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PERTURBATION OF THE GENERALIZED DRAZIN INVERSE*

CHUNYUAN DENG! AND YIMIN WEI*

Abstract. In this paper, we investigate the perturbation of the generalized Drazin invertible
matrices and derive explicit generalized Drazin inverse expressions for the perturbations under certain
restrictions on the perturbing matrices.
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1. Introduction. The Drazin inverse of an operator or a matrix has various ap-
plications in singular differential equations and singular difference equations, Markov
chains, and iterative methods (see [1, 2, 3, 4, 16, 17, 22, 23, 30]). In addition, the
perturbation analysis of the Drazin inverse is important from the perspectives of both
pure and computational mathematics (see [2]-[4],[6]-[7],[19]-[29]). The perturbation
results of the Drazin inverse of a closed linear operator can be applied to the solu-
tion of perturbed linear equations and to the asymptotic behavior of Cy-semigroup of
bounded linear operators [2, 16].

Let X denote an arbitrary complex Banach space and B(X) denote the Banach
algebra of all linear bounded operators on X. If A € B(X), then R(A), N(4), o(A)
and v(A) denote the range, the kernel, the spectrum and the spectral radius of A,
respectively. Recall that an element B € B(X) is the Drazin inverse of A € B(X)
provided that

AR —=AF BAB=B and AB=BA

hold for some nonnegative integer k. The smallest & in the definition is called the
Drazin index of A, and is denoted by i¢(A4). If A has the Drazin inverse, then the Drazin
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inverse of A is unique and is denoted by AP. It is well-known that A € B(X) has the
Drazin inverse if and only if the point A = 0 is a pole of the resolvent A — (A — A)~L.
The order of this pole is equal to ¢(A). Particularly, it follows that 0 is not the
accumulation point of the spectrum o(A) (see [1, 13, 17, 18]). For a compact subset
M of C, we use acc (M) to denote the set of all points of accumulation of M.

In [18], Koliha introduced the concept of a generalized Drazin inverse (or GD-
inverse). The GD-inverse of an element A € B(X) exists if and only if 0 ¢ acc o(A).
If0 ¢ acc o(A), then there exist open subsets U and V of C, such that o(A)\{0} C U,
0 €V and UNV = (). Define a function f in the following way:

{O, AETV,

fx = 1 el

The function f is regular in a neighborhood of o(A), i.e., it is analytic and single-
valued throughout a neighborhood of o(A4). The GD-inverse of A is defined as A? =
f(A). If A is GD-invertible, then the spectral idempotent A™ of A corresponding
to {0} is defined by A™ = I — AA%. The matrix form of A with respect to the
decomposition X = N(A™) & R(A™) is given by

(1.1) A=A & Ay,

where A; is invertible and As is quasinilpotent. If we denote C4 = A; & O and
Qa=06® Ay, then A =C4 + Q4 is known as the core-quasinilpotent decomposition
of A.

Let

_( Unn Upa _ o A+ Un U2
U—( 0 U22) and B—A—i—U—( 0 A2+U22>

with respect to the decomposition X = N(A™) & R(A™). In our paper, we consider
the perturbation of the generalized Drazin inverses in more generalized cases as fol-
lows:

e Ay + Uy is invertible and dim[R(A™)] is finite.
e A; + Uqq is invertible and Ug Ag = O.
° Al + U11 is invertible and UQQAQ = AQUQQ.

In the existing literature [2, 12, 19, 24, 25, 26, 27, 28, 29|, only are the following cases
considered:

o | I+ A1_1U11H < 1, which ensures that Ay + Uyq is invertible, As + Uss is
quasinilpotent and U = O.
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[ ] A1+U11 is invertible, U22 is quasinilpotent with A2 U22 = UQQAQ and U12 =0.
o U1 = O, Uy is quasinilpotent and Uz A2 = O.
° HI—FAIlUuH <1, U2 =0 and Uz = O.

The main purpose of our paper is to study the perturbation of the GD-inverse A% of a
bounded linear operator A and to obtain a bound for HA +U)? — AdH under certain
conditions on the perturbing operator U, usually of small perturbation. The error
bounds for the perturbed GD-inverse without restriction on the perturbing matrix
(or operator) are difficult to obtain. We derive explicit expressions of GD-inverse for
the perturbations under certain restrictions on the perturbing operators.

2. Main results and proofs. To prove the main results, we begin with some
lemmas.

LEMMA 2.1. [15, Corollary 8] Let (é g) be a bounded linear operator on X @Y.
If 6(A) No(C) has no-interior point, then

. K g g )] — 5(A) Ua(C).

For 4y € C and K C C, we define dist(p, K) = inf{|A — pu| : A € K} if K # 0
and dist(p, ) = oo. The following result establishes the spectral characterization of
perturbation operators.

LEMMA 2.2. If A and U € B(X), B = A+U and o.(A) = {\ : dist(\,0(A)) < €},
then for every € > 0 there exists 6 > 0 such that 0(B) C o¢(A) whenever || U ||< 4.

Proof. First we can suppose that 6 = 1. Then it is clear that o(A) and o(B) are
in the closed disk D = {\: |\| < 1+ || B ||}. For every ¢, D\o((A) is a closed subset
in complex plane. If p € D\o.(A), then uI — A is invertible. So there exists an open
ball U(ul — A,0,) C B(X) such that T is invertible for all T' € U(ul — A,6,,).

Let E, = {\: |\ —p| < 26,}. Then {E, : p € D\o.(A)} is an open covering
of the compact subset D\o(A). So there is a finite subcovering {E,,,,i =1,2,...,n}
covering the subset D\o(A4). Put § = min{1,16,,,i = 1,2,...,n}. For every A €
D\o.(A), if || U ||< 4, then there exists an open subset E,, so that A € E,,. From
| Al —B— (il —A)||<|| A= B || +|A — pi| < 8+ 36, < 6,,, we have A\ — B €
U(pil — A, 6,,). It follows that A ¢ o(B) and therefore o(B) C o.(A). O

If A€ B(X) and v(A) > 0, Koliha and Rakocevi¢ got the following basic lemma
[17, Lemma 1.3].

LEMMA 2.3. [17, Lemma 1.3] Let A € B(X) be Drazin invertible. If v(A) > 0,
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then

dist(0,7(4) \ {0}) = (v(47)) .

Additive perturbation results for the GD-inverse were investigated by many au-
thors (see [5, 7, 8, 12, 13, 16]). In [12], a detailed treatment of the generalized Drazin
inverse (A + B)? in terms of A% and B¢ in infinite dimensional spaces was given.

LEMMA 2.4. (1) [12, Theorem 2.3] Let A and B € B(X) be GD-invertible with
AB = 0O. Then A+ B is GD-invertible and

(A+ B)Y = (I - BBY) i B" (AN | A? 4 B4 i(Bd)"A” (I — AA%).
n=0 n=0

(2) [12, Theorem 2.1] Let A, B, A+ B € B(X) be GD-invertible and AB = BA.
Then A + B is GD-invertible and

(A+B)? = (Ca+CB)'I + (Ca+Cp)(Qa+Qp) "

where A =Ca+ Q4 and B=Cpg + Qp are known as the core-quasinilpotent decom-
position of A and B, respectively.

LEMMA 2.5. Let X be infinite dimensional Banach space. If A € B(X) is a
nilpotent operator, then dim|[N(A)] = oo.

Proof. If A = O, it is obvious that dim[N(A)] = co. If A is non-zero nilpotent,
then there exists a positive integer k£ > 2 such that A*¥ = O and A¥~1 # O. Suppose
to the contrary that dim[N(A4)] = ng < oo, then dim[R(A4)] = co. It is clear that
dim[N(A) NR(A)] < ng, which shows that dim[R(A?)] = co. By induction, it is easy
to see that dim[R(A*~1)] = co and R(A*~1) C N(A). This is a contradiction. O

For the Drazin index, if A and B are quasinilpotent, then i(A) and i(B) € NUoo.
The following results were first obtained by Gonzélez and Koliha for the case that A
and B are commuting quasinilpotent elements (see [2]). In fact, if both i(A) and i(B)
are finite or exactly one of i(A4) and #(B) is finite (co — oo is not defined), then we
have the following generalization.

LEMMA 2.6. Let A, B be quasinilpotent. If AB € {O,+A% +B? +BA}, then
[i(A) —i(B)|+1<i(A+B) <i(A)+1iB) -1
holds provided i(A) > 0 and the difference i(A) — i(B) is defined.
Proof. Tt is easy to obtain

(A+B)" =) B'A™" if AB=0
=0
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and

mi1 m o m—i—1 i gm—1 : . 2
(A+B)" =3B +Z¥ B'A™ U if AB = A2,
we have i(A + B) < i(A)+i(B) — 1. Similarly we have i(A+ B) <i(A) +i(B) —1if
AB € {—A? +B? +BA}.

If AB € {O,+A? £B? +BA}, in a similar way to the proof of the first step, we
have i(A) = i((A+ B) + (=B)) <i(A+ B) +i(B) — 1, i(B) = i((—A) + (A + B)) <
i(A+ B)+i(B)—1. So we obtain [i(A) —i(B)|+1 < i(A+ B) whenever the difference
i(A) — i(B) is defined. O

The following result has been proved in [12].

LEMMA 2.7. [12] If A € B(X) and B € B(Y') are GD-invertible and C € B(Y, X),
_(AcC) ; . . d_ (A X
then M = ( ) 18 GD-invertible and M® = ( ), where

O B O B4
X = Z(Ad)n+2CBn BT + AT ZAnc(Bd)n+2 —AdCBd.
n=0 n=0

First we discuss the GD-invertibility of the finite rank perturbation.

THEOREM 2.8. Let A € B(X) be GD-invertible, U € B(X) satisfy ATU(I—-A™) =
O. There exists a 6 > 0 such that B = A+ U is Drazin invertible for each | U ||< §
if and only if dim[R(A™)] is finite.

Proof. “Necessity.” Let P = A™ be the spectral idempotent of A corresponding
to {0}. Then A has the matrix form

(2.1) A=A @ Ay
with respect to the decomposition X = N (P) @ R(P), where A; is invertible and As

is quasinilpotent. If dim[R(A™)] is infinite, by Lemma 2.5, dim|[N(A3)] = co. Then
Ao has the following operator matrix form

O A
A =
? <0 @3)
with respect to the space decomposition R(P) = N (A2) @ (R(P) © N (Az)), where

Ass is quasinilpotent. If S is a unilateral shift defined on N (Az), then o(S5) is a unit
disk. Define U by U =0 @ 555 @ O. Then || U ||< 6 and

A4 O O
A+U=| 0 %5 Ay
O O A
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with respect to the space decomposition X = N(P) & N (42) & (R(P) o N(Ag)).
Thus 6(A+U) = 0(A1) Uo(555) by Lemma 2.1. This shows that 0 is not an isolated
point of 0(A + U). Therefore B = A 4 U is not Drazin invertible.

“Sufficiency.” If A is invertible, then the result holds. If A is quasinilpotent, then
dim (X)) is finite because dim[R(A™)] is finite. Since all operators in B(X) are Drazin
invertible when dim(X) is finite, the result is obvious.

Suppose that A € B(X) is GD-invertible, neither invertible nor quasinilpotent. If
A has the operator matrix form (2.1), then o(A4) = o(A;)U{0}, and o(A;)N{0} =0,
where 0(A3) = {0}. By Lemma 2.3, we have

dist (0, o(A) \ {0}) = (v(A%)) ™" > 0.

For small enough ¢ > 0, there exists two disjoint closed subsets M; and Ms such
that 0.(A41) = {A : dist(\,0(A1)) < €} and 0.(A2) = {\ : dist(\,0(A2)) < €} are
contained in the interior of M; and Ms, respectively.

Since AU (I — A™) = O, U and B have the following operator matrix forms

U_<U11 U12> B_<A1+U11 Uiz >
0] U22 ’ O A2+U22

with respect to the decomposition X = N(A™) & R(A™). By Lemma 2.2, there is
a 6 > 0 such that U(Al + Ull) C UE(Al) C My and U(Ag + Ugg) C O'E(AQ) C M,
whenever || U ||< §. Thus o(B) = 0(A1 4+ U11) Uo (A2 + Usz) by Lemma 2.1. Since
dim[R(A™)] is finite, o(Az+Usz) is a finite subset of o(B). Note that 0 ¢ o(A414+U11).
So 0 is not an accumulated point of o(B). Therefore B = A + U is Drazin invertible.
a

DEFINITION 2.9. Let A € B(X) be GD-invertible and § > 0.

(1) An operator U € B(X) is called As—compatible if it satisfies AU (I—A™) = O
and if A™U is GD-invertible for each || U ||< 4.

(ii) If the operator U is As—compatible and satisfies AA™U = O, then we say U
is AY—compatible.

(iil) If the operator U is As—compatible and satisfies AA™U = ATUA, and —1
is mot the accumulation point of o[(A™U)IA™U(I + (A™U)4A)], then we say U is
Agl —compatible.

Next we consider the perturbation of the generalized Drazin inverse. We need
some notation. Let

va=(I+AU)" A%,
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d d -1
ka = Chry(I+ ChrpA),

wa = (A™U)? (i (A" v)H)" (A”A)") .

n=0

THEOREM 2.10. Let A € B(X) be GD-invertible. Then there always exists a
§ > 0 such that A+ U is GD-invertible whenever U € B(X) is AY—compatible. In
this case, we have

> AP UAT(AT(A+ )"

n=0

(A4+U) =vy +wa —vaUws + X [I—(A+U)wA]

and the inequality
li(A) —i(A™U)| <i(A+U) <i(A)+i(A"U) — 1
holds provided i(A) > 0 and the difference i(A) — i(A™U) is defined.

Proof. Let B= A+U and P = A™ be the spectral idempotent of A corresponding
to {0}. If U is AY—compatible, then A, U and B have the matrix forms

A O U U A+ U Uiz
22) A= ;o U= ;. B=
( ) ( O A, ) ’ ( 0] Uso ’ 0] As + Uso
with respect to the decomposition X = N (P) & R(P), where A; is invertible, A, is
quasinilpotent, Uss is GD-invertible and AsUse = O.

If A is invertible, then i(A) = 0 and A™ = O. By Lemma 2.1, there exists a 6 > 0
such that B is invertible, B™1 = (I + A7'U)"'A~! and i(B) = 0. The results hold.
Similarly, by Lemma 2.4 and Lemma 2.6, we can show that the results hold if A is
quasinilpotent.

Now suppose that A € B(X) is GD-invertible with i(4) > 0 and o(4) # {0}.
For small enough € > 0, there are two disjoint closed subsets M; and My such that
0e(A1) C My and o.(A2) C Ms. By Lemma 2.2, there exists a 6 > 0 such that
(A1 + U11) C 0(A41) and 0(As + Uzz) C 0c(Az) whenever || U ||< ¢ (this implies
that || Uil ||< 6 and || Uso ||< 5) So we have O'(Al + Ull) n O'(AQ + UQQ) =0. It
follows that o(B) = o(A; + U11) Uo(As + Uaz) by Lemma 2.1. Hence, there always
exists a 0 > 0 such that Ay + Uy is invertible whenever || U ||< 6.

Since A™U is GD-invertible and AA™U = O, Ay + Usg is GD-invertible and

o0

> (US)" A3

n=0

(Ag + Ugp)* = U,
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by Lemma 2.4. Hence, there exists a § > 0 such that A;+Uy; is invertible and As+Uss
is GD-invertible whenever | U ||< §. It follows that B = A + U is GD-invertible. By
Lemma 2.7, we have

i _ ( (A4 Up)™t S )
@ (Ao +Ux)? )’

where

S = Z(Al + Upp) " U 5 (Ag + Usp)™)(Ag + Una)™ — (A1 + Upy) " U12( Az + Ug)?.

n=0

Note that (A1 + Up1) '@ O = (I + AU) 1A% = vy,

A" (A4 U)"=0® (A + Un)' =00 Us, | Y (U$)" Ay
n=0
= (ATU)* | ((ATT)h)" (AT A)"
n=0
= UJA
and
0o S - n+2 T T n
00 )= S UAPUATANA+U)"| x [I = (A+ U)wa] — vaUwa.
n=0
So we get
B =4 +wa —valwa + Z VITRUA™ (AT (A4 U))™ | x {I —(A+ U)wA} .
n=0

Note that A = A; @ Ay and Ay + Uy is invertible. Then i(A) = i(A42) and
1(B) = i(Ag + Usq). Since A is quasinilpotent, Usy is GD-invertible and AsUse = O,

we have
_ (O A _(Uxp O
w=(6 ) ==(T g

with respect to the decomposition R(A™) = N (UZ,)®R(UJ,), where Ul, is invertible,
Al and UL, are quasinilpotent with AJUY, = O. By Lemma 2.6,

|i(A3) — i(Uzp)| + 1 < (A5 + Us) < i(A3) +i(Uzp) — 1.
From i(AY) + 1 > i(A3) > i(AY), we have

li(A2) — i(Usy)| < i(AY 4 Usy) < i(Az) +i(Usy) — 1.
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From i(B) = i(As + Usz) = i(AY + UL), i(As) = i(A) and i(UL) = i(Usz) = i(ATU),

we have

li(A) —i(A™U)| <i(B) < i(A) +i(A™U) — 1. O

The following result is an extension of [2, Theorem 2.3].

THEOREM 2.11. Let A € B(X) be GD-invertible. Then there always exists a
§ > 0 such that A+ U is GD-invertible whenever U € B(X) is Ay '-compatible. In
this case,

(A+U)" =va+ra—vaUsa+ | Y viPUAT(A™(A+U))"

n=0

X [I— (A+ U)KA],

where Ca~y is invertible component in the core-quasinilpotent decomposition A™U =

Carv + Qarv. In particular, if —1 ¢ o[(A™U)?AU(I + (A™U)%A)], then
[i((A"U)"A) —i(A"U) |+ 1 <i(A+U) <i(A) +i(A"U) - 1

holds, provided that i(A) > 0 and the difference i[(A™U)" A] — i(A™U) is defined.

Proof. Let B = A+ U. Since U is Agl—compatible, A™U is GD-invertible and
A™U has the core-quasinilpotent decomposition form A™U = Ca~y + Qa~y. If A, U
and B have the representations as (2.2), then

AU =0 D U22 and A2U22 = U22A2.

Let P, be the spectral idempotent of Uss in the Banach algebra B (R(A”)) cor-

responding to {0}. Then Uy has the form Usy = Uj, © U3, with respect to the
space decomposition R(A™) = N'(P1) @ R(Py), where U}, is invertible with Cy=py =
O @& U3y ® O, U3, is quasinilpotent with Q -~y = O & O & UZ,.

Since Ap commutes with Pj, we have A; = A} @ A2 with respect to the space
decomposition R(A™) = N(P;) ® R(Py), where A% (i = 1,2) are quasinilpotent and
Ui, A = ALUL,, (i = 1,2). So U2, + A3 is quasinilpotent and

(A"U)IA™U(I 4+ (A™U)A) =0 @ (I + (UL,) tAY) @ O.
If —1¢ o[(A™U)IA™U(I + (A™U)?A)], then
0& (A +Un) = 0 & (Ug + 43) ® (U3, + A3)

is GD-invertible. If —1 € o[(A™U)?A™U(I + (A™U)%A)], then by the definition of
A5 ' —compatible, —1 is the isolate point and so I + (U3,) "' A} is GD-invertible.
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Note that A3, U22 and (U},)™! commute pairwise, U}, + A} is GD-invertible and
(Uzy + A3)" = (Ugy) (I + (Ugy) "1 A3)% = (I + (Us,) 1 A3)(U3,) . Hence

O @ (Ag + Upa) = O @ (Ugy + A3) @ (U3, + A3)
is GD-invertible. By Lemma 2.4, we have
(AT(A+U))? = (0@ (As + Un)) = Chnyy(I + ChrpA) ™' = k.

Hence, by Lemma 2.2 and Lemma 2.3, there exists § > 0, if || U ||< ¢, then A; +Uqy is
invertible and As + Uso is GD-invertible. It follows that B = A 4+ U is GD-invertible.
By Lemma 2.7, we have

Bl _ < (Ay +Un)™! S )
@) (AQ + U22)d
where
S = Z(Al + U11)7("+2)U12(A2 + Up)"(Ag + Usz)™ | — (A1 + Up1)  1U12(Ag + Uso)%.
n=0

Note that (A; + Upy) ' @ O = (I + AYU)1A? = vy and

( g g ) = l;uZHUA”(A”(A—i—U))"

So we obtain

X |:I— (A—I—U)KA] —vaUk4.

S i UAT(AT(A+U))"

n=0

BdZI/A—I—KA—VAUIiA—I—

X |:I—(A+U)I€A:|.

From (2.2) we know i(A) = i(Az), i[(ATU)™A] = i(A3) and i(B) = i(Az + Us2).
Since —1 ¢ o((ATU)PA™U(I + (A™U)?A)), i(Az + Uza) = i(A3 + UZ,) and i(Az) >
i(A3). By Lemma 2.6, |i(A3) —i(U%)| +1 < i(A3 +U32,) < i(A3) +i(U3,) — 1. Hence

li((ATU)TA) —i(A™U)|+1 < i(B) <i(A)+i(A"U) — 1. 0
3. Special cases. Many interesting special cases of Theorem 2.10 and Theorem
2.11 were considered in [2, 23], Some of them are generalizations of the well-known

results. Wei and Wang [23] considered a perturbation of the Drazin inverse of A under
the conditions on U given by

(3.1) AAPUAAP =U and || APU ||< 1.
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If A and U have the forms as (2.2), then condition (3.1) implies that U;; = O (i = 1, 2).
If ¢ is small enough, then the following result is a direct corollary of Theorem 2.10
and 2.11.

COROLLARY 3.1. [23, Theorem 3.2] Suppose that B = A+U with U = AAYU AA?
and || AU ||< 1 hold. Then

BY — A= —BiUAY = —AUB4,
B = (I + AU)TAY = AT +UADH Y

| Bl-At) _ A
TA7] = =]

Castro Gonzélez and Koliha [2] considered a perturbation of the Drazin inverse
of A under the A-compatible conditions on U given by

(3.2) AU =UA™,  o(A"U)={0} and AA™U =UAA"

and stated that U is inverse-A-compatible (alternatively norm-A-compatible) if U is
A-compatible and satisfies I + AU invertible (alternatively || AU ||< 1). Let A and
U have the forms in (2.2). It is clear that if U is inverse-A-compatible, then U is
Agl—compatible with additional conditions A U1 = Uy1A1,U12 = O, I + AflUll
invertible and Usa quasinilpotent. These imply that Ca=y = O and i((A"U)"A) =
i(A). Then Theorem 2.3 in [2] is recovered as a special case of Theorem 2.11.

COROLLARY 3.2. [2, Theorem 2.3] Let A € B(X) be GD-invertible and U € B(X)
be inverse-A-compatible. If B = A+ U, then B is GD-invertible, and

N(B™) = N(A™) and R(B™) = R(A™),

Bl = (I - AU) 1A% = AY (T —UAD?
and
li(A) —i(ATU)| +1 < i(B) <i(A) +i(A™U) — 1
holds, provided that i(A) > 0 and the difference i(A) — i(A™U) is defined.

Let A, U and B have the forms in (2.2). In fact, the cases treated in [2] and
[23] allow the perturbation of the invertible component of A = A; @ As, and the
quasinilpotent perturbation of the quasinilpotent component of A = A; & As. In
Theorem 2.10 and Theorem 2.11, if § is small enough, then || U1 ||< § and

I AU ||I=ll AT U @ O =] AT |6 < 1.
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So the following result is a direct corollary.

COROLLARY 3.3. [2, Corollary 2.5] Let A € B(X) be GD-invertible and B = A+U
with U € B(X) norm-A-compatible. Then

[ BT—AY| _ _[[AU |

TAT ST A
and
| 47| Lo A7)
—— < B < ——MmM8——.
Ao < B IS gy

4. Concluding remarks. In this paper, we investigate the perturbation of the
generalized Drazin invertible operators and derive explicit generalized Drazin inverse
expressions for the perturbations under certain restrictions on the perturbing oper-
ators. It is natural to ask if we can extend our results to the W-weighted Drazin
inverse [6, 10, 21], which will be the future research topic.
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