Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 20, pp. 595-609, September 2010

http://math.technion.ac.il/iic/ela

NONNEGATIVE REALIZATION OF COMPLEX SPECTRA*

RICARDO L. SOTOf, MARIO SALAST, AND CRISTINA MANZANEDAT

Abstract. We consider a list of complex numbers A = {\1,A2,...,An} and give a simple
and efficient sufficient condition for the existence of an n X n nonnegative matrix with spectrum
A. Our result extends a previous one for a list of real numbers given in [Linear Algebra Appl.,
416:844-856, 2006]. In particular, we show how to construct a nonnegative matrix with prescribed
complex eigenvalues and diagonal entries. As a by-product, we also construct Hermitian matrices
with prescribed spectrum, whose entries have nonnegative real parts.
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1. Introduction. The nonnegative inverse eigenvalue problem (NIEP) is the
problem of characterizing all possible spectra of entrywise nonnegative matrices. This
problem remains unsolved. A complete solution is known only for n < 4 [5, 11]. Suffi-
cient conditions for the existence of a nonnegative matrix A with prescribed complex
spectrum have been obtained in [1, 7, 8]. A list A = {A1, g, ..., Ay} of complex num-
bers is said to be realizable if A is the spectrum of an entrywise nonnegative matrix
A. In this case, A is said to be a realizing matriz. From the Perron-Frobenius Theory
for nonnegative matrices, we have that if A is the spectrum of an n X n nonnegative
matrix A then p (A) = maxj<;<y |A;| is an eigenvalue of A. This eigenvalue is called
the Perron eigenvalue of A and we shall always assume, in this paper, that p (A) = A;.
A matrix A = (a;)}';—; is said to have constant row sums if all its rows sum up to
the same constant, say «, i.e.

n
E aj; =ca, 1=1,...,n.
j=1

The set of all matrices with constant row sums equal to a will be denoted by CS,,.
It is clear that any matrix in CS,, has eigenvector e = (1,1,...,1)T
to the eigenvalue ce. We shall denote by ey the n-dimensional vector with one in the
k-th position and zero elsewhere.

corresponding
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In this paper, we consider a list of complex numbers A = {A\1,A2,..., A\, } and
give a sufficient condition for the existence of an n x m nonnegative matrix with
spectrum A. In particular, we show how to construct an r X r nonnegative matrix
with prescribed complex eigenvalues and diagonal entries. As a by-product, we also
construct an Hermitian matrix with prescribed spectrum. Since our interest is the
nonnegative realization of spectra (NIEP), we require that the constructed Hermitian
matrix has entries with nonnegative real parts. To prove our results, we shall need
the following theorems of Brauer [3] and Rado [6] (see also [9]). The Rado Theorem
is an extension of another well known result of Brauer [3] (see also [9]). It shows how
to change r eigenvalues, r < n, of a matrix A of order n, via a rank-r perturbation,
without changing any of the remaining n — r eigenvalues.

THEOREM 1.1. [3] If A = (a;;) € CSy, is an n x n matriz with ag; = bj,

i=2,3,...,n, k<j, then A has eigenvalues A1, a3 — ba,ass — b3, ..., Anp — by.
THEOREM 1.2. [6] Let A be an n x n matriz with eigenvalues A1, Aa, ..., Ay, and
let X =[x1|%x2]| | %] be such that rank(X) =r and Ax; = \ix;, i = 1,2,...,7,

r < n. Let also C be an r x n arbitrary matriz. Then the matrix A + XC has
eigenvalues (1, o, - - .y by Apt1s Apt2s - - - s An, Where [y, o, . . ., - are the eigenvalues

of the matriz Q + CX with Q = diag{\1, A2, ..., A\ }.
From Theorem 1.2, the following lemmas are immediate:

LEMMA 1.3. Let A be an n X n matriz with eigenvalues A1, Ao, ..., Ap_2,a,a for
some a € R, and let X = [x1 | x2] be such that rank(X) =2 and Ax; = ax;, i =1,2.
Let also C be the 2 X n matriz such that

0 —b
ex=[2 2]

Then A+ XC has eigenvalues A1, Ao, ..., Ap_2,a + bi,a — bi.

LEMMA 1.4. Let A be an n X n matriz with eigenvalues A1, Aa, ..., Ap—2,a +
bi,a — bi for some a,b € R, and let X = [x1 | x2] be such that rank(X) = 2 and
Axy = (a + bi)x1, Axe = (a — bi)xg. Let also C be the 2 x n matriz such that

ex-[H 0],

0 bi

Then A+ XC has eigenvalues A1, Aa, ..., Ap_2,a,a.

In Section 2, we extend to a list of complex numbers, a previous result for lists
of real numbers given in [9, Theorem 8]. Theorem 8 in [9] considers a partition
of a real list A = {A1,A2,..., \n} into r sublists A = Ay UAs U--- UA,, with
Ak = {)\kla)\k2a~ . '7>‘kpk}7 )\11 = )\1, >\k1 Z 0, >\k1 Z )\kg Z s Z )\kpk. The IlOVGlty
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of our results relies on the fact that some of the sublists Ay can be of the form A, =
{a £bi, A2, ..., Akp, }, that is, the first element in Ay can be complex nonreal. This
kind of partitions will allow us to propose a simple and efficient sufficient condition for
the complex nonnegative inverse eigenvalue problem. As a by-product we construct,
in Section 3, an Hermitian matrix H = (h;;) with Reh;; > 0 and prescribed spectrum.
We also give, in Section 4, some examples to illustrate our results.

2. Main results. In this section, we extend Theorem 8 in [9]. Now, the list A =

{A1,A2,..., Ay} can be partitioned as A = A; U- - -UA,., where some of the sublists Ay
can have as a first element a complex nonreal number. Let Ax, = {Ag1, A2, - o Aopy, 1
k=1,...,r, where \;; = A;. With each Aj, we associate a corresponding list I'y, =
{wky Ak2, o5 Apy 1 0 < wie < Ay, which is realizable by a py x py nonnegative matrix
A € CS,,. Let A = diag{A1, Aa,..., A} and Q = diag{wr,wa,...,w,}. Let X =
[x1 | X2 | -+ | Xr], where xj, is an n-dimensional vector with p; ones from the position
Zf;ll p; + 1 to the position Zle p; and zeros elsewhere, with the first summation

being zero for k& = 1. Observe that x; is an eigenvector of A corresponding to the
eigenvalue wy. For example, if the matrices Ay, As and Agz are of order 3, 2 and 1,
respectively, then

[1 0 0]
1 0 0
A1 0 0 100 w1 0 0
A= 0 A, 0 , X = and Q= 0 wy O
0 0 A 010 0 0 w
3 010 N
00 1|
Let C = [C; | Cs | ---| C,] be a nonnegative matrix, where Cj, is the r X py matrix
whose first column is (c1x, C2x, - - -, ¢rx)? and whose other columns are all zero. Ob-

serve that C'is an r x (3_7_, p;) matrix. For example, if r = 3, p1 = 3, po = 2, p3 = 1,
as above, then

0 0

c11 ci2 0 ci3 c11 C12 €13
C=1ca 0 0 c2 0 co3 |, CX=| car ca2 c23
cz1 0 0 c32 0 «c33 €31 €32 €33

C11 0 0 C12 0 C13

C11 0 0 C12 O C13

C11 0 0 C12 0 C13

and XC =

C21 0 O C22 0 Ca23

c21 0 0 co2 0 co3

L €31 0 0 C32 0 C33
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THEOREM 2.1. Let A = {A\1, Ao, ..., A} be a list of complex numbers such that
A=A, N\ >max;|N| (i =2,...,n), and > i, A\; > 0. Suppose that

i) there exits a partition A = Ay U---UA,, where A = { g1, A2, - Akpe |, A1 = A1,

such that Ty, = {wg, A2, - - -, )\kpk} is realizable by a nonnegative matriz in CS,,, , and
i1) there exists an r X1 nonnegative matriz B € CSy,, with eigenvalues A1, Aa1, ..., Ap1
and diagonal entries wy,ws, ..., wy.

Then A is realizable.

Proof. The proof is similar to the proof of Theorem 8 in [9]. We set down it here
for the sake of completeness: Let A = Ay U---UA, with Agy and T'x, k = 1,...,7,
as defined above. Let A, € CS,, be a pi x pr nonnegative matrix realizing I',
k=1,2,...,r. Then A = diag{ A1, As, ..., A,} is an n X n nonnegative block diagonal

matrix realizing T'yU- - -UT,.. Let Q = diag{w1,we,...,w.tand X = [x1 | x2 | -+ | x/],
as defined above. Clearly, rank(X) = r and Ax; = A\ax;, ¢ = 1,...,r, r < n. Let
C=[C|Cy|--|C,] as defined above. Then

i1 Ci2 -+ Cip Cii Cip -+ Cyp

C21 C22 -+ Cor Co1 Cop -+ (o

CX = . . . . and XC = . ,

Cr1  Cr2 e Crr Crl Cr2 e C’r’r
where Cji is the p; X pr matrix whose first column is (¢, cik, - - -, cik)T and whose
other columns are all zero. Now, we choose C with ¢11 = ¢og = -+ = ¢, = 0, in such a
way that the nonnegative matrix B = Q4+ CX € CS,, has eigenvalues A1, Aa1, ..., Ar1
and diagonal entries wy,ws,...,w,. Then, for this choice of C, from Theorem 1.2, we

have that A + X C is nonnegative with spectrum A. 0

To make use use of Theorem 2.1, we need to know conditions under which there
exists an r X r nonnegative matrix B € CS,, with eigenvalues Aj, Ag,..., A, and
diagonal entries w1, ws, ..., w,. For r = 2, it is necessary and sufficient that 0 < wy <
A, k=1,2, and wy + wy = A1 + Ag. For r = 3, we slightly extend a result due to
Perfect [6, Theorem 4]:

THEOREM 2.2. The numbers w1, wa,ws and A1, Az, Az (A1 > |Ai|, @ = 2,3) are,
respectively, the diagonal entries and the eigenvalues of a 3 X 3 monnegative matriz
B € CSy, if and only if

? ngkéAh k:172737

)
) witwrtws=A+ A+ A3,
)

2

210 wiwg + wiws + wows > A1Aa + A A3 + Aoz,

i m}gxwk > Rels.
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Proof. If Ao, A3 are real, the result is [6, Theorem 4]. Let A2, A3 be complex
(A2 = A3). The proof is like the proof in [6]. We include it here for the sake of
completeness: The necessity of conditions i), i), iii) is clear. From a Brauer result
[2, Theorem 11] about eigenvalues localization via ovals of Cassini, we have

Az — wil [As — wj| < (A1 —wi) (A1 —wj), @ # .
Then, for i = 2 and j = 3, it follows
(A2 — (ReX2)?) — (M — Redg)(we +ws) >0
and
(A — ReX2) [A1 + Redg — (w2 +w3)] > 0.

Hence, wy + w3 < A1 + ReAq, and from i), wy; > ReMs. Thus, iv) is established. Now,
suppose that conditions ¢) — iv) are satisfied. Then a straightforward calculation
shows that the matrix B € CSy,,

w1 0 A —wp
B=| AM—w2—p wa D ) (2.1)
0 )\1 — w3 w3
where
1
P=x [wiws + wiws + waws — A Aa — A1 Ag — AaAg]
1 — W3

is nonnegative with eigenvalues A1, A2, A3 and diagonal entries wy,ws,ws. O

The following corollary gives a simple sufficient condition to construct a 4 x 4
nonnegative matrix M € CS,, with prescribed complex spectrum.

COROLLARY 2.3. Let A = {A\1,\a,a + bi,a — bi} be a list of complex numbers
(M > |a £ bi|). If there exist real numbers wy,ws,ws, satisfying conditions
) 0<wy <A, k=1,2,3,
1) wi + w2 +ws = A + 2a, (2.2)
)
)

Wiws 4+ wiws + waws > 2A1a + a® + b27

v max wy > a, max Wy > |Aqf,
then
w1 0 0 )\1 — w1
- A A 0 A —
M= w1 2 2 1— w1 for Aa >0,
)\1 —wy — P 0 w2 p
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and
0 w1 0 )\1 — W1
- A 0 A —
M = 2 w1 + A2 1 — w1 for A <0,
Al —w2—p 0 wa D
0 0 )\1 — W3 ws
where p = [wiws + wiws + wowz — (2A1a + a® + b?)], is a nonnegative matriz

)\1 — W3
(in CSy, ) with spectrum A.

Proof. Since wy,ws,ws satisfy conditions (2.2), by Theorem 2.2, we may construct
the matrix

w1 0 AL — wi
B=| AM—-ws—p wo D
0 )\1—(.4)3 w3

Let A = Ai UAsUA3 with A = {)\1,)\2}, Ay = {CL + b’L} and As = {a — bl}, and let
'y = {w1, A2}, To = {ws2} and T's = {w3} be the corresponding associated realizable
lists (as in Theorem 2.1). Let also

w1 0 0 0 0 w1 0 0
wi—Ay Ay O 0 ’ X wit+X O 0
A= d A =
0 0 w o | ™ 0 0  w 0|’
0 0 0 ws 0 0 0 ws

for Ay > 0 and Ay < 0, respectively. Then, from the proof of Theorem 2.1, M =
A+ XC or M' = A"+ XC is the desired matrix. O

To compute a possible r X r nonnegative matrix B, r > 4, with diagonal entries
w1, ...,w, and eigenvalues A1, ..., A\r_2, a+bi, a—bi, b > 0, where \; (i =1,...,7—2)
are real, we use Theorem 1.1. It is clear from Theorem 1.1 that if

(i) 0<wp <A1, k=1,...7
(16) wiFwrt - Fw=AFA+ -+ A, (2.3)
(1i1)  wi > ReXg, and wy > ReXg, k=2,...,7,

then

w1 wy — Redy -+ w, — Rel,
wy — ReXs wa -+ w, — Re\,

w1 — Re\, wy — Rely - Wy
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is a nonnegative matrix with diagonal entries w1, ...,w, and eigenvalues Re\q,...,

Re,., more precisely, with eigenvalues A1, A2, ..., A\r—_2,a,a. It is easy to see that the
eigenvectors of M associated with a = Re\,._1 = Rel, are of the form

X1 = (Sl,Sl,...,Sl,l,O)T and X9 = (52752’...’527071)T’

where
Sp=——y et =8 and Sy=-—p O
Doico (Wi =) + (w1 —a) Yoico (Wi — X)) + (w1 —a)
with
r—2
D (wi—Xi) + (w1 —a) > 0.
i=2

The eigenvectors x; and xo are linearly independent. Let C be the 2 X r matrix

Then
0 —-b
X = .

Now, from Rado Theorem 1.2, we have that the matrix M + XC has eigenvalues
ALy oy Ap—2,a + bi,a — bi, and diagonal entries wq,...,w,. It only remains to show
that M 4+ X C' is nonnegative. To do this, we observe that

0 - 0 Syb —Sib

XC=|o 0 Sob —Syib
0 - 0 0 —b
0 - 0 b 0

Then the r» — 2 first columns of the matrix M + XC are the same as the r — 2 first
columns of M and they are nonnegative. The (r —1)-th and 7-th columns of M + XC
are of the form

(w—1 — @+ Sab, ..., w1 —a+ Sab,w,_1,w,—1 —a+b)"
and

(wrfafSlb,...,wrfafslb,w,,fafb,wr)T,
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respectively. From (2.3), w,_1 > Re\._1 = a, and hence, w,_1 —a+b>0. If
wr—a—>b>0, (2.4)

then w, —a — 510> b— S1b >0 since S7 < 0. Finally,

— Wy —a ] >0
Yics (Wi = Ai) + (w1 —a)

Wp_1—a+bSy =w,_1 —a+b

if and only if

r—2

(wr—1 —a) [Z(wz —Ai) + (w1 — a)} —b(wr —a) >0,

i=2
and from (2.3) (é¢), this is equivalent to
(wr—1 —a)[(M —wy) — (wp—1 — a@)] — b(w, —a) > 0.
That is,
(w,—1 —a)? = (Wr—1 — a)(\1 — w,) + b(w, —a) <0. (2.5)

Thus, we have that if (2.4) and (2.5) hold, then B = M + XC' is nonnegative. We
have proved the following result:

THEOREM 2.4. Let r > 4. The numbers wy,ws,...,w, and A1, Aa,..., A\p_o,a +
bi,a—0bi, with a,b,\; € R, i =1,...,r—2, are the diagonal entries and the eigenvalues
of an r X r nonnegative matriv B € CSy,, respectively, if

) 0<wp<A\, k=1,...m,

) witwrdtwr =M+ A+ A,
(1i1) w1 > Relg, and wy > ReXg, k=2,...,71,
)

)

(v) w,>a+d,
() (wr—1 —a)* = (wr—1 — a)(A\ — w,) + b(w, —a) <0,
(vi) > (wi—Xi)+ (w1 —a) > 0.

i=2

3. Constructing Hermitian matrices with prescribed spectrum. Since
we are interested in the nonnegative realization of spectra, in this section, we show
how to construct an n x n Hermitian matrix with prescribed spectrum, whose entries
have nonnegative real part. In particular, we generalize a result in [10] for symmetric
nonnegative matrices. The technique is the same as in Section 2. We start with the
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following result, which is an Hermitian version of the Rado Theorem 1.2 . The proof
is similar to the proof of Theorem 2.6 in [10], which gives a symmetric version of Rado
Theorem. We include it here for the sake of completeness.

THEOREM 3.1. Let A be an n X n symmetric matriz with eigenvalues \1,. .., An,
and, for some r < n, let {X1,Xa,...,X,} be an orthonormal set of eigenvectors of
A associated with Ai,...,\., Ax; = A\ix;. Let X be the n X r matriz with i-th
column x;, let Q = diag{ A1, ..., A}, and let C be any v x r Hermitian matriz. Then
the Hermitian matriz A+ XCXT has eigenvalues i1, fa, .., fory Aes1s - - - » An, Where
1, o, ..., [ are the eigenvalues of the matriz  + C.

Proof. Since the columns of X are an orthonormal set, we may complete X to an
orthogonal matrix W = [X Y] ie, XX =1, Y'Y =1, ,, XTY =0, YTX =0.
Then

X7 Q XTAY
—1 _ _
w AW—[YT]A[X Y]—{O YTAY}
and
I C 0
xextw =| 7 I =
W xexhw = | leln ol=|
Therefore,
_ QO+C XTAY
1 T _
WA+ XCX )W{ 0 YTAY}’
and A+ XCX7 is an Hermitian matrix with eigenvalues i1, ..., fbr, Aps1s .-+ An. O

It is clear that Theorem 3.1 also holds for A Hermitian.

THEOREM 3.2. Let A = {A\1,Aa,..., Ay} be a list of real numbers with \y >
Ao > - > A\, and, for some t < n, let wy,ws,...,w; be real numbers satisfying
0 <wg <A1, k=1,...t. Suppose there ezist

i) a partition A = Ay U -+~ U Ay, with Ay = {1, M2, - - -a)‘kpk}7 A1 = A, Ak 2> 0,
A1 = Aga > -+ > Aip,.» Such that for each k =1,...,t, the list U= {wk, Mk2, - - -, Akpy, }
is realizable by a symmetric nonnegative matriz, and

1) a t x t Hermitian matriz, whose entries have nonnegative real parts, with eigen-
values A\11, Aa1, ..., N1 and diagonal entries wi,ws, ..., w;.

Then A is the spectrum of some n x n Hermitian matriz, whose entries have nonneg-
ative real part.

Proof. For each k = 1,...,t denote by Ay the symmetric nonnegative py X pg
matrix realizing I'y. Then the n X n matrix A = diag{ A1, Aa, ..., A} is symmetric
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nonnegative with spectrum I'y U --- UT}. Let {xX1,...x¢} be an orthonormal set of
eigenvectors of A associated, respectively, with wy,...,ws. If Q = diag{ws,...,w},
then the n x t matrix X with i-th column x; satisfies AX = XQ. Moreover, X is
entrywise nonnegative since the nonzero entries of each x; constitute a Perron vector
of A;. Now, from %) let B the ¢ x ¢ Hermitian matrix with entries with nonnegative
real parts, spectrum {11, Aa1,. .., A1} and diagonal entries wy, ..., w;. If we set C' =
B —Q, then the matrix C is Hermitian with its entries having nonnegative real parts,
and Q+C has eigenvalues A\11, Ao1, ..., As1. Therefore, by Theorem 3.1, the Hermitian
matrix A+ XCX7T has spectrum A. O

Theorem 3.2 not only ensures the existence of an Hermitian realizing matrix, but
it also allows to construct the realizing matrix. Of course, the key step is knowing
under which conditions does there exist a t x ¢ Hermitian matrix B with eigenvalues
A1, Az, ..., Ay and diagonal entries wi,ws,...,ws, whose entries have nonnegative real
parts. Schur proved that the vector of eigenvalues \; > - -+ > A, of an nxn Hermitian
matrix A majorizes the vector of diagonal entries w; > -+ > w, of A.

For ¢t = 2, the Schur conditions become
A > wp and A+ Ay = wi + wa,

and they are also sufficient for the existence of a 2 x 2 Hermitian matrix

B{ wl. a—|—bi],
a—bi wa

a,b € R, with eigenvalues A\ > Ay and diagonal entries w; > ws > 0, namely,

w1 a—i—\/()\l—wl)()\l—wg)—azi
a—\/()\lfwl)(/\lfwg)—aQi %)

B =

For general ¢, we have an algorithmic procedure to construct the required ¢ x ¢
Hermitian matrix B. A converse to the result of Schur was proved by Horn [4]:

THEOREM 3.3. [4] Letn > 1, and let \y > -+ > A\, and wy > -+ > wy, be given
real numbers. If the vector A\ = [A1,...,\n] majorizes the vector w = [wy,...,wy],
then there exists an n X n real symmetric matrizc A = [a;;] with eigenvalues {\;} and
diagonal entries a;; = w;, 1 =1,2,...,n.

The steps to construct the required ¢ x ¢ Hermitian matrix B with eigenvalues
A1, ..., A+ and diagonal entries wq,...,w; are as follows:

i) We construct a (t — 1) x (t — 1) symmetric nonnegative matrix M with eigenvalues
Y1,--.,7—1 and diagonal entries wo, ..., w;, where

M7 2 A > 2> > Ay,
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and the vector v = [v1,...,7:—1] majorizes the vector w = [wa, ..., w:]. The existence
of the 7, is ensured by Lemma 4.3.28 in [4]. The construction of M is based on the
results in [10, Section 3].

it) Let D = diag{v1,...,7-1}, and let @ be the real orthogonal matrix such that
M = QDQT. Then we construct an Hermitian matrix

H{D Z}, a €R,

Z*

with eigenvalues A1,..., ;. The entries of the complex vectors z and z* come from
the use of Theorem 4.3.10 in [4]. In fact, this result establishes that if

M2 227> 2m1 >N

and D = diag{v1,...,7v_1}, then there exist a scalar « € R and a vector y € R!~!

such that {\1,..., At} is the spectrum of the real symmetric matrix
D
A= [ Y } .
y' o«

The proof can be easily modified for y = z = (z1,...,2;_1) € C'71. In this case, the
t — 1 real numbers |z;| can be found from

t—1 t—1
[(Ak—a)—2|zi|2 ! ]H(Ak—%):o,kzl,..‘,t,

i=1 Ak =i | o

and then we may choose z; with nonnegative real part or z; being pure imaginary.

1i1) Now we set
[ @ o QT o] M Qz
o=l t]rlo V=l )

which is an Hermitian matrix with eigenvalues A1, ..., A\; and diagonal entries wy, ...,
Wt.

4. Examples.
EXAMPLE 4.1. Let A = {7,1,—2,—2, -2 + 4i,—2 — 4i}. Consider the partition
Ay ={7,1,-2,-2}, Ay ={—2+4i}, Ay={-2—4i}
with

= {37 1, -2, 72}7 Iy = {0}7 Iy = {O}
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Then we look for a nonnegative matrix B € CS; with eigenvalues 7, —2 + 44, —2 — 44
and diagonal entries 3,0,0. From (2.1),

3 0 4
_ | a 8
B=|]= 0 =
L 0 7 0
It is clear that
0 2 0 1
2 0 0 1
Q=10 1 0 2
L0 1 2 0

has the spectrum I';. Then from Theorem 2.1, we have that

100
[ A 188 0 00 0 0 4
A= 0 11 00 $ 0000 2
i 0 01 0 0 0007 0
| 0 0 1|
[0 2 01 0 4]
2 00 1 0 4
0o 1020 4
10 1 20 0 4
41 8
4 0000 &
| 0 0 0 0 7 0|

has the spectrum A.
EXAMPLE 4.2. Let A ={7,-3,1+3i,1 —3i,1+14,1—i}. Consider the partition

Ay ={7,-3}, Ap={1+43i,1+i1—i}, Ay={1—3i},
I'y={3,-3}, To={3,1+i,1—4}, I's={3},

3
Nt T143i1-30 w333 p=1.

Then

sy
Il
o nln w
w
[SURUN VSN
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and

A+XC =

o wlon|meln w o
O O O O O W
=~ O NN NN OO
O = = O o O

has the spectrum A.

SO N O = O O

[GURTN VNI N IR NG

http://math.technion.ac.il/iic/ela

607

ExaMPLE 4.3. Let A = {7,5,1,—3,—4,—6}. We shall construct an Hermitian
matrix, whose entries have nonnegative real parts, with spectrum A. Consider the
partition Ay = {7, —6}, Ao = {5, —4}, A; = {1, —3}, with the symmetrically realizable
list 'y = {6, —6}, I's = {4, —4}, T's = {3, —3}. Then we look for an Hermitian matrix
with eigenvalues 7,5, 1 and diagonal entries 6,4, 3. We choose v; = 6 and 7y, = 1, and

construct the matrix

v 5]

with eigenvalues 6 and 1. Let

6 0 8
D—[Ol}andQ—[\/?o
Then QT MQ = D. We construct an Hermitian matrix
6 0 Z1
H=| 0 1 2
2i 25 6

with eigenvalues 7,5,1. Then we solve the system
2 2
21"+ |z2]" =1
2 2
|z1]" = 622" =1,
which allows us to choose z; =4 and z3 = 0. Thus,

6 0 ¢
H = 0 1 0
-t 0 6

and the required Hermitian matrix is

B:{OQT ?]H[Cgf H:[(Q%* %]

|
s
(o3
[SA1\]
| I

.

o S

ot

ER
ot

o ‘EU‘\W
~.
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Now, we apply Theorem 3.1 to obtain the Hermitian matrix A with spectrum A

040000
400000
000300
A= xcxT
00300 0] %
00000 6
(0000 6 0|
0 4 W6 1ve ﬁz \}%z
1 1 15, 15,
1 . .
| V6 3V6 0 3 gt gt
%ﬂ %ﬁ 0 i MR
15 15 10 10
_\}7072 —\}7071 —\}EZ —\}7077, 0 6
15 15, 10 10
[ %! — Tt ¢ ot 6 0 |
where
V2 V2 o 0 0 0
XT=1 0 0 V2 &v2 0 0
0 0 0 0 3vV2 3V2
and
0 V6 3
C=| 6 0 Y1,
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