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EXPONENTS AND DIAMETERS OF STRONG
PRODUCTS OF DIGRAPHS*

BYEONG MOON KIM', BYUNG CHUL SONG!, AND WOONJAE HWANGH#

Abstract. The exponent of the strong product of a digraph of order m and a digraph of order n
is shown to be bounded above by m +n — 2, with equality for Z,, K Z,,. The exponent and diameter
of the strong product of a graph and a digraph are also investigated.
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1. Introduction. Let D = (V, A) be a digraph on n vertices. Throughout this
paper, we assume that D has no loops and no multiple arcs. A walk from u to v in
D is a sequence u = ug, U1, ..., ur = v of vertices such that there is an arc from wu; to
u;+1 in D for each 7. We denote the walk by v — w3 — ug — -+ — up_1 — v and
its length is k. We use the notation u %, v when there exits a walk in D of length k&
from u to v. The digraph is primitive if there is a k such that u k., v for each pair
of vertices u and v. Conventionally u 2 uis permitted. We say that the smallest
such value of k is the exponent of D, which is denoted by exp(D). Wielandt [9] found
that the maximum exponent of a primitive digraph on n vertices is W,, = n% —2n+2.
See [1] for more details. Suppose that two digraphs D = (Vp, Ap) and E = (Vg, Ag)
are given. Let V' = Vp x Vi. We define

A1 = {((ul,u2), (’01,1}2)) eV x V‘((Ul,l}l) € AD and Ug = 1)2)
or ((ug,ve) € Ag and u; = v1)},

and
Ao = {((u1,u2), (v1,v2)) € V x V|(u1,v1) € Ap and (ug,v2) € Ap}.

The strong product D K E of D and FE is the digraph (V, A; U As). The Cartesian
product D x E and the direct product D ® E of D and E are defined by (V, A4;)
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and (V, As) respectively. The strong product of graphs is used to define the concept
of Shannon capacity which plays an important role in the information theory [8].
Definitions and related results on the product of graphs are provided in [2]. In 1979,
Lamprey and Barnes [6] showed that exp(D x E) < (n + m)? — 4(n +m) + 5 for
digraphs D and E on n and m vertices, respectively. They also showed exp(D® E) =
max{exp(D), exp(E)} for primitive digraphs D and E. In 1987, Kwasnik [5] studied
the exponent of other types of products such as the disjunction and lexicographic
products of graphs. Recently, it has been proved in [3] that if D and F are digraphs
on m and n vertices, respectively, and D x E is primitive, then exp(D x E) < mn — 1.
In [3] it was also showed that exp(G x D) = exp(G) + diam(D) for a primitive graph
G and a strongly connected bipartite digraph D, and they computed the exponent of
the Cartesian product of two cycles [4]. In this paper, we show

exp(DXE)<n+m—2 (1.1)

for strongly connected digraphs D and E on n and m vertices, respectively. Let Z,
and Z,, be the directed cycles of order n and m respectively. We also prove that

exp(Z, X Z,,) =n+m— 2.

As a consequence, the bound in (1.1) is tight. A graph G is considered as a digraph
by treating the edges of G as bidirectional. In particular, a cycle C,, of length n is
considered as a digraph in the same manner. For a connected graph G and a strongly
connected digraph F, we show exp(GK E) is diam(GX E) or diam(GX E)+1, and we
find the condition under which the latter case holds. As a consequence, we compute
exp(C,, ¥ Z,,).

2. Upper bound on the exponent of strong products of two digraphs.

LEMMA 1. Let D and E be digraphs, u,v € Vp and z,w € Vg. If u L vinD
and z == w in B, then (u, z) — (v,w) in DRE for all a with max{t,s} < a < t+s.

Proof. We may assume that t < s. Let v — ug — u; — -+ — u; = v in D and
z=zp— 21— >z =win E. f i =a—sfor 0 <i<t, then (u,2) = (ug,20) —
(ur,21) = =+ = (Wi, 2p—i) = (Up—iy Zi—igr) — - — (Ug—is 2s) — (Ui—ig1,2s) —
coo = (ut, 25) = (v,w) isawalk of length t —i+s—(t—i)+t—(t—i)=s+i=a
in DX FE.O

LEMMA 2. Let D and E be strongly connected digraphs, u,v € Vp and z,w € Vg.
If there are a cycle C' passing through v of length k in D, u Lo inD for some vertex
v of C, and z > w in E for some s > k— 1, then, for all a with max{t+k,s} < a,
(u,2) = (v,w) in DR E.

Proof. Since v and v’ are vertices of C, v’ —L, % in D for some [ with 0 <I<k-1.
Sot+1l <t+k Sincea—t—1>a—t—k >0, there is a ¢ > 0 such that
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. k kqrt+l . .
kg <a—-t—1<kqg+k—-1 Slnceui»v’—l»viv,u Ty in D. Since

z 5 win E and max{kq +t+1,s} <a<kq+t+l+k—1<kq+t+1+s, by
Lemma 1, (u,2) — (v,w) in DR E. O

THEOREM 1. Let D and E be strongly connected digraphs on n and m vertices
(n,m > 2), respectively. Then DK E is primitive and

exp(DXE)<n-+m-—2.

Proof. Tt suffices to show that for each pair of vertices (u, z), (v,w) € DX E and
for each o > n +m — 2, we have (u, 2) — (v,w) in DX E. Let k be the minimum
length of the cycles in D passing through v, and C be one such cycle. Let ¢ be the
distance from u to C'in D. Then k& + ¢ < n.

Let [ be the minimum length of the cycle in E passing through w and s be the
distance from z to w. Then I,s < m. If s > k — 1, then, by « > n > t + k and
a >m > s, Lemma 2 implies that (u,2) —— (v,w). If s < k— 1, then there is a ¢ > 0

such that lg < k—s—1<1I(¢g+1). Thenl(g+1)+s=1+1lg+s<Il+k—2<

l(g+1) l(g+1)+s
— w —

m+k—2<n+m-—2<a. Since 2 — w , 2 w. By Lemma 2,

(u,2) = (v,w). O
THEOREM 2. Forn,m > 2,

exp(Z, X Z,,) =n+m — 2.

Proof. Let Z, be a directed cycle v9g — vy — -+ — v,_1 — vy and Z,, be a
directed cycle wg — wy — -+ — Wy—1 — wo. We may assume n < m. Let r be
the residue of m — 2 modulo n. Suppose (vg, wo) ntme3 (U, Wp—2). Let (vg,wp) =
(anyO) - (95172/1) — o (mn+m737yn+m73) = (Ur7wnf2) be a path in Zn X Zm
from (vg, wg) to (vr,wp—2). Then there are ig < iy < -+ < iz and jo < j1 < -+ < js
such that ig = jo = 0, for all p,qg with 0 < p<s—-1land0 < g <t—-1, 3, =
Tipt1 = = Tip 1 F Tipyys Yjg = Yjgtl = = Yjgr1—1 7 Yjgpy a0 T, = 2 41 =

© = Tpem—3, Yj, = Yje+1 = *** = Yntm—3. Then for all i =0,1,...,n+m — 3,
(w4, y:) = (24,,y,) for some p and ¢. If 0 < i <n+m —4 and (z4,y:) = (2i,,Y5,),
since (Ti+1,Yi+1) # (Ti, Yi)s Tit1 = Tiyy, OF Yir1 = Yj,up - S0 if (20, y:) = (24,5, ), We
can show i < p + ¢, by induction. If z; = v and [ #n — 1, since (2;,,7;,,,) € Az,,
Tipp = Vg1 Wy, = v, 1, since x;, = vp1 — Ti, s Tipy = Vo- Since z;, = vg, we
can show by induction that if z;, = v;,p =1 (mod n). Similarly, we can show that if
Yj, = Wk, ¢ =k (mod m). Since y;, = wy_2,t =n—2 (mod m). Sincet <n+m—3
and n <m, t =n—2. Since x;, = v, s =71 (mod n). So s =r =m —2 (mod n).
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Since s <n+m—3,s<m—2. Son+m—-3<s+t<(m—2)+(n—2)=n+m—4.

This is a contradiction. So (vg, wp) e (

exp(Z, X Z,) =n+m—2.0

Up, Wp—2). Thus, using Theorem 1,

3. Exponents and diameters of strong products of digraphs. For any
u,v € Vp, the distance dist(u,v) from u to v is the smallest k such that there is
a walk from w to v of length k. The diameter diam(D) of the strongly connected
digraph D is the maximum of dist(u,v) for all u,v € Vp.

PROPOSITION 1. If D and E are strongly connected digraphs, then

diam(D X E) = max{diam(D), diam(E)}.

Proof. If u,v € Vp and z,w € Vg, then by Lemma 1, we have
dist((u, 2), (v, w)) < max{dist(u,v), dist(z,w))}.
Thus, diam(D X E) < max{diam(D), diam(F))}.

Conversely, if u,v € Vp, z,w € Vg, and dist((u, 2), (v,w)) = «, then (u,z) =

(ug,2z0) — (u1,21) — - — (Uay24) = (v,w) for some (u;,2;) € Vpmg where
i = 1,2,...,a. Thus, there are 0 = g < 11 < 42 < -+ < iy < « such that
Ui, = Wipp1 = 0 = Ui, —1 F Ujpt1 for all p = 0,1,...,8 — 1. Since u =
Uiy — Uiy — o+ — Ui, = Uq = v, dist(u,v) < s < a = dist((u, 2), (v,w)). So

diam(D) < diam(D X E). Similarly, diam(F) < diam(D X E). Thus, diam(DX E) =
max{diam(D), diam(FE))}. O

LEMMA 3. Let G be a connected graph and D be a strongly connected digraph.
If (u, 2), (v,w) € Vomp, ((u,2), (v,w)) € Agmp and z £ w, then (u,z) — (v,w) in
GX D forallk > 1.

Proof. Since z # w, (z,w) € Ap. Since G is connected, there is € Vg such
that {u,z} € Eg. Since (u,z) — (z,2) — (u,2), (u,z) 2, (u,z) for all ¢ > 0. If
. 2t 1 2 1 1
u = v, since (u,2) — (u,2) — (uw,w) and (u,2) — (u,2) — (x,2) — (u,w),

= (v,w) for all t > 0. If u # v,
u — v. Since (u, 2) 2 (u, 2) SN (v,w) and (u, 2) 2 (u, 2) SN (u, w) BN (v, w),
(u, 2) paz (v,w) and (u, 2) s (v,w) for all ¢ > 0. O

(u, 2) 2] (u,w) = (v,w) and (u,2) 23 (u, w)

THEOREM 3. If G is a connected graph and D is a strongly connected digraph
such that |Vg| > 2 and |Vp| > 2, then exp(GR D) is diam(GXD) or diam(GXD)+1.
Moreover, exp(GK D) = diam(GXD)+1 if and only if G and D satisfy the following:

1. diam(D) > diam(G),
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2. there is v € Vp such that v A foralll=1,2,... diam(D),
3. either G is not primitive or G is primitive and exp(G) > diam(D).

Proof. Let diam(G) = m and diam(D) = n. For all u,v € Vp, there is v’ € Vp
such that (u,u") € Ap. Since diam(D) = n, v’ L v forsome t < n. Forallz,y € Ve,
x 2 y for some s < m. If & = max{m,n}, by Lemma 1, (x,u’) L (y,v) for some
I <a Ifk>a+1, by Lemma 3, (z,u) Lt (x,u'). Since (z,u) L (x,u) L (y,v),
(z,u) *, (y,v). So exp(GR D) < a+ 1 = diam(G X D) + 1. Since diam(G X D) <
exp(G X D), exp(G K D) is diam(G X D) or diam(G X D) + 1.

If exp(GRD) = a+1, then there are (z,u), (y,v) € Vgmp such that (x,u) % (y,v)
in GR D. If u - v for some [ with 1 < | < a, then there is ' € Vp such that
(u,u') € Ap and o/ By Ifa # y, then there is 2’ € Vg such that {z,2'} € Eqg
and 2/ 5 y where s = dist(z,y). If max{s,l} = p, then p < «. By Lemmas
1 and 3, (2/,u') Lk (y,v) and (z,u) azpil (z',u"). So (w,u) —* (y,v). This is
a contradiction. If x = y, by Lemma 3, (x,u) o4l (z,u'). Since (x,u) a4l
(x,u) L (z,v), (x,u) - (x,v) = (y,v). This is a contradiction. So u v for all I
such that 1 <l < a. If u # v, let d = dist(u,v). Then 1 < d < o and u 4 ». This is
a contradiction. So u = v and G and D satisfy condition (2).

Since D is strongly connected, there is @ € Vp such that (4,u) € Ap. If
dist(u,a) = r < a, sinceuiu, r+1>a+1 Sincer<n<a r=n=a.
So n > m. Thus, G and D satisfy condition (1). Since (z,u) % (y,u), * % y in G.
So G and D satisfy condition (3).

Conversely, if G and D satisty conditions (1), (2) and (3), then there is u € Vp
such that u KR u for all [ such that 1 < [ < n = «, and there are x,y € Vg
such that < y in G. If (z,u) —— (y,u), then (z,u) = (zo,u0) — (v1,y1) —

- = (Ta,Ya) = (y,u) for some zg,z1,...,24 € Vg and up,u1,...,uq € Vp. If
u0:u1=--~:ua:u,sincex:x0—>x1—>-~-—>xa:y,xi>y. This is a
contradiction. If u; # w for some i, there are 0 = iy < 47 < --- < iy < « such that
Wi, = Wi, 41 = =Uj, 17 U, forallp=0,1,...,s—Tand u;, = uj,41 =" =
Uq. SiNce U = Uiy — Uiy — = Ui, — Uy = U, U -2 w. Since u; = u for some 1,
1 < s < a. This is a contradiction. So (x,u) + (y,u). Thus, exp(GK D) = a + 1. O

COROLLARY 1. If G and H are connected graphs, then
exp(G X H) = diam(G X H)
except when both G and H are complete graphs.

Proof. 1f exp(GX H) = diam(G X H) + 1, since v 2. v forallv e Vy, by
Theorem 3, 1 < diam(G) < diam(H) = 1. So G and H are complete graphs. O
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Note that the strong product of two complete graphs is also a complete graph,
whose exponent is 2.

COROLLARY 2.

5], ifn=2m

if n is odd and n <m
exp ) m, if n is even and n < 2m — 2, or n is odd
andm+1<n<2m-—1.

Proof. 1f exp(C,, W Z,,) = diam(C,, ¥ Z,,,) + 1, diam(C,,) = | 5] < diam(Z,,) =
m—1. Son < 2m — 1. Moreover, (), is not primitive, or C,, is primitive and
exp(Cp) = n —1 > diam(Z,,) = m — 1. So n is even, or n is odd and n > m + 1.
Thus, if n is even, n < 2m — 2. And if n is odd, m +1 < n < 2m — 1. In this case,
exp(Cp, ® Z,) = (m — 1) + 1 = m. Otherwise, exp(C, X Z,,,) = diam(C,, K Z,;,) =

n>2m

max{(),m - 1) = { 8 0

m—1, ifn<2m-—1.
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