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GRAPHS DETERMINED BY THEIR (SIGNLESS)
LAPLACIAN SPECTRA*
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Abstract. Let S(n,c) = K1 V(cK2U(n—2c—1)K1), where n > 2¢+1 and ¢ > 0. In this paper,
S(n,c) and its complement are shown to be determined by their Laplacian spectra, respectively.
Moreover, we also prove that S(n,c) and its complement are determined by their signless Laplacian
spectra, respectively.
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1. Introduction. In this paper, G = (V, E) is an undirected simple graph. The
neighbor set of a vertex u is denoted by N(u). Let d(u) be the degree of vertex u,
namely, d(u) = |N(u)|. If d(u) = 1, then u is called a pendant vertexz of G. Suppose the
degree of vertex v; equals d;, for i = 1,2,...,n. Throughout this paper, we enumerate
the degrees in non-increasing order, i.e., dy > dy > --- > d,. Sometimes we write
d;(G) in place of d;, in order to indicate the dependence on G. By vivy € E(G),
we mean an edge, of which the end vertices are v; and vy. Let G1 U G2 denote the
(disconnected) graph consisting of two components G; and G», and kG be the graph
consisting of k (where k > 0 is an integer) copies of the graph G. The join G1 V G of
two disjoint graphs G and Gy is the graph having vertex set V(G1VG3) = V(G1UG2)
and edge set E(G1V Ga) = E(G1)UE(G2) U{uwv : u € V(G1),v € V(G2)}. As usual,
K,, P, and C, denote the complete graph, path and cycle of order n, respectively.
Specially, K7 denotes an isolated vertex. A graph is a cactus, or a treelike graph, if
any pair of its cycles has at most one common vertex [1, 20]. If all cycles of the cactus
G have exactly one common vertex, then G is called a bundle [1]. Let S(n,c) be the
bundle with n vertices and ¢ cycles of length 3 depicted in Figure 1.1, where n > 2¢+1
and ¢ > 0. By the definition, it follows that S(n,c) = K7 V (cKa U (n — 2¢ — 1)K7).
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n—2c—1

F1G. 1.1. The bundle S(n,c).

The adjacency matriz A(G) = [a;;] of G is an n X n symmetric matrix of 0’s and
1’s with a;; = 1 if and only if v;v; € E(G). Let D(G) be the diagonal matrix whose
(i,1)-entry is d;, where 1 < i < n. The Laplacian matriz of G is L(G) = D(G)— A(G),
and the signless Laplacian matriz of G is Q(G) = D(G) + A(G). Sometimes, Q(G) is
also called the unoriented Laplacian matrix of G (see, e.g., [10, 22]).

It is well known that L(G) is positive semidefinite so that its eigenvalues can be
arranged as follows:

M(G) > X2(G) = -+ = A(G) = 0.

Research on the signless Laplacian matrix has recently become popular [3, 5,
10, 22]. It is easy to see that Q(G) is also positive semidefinite [5] and hence its
eigenvalues can be arranged as:

p1(G) > p2(G) > -+ > pn(G) > 0.

If there is no confusion, sometimes we write A\;(G) as A;, and p;(G) as p;. In the
following, let SL(G) and SQ(G) denote the spectra, i.e., eigenvalues of L(G) and
Q(G), respectively.

A graph G is said to be determined by its Laplacian spectrum (resp. adjacency
spectrum, signless Laplacian spectrum) if there does not exist a non-isomorphic graph
H such that H and G share the same Laplacian spectrum (resp. adjacency spectrum,
signless Laplacian spectrum). The question “which graphs are determined by their
spectra?” is proposed by van Dam and Haemers in [6]. Up to now, only a few
families of graphs are known to be determined by their spectra [6, 9]. For example,
the path, the complement of a path, the complete graph, and the cycle were proved
to be determined by their adjacency spectra [6, 9]. The path, the complete graph, the
cycle, the star and some quasi-star graphs, together with their complement graphs
were shown to be determined by their Laplacian spectra [6, 9, 15, 21]. Let K" be the
graph obtained by attaching m pendant vertices to a vertex of the complete graph
K, _m, and U, , be the graph obtained by attaching n — p pendant vertices to a
vertex of C),. Recently, Zhang and Zhang in [23] confirmed that K] together with its
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complement are determined by their Laplacian and adjacency spectra, respectively,
and Uy, is determined by its Laplacian spectrum. Moreover, they proved that U, ,
is determined by its adjacency spectrum if p is odd. Very recently, the authors of [24]
showed that [, ,,, which is obtained by appending a cycle C}, to a pendant vertex of
a path P,_,, is determined by its signless Laplacian spectrum.

S(n,c) is an extremal graph in some classes of graphs. For instance, S(n,c) is
the graph with the maximal spectral radius, the maximal Merrifield-Simmons index,
the minimal Hosoya index, the minimal Wiener index, and the minimal Randi¢ index
in the set of all connected cacti on n vertices with ¢ cycles [1, 14]. In this paper, by
using a new method different from [6, 9, 15, 21, 23, 24], we show that S(n, ¢) together
with its complement are determined by their Laplacian spectra, and we also prove
that S(n,c) together with its complement are determined by their signless Laplacian
spectra.

2. S(n,c) and its complement are determined by their Laplacian spec-
tra. The following lemmas are well-known:

LEMMA 2.1. [12, 18] If Gy and G2 are two disjoint graphs on k and m vertices
respectively, with Laplacian eigenvalues 0 = A\p(G1) < Ag—1(G1) < -+ < A1 (G1) and
0=An(G2) < A\p—1(Ga) < -+ < A1 (Ga) respectively, then the Laplacian eigenvalues
of G1V G2 are given by 0, \p—1(G1)+m, ..., A\ (G1)+m, Apm—1(G2)+k, ..., A\ (Ga)+k,
and m + k.

LEMMA 2.2. [13] If G = (V, E) is a graph of order n, then A\ (G) < n. Moreover,
M(G) =n > 2 if and only if G = G1V Ga, where each of G1 and Go has at least one
vertez.

Let G’ = G + e be the graph obtained from G by inserting a new edge e into G,
and G — u be the graph obtained from G by deleting the vertex u € V(G) and all
the edges adjacent to u. It follows by the Courant—Weyl inequalities [4, Theorem 2.1]
that:

LEMMA 2.3. [7] The Laplacian eigenvalues of G and G' = G + e interlace, that
is, M(G') 2 M (G) = Xa(G') > A2(G) = -+ > M (G') = A\ (G) = 0.

LEMMA 2.4. [17, 19] If G is a graph with n vertices and at least one edge, then
w1 (G) > M(G) > di(G) + 1. If G is connected, the first equality holds if and only if
G is bipartite, the second equality holds if and only if d1(G) =n — 1.

As usual, K,; denotes the complete bipartite graph with s vertices in one part
and ¢ in the other. Specially, K; ,—1 denotes the star of order n. By Lemmas 2.1-2.2,
it is not difficult to prove that:



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 22, pp. 112-124, February 2011
http://math.technion.ac.il/iic/ela

Graphs Determined by Their (Signless) Laplacian Spectra 115

LEMMA 2.5. [15, 21] K; ,,—1 is determined by its Laplacian spectrum.
THEOREM 2.6. If ¢ > 0, then S(n,c) is determined by its Laplacian spectrum.

Proof. If ¢ = 0, then S(n,c) =2 K; ,,—1. By Lemma 2.5, the result follows. In the
following, assume that ¢ > 1. Sincen > 2c+1>c+2,n=c+ 2 if and only if n =3
and ¢ = 1. Thus, n = ¢+ 2 implies that S(n,c) = Cs, it can be readily checked that
C3 is determined by its Laplacian spectrum [6]. So, we may assume that ¢ > 1 and
n > ¢+ 2 in the sequel.

By Lemma 2.1 and SL(Ks) = (2,0), we have
SL(S(n,c)) = (n,3,...,3,1,...,1,0),

where the multiplicity of 3 is ¢, and the multiplicity of 1 is n — ¢ — 2. Now suppose
there exists some graph G, such that SL(G) = SL(S(n,c)), then A;(G) = n. By
Lemma 2.2, it follows that G = G1 V G35, where G; and G4 are two disjoint graphs
with |V(G1)| > |V(G2)]. Since n > ¢+ 2, we have A,—1(G) = \,—1(S(n,c)) = 1.

Next we shall prove that |V (G2)| = 1. Otherwise, if |V (G2)| > 2, by Lemmas 2.1
and 2.3, we can conclude that A, 1(G) > A\ 1(Kjv (g, |vc.)) = IV(G2)| = 2, a
contradiction. Thus, |V (G2)| = 1 follows. Now suppose V(G2) = {vg}, then G; = G—
vg. By Lemma 2.1 and SL(G) = SL(S(n,c)), then SL(G;) = (2,2,...,2,0,0,...,0),
where the multiplicity of 2 is ¢, and the multiplicity of 0 is n —c— 1. By Lemma 2.4,
we can conclude that d; (G1) = 1, and hence Gy = cKs U (n — 2¢ — 1) K;. Therefore,
G = S(n,c). O

Let G be the complement graph of G. In particular, S¢(n,c) denotes the com-
plement graph of S(n,c). For the relation between SL(G) and SL(G®), it has been
shown that:

LEMMA 2.7. [17] Let G be a graph with n vertices. If \i(G), i =1,2,...,n are the
eigenvalues of L(G), then the eigenvalues of L(G) are n — \;(G), i =1,2,...,n—1
and 0.

By Lemma 2.7 and Theorem 2.6, we have:
COROLLARY 2.8. Ifc > 0, then S€(n,c) is determined by its Laplacian spec-

trum.

3. S(n,c) is determined by its signless Laplacian spectrum. In this sec-
tion, we shall show that S(n,c) is determined by its signless Laplacian spectrum.
First we need some lemmas.

Suppose M and N are real symmetric matrices of order n and m with eigenvalues
p1(M) >+ > pp(M) and p1(N) > -+ > p,(N), respectively. It is well-known that:
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LEMMA 3.1. [11] If M is a principal submatriz of N, then the eigenvalues of M
interlace those of N, i.e., p;(N) > pi(M) > pp—mi(N) fori=1,2,...,m.

LEMMA 3.2. [8] If G is a graph on m wvertices with vertex degrees di > da >
-+ > d, and signless Laplacian eigenvalues p1 > pg > -+ > lin, then us > dy — 1.
Moreover, if us = do — 1, then di = da, and the mazimum and the second mazimum
degree vertices are adjacent.

By Lemmas 2.4 and 3.2, it follows that p; > di + 1 and pe > do — 1. For the
general case, we have:

THEOREM 3.3. If G is a finite simple graph on n vertices with verter degrees
dy > deo > --- > d, and signless Laplacian eigenvalues 11 > po > -+ >y, then
b 2> dpy —m+ 1, where m =1,2,...,n.

To prove Theorem 3.3, we need the next lemma.

LEMMA 3.4. [4] (Weyl) Suppose A,, and By, are two real symmetric matrices of
order n, then p,(A)+ pn(B) < pn(A+ B), where p,(A), pn(B) and p,(A+ B) denote
the smallest eigenvalues of A, B and A + B, respectively.

Proof of Theorem 3.5. Since Q(G) is positive semidefinite, p,, > 0. If dp,—m+1 <
0, the result already holds. So, we assume that d,,, > m — 1 in the following.

Let T = {v1,v2,...,v}. Consider the principal submatrix Q7 of Q(G) with
rows and columns indexed by T. Let Q(T) be the signless Laplacian matrix of the
subgraph induced by T. Then, Qr = Q(T) + D’(T'), where D'(T) is the diagonal
matrix and the (i,i)-entry of D’(T) is the number of neighbors of v; outside T'. Since
Q(T) is positive semidefine, and D'(T) > (d,, — m + 1)I,,,, by Lemma 3.4 we have
pm(QT) > pm(Q(T)) =+ pm(D/(T)) > pm(D,(T)) > dm —m + 1. Recall that Q7
is the principal submatrix of Q(G), thus Lemma 3.1 implies that p,, > pn(Qr) >
dm —m+ 1. We get the required inequality. O

REMARK 3.5. The main idea of the proof in Theorem 3.3 comes from Lemma 2
of [2]. In [2], it has been shown that “Let G be a finite simple graph on n vertices
with vertex degree dy > ds > - -- > d,, and Laplacian eigenvalues \;y > Ao > -+ > \,,.
If G % K, U(n—m)K, then \,, > d,, — m + 2, where m = 1,2,...,n.” Though
u1 > A1 > dy + 1 by Lemma 2.4, pu,, > d,, — m + 2 does not hold for all connected
graphs. For example, ps(K, —e) =n—2 <n—1=ds(K, —e), where K,, — e is the
graph obtained from K, by deleting one edge and n > 4.

Let ®(G, z) = det(xI — Q(G)) be the signless Laplacian characteristic polynomial
of G.

LEMMA 3.6. Ifc > 1, then p1(S(n,c)) > n, pa(S(n,c)) <3 and 0 < pp(S(n,c))
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<1.

Proof. By a straightforward computation, we have
(3.1) O(S(n,c),a) = (x — 1)~ 2(a — 3)° o1 (a),
where 1 (x) = 23 — (n + 3)2? + 3nz — 4c.

We consider the next two cases.

Case 1. n > 2c+ 2.

Since ¢1(0) = —4¢ < 0, p1(1) = 2(n —2c—1) > 0, p1(3) = —4c < 0, p1(n) =
—4dec<0and p1(n+1)=n?-n—-2—-4c>n? -n—-2-2n+4=n?-3n+2>0. By
Eq. (3.1), it follows that u1(S(n,c)) > n, p2(S(n,c)) <3 and 0 < p,(S(n,c)) < 1.

Case 2. n=2c+ 1.

If ¢ = 1, then n = 3 and hence S(n, ¢) = Cs, it is easily checked the result follows.
Thus, we may suppose that n > 5, i.e., ¢ > 2 in the following. Then, Eq. (3.1) can
be rewritten as

(3.2) ®(S(n,0),2) = (z = )"z = 3)"pa(x),
where po(2) = 22 — (n + 2)x + 4c.
Since p2(1) = 2¢—2 > 0, v2(2) = =2 < 0, p2(n) = =2 < 0 and p2(n + 1) =

2¢ —2 > 0. By Eq. (3.2), it follows that puy(S(n,c)) > n, u2(S(n,c)) = 3 and
(S, ) = 1.

By combining the above arguments, the result follows. O

LEMMA 3.7. [5] Let G = (V,E) be a graph on n vertices. Then, ui(G) <
max{d(u) + d(v) : wv € E}. For a connected graph G, equality holds if and only if G
is reqular or semi-reqular bipartite.

LEMMA 3.8. Forc > 1, if SQ(G) = SQ(S(n,c)), then G is connected with
da(G) < 4. Moreover, da(G) = 4 implies that di(G) = da2(G).

Proof.  Since SQ(G) = SQ(S(n,c)), by Lemma 3.6 it follows that u;(G) =
11(S(n,c)) > n and p2(G) = p2(S(n,c)) < 3. By Lemma 3.2, we can conclude that
dz(G) < 4, and da(G) = 4 implies that dy(G) = d2(G).

Suppose to the contrary that G is disconnected. Let G; be the greatest connected
component, i.e., the connected component with largest number of vertices, of G. Since
d2(G) < 4 and p1(G) > n, we have n—3 < d;(G) < n—2 by Lemma 3.7. We consider
the next two cases.

Case 1. d1(G) =n — 3.
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Then, |V(G1)| > n—2. If [V(G1)| = n—1, then G = G1 U K;. This implies that
un(G) = 0, a contradiction to p,(G) = pn(S(n,c)) > 0. If |[V(G1)] = n — 2, then
G =G1 UKy or G =G U2K;. This also implies that u,(G) = 0, a contradiction.

Case 2. d1(G) =n —2.

Then, |V(G1)| = n—1, and hence G = G; UK. This also implies that p,(G) = 0,
a contradiction to p,(G) = pn(S(n,c)) > 0.

Thus, G is connected. O

Let m(v) denote the average of the degree of the vertices adjacent to v, i.e.,
m(v) = uen(w dw)/d(v).

LEMMA 3.9. [7] Let G be a connected graph. Then p11(G) < max{d(v) +m(v) :
v € V}, and equality holds if and only if G is a regular graph or a semi-reqular
bipartite graph.

LEMMA 3.10. Let G = (V, E) be a connected graph on n > 2¢ + 3 vertices with
n+c—1 edges. If c > 1 and d1(G) <n —2, then u1(G) < n.

Proof. By Lemma 3.9, we only need to prove that max{d(v)+m(v) :v € V} <n.
Suppose max{d(v) + m(v) : v € V} occurs at the vertex ug. Three cases arise:
d(ug) =1, d(ug) =2, or 3 < d(ug) <n—2.

Case 1. d(up) = 1.

Suppose v € N(ug). Since d(v) < di(G) < n—2, d(ug) +m(ug) = d(ug) +d(v) <
n—1<n.

Case 2. d(up) = 2.
Suppose that v,w € N (ug).

If vw € F, since G is a connected graph with n + ¢ — 1 edges, it follows that
IN(v)NN(w)| < ¢ and |N(v)UN (w)| < n. Therefore, d(ug) +m(ug) = 2+ L2l <
2+ ¢ <nbyn>2+3.

If vw € F, since G is a connected graph with n + ¢ — 1 edges, it follows that
INw) N N(w)| < ¢+ 1 and |N(v) U N(w)| < n — 2. Therefore, d(ug) + m(ug) =
2 4 AdW) < 9 4 nteml <y by > 2+ 3.

Case 3. 3 < d(ug) <n—2.

Note that 3 < d(ug) < n — 2 and the number of edges of G is n + ¢ — 1, then
d(up) +m(ug) < d(ug)+ W =d(up) —1+ %. Next we shall prove

that d(ug) — 1+ an(igﬁ < n, equivalently, d(ug)(n + 1 — d(ug)) > 2n + 2¢ — 3. Let
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f@)y=Mn+1-2)x.

When 3 < z < % since f/(z) = n+1— 2z > 0, we have f(z) > f(3) =
3(n—2)>2n+2c—3byn>2c+3.

When 2H <z <n -2, since f/'(z) =n+1—2z <0, we have f(z) > f(n—2) =
3(n—2)>2n+2c—3byn>2c+3.

By combining the above arguments, the conclusion follows. O

LEMMA 3.11. [5] Let G be a graph with n vertices, m edges. We have > i | p; =
Z?:l d; = 2m, and ZZL:I H? =9m + Z:‘L:1 d?.

LeEMMA 3.12. Forc > 1, ifn=2c+ 2 orn = 2c+ 1, then there does not exist
any connected graph G on n vertices with n+c—1 edges and d1(G) < n—2 such that

SQ(G) = SQ(S(n.c)).

Proof. Here we only prove the case of n = 2¢+ 2, because the proof of n = 2c¢+1
is analogous. When 3 < n < 7, it is easily checked the result follows by the aid of
computer. Thus, we may assume that n > 8 in the following. Suppose to the contrary,
there exists some connected graph G on n = 2¢+ 2 vertices with n + ¢ — 1 edges and
d1(G) < n—2 such that SQ(G) = SQ(S(n,c)). By Lemmas 3.6-3.8, we can conclude
that do(G) < 4 and n — 3 < di(G) < n — 2 because u1(G) = p1(S(n,¢)) > n. We
divide the proof into the next two cases.

Case 1. d1(G) =n —3.

If d2(G) < 3, then Lemma 3.7 implies that 41 (G) < n < pu1(S(n,c¢)), a contradic-
tion. Thus, d2(G) = 4. So Lemma 3.8 implies that d;(G) = da(G), and hence n = 7,
a contradiction to the fact that n > 8.

Case 2. d1(G) =n — 2.

If d2(G) < 2, then Lemma 3.7 implies that u1(G) < n < u1(S(n,c)), a contra-
diction. If d2(G) = 4, Lemma 3.8 implies that d;(G) = d2(G), and hence n = 6, a
contradiction. Thus, d3(G) = 3. Suppose G has z vertices of degree 3, y vertices of
degree 2. Then, G has n —x —y — 1 pendant vertices. By Lemma 3.11, it follows that

(3.3) n—24+3x+2y+n—z—-—y—1=2n+2c—2
’ n—22%+9% +4y+n—-r—y—1=(Mn-12+8+n—2c—1.

By Egs. (3.3) and n = 2¢+ 2, we have z =n — 3 and y = 5 — n < 0, a contradiction.
By combining the above arguments, this completes the proof of this result. O

LEMMA 3.13. [5] In any graph, the multiplicity of the eigenvalue 0 of the signless
Laplacian is equal to the number of bipartite components. Moreover, the least eigen-
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value of the signless Laplacian of a connected graph is equal to 0 if and only if the
graph is bipartite. In this case, 0 is a simple eigenvalue.

LEMMA 3.14. Ifn # 4, then Ky ,—1 is determined by its signless Laplacian
spectrum.

Proof. Suppose there exists some graph G such that SQ(G) = SQ(Ki n—1). It
is well-known that if G is bipartite graph, then SQ(G) = SL(G) (see [5]). Thus,
SQ(K1p-1) = SL(K1,,-1) = (n,1,1,...,1,0), where the multiplicity of 1 is n — 2.
By Lemma 3.2, we have do(G) — 1 < pua(G) = po(Kiq n—1) = 1. So, d2(G) < 2.

If G is connected, since 1, (G) = pin (K1 n—1) = 0, by Lemma 3.13, G is connected
bipartite, and hence SL(G) = SQ(G) = SL(K1 ,—1). By Lemma 2.5, it follows that
G2 K.

If G is disconnected, by Lemma 3.7, we have d;(G) = n — 2 and d3(G) = 2 by
11(G) = n. Moreover, Lemma 3.2 implies that n —2 = d1(G) = da(G) = 2, and hence
n = 4, a contradiction. O

REMARK 3.15. It is easily checked that SQ(K1,3) = SQ(K3UKjy). Thus, S(n,c)
is not determined by its signless Laplacian spectrum when ¢ = 0 and n = 4.

THEOREM 3.16. Suppose ¢ > 0, then S(n,c) is determined by its signless Lapla-
cian spectrum except for the case of c =0 and n = 4.

Proof. If ¢ = 0, then S(n,c) = Ky ,—1. By Lemma 3.14 and Remark 3.15, the
result follows. Next we assume that ¢ > 1. Now suppose there exists some graph G
such that SQ(G) = SQ(S(n,c)). Lemmas 3.8 and 3.11 imply that G is connected and
Yo di(G) =2(n+ ¢ —1). Thus, G has n + ¢ — 1 edges. By Lemmas 3.8, 3.10 and
3.12, we can conclude that G is a connected graph with d;(G) =n—1 and d2(G) < 4
because p1(G) = p1(S(n,c)) > n. Suppose G has z vertices of degree 4, y vertices of
degree 3, z vertices of degree 2. Then, G has n — x — y — z — 1 pendant vertices. By

Lemma 3.11, it follows that
(3.4) n—14+4dr+3y+2z4+n—-ao—y—2—-—1=2n+2c—2
) (n—1)2+16z+9+4z2+n—-xz—y—2—-1=n—-1)2+8+n—2c—1.

By Egs. (3.4), we have 62 + 2y = 0. Thus, = y = 0 and z = 2¢. Note that
d1(G) =n — 1. Then, G = S(n,c) follows. O

4. S%(n,c) is determined by its signless Laplacian spectrum. In this sec-
tion, we shall show that S¢(n,c) is determined by its signless Laplacian spectrum.
We list more lemmas as follows.

LEMMA 4.1. [3] The signless Laplacian eigenvalues of G and G' = G+e interlace,
that is, p1(G') > p1(G) > p2(G") > p2(G) > -+ > pn(G') > pn(G) > 0.
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LEMMA 4.2. [16] Suppose G has n vertices and d, is the minimum degree of
vertices of G, then p, < d,.

LEMMA 4.3. Ife> 1 andn > 7, then pu,(S¢(n,c) ) =0, pn—1(S%(n,c)) > n->5,
p2(S€(n,c)) =n—3 and p1 (S (n,c)) > 2(n — 3).

Proof. By a straightforward computation, we have
(4.1) B(SC(n,c),z) = x(x —n+5)° "1z —n+3)""2p3(x),
where p3(x) = 22 — 3(n — 3)z + 2(n? — Tn + 10 + 2¢).

It is easy to see that the roots of ¢3(z) =0 are

3(n—3) £/ (n+1)2 - 16¢

Note that n > 2¢+ 1. Then,

3(n—3)+ §n+1)27166 > 9(n—3),

M1 =

3(n—3)— (n+1)2—16c<

and n—5< n— 3.

We divide the proof into the next two cases.

Case 1. c=1.

By Eq. (4.1), it is easy to see that s, (S (n,c)) = 0, pn_1(S¢(n,c)) >n —5
and j12(S(n,c)) =n—3

Case 2. ¢ > 2.

Since n — ¢ — 2 > 0, by Eq. (4.1) we can conclude that s, (S%(n,c)) = 0,
pn-1(S¢(n,c)) =n—>5 and pa(S%(n,c)) =n—3.0

LEMMA 4.4. For ¢ > 1 and n > 8, if there exists some graph G = G* U K; such
that G* is connected and SQ(G) = SQ(S®(n,c)), then d,_1(G*) =n — 3.

Proof. By Lemmas 4.2 and 4.3, we can conclude that n — 5 < p,—1(G*) <
dp-1(G*) <n—2. If d,—1(G*) = n—2, then G* 2 K,,_1, and hence SQ(G*) =
(2n—4,n—3,...,n—3) # SQ(S%(n,c)), a contradiction. We divide the proof into
the next two cases.

Case 1. d,—1(G*) =n — 5.

Let H; be the graph obtained from K, 1 by deleting three edges, which are
adjacent to the same vertex, from K, _;. Clearly, d,—1(H;) = n — 5 and G* is a
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subgraph of H;. By a straightforward computation, we have
O(Hy,z) = (x —n+4)%(x —n+3)" Ppy(z),
where @4(x) = 22 — (3n — 11)x + 2(n — 4)(n — 5).
It is easy to see that the roots of @4(x) = 0 are

3n—11++v/n?+6n—39
5 .

By Lemma 4.1, it follows that

. 3n—11 —+v/n? +6n — 39
pn—1(G™) < pin—1(Hy) = 5 <n-—>5.

On the other hand, pi, 1(G*) = pin_1(G) = ptn_1(S(n,c) > n — 5, a contradiction.
Case 2. d,—1(G*) =n—4.

Let Hs be the graph obtained from K, _; by deleting two edges, which are adja-
cent to the same vertex, from K, _;. Clearly, d,,_1(H3) = n—4 and G* is a subgraph
of Hs. By a straightforward computation, we have

®(Ha,z) = (x —n+4)(x —n+3)" " ps(z),
where p5(x) = 22 — (3n — 10)z + 2(n — 4)2.
It is easy to see that the roots of @5(x) = 0 are

3n — 10+ vVn2 +4n — 28
5 .

By Lemma 4.1, it follows that

3n—10 — vn? +4n — 28
<n

5 — 9.

,unfl(G*) < /lnfl(HZ) =

On the other hand, i, 1(G*) = 1, 1(G) = pn—1(S(n,c) > n — 5, a contradiction.
By combining the above arguments, we can conclude that d,,—1(G*) =n —3. O

LEMMA 4.5. Ifc = 0 and n # 4, then S€(n,c) is determined by its signless
Laplacian spectrum

Proof. If 1 < n < 3, it is easily checked the result follows. Thus, we may
assume that n > 5 in the following. Suppose that there exists some graph G such
that SQ(G) = SQ(S(n,c)). Note that S°(n,c) = K,,_1 U K;. Then, u,(G) =
pn(Kp—1 UK;) =0and pu1(G) = 1 (K1 UKy) =2(n — 2).
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If G is connected, since u,(G) = 0, by Lemma 3.13 it follows that G is bipartite.
Lemma 2.2 implies that p;(G) = A\ (G) < n < 2(n — 2), a contradiction. Thus, G is
disconnected and hence d;(G) < n — 2. Since p1(G) = 2(n — 2), by Lemma 3.7 we
can conclude that G =2 K,, 1 UK, = S¢(n,c). O

REMARK 4.6. It is easily checked that SQ(K3UK;) = SQ(K1 3). Thus, S¢(n,c)
is not determined by its signless Laplacian spectrum when ¢ = 0 and n = 4.

THEOREM 4.7. If ¢ > 0, then S (n,c) is determined by its signless Laplacian
spectrum except for the case of c =0 and n = 4.

Proof. If ¢ = 0, by Lemma 4.5 and Remark 4.6, the result follows. If ¢ > 1 and
3 <n <7, it is easily checked the result follows by the aid of computer. Thus, we
may assume that n > 8 and ¢ > 1 in the sequel. Now suppose there exists some graph
G such that SQ(G) = SQ(SC(n,c)). We only need to prove the following facts:

Fact 1. G = G* U K1, where G* is connected.

Proof of Fact 1. We first claim that G is disconnected. Suppose to the contrary,
G is connected. By Lemma 4.3, we have j1,(G) = pn(S¢(n,¢)) = 0. Thus, G is
bipartite by Lemma 3.13. So, u1(G) < n follows from Lemma 2.2. But p1(G) =
p1(S€(n,e) > 2(n—3) > n by Lemma 4.3, a contradiction. Thus, G is disconnected.

Let G1 be the greatest connected component, i.e., the connected component with
largest number of vertices, of G. Since p,(G) = 0 and p,_1(G) = pn_1(S(n,c)) >
n —5 > 0, by Lemmas 3.13 and 4.2 we can conclude that G has exactly one bipar-
tite component and |V(G1)| > n — 4. Moreover, Lemma 4.3 implies that ui(G) =
w1(S€(n,e) > 2(n — 3), thus |V(G1)| > n — 2 by Lemma 3.7.

If [V(G1)| = n — 2, since G has exactly one bipartite component, we can deduce
that G = G; U K3. Then G has 2 as its signless Laplacian eigenvalue. On the other
hand, Lemma 4.3 implies that i, _1(G) = j1,—1(S(n,¢) > n—5 > 2, a contradiction.
Thus, |V(G1)| = n — 1 and hence Fact 1 follows.

Fact 2. G = S%(n,c).

Proof of Fact 2. By Fact 1 and Lemma 4.4, it follows that G = G* U K7, where
G* is connected with d,,_1(G*) = n — 3. By Lemma 3.11, it follows that G* has
n — 2c — 1 vertices of degree n — 2 and 2c vertices of degree n — 3, then G = S¢(n, ¢)
follows.

This completes the proof of this result. O
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