally equipotent principal submatrix and hence
A(Y') € H? | from Lemma 2.10. Since A € Dy, for A € D, and A(7) is the largest
diagonally equipotent principal submatrix of the matrix A(«), it follows from Lemma
3.4 that A/a = A(o/ U~') /v, where o/ = N —a C N and A(a/ Uy’) is given in (3.1).
Let B = A(o/ U~'). Since B = A(o/ Uy') € D\qruy for Ae D, and A(Y) € Hp ., it
follows from the proof of case (i) that l?/\”y’ € D)q|. Since A/a = A(a'UY') /v = B/v,
/T/\oz = E/\’y’ € D),|, which shows that the proof of case (ii) is completed.

In what follows, the conclusion that Z/\a is nonsingular for any given a C N will
be proved by proving the following two cases: (1) A/« is irreducible; otherwise (2),
A/a is reducible.

We prove case (1) first. If A//\a is irreducible and the inequality in (3.11) holds
strictly for at least on/e_\l, 1 =1,2,---,m, Lemma 2.7 yields that A/« is nonsin-
gular. Otherwise, if A/« is irreducible and the equality in (3.11) holds for all [,
[=1,2,---,m, ie.,

m

(3.12) |Re(ajy,;,)| — Z laj, ;.,|=0,1=1,2,---,m,
i=1,i7l
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(3.12), (3.7), and (3.10) imply that

Qiy g
~ 1 iy gy
|Re(ajl-,jz )| = |Re gy, — (ajm'l’ I a’jlvik)[A(a)]
Qi i
iy
1 iy gy
= |Re(ajzyjz)| - (ajl-,il7a’jl-,i27 T ajz-,ik)[A(o‘)]
iy,
and thus
Qiy g
~ 1 iz, j;
Re(ajz Jz) = Re Ajy 50 — (ajm'w ) ajhik)[A(a)]
(3.13) i o
11,71
1 Qia gy
= Re(ajl-,jz) - (ajl-,il7a’jl-,i27 T ajz-,ik)[A(o‘)]
Qg5

foralll, [=1,2,---,m.Let A= A—E, where FE = i-diag(eq,- -+, e,) with i = /—1,
es = Im(ass) for s € @’ = N —a and es = 0 for s € a. Therefore, (3.13) yields

Z/\oz:/i/a.

Since 4 € D, is nonsingular and A= E, it follows from Lemma 3.1 that A is also
nonsingular. Again, since A(«) is nonsingular, Lemma 3.6 shows that A/a = A/a is
nonsingular. This completes the proof of case (i).

The following will prove case (2). If Z/\a is reducible, so is A/a. Then there
exists an m x m permutation matrix P such that

P[A/a]PT = PA(()PT — PA(d,a)[A(a)] ' A(a, /) PT
Bin Biz -+ Bis
(3.14) 0 Bz --- Bas

0 0 -+ B
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and correspondingly,

A A -0 Ags

- Ayy Ay -0 Ao
P[A()|P" = ) . . ;

Asl A52 ASS
. T
PlA(d/,0)] = [ Ao Az -+ Aw |,

and

[A(o, o )IPT = [ Aor Aoz -+ Aos |

where B;; is irreducible for i = 1,2,---,s (s > 2), B;; = B(a, oj) and A;; = A, o)
are the submatrices of the matrix A and A/a = B, respectively, with row indices
in a; and column indices in a;, Jj_;a; = o and oy Ny = @ for i # j, i,j =
0,1,2,--+,5 (s > 2), agp = a. Using (3.14), direct calculation gives

Bii = Aii - AiQ[A(CY)]_lAOi, 1= 1727 e, S (S Z 2)7 1= 1727 e, S
which is the Schur complement of the matrix

o= 8, 4514 4]

with respect to A(a;) = Aj;;. Since Ac D,, and is nonsingular, g(a Ua;) € Djgua,|
and is nonsingular. Again, since Bj; is irreducible, so is Eu It follows from the proof
of case (1) that Bj; is nonsingular for ¢ = 1,2,---,s. By (3.14) we have

Bn ?12 -+ By,
— O B22 AR B2S

(3.15) P[A/a]PT = ) ) ]
0 0 --- B

The nonsingularity of By for all i = 1,2,---,s and (3.15) show that P[A//\a]PT is
nonsingular, so is A/a, which shows that the proof of case (2) is completed. This
completes the proof. O

THEOREM 3.8. Given a matric A = (a;;) € C*"*™ and a set o C N, if Ay € Dy,
and A(a) is nonsingular, where Ay is given in (2.3), then AJa € D,_ |4 and is
nonsingular.

Proof. The proof on diagonal dominance of /T/\a follows the proof of Theorem 3.7.
It follows from the definition of A, that A(a) = Aa(a) € D)y for A, € Dy,. Then, if
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Ala) € Hpy, (3.7) holds. Furthermore, 4, € D,, indicates that both (3.8) and (3.9)
hold. As a result, (3.11) holds, which shows that Z/\a € Dp_jo)- If Aa) ¢ HJ,, the

proof on diagonal dominance of m is similar to the proof of case (ii) in the proof
Theorem 3.7.

In what follows, we will prove the nonsingularity of the matrix Z/\oz. Since

A, is nonsingular, Lemma 2.9 indicates a; # 0 for all ¢ € « and Re(a;;) # 0
for all ¢ € o/. Furthermore, since A, € D,, A € D,. Let a = {i1,12,-*,ix}
and o = {j1,j2, -, jm} with K + m = n. Definite a unitary diagonal matrix
Us O ) Qi . .

U = { 0 7 ], where U, = diag(ui,,- -, u;i,), 4; = |a_| for all i € «, a;; is

o Qig

the conjugate complex number of the complex number a;; and I, is the |o/| X |«
UsA(a)  UaA(a, o)
Al ) A(d, o)

g

identity matrix, such that B = UA = [ € D,,. Therefore,

~

!
B-uA, - U A(a)  UjA(a, )

Al ) ﬁ(o/ o) ] € D,, and is nonsingular for A, € D,, and

is nonsingular. It follows from Theorem 3.7 that B//\a is nonsingular. Since

Ala = A(d) - A, a)[A(a)] tAa, o)
= A(d) - Ao/, ) [UaA(e)] " [Ua A(a, )]
/

= [UA]/[UaA(e)]
= B/a,

A//\a is also nonsingular. This completes the proof. O

Applying Theorem 3.7 and Theorem 3.8, we will in the next section establish
some results on the eigenvalue distribution for the Schur complements of nonstrictly
diagonally dominant matrices and general H —matrices.

4. The eigenvalue distribution on the Schur complement of nonstrictly
diagonally dominant matrices and general H—matrices. This section follows
[9], [10], [11], and [21], and continues to study the eigenvalue distribution on the
Schur complements of some special matrices including nonstrictly diagonally domi-
nant matrices and singular H—matrices. The results in [9] and [21] will be extended
to the Schur complements for nonstrictly diagonally dominant matrices and general
H —matrices with complex diagonal entries. The following lemma will be used in this
section.

LEMMA 4.1. (see [21]) Given a matriz A € C™", if A € D,, and is nonsingular,
then A has |Jr, (A)| eigenvalues with positive real part and |Jr_(A)| eigenvalues with
negative real part, where Jr, (A) = {i | Re(ay) >0, i € N}, Jr_(A) = {i| Re(ay) <
0, i€ N}.
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THEOREM 4.2. Gwen a matric A = (a;;) € C"*" and a set « C N, if Ae D,
and is nonsingular, where A is given in (2.3), then A/a has | TR, (A)] — |Jg, (4)]
eigenvalues with positive real part and |Jr_(A)| —|J3_(A)| eigenvalues with negative
real part, where Jr, (A) = {i | Re(as) >0, i € N}, Jr_(A) = {i| Re(ayu) <0, i €
N}, Jg (A) ={i| Re(ai;) >0, i € a}, Ji (A) ={i| Re(ai) <0, i € a}.

___ Proof. The conclusion of this theorem will be proved by showing the results: (i)
A/a € D,, and is nonsingular; (ii) Sign Re(a;, ;,) = Sign Re(aj, ), | =1,2,---,m,
where m = n — |a|, @, 5, and a;, j, are the diagonal entries of the matrices A/a and
A, respectively. With these two results, the conclusion of the theorem comes from
the results of Lemma 4.1.

Since A € D,, and is nonsingular, it follows from Theorem 3.7 that /T/\oz e D,
and is nonsingular. This completes the proof of result (i). Next, we prove result (ii):

(4.1) Sign Re(aj, ;,) = Sign Re(aj, ;), | =1,2,---,m.

Assume o = {iy,i2, - ,ix}, & = N —a = {j1,J2," ,Jm}, k+m =n. Let AJa =
(@), ., )mxm, then it follows from (2.4) that the diagonal entries of A/a,

Qiy 5,
iy,
= — o o A T -1 ’
A5 = g5 — (ajmwajmzv 7a]z,lk)[A(a)] . )
Qi
[=1,2,---,m.

Since Z/\a € Dy, and is nonsingular, it then from Lemma 2.9 that

Re(ajz 7jl) = Re(ajz 7jl)_
iy
4.2 Qiy,j
( ) Re (ajlﬁilvajlﬁizv T ajzﬁik)[A(O‘)]il 2 L 7£ 0
iy 5

for I = 1,2,---,m. Therefore, equation (4.2) implies that (4.1) is true if

iy g
_ iz,
|Re(ajz 7jz)| > Re (ajmd y Ay yigs """ a“jhik)[A(a)] ! :) ’

(4.3)

Qi i

l=1,2

, 7...77’)/]/

holds. The inequality (4.3) will be proved by the following two cases.
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Case (I) If A(«) € Hp,, then Lemma 3.2 gives
(4.4) {u[A(@)]} ™" = [[A(e)] 7! 2 0.

Using inequality (4.4) and Lemma 3.3, we have

Qiy g
1 iz, j;
|Re(ajz,jz)| — |Re (a“jhil y Ay yigs " 7ajz7ik)[A(O‘)]
Qi
Qiy g
1 Qia gy
> |Re(ajlﬁjl)| - (ajz,ilaajl,iza e aajl,ik)[A(a)]
Qi1
(45) |ai1,jz|
1 |ai21jz|
> |Re(ag )~ |(aioil gl o DIA@) 1 |
L |aik1jl|
|a”i17jl|
1 |0“i27jz|
> |Re(ajz,jz)| - (|ajz,i1 |7 |a“jz7i2|7 T |ajz,ik|){M[A(O‘)]}
detC! |aik7jz|
ety
it =1.9. ...
detu[A(a)]’ b) b 7m7

where

3

C) = < |R€(aqujz)| th >
gt PAD] ] i1yxer

g1 = (_lail,jz |7 T _|aik,jz |)T7
hy = (_lajz,i1 |7 T _|ajz,ik|)T

It is clear that the matrix C; € Zy11. Since Ae D,, and hence A € D,,, we have

k
(46) |Re(ajz,jz)| > Z |a’jz7ip|7
t=1
k
(47) |CLiT,i,_| > Z |air1it|+|air,jl|7 r = 1,27...,]{;.

t=1,t#r
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Inequalities (4.6) and (4.7) indicate that the matrix C; € Dg41 N Zg41. It then follows
from Remark 2.6 and Lemma 2.14 that C; is an H—matrix and thus an M —matrix.
Hence det C} > 0 coming from Lemma 3.5. Since A(a) € Hj,|, p[A(a)] € M}, and it
follows from Lemma 3.5 that detu[A(a)] > 0, it follows from (4.5) that we have

iy g

iy gy

|Re(ajz,jz)| — |Re (ajuiwajhizv'"7ajz7ik)[A(a)]7l : >0,1=12---,m,
iy,
which proves (4.3), and hence (4.1) holds for I =1,2,---,m.

Case (IL) If A(e) € HJ,, it then follows from Lemma 2.10 that A(c) has at least
one diagonally equipotent principal submatrix. Let A(vy) be the largest diagonally
equipotent principal submatrix of the matrix A(a) for vy = a—+' C «. Then A(y’) has
no diagonally equipotent principal submatrix and hence A(y') € H, % from Lemma
2.10. Since A € D, for Ae D,, and A(v) is the largest diagonally equipotent principal
submatrix of the matrix A(«), it follows from Lemma 3.4 that A/a = A(a/ UY')//,
where o/ = N—a C N and A(a/U~’) is given in (3.1). Assume ' = {r1,re, -+, 75} C
a (s < k). Then the diagonal entries of A/a = A(¢/ Uv')/4 are

Qry i
~ NT— Ary,j;
A5 = QGG — (ajzﬂ“wajm“zv B ajz,Ts)[A('7 )] : )
Qrg,ji
1=1,2,---.m.
Since Z/\oe € D;, and is nonsingular, Lemma 2.9 indicates that
Re(ajl-,jz) = Re(ajl-,jz) -
Ary,51
(4'8) 1 Ary,j;
Re (a’jh?”l?a’jl-,'r?’ T ’ajzyTs)[A(FY/)]7 : 5& 0
Arg,ji

for I =1,2,---,m. Therefore, equation (4.8) implies that (4.1) is true if

Qry .5
Qry,j;

(49) |Re(a’jz 7jz)| > Re (ajz,rl y Qg ajL,Ts)[A(W/)]_l : )

a’rs \Ji
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holds. Similar to the proof of Case (I), we can prove that (4.9) holds and hence (4.1)
also holds for I =1,2,---,m.

Result (i) shows that the matrix A/« satisfies the conditions of Lemma 4.1.
Applying Lemma 4.1 and the result (i) and (ii) give the conclusion that the matrix A/«
has |Jr, (A)] — |J&, (A)| eigenvalues with positive real part and |Jr_(A)[ — |/ (A)]
eigenvalues with negative real part. The proof is completed. O

LEMMA 4.3. (see [22, 23]) Given a matric A = (a;;) € C"*™ and a positive
diagonal matriz D = diag(dy,---,d,). Let B= D"YAD and o C N given. If A(c)
is nonsingular, then B/a = D} (A/a)Dys, where o' = N —a = {j1,-+, jm} and
Da/ = diag(djl, RN djm)'

THEOREM 4.4. Gwen a matric A = (a;;) € C"*™ and a set « C N, if Ae H,
and is nonsingular, where A is given in (2.3), then A/a has |Jr, (A)] — |Jg, (4)]
eigenvalues with positive real part and |Jr_(A)| —|J5_(A)| eigenvalues with negative
real part.

Proof. Since Ae H,, Lemma 2.14 and Lemma 2.11 indicate that there exists a
positive diagonal matrix D = diag(dy,da, - - -, dy) such that D~'AD € D,,. Then, it
follows from the definition of A that D~*AD € D,. Let B = D~AD = (b;;), then
bij = d; taidy, i # j and by = ag for all i,j € N. Thus, |Jr, (B)| — |Jg, (B)| =
r (A)] = T3, (A)] and |Jn_(B)| — |73 (B) = |Jn_(A)] - |J5_(A)]. Since the
matrix B satisfies the condition of Theorem 4.2, it follows that the matrix B/« has
|Jr, (A)] — |J§, (A)| eigenvalues with positive real part and [Jr_(A)[ — [J; (4)]
eigenvalues with negative real part. Again, Lemma 4.3 gives

(4.10) B/a = D,}(A/a)D,,,

where D,,, = diag(d;,,d;,,--,d;,.). Equation (4.10) implies that both the matrices
B/a and A/a have the same number of eigenvalues with positive real part and the
same number of eigenvalues with negative real part. This completes the proof. O

EXAMPLE 4.5. Given a matrix

5—i -1 -1 -1 -1 -1
1 —6+i -2 —i -1 i
A | 2 1 -0 -2 -3 -2
0 0 0 6+3 -2  —di
0 0 0 2 8-5 -6

L0 0 0 3 1 —4+3i |

and o = {1, 3,4}, we consider the eigenvalue distribution on the Schur complement
matrix A/c.
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Since A € D, C H, and is nonsingular, it follows from Theorem 4.4 that
A/a has |Jr, (A)] — [Jg, (A)] = 3 —2 = 1 eigenvalue with positive real part and
|[Jr_(A)| — |3 (A)] = 3 —1 = 2 eigenvalues with negative real part. In fact, by
direct computations, it is easy to verify that A/« has an eigenvalue with positive real
part and 2 eigenvalues with negative real part. This illustrates that the conclusion of
Theorem 4.4 is true.

The fist equality in (2.2) implies that the following corollary holds.

COROLLARY 4.6. Given a matriz A = (a;;) € C"*" and a set « C N, if Ae HO
and is nonsingular, where A is given in (2.3), then A/ has | TR, (A)] — TR, (4)]
eigenvalues with positive real part and |Jr_(A)| —|J5 (A)| eigenvalues with negative
real part.

In fact, the condition that “A € D, and is nonsingular” in Theorem 4.2 and the
condition that “A € H,, and is nonsingular” in Theorem 4.4 seem strict and can be
weakened while the conclusions of the theorems still hold. The following theorems
give the weakened conditions on the matrix A.

THEOREM 4.7. Given a matriz A € C"*"™ and a set « C N, if A, € D,, and is
nonsingular, where Aq is given in (2.3), then A/a has [Jr, (A)|=|Jg, (A)| eigenvalues
with positive real part and |Jr_(A)| — |J5_(A)| eigenvalues with negative real part.

___ Proof. The proof is similar to the proof of Theorem 4.2. Theorem 3.8 gives that
A/a € Dy, and is nonsingular, which shows that the result (i) in the proof of Theorem
4.2 holds.

The definition of the matrix A, and A, € D, shows A, (o) = A(a) € D)y. If
A(a) € Hf, and if A(a) ¢ HJ,|, we can prove that the result (ii) in the proof of

Theorem 4.2 also holds by using the methods of the proof for Case (I) and Case (IT)
in the proof of Theorem 4.2, respectively.

Result (i) in the proof of Theorem 4.2 shows that the matrix A/« satisfies the
conditions of Lemma 4.1. Applying Lemma 4.1 and the result (i) and (ii) in the proof
of Theorem 4.2 give the conclusion that the matrix A/a has [Jg, (A)] — [J3, (A)]
eigenvalues with positive real part and |Jr_(A)|—|J% (A)| eigenvalues with negative
real part. The proof is completed. O

THEOREM 4.8. Given a matriz A € C"*"™ and a set « C N, if A, € H,, and is
nonsingular, where Aq is given in (2.3), then A/a has |Jr, (A)|=|Jg, (A)| eigenvalues
with positive real part and |Jr_(A)| — |J5 (A)| eigenvalues with negative real part.

Proof. Similar to the proof of Theorem 4.4, the conclusion of this theorem can
be obtained immediately from Lemma 2.14, Lemma 2.11, Lemma 4.3, and Theorem
4.7. 0
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EXAMPLE 4.9. Given a matrix

3 -1 ¢ -1
1 244 0 —2
A =
2 } -5 =2
1 2 3 6

and a = {1}, we consider the eigenvalue distribution on the Schur complement matrix

Ala.

Since A ¢ H,, we fail to get the eigenvalue distribution of the Schur complement
matrix B/a by Theorem 4.4. However, 4, € D,, C H,, and is nonsingular. It follows
from Theorem 4.8 that A/a has [Jg, (4)| — [Jg, (4)] = 2 — 0 = 2 eigenvalues with
positive real part and |Jr_(A)| —|J5_ (A)] =1—0 =1 eigenvalue with negative real
part. In fact, by direct computations, it is easy to verify that A/« has 2 eigenvalues
with positive real part and an eigenvalue with negative real part, which demonstrates
that the conclusion of Theorem 4.8 is true.

COROLLARY 4.10. Given a matriz A € C"™™" and a set « C N, if Ay € HY
and is nonsingular, where A is given in (2.3), then A/a has |Jr, (A)| — [Jg, (4)]
eigenvalues with positive real part and |Jr_(A)| —|J5 (A)| eigenvalues with negative
real part.

REMARK 4.11. It follows from the former equality of (2.2) that Theorem 5.7
in [21] and Corollary 4.10 in this paper are special cases of Theorem 4.8. Besides,
Example 4.9 and the relationship between the matrix A and A, show that Theorems
4.4 and Corollary 4.6 are also special cases of Theorem 4.8.

5. Conclusions. This paper studies the eigenvalue distribution for the Schur
complements of nonstrictly diagonally dominant matrices and general H—matrices.
Above all, different conditions on the matrix A and the set « C N are presented
such that the matrix Z/\oz is diagonally dominant and nonsingular. Then, the result
of Zhang et al. in [21] is applied to establish some results about the eigenvalue
distribution for the Schur complements of nonstrictly diagonally dominant matrices
and general H—matrices with complex diagonal entries.
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