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INVARIANCE PROPERTIES OF AN OPERATOR PRODUCT
INVOLVING GENERALIZED INVERSES*

ZHIPING XIONGT AND YINGYING QIN#

Abstract. Given bounded linear operators 77, T> and T3, this paper investigates certain invari-
ance properties of the operator product 77 XT3 with respect to the choice of bounded linear operator
X, where X is a generalized inverse of T>. Different types of generalized inverses are taken into
account.
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1. Introduction. Throughout this paper, H, K, and I denote arbitrary Hilbert
spaces. We use L(H, K) to denote the set of all bounded linear operators from H to
K. Also, L(H)=L(H, H). I denotes the identity operator on Hilbert spaces and O is
the zero operator on Hilbert spaces. For T' € L(H, K), the symbols T, R(T), and
N(T) will stand for the adjoint operator, the range, and the kernel of T', respectively.

Let T € L(H, K). If there exists an operator X € L(K, H) satisfying the following
four operator equations:

(1) TXT =T, (2) XTX =X, (3) (TX) =TX, (4) (XT)" = XT,

then X is called a Moore-Penrose inverse of 7' and denoted by 7. As we know, T has
a Moore-Penrose inverse if and only if R(T') is closed and the Moore-Penrose inverse
of T is unique (see, for example, [5, 7, 14, 17, 18, 19, 20, 21, 22, 23]). For a subset
n C {1,2,3,4}, the set of operators satisfying the equations contained in 7 is denoted
by Tn. An operator from T is called an n-inverse of T'. For example, an operator X
of the set T{1} is called a {1}-inverse of T and denoted by T™ or T~. One usually
denotes any {1,3}-inverse of T as T3 and any {1,4}-inverse of T is denoted by
TM4Y . The unique {1,2,3,4}-inverse of T is the Moore-Penrose inverse of 7. We
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refer the reader to [5, 6, 9, 10, 11, 15, 16, 23, 24] for basic results on the generalized
inverses of operators.

Invariance properties of operator product involving generalized inverses are fun-
damental in the theory of operators. They have attracted considerable attention and
many interesting results have been obtained (see, for example, [1, 2, 3, 4, 12, 13]).
In this paper, given bounded linear operators 77 € L(L, H), 75 € L(L, K) and
T3 € L(H, K), we investigate properties of the operator product 74T, T5 for vari-
ous types of generalized inverses T, of T3, where our interest is focused on invariance
properties with respect to the choice of T;” concerning the value and range of 7175 T5.

We first mention the following three results, which will be used in this paper.

LEMMA 1.1. [9]. Let T € L(H, K) have a closed range. Then

T{1} ={T'+Y -T'TYTT": Y € L(K, H)}.

LEMMA 1.2. [8,9]. Let T € L(H, K) have a closed range and X € L(K, H).
Then the following statements are equivalent:

(1) TXT =T and (TX)* =TX;

(2) there exists some Y € L(K, H) such that X =Tt + (I — T'T)Y.

LEMMA 1.3. [8,9]. Let T € L(H, K) have a closed range and X € L(K, H).
Then the following statements are equivalent:

(1) TXT =T and (XT)* = XT;
(2) there exists some Y € L(K, H) such that X =TT +Y (I —TTT).

2. Invariance properties of operator product T1T2(1)T3. Let Ty € L(L, H),
T, € L(L, K) and T5 € L(H, K) be such that Ty, T and T3 have closed ranges.
In this section, we will study several invariance properties of the operator product
T1T2(1)T3 with respect to the choice of T2(1) € T»{1}. The main result is the following
theorem.

THEOREM 2.1. Let Ty € L(L, H), Ty € L(L, K) and T5 € L(H, K) be such that
Ty, T, T have closed ranges. Suppose that Ty, To, and T3 are not zero operators on
Hilbert spaces. Then the following statements are equivalent:

(1) The operator product T1T2(1)T3 does not depend on the choice of T2(1> €
Tr{1};
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(2) R(TY) C R(T5) and R(Ty) C R(Tb).

Proof. According to the technique of block operator matrices in [7], we know that
the operator T5 has the following matrix form with respect to the orthogonal sum of

subspaces:
1) =% 0): (va) ~ (¥
where T1! is invertible in L(R(T}), R(T»)), and
(2.2) T = <(T21<1;)_1 8) : (ﬁ%) - (ﬁ(ﬁi) |
Also we have that the operator T} has the following form:
(23) T = (To To) : (ﬁ(é:i) B (ﬁg)))
and

- (0 9)- (2 - (40)
and

(5 9)- () - (23

where D = T} (T{H)* + T2 (T}?)* is positive and invertible in L(R(T})). In particular

11y y—1 *
(24) Tl Tl (TlTl ) ( (T112)*D—1 o) N(Tl*) - N(Tg) :
Furthermore, we obtain that the operator T3 has the following matrix form with
respect to the orthogonal sum of subspaces:

(2.5) T = (%1 8) : (ﬁ%i) - (5385%)
and
T = <(ng)* (T"g)*> : <£%))> - <§((g,;>

T5Ts = (g g) : (%i) - (%;)

and
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where S = (T31)* T4t + (T31)*T3! is positive and invertible in L(R(7T5)). Then

o -y (T ). () ().

Next, we will prove the facts that (1) and (2) in Theorem 2.1 are equivalent.

(2)=(1): The inclusion R(T}) C R(Ty) is equivalent to TyT4 T, = Ty. Then from
(2.1)-(2.6), we have

T 712 (TH)_1 O T O T O
trn 1 1 2 2 _ 1
(2.7) I, 15 = < ) < > < ) = ( O>'

Hence, according to (2.3) and (2.7), the equality TyT) Ty = T} is equivalent to T2 =
O, that is

(2.8) R(T}) C R(Ty) & T2 = 0.

In the same manner, we can prove that the inclusion R(T3) C R(T%) is equivalent to
TyTiTs = Ty and

(2.9) R(T3) C R(Ty) & T3 = O.

On the other hand, from Lemma 1.1 it follows that arbitrary T2(1) € T5{1} has
the form

(2.10) T = <(T21‘1/)_1 g/) ,

where U, V and W are bounded linear operators on appropriate spaces. Hence, from
(2.2), (2.3), (2.5), (2.8), (2.9), (2.10), we have that

TINT) T O
0] (0]

Combining (2.10) with (2.11), we have the result (2)=-(1).

(2.11) VT = ( ) =Ty T)T5.

(1)=(2): Since the Moore-Penrose inverse of a bounded linear operator is unique
and belongs to the set of {1}-inverse, it is clear that T1T2(1)T3 doesn’t depend on the
choice of Tg(l) € To{1} if and only if the equality T1T2(1)T 5= T1T2T T3 holds for every
TV € Ty{1}. By Lemma 1.1, it follows that both

(@ Ty _(@mh o
(2.12) M = ( o (T112)*> and N = ( (T1)* (T321)*)

are {1}-inverses of T5. Since

Tll Tll —1T11
(2.13) T\MT; = TyNT; = T\T{T; = ( T 20) 3 8>’
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from (2.2), (2.3), (2.5), (2.12), (2.13), we get

(2.14) TITR) T+ TE(2) T = 0
and
(2.15) TP T+ T3 (1) = 0.

Combining (2.14), (2.15) with the equalities (2.3) and (2.5), we have
(2.16) DT =0 and T}2S = O.
Since D and S are invertible, from (2.16) we obtain
T3' =0 and T{% =0,
which are respectively equivalent to R(T3) C R(T») and R(TY) C R(Ty). O
COROLLARY 2.2. Let Ty € L(L, H), Ty € L(L, K), and T3 € L(H, K) be such
that Ty, Ts, T have closed ranges. Suppose that Ty, Ts, and T3 are not zero operators

on Hilbert spaces. Then the identity T1T2(1)T3 = O holds for every TQ(I) € To{1} of
and only if R(TY) € R(T3), R(Ts) C R(Ty), and R(T3) € N(TiT}).

COROLLARY 2.3. Let Ty € L(L, H), T; € L(L, K), and T5 € L(H, K) be such
that Ty, Ts, T5 have closed ranges. If R(T}) C R(T5) and R(T5) C R(T3), then
R(T1T2(1)T3) is the same for every T2(1) € Tu{1}.

3. Invariance properties of products T1T2(1’3)T3 and T1T2(1’4)T3. Let T €
L(L, H), T> € L(L, K), and T3 € L(H, K). In this section, we will investigate the
invariance properties of the operator products T1T2(1’3)T3 and T1T2(1’4)T3 with respect
to any T2(1’3) € T5{1,3} and T2(1’4) € Th{1,4}.

THEOREM 3.1. Let Ty € L(L, H), Tz € L(L, K), and T5 € L(H, K) be such that
Ty, Ty, T5 have closed ranges. Suppose that Ty, T, and T3 are not zero operators on
Hilbert spaces. Then the following statements are equivalent:

e equality 11 s =114 3 holas jor every e da1,35;
1) Th lity TVTS9 Ty = TYTI T holds f T € Ty{1,3
(2) R(T7) € R(T3).

Proof. By Lemma 1.2, we have that arbitrary T2(1’3) € T»{1, 3} has the form
) 71 O
3.1 ﬂW:<U )
3.1) ? War  Wa

where Ws; and Wss are bounded linear operators on appropriate subspaces. Then
from the equalities (2.2), (2.3), (2.5) and (3.1), we know that for any T2(1’3) € T»{1,3}

TT(LS)T _ Tlll T112 (T211)—1 9] T311 19)
152 3 O O Waq Was 31 O
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(Tpagnlﬂy+19whﬂy+79wbz? 0)
0 0

Tll Tll —lTll O
(3.2) ﬂﬂ%(l(y 3 0>

We now prove that (1) and (2) in Theorem 3.1 are equivalent.
(2)=(1): Since
R(TY) € R(T3) & T)* = O,

we have that for arbitrary T2(1’3) € T»{1,3},

ﬂﬁwgz(

(e o)

Tlll(Tgl)ingll +T112W21T311 +T112W22T321 O)
0] (0]

0 0
= T\ Ty Ts.

(1)=(2): From Lemma 1.2, it follows that

JW‘C%%IHQJ

is a {1, 3}-inverses of T5. Then

(T TN (W)t 0 N\ (T o
e manti= (5 ) (o ) (b 0

(TR R T R T o)
0 0

and

(3.4) T, — T1T2TT3 _ (T111(T211)1T311 O) .

@ @)
Hence, from (3.3) and (3.4), we have
(3.5) T3 T3t + T (15 T3 = 0.

Combining (3.5) with the equality (2.5), we have T}2S = O. Since S is invertible,
T}? = O, that is R(T}) C R(Ty). D
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COROLLARY 3.2. Let Ty € L(L, H), Ty € L(L, K), and T3 € L(H, K) be such
that Ty, Ts, T have closed ranges. Suppose that Ty, T, and T3 are not zero operators
on Hilbert spaces. Then the identity T1T2(1’3)T3 = O holds for every T2(1’3) € T»{1,3}
if and only if R(TF) C R(Ty) and R(T5) C N(TyTY).

Next, we will investigate the invariance of the range of the operator product
T1T2(1’3)T3 with respect to the choices of T2(1’3) € T»{1,3}.

THEOREM 3.3. Let Ty € L(L, H), Tz € L(L, K), and T5 € L(H, K) be such that
Ty, Ty, T5 have closed ranges. Suppose that Ty, Ts, and T3 are not zero operators on
Hilbert spaces and T1T2TT3 # O. Then the following statements are equivalent:

(1) R(T1T2(1’3)T3) is the same for every T2(1,3) € Tx{1,3};
(2) R(T7) € R(T3).

Proof. According to the above proof in Theorem 3.1, it follows that for any
T € Ty{1,3}

(3.6) TlT(1’3)T3 B (Tlll(TQH)lTSH + TI2Wo TI 4 TI2Woy T2 O)
. 5 -

0 0

and

Tll(Tll)—lTll +T12W21T11 +T12W22T21)T o)

3.7 (T T3t — (17 (T3 3 1 3 1 3 7

( ) ( 142 3) 0] 10

where W51 and Wss are bounded linear operators on appropriate subspaces. Further-

more, from (3.2) we have

(38) (T1T2TT3)T _ ((17111(1"211)1:21311)1L O) |

0 0

(2)= (1): Clearly the invariance of the product T1T2(1’3)T3 with respect to T2(1’3) €
T»{1,3} is sufficient for the invariance of R(T1T2(1’3)T3) with respect to the choices of
T2(1"3) € T5{1,3}. Then from Theorem 3.1, we have the result “(2)=- (1)” in Theorem
3.3.

(1)= (2): From (1) in Theorem 3.3, we know that the equality R(T1T2(1’3)T3) =
R(TlTQTTg) holds for any T2(1’3) € T5{1,3}. Under the definition of the range of
operators, it follows that the equality R(T1T2(1’3)T3) = R(TlTQTTg) holds for any T2(1’3)
if and only if the following two inclusions:

R(MTPTy) € R(TVTITS)
and

R(T\TJTs) C RV Ty)
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hold for any T2(1,3) € T»{1, 3}, which are respectively equivalent to the following two

identities:

(3.9) T1T2TT3(T1T2TT3)*T1T2(1’3)T3 _ T1T2(1’3)T3
and

(3.10) TSI Ty T TS T TV T T = TV TS T

valid for any T2(1’3) € T»{1,3}. Hence, from the equalities (3.2), (3.6), (3.7), (3.8)
(3.9), (3.10), we have

(3.11) (MM YN T T T =
and
(312 i T T = T )T

where W51 and Wy, are bounded linear operators on appropriate subspaces and
(3.13) p=TH T T+ TP W T + TP W T3

Combining (3.11), (3.12), with (3.13), we get the following equality:

(3.14) (T (T T ) Y =

is valid for arbitrary bounded linear operators Ws; and Was.

On the other hand, since T1T2TT3 #+ 0, it follows that

Tll(Tll)flTll O

Ty = 71 2 8 0]

14243 ( O O 7& )

that is 71 (T} 71T4 # O, which also implies that Tt # O, Tyt # O and Tyt # O.
Let Way = O, then from (3.14), we obtain that the following equality:

(T (T ) (T (1) T
= ()T W T () T W T

holds for any Wa;. This implies 712 = O. According to the fact: R(T}) C R(Ty) <
T}? = O, it follows that (1)= (2). O

By Lemma 1.2 and Lemma 1.3, we know that for a bounded linear operator
Ty, X € Tb{1,4} if and only X* € T5{1,3}. So results for the operator product
T1T2(1’4)T3 involving {1,4}-inverses of Ty follow from the previous theorems in this
section.
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THEOREM 3.4. Let Ty € L(L, H), Ty € L(L, K), and T5 € L(H, K) be such that
Ty, Ty, T have closed ranges. Suppose that Ty, T, and T3 are not zero operators on
Hilbert spaces. Then the following statements are equivalent:

(1) The equality T1T2(1’4)T3 = YT} Ts holds for every T2(1’4) € Th{l,4};
(2) R(Ts) € R(T2).

COROLLARY 3.5. Let Ty € L(L, H), Ty € L(L, K), and T3 € L(H, K) be such
that Ty, Ts, T5 have closed ranges. Suppose that Ty, T», and T3 are not zero operators
on Hilbert spaces. Then the identity T1T2(1’4)T3 = O holds for every T2(1’4) € Tr{1,4}
if and only if R(Ts) C R(Ty) and R(Ts) C N(TyTJ).

THEOREM 3.6. Let Ty € L(L, H), Ty € L(L, K), and T5 € L(H, K) be such that
Ty, Ty, T have closed ranges. Suppose that Ty, T, and T3 are not zero operators on
Hilbert spaces and T1T2TT3 # O. Then the following statements are equivalent.

(1) R(T1T2(1’4)T3) is the same for every T2(1’4) € B{1,4};

(2) R(Ts) C R(T%).
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