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SPECTRAL CHARACTERIZATION OF {-SHAPE TREES*

FENJIN LIUT, QIONGXIANG HUANG!, AND QINGHAI LIUT

Abstract. The {-shape tree is the coalescence of the star K1 4 and the path P,_4 with respect
to two pendent vertices. In this paper, it is showed that the f-shape tree is determined by its
adjacency spectrum if and only if n # 2k +9 (k = 0,1,...). Furthermore, all the cospectral mates
of the f-shape tree are found when n = 2k + 9.

Key words. f-shape tree, Adjacency spectrum, Spectral characterization, Cospectral graphs.

AMS subject classifications. 05C50.

1. Introduction. In this paper, we are concerned only with simple undirected
graphs (loops and multiple edges are not allowed). Let G = (V, E) be a graph with
vertex set V(G) = {v1,...,v,} and edge set E(GQ) = {e1,...,em}. Let A(G) be the
(0,1)-adjacency matrix of G, the polynomial Pg(X) = det(A — A(G)), where I is
the identity matrix, is the characteristic polynomial of G with respect to A(G). Since
A(G) is real and symmetric, its eigenvalues are all real numbers, which will be ordered
as A\1 > Ay > --- >\, and be called the adjacency eigenvalues of G. The eigenvalues
of G together with their multiplicities is called the adjacency spectrum of G. Two
graphs G and H are said to be cospectral if they share the same spectrum (i.e., equal
characteristic polynomial). A graph G is said to be determined by its adjacency
spectrum (DAS for short) if for any graph H, Pg(\) = Py () implies that H is
isomorphic to G. Up to now, numerous examples of cospectral but non-isomorphic
graphs have been found. On the other hand, only few graphs with very special
structures have been proved to be determined by their spectra, see [4, 6, 7, 8, 11, 13, 15]
for some examples.

Determining which graphs are determined by their spectrum is a difficult problem,
far from resolved, in the theory of graph spectra. In [4], van Dam and Haemers
proposed the following more modest problem: which trees are determined by their
spectrum? It is well-know that the path P, is DAS (see [4]). It is proved by Shen et
al. [13] that the graph Z, is DAS and by Wang and Xu [15] that all T-shape trees
are DAS except for a few well-defined cases. In 1973, Schwenk [12] proved the most
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striking result that almost all trees are cospectral. For a recent survey of the subject,
one can consult [5].

There have been some attempts to characterize graphs having spectral radius at
most a given number, for example, the class of all graphs G whose largest eigenvalue
A1 is bounded by 2 has been completely determined by Smith [14]. Subsequently,
Cvetkovié et al. [2] gave a nearly complete description of all graphs G with 2 < Ay <
V2 + /5 and their description was completed by Brouwer and Neumaier [1]. Later
Woo and Neumaier [16] examine the structure of graphs G with /2 +VE< ) < \f
and their result is presented in Section 2.

Most of the connected graphs with spectral radius at most 2 are known to be
DAS [4, 13, 15]. Ghareghani [7] showed that all connected graphs except for three
well-defined trees with spectral radius in the interval (2, /2 ++/5] are DAS. They
also posed a problem to determine all DAS ones among the graphs characterized in
[16]. Now we cite some terminologies used in the paper [16].

a1 1 v1 1 1161)2 1 a7U3 1 as b
1...
v 1 2 n—4 I I I bs 1 N 1 by
%_4_..... ....._égl w%—q....
a2. ag. a4o 1 ba
Dy, Hy =0Qs3(a1,a2,a3,a4,a5,a6,a7)  Hz = CQ2(b1,b2,b3,b4)
61 1 v 1 C3
T(C1,02,C3) L(dl,dz Gr Gs Gt

F16. 1.1. Graphs Dy, H1, Ha,T(c1, c2,¢c3), L(d1, d2), Gr, Gs, Gt.

An open quipu is a tree G of maximum degree 3 such that all vertices of degree
3 lie on a path. A closed quipu is a connected graph G of maximum degree 3 such
that all vertices of degree 3 lie on a cycle, and no other cycle exists. Let 0Q,, (CQ.,)
denote the set of open quipus (closed quipus) with exactly n vertices of degree 3, e.g.,
0Qs(aq,...,a7) and CQa(by,...,bs) is shown in Fig. 1.1. A {-shape tree D,, (n > 7)
is the coalescence of the star K 4 and the path P,_4 with respect to two pendent
vertices (see Fig. 1.1). A T-shape tree is a tree with exactly one of its vertices having
maximum degree 3. Denote by T'(cy, ca,c3) the T-shape tree such that deleting the
unique vertex of degree 3 leaves three disjoint paths P, U P, U P.,(see Fig. 1.1). The
lollipop graph L(dy,ds) is obtained from the cycle Cy, 11 by appending a path P, (also
see Fig. 1.1). Without loss of generality, in what follows we always assume that a; >
a2>0,a3>O,a42a5>0,a6,a720;b1ZbQZO,b32b4>O;cl202203>0;
di1 > 2, dy > 0 where a;, b;, ¢;, d; correspond to the lengths of paths that are combined
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to form the graphs in Fig. 1.1. Throughout this paper G — v and G — uv denote the
graph obtained from G by deleting a vertex v and an edge uw, respectively. The
degree sequence of a graph G is written as 7(G) = (0%, 1%, ..., k®* ..., A*2) where
k™ means that G has xj vertices of degree k and zo+ z1 + - - - +2aA = n. The notion
and symbols not defined here are standard, see [3] for any undefined terms.

In this paper, we complete the spectral characterization of one of the three graphs
determined by Woo and Neumaier. Our main result is the following.

THEOREM 1.1. The f-shape tree D,, is determined by its adjacency spectrum if
and only if n £2k+9 (k=0,1,2,...). If n =2k + 9 then when k is odd the unique
cospectral mate of Dy, is OQs(k + 1,1,1,1,1,1, k) while when k = 2¢ is even the
cospectral mates of Dy, are OQs(k+1,1,1,1,1,1,k) and OQ3(1,1,04+1,1,1,2(+1,¢).

The paper is organized as follows. In Section 2, some useful lemmas are cited. In
Section 3, the degree sequences of graphs which are cospectral with {-shape tree D,
are determined. In Section 4, the spectral characterization of the {-shape tree D,, and
graphs with degree sequence (1°,2"~8 32) is finished. In Section 5, our main result
is obtained.

2. Preliminaries. First, we give some lemmas that will be frequently used in
the next section. Most of them are basic tools in studying the graph DAS problem,
moreover, it is worth to mention that Lemma 2.8 [16] plays an important role in our
research.

LEMMA 2.1. [3] Let uv be an edge of a graph G, € (u) and € (uv) be the sets of
all cycles Z containing u or uv, respectively. Then

(1) Pa(A) = APa—u(A) = Xyver(e) Po—u—v(X) =23 zcew) Po-viz)(A)-

(i1) Po(A) = Po—uwo(N) = Pa—u—v(N) = 23 s (un) Pa-viz) (M)

LEMMA 2.2 (Interlacing). [3] Suppose that A is a symmetric n X n matriz with
eigenvalues Ay > Ay > --- > X,. Then the eigenvalues py > po > -+ > pm of a
principal submatriz of A of size m satisfy \; > i > Ap—mai fori=1,....m.

LEMMA 2.3. [3] Let G be a connected graph and H be a proper subgraph of G.
Then )\1(G) > /\1(H)

LEMMA 2.4. [4] Let G be a graph. For the adjacency matriz the following can be
deduced from the spectrum:

(1) The number of vertices.
(2) The number of edges.
(3) The number of closed walks of any fized length.

Let Ng(H) be the number of subgraphs of a graph G which are isomorphic to
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H and let Ng(i) be the number of closed walks of length ¢ in G. Let N, (i) be the
number of closed walks of H of length ¢ which contain all the edges of H and S;(G)
be the set of all the connected subgraphs H of G such that Ny; (i) # 0. Then

(2.1) Na@i)= > Ne(H)Ny(i).
HeS;(GQ)

The following two lemmas can be obtained from (2.1) and it provides some formulae
for calculating the number of closed walks of length 2, 3, 4 for any graphs and 6, 8 for
graphs without cycles C; (i = 3,4,5,7).

LEMMA 2.5. [10] The number of closed walks of length 2,3,4 of a graph G are
gwing in the following where m is number of edges of G.

(i) Na(2) = 2m, Ng(3) = 6Na(Cs).

(Zl) N(;(4) =2m + 4Ng(P3) + SNG(C4)

LEMMA 2.6. [9] Let G be a connected graph without cycles C; (i = 3,4,5,7).
Then

(i) Ng(6) =2m + 12Ng(Ps) + 6Ng(Ps) + 12Ng(K1 3) + 12N (Cs).

(ZZ) Ng(g) =2m + 28N(;(P3) + 32Ng(P4) + 72Ng(K1,3) + 8Ng(P5)
+16NG(T(2,1,1)) + 48Ng (K1 4) + 96Na(Co) + 16NG(G,) + 48Ng (Gy)
+ 48Ng(Gy) + 16Ng(Cs) (see Fig. 1.1).

Let Pp, (\) be the characteristic polynomial of the path P.. For the sake of
simplicity, we denote Pp,_(\) by P, if there is no confusion. By convention, let Py = 1,
P_;=0and P, =—1.

2r+2_4

LEMMA 2.7. [11] P, = Z5—1 and Pp,(2) = r+1, where = satisfies 2>~ Az +1 =

2 _pr

LEMMA 2.8. [16] A connected graph G whose largest eigenvalue A1 satisfies 2 <
A < % 2 is either an open quipu, a closed quipu, or a dagger.

LEMMA 2.9. Let H be a graph cospectral with the t-shape tree D,,, then H is
either an open quipu or the union of a closed quipu and an induced subgraph of a
T-shape tree.

Proof. Clearly, removing the only vertex of degree 4 of D,, leaves three isolated
vertices and a path. By Lemma 2.2 \{(D,) > 2 > A\ (D,, —v) > A2(D,,). Since H
and D, are cospectral, A\;(H) = A1 (D), A2(H) = Aa2(D,,) < 2. It follows that H has
at most one component which contains cycles. Moreover, Lemma 2.8 implies that the
component of H corresponding to the maximal eigenvalue is the induced subgraph of
the open quipu or the closed quipu. Note that D, is a tree, we get if H contains no
cycle, then H is an open quipu. Otherwise H is the union of a closed quipu and an
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induced graph of an open quipu. Observe that A\y(H) < 2, it is easy to see that the
open quipu cannot have two vertices of degree 3, thus is a T-shape tree. O

3. Degree sequences of graphs cospectral with a j-shape tree. In this
section, we determine the degree sequences of graphs which are cospectral with the
t-shape tree D,,. Let H be a graph cospectral with the f-shape tree D,,, by Lemma
2.4, D, and H have the same number of vertices, edges and closed walks of any
given length. Denote by x; and y; the number of vertices of degree ¢ in D,, and H,
respectively. By counting the number of vertices, edges and closed walks of length 4
in D,, and H, we have the following three equations:

A A

in =n= Zym

i=0 i=0

A A

D imi=2n—1)=> iy,

i=0 i=0

A A g A A ;

Zia:i +4Z <2)xi +8ng =6n+2= Zzy, +4Z <2)yZ + 8n),
i=0 i=0 i=0 i=0

where ny = Np,_ (C4) = 0 and njy = Ny (Cy4). From the structure of D,, we see that
A=4 290=0,29 =4, x0 =n—>5, z3 = 0 and z4 = 1. By adding up these three
equations with coefficients 4, —5 and 1, respectively, we have

A/
(3.1) 6= (i = 3i+ 2)y; + 4n).
=0

The following lemma gives the degree sequence of H according to n) =1 or nj = 0.

LEMMA 3.1. Let H be a graph cospectral with the {-shape tree D,,. Let n} be
the number of Cy in H. Then w(H) is (01,2"71) or (13,274 3Y) if n, = 1; w(H) is
either (14,275 41), (15,2778 33) or (0',12,37=5,42) if n}, = 0.

Proof. If ny = 1, Eq. (3.1) yields S22 (i2 — 3i + 2)y; = 2, this implies that

1=

Yo +y3 =1and y; =0 for i > 4. Thus, 7(H) is (01,2"71) or (13,2774, 31).

If nj) =0, Eq. (3.1) gives X:Z-A:/O(i2 — 3i + 2)y; = 6, this implies that yo + y3 +
3ys = 3 and Yi = 0 for ¢« > 5. So (yoaylvavy37y4) € {(0,4,7’l - 5,0, 1),(0,5,” -
83,0, (1,2,n — 5,2,0), (2, —1L,n — 2,1,0), (3, —4,n + 1,0,0)}, ie., 7(H) is one of
(14,2775, 41), (17,278, 3%) and (0', 12,277, 3?). O

Moreover, we can say further that if H is cospectral with the f-shape tree D,
then H has no cycle Cy, thus the degree sequences (0*,2"~1!) and (13,274, 3!) do
not need to be considered.
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LEMMA 3.2. Let H be a graph cospectral with the f-shape tree D,,, then H has
no cycle Cy.

Proof. Suppose that H contains Cy, then Lemma 3.1 gives the two possible degree
sequences of H. First suppose that 7(H) = (0',2"7!). Lemma 2.9 implies that H has
only one cycle, thus H = Cy U K1, however 5 = |V(H)| < 6 < |V(D,,)], contradicting
H and D, are cospectral. Next suppose that m(H) = (13,274 3!), also by Lemma
2.9 we get H = C4UT (c1,¢2,¢3) or L(3,d2)UP,.. If H= CyUT(cy,ca,c3), then 2 is an
eigenvalue of H, but it is easy to see that \; (D,,) > 2 > A2(D,,), therefore they are not
cospectral and this case is impossible. If H = L(3, d2)UP,, then A (H) = A1 (L(3,d2)),
however by Lemma 2.3, A1 (L(3,d2)) > A1 (L(3,1)) = 2.1358 - > 24/2 > \(D,,), we
also get a contradiction. O

We complete this section by a remark.

REMARK 3.3. Let H be a graph cospectral with the {-shape tree D, if 7(H) =
(1#,2775 41), we claim that H is connected, then Lemma 2.8 implies that H = D,,.
Suppose by the contradiction that H is not connected, then 7(H) and Lemma 2.8 give
that H is the union of a {-shape tree D, (n > n’+3) and some cycles. Clearly, D, is
a proper subgraph of D,,, by Lemma 2.3, A\ (H) = A1 (D,/) < A1(D,,), a contradiction.
In the next two sections we investigate H with degree sequences (1°,2"78 33) and
(0%,12,277532), respectively.

4. f-shape tree and graphs with degree sequence (1°,2"7% 33). Let H be
a graph with degree sequence (1°,2778 33), from Lemma 2.9 one can easily get the
following result.

LEMMA 4.1. Let H be a graph cospectral with the {-shape tree D, (n > 7T)
and w(H) = (15,2"78,33), then H may be one of the following graphs: H, =
0Qs(ay,...,a7); Hy=CQ3UP.; H. = CQ2(b1,...,bs) UT(c1,c2,¢3).

In addition, we have more properties of the f-shape tree D,, below.

LEMMA 4.2. Let D, (n >7) be the f-shape tree and Pp, ()\) be its characteristic
polynomial. Let x satisfy 2> — Az +1 =0, then

(i) Pp,(2) = —4n + 20.

(i) Pp, (\) = G anraaoa )
(iii) Np, (6) = 20n + 40.

(iv) Np, (8) = 70n + 282.

Proof. Let v be the vertex of degree 4 of D,,. Use Lemma 2.1 (i) at v to get
(4.1) Pp,(A) = X'Pp,_,(A) =3X°Pp,_,(A\) — NPp,_,(N).
By Lemma 2.7, Pp, (2) = r + 1, substituting this into (4.1) gives Pp, (2) = —4n + 20.
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Also by Lemma 2.7 Pp () = % where z satisfy 22 — Az + 1 = 0. Putting

- ($2_‘_1)2(xn+2_2xn+2m67n_z4fn)
- x4 (z2—1) :

this into (4.1) and using Maple we obtain Pp_())

For an acyclic graph I', Lemma 2.6 (i) implies
(4.2) Nr(6) = 2|E(T")| + 12Np(Ps) + 6Np(Py) + 12Np (K1 3).
For any triangle free graph I, let us define
d(uwv) = (d(u) — 1)(d(v) — 1), where uv € E(T).

It is easy to verify Nr(P3) = 3_,cyr) (d(;))7 Nr(Py) =32, pepr) d(w) and Np (K7 3)
=Y v (1Y), Set T' = D,,, we have |E(Dy,)| =n — 1, Np, (Ps) =1 x (3) + (n -
5) x @) =n+1, Np, (Ki3) =4. Np, (Py), related to the structure of H, is more
complicated. It is easy to see that for an edge wv € E(D,,), d(uv) € {0,1,3}. uv is
said to be the edge of i-type if d(uv) =i (i = 0,1,3). It is clear that uwv is O-type if
and only if uv is a pendent edge; uv is 1-type if and only if d(u) = d(v) = 2; wv is
3-type if and only if {d(u),d(v)} = {2,4}. Denote by m;(D,,) the number of i-type
edges in D,,. Then

Since D,, has four pendent edges, mo(D,) = 4. Moreover, m3(D,) = 1 and so
m1(Dy,) =n— 6 and

Np, (Py) = Z d(uv) =my + 3mz =n — 3.
wv€E(Dy)

By (4.2), Np, (6) = 20n + 40.
Since D,, has no cycle, Lemma 2.6 (i7) implies

(4.4) Np, (8) =2|E(Dy)| + 28Np, (Ps) + 32Np,, (Py) + 72Np, (K1,3) + 8Np, (Ps5)
' +16Np, (T(2,1,1)) +48Np, (K1.4).

It is easy to verify that Np, (Ps) =n —4, Np,(T(2,1,1)) = 3 and Np, (K1,4) = 1.
Thus, by (4.4), Np, (8) = 70n + 282. O

4.1. f-shape tree and open quipus. In this subsection, all cospectral graphs
of the f-shape tree D,, that are open quipus are determined.

LEMMA 4.3. Let H, = OQs(a1,...,a7) be an open quipu with three vertices
of degree 3 and be cospectral with the T-shape tree D, (n > 7), then Ny, (Py) =
n —1 and H, is one of the following graphs: H! = 0Q3(1,1,1,1,1,n — 8,0), H2 =



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 22, pp. 822-837, August 2011
http://math.technion.ac.il/iic/ela

Spectral Characterization of {-Shape Trees 829

OQ3(a1717171717a6ua7) (alaaﬁua'T > 0)7 Hs) = OQ3(1717a371713a67a7) (a37a67a7 >
0).

Proof. Since H, and D,, are cospectral, they have the same number of closed walks
of length 6. From the structure of H, we see that |E(H,)|=n—1, Ny (P;) =n+1
and Np, (K;3) = 3. By Lemma 4.2 (4i7) and (4.2),

2|E(H,)| + 12Ng, (Ps) + 6Ng, (Ps) + 12Ng, (K1.3) = N, (6) = Np_ (6) = 20n + 40.
Solving the above equation gives Ny, (Py) =n — 1.

Analogously to D, for an edge uv € E(H,), d(uv) € {0,1,2,4}. Tt is clear
that uv is O-type if and only if uv is a pendent edge; wv is 1-type if and only if
d(u) = d(v) = 2; uv is 2-type if and only if {d(u),d(v)} = {2,3} and wv is 4-type if
and only if d(u) = d(v) = 3. Denote by m;(H,) the number of i-type edges in H,,
respectively. Hence,

(4.5) Nu,(P)= > d(w)=my(H,)+2ma(H,) + dmy(H,).
weE(H,)

Since H, has five pendent edges, mo(H,) = 5. We claim that m4(H,) < 1. Otherwise,
from the structure of H, we have m4(H,) = 2, then m;(H,)+mo(H,) = n—8. Thus,
by (4.5), Ng, (Py) > my(H,) + ma(H,) + 4my(H,) = n, a contradiction.

Now if my(H,) = 1, we obtain
my(Hy) +mo(Hy) =n—7,
mi(H,) + 2ma(H,) = n — 5,
so, m1(H,) =n—9 and my(H,) = 2. It is easy to check that H, = OQ3(1,1,1,1,1,n—
8,0).
Finally, if m4(H,) = 0, then we have
mi(H,) + ma(H,) =n —6,
mi(H,) + 2ma(Hy) =n — 1,
thus, mi(H,) = n — 11 and my(H,) = 5. One can easily obtain that H, =
OQ?)(alu 17 17 17 1u g, a7) (alu ae,ar > 0)7 or OQd(lu 17 as, 17 17a67 (1,7) (a?n ag,ay > O) 0

LEMMA 4.4. Let Pr(c, c,.c5)(A) (c1 > c2 > ¢3 > 0) be the characteristic polyno-
mial of the T-shape tree T(c1,c2,c3), then Pr(c, c;.c5)(2) = €14 ca +c3+2 — cicacs.

Proof. Let v be the vertex of degree 3 of T'(c1,¢2,c3). Apply Lemma 2.1 (i) at v
to get

Pric, cy.e5)(A) = APp, (N Pp., (\)Pp.,(A) — Pp., (M) Pp., (N Pp,, (A)

(4.6)
— Pp, (\)Pp,, ,(N)Pp,,(\) = Pp, (N Pr,, () Pp,, (M)



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 22, pp. 822-837, August 2011
http://math.technion.ac.il/iic/ela

830 F.J. Liu, Q.X. Huang, and Q.H. Liu

By Lemma 2.7 Pp (2) = r + 1, substituting this into (4.6) gives Pp(c, c,.c,)(2) =
c1+co+ce3+2—cieoes. O
THEOREM 4.5. Let both the open quipu H = 0Q3(1,1,1,1,1,n — 8,0) and the

T-shape tree D,, (n > T) be of order n. Then H} is cospectral with D,, if and only if
n=29.

Proof. Suppose that H! and D,, are cospectral. Let vy be the middle vertex of
degree 3 of H!. Applying Lemma 2.1 (i) at vy to obtain

PH,} ()‘) :/\2PT(n—8,1,1)()‘)PP3 ()‘) - )‘PT(n—Q,l,l)()‘)PF% ()‘)
o PT(n—&l,l)()‘)PPs()\) - )‘SPT(n—&l,l)()\)-
By Lemma 2.7 and Lemma 4.4, Pp,(2) = 4, Ppp,-581,1)(2) = Prn-9,1,1)(2) = 4.

Putting them into (4.7), we get Pyi(2) = —16. Lemma 4.2 (i) gives Pp, (2) =
—4n + 20, thus, —16 = —4n + 20, i.e., n = 9.

(4.7)

Conversely, it is easy to check that OQ3(1,1,1,1,1,1,0) and Dy are cospectral. O

THEOREM 4.6. Let both the open quipu H? = OQs(a1,1,1,1,1,a¢,a7) (a1, as,
ar > 0) and the t-shape tree D, (n > 7) be of order n where n = a; + ag + a7 + 7.
Then H? is cospectral with D,, if and only if a1 = a7 + 1,a6 = 1 and n = 2ay + 9.

Proof. Suppose that H2 and D,, are cospectral. Let vy be the middle vertex of
degree 3 of H2. Again using Lemma 2.1 (i) at vy we get

Prz(A) =X Pr(a, a6.1) (M) Pr(a;.1.1)(N) = Pr(ay.a6.1)(A) Pr(a;.1,1)(A)
- )\PT(al,ag—l,l)()‘)PT(a7,1,1)()‘) - )‘PT(al,as,l)()‘)PT(a7—1,1,1)()‘)~

By Lemma 4.4, Pr(q, a6,1)(2) = a1 +as+3—a1a6, Pr(a;,1,1)(2) = Pra,-1,1,1)(2) = 4,
Pr(ay,a6—1,1)(2) = 2a1 +ag +2 —aiag, Pr(q, a4,1)(2) = a1 +as +3 — aiae, substituting
them into (4.8) implies Py2(2) = 4ajag — 12a; — 4ag — 4. By Lemma 4.2, Pp  (2) =
—4n + 20, thus

(4.8)

—4n + 20 = 4a1a6 — 12a1 — 4ag — 4
n=a +as+ar+7,

S0, 2a1 = ajag+ a7+ 1. Since a1, ag, a7 are positive integers, this implies ag = 1,a; =
ay + 1 and n = 2a;7 + 9.

Conversely, one can easily verify that OQs(a7 +1,1,1,1,1,1,a7) and Da,, 49 are
cospectral. 0

THEOREM 4.7. Let both the open quipu H? = 0Qs(1,1,as3,1,1,a¢,a7) (a3 >
0,a¢ > a7 > 0) and the {-shape tree D,, (n > 7) be of order n where n = az+ag+ar+7.
Then H3 is cospectral with D,, if and only if az = a7 +1, a6 = 2a7+1 and n = 4a7+9.
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Proof. Suppose that H2 and D,, are cospectral. Let vy be the middle vertex of
degree 3 of H2. Applying Lemma 2.1 (i) at vy to obtain

(4.9)
Prs(N) =APr(ag,1,1)(N) Pr(ay,1,1) (M) Pp., (A) = Priag—1,1,1)(N) Pr(a,,1,1)(A) Pp,, (\)—
Pras1,1) (N Pria;—1,1,1) (AN P, (A) = Priag,1,1)(AN) Pr(as,1,1) (M) P, (A).
By Lemma 2.7 and Lemma 4.4, Pp, (2) = a3 + 1, Pp,,_,(2) = a3, Prs,1,1)(2) =
PT(aefl,l,l)(Q) = PT(a771,1) (2) = PT(a7,1’1’1)(2) = 4. Puttlng them into (49) we get
Pps(2) = —16a3. By Lemma 4.2, Pp, (2) = —4n + 20, thus
—4n + 20 = —16as
n=as+ag+ar+7,
so, n = 4az + 5, ar = 3az — ag — 2.
By putting n = 4as + 5 into Lemma 4.2 (i7) we have
PD4a3+5 ()\) _ $_5(.’E2 o 1)—1(1,2 4 1)2(x4a3+8 o 21,4a3+6 =+ 21,—4a3+2 o x—4a3)7
we denote by Nj(z) = x*ast8 — gptast6 4 gp—das+2 _ g—das

Similarly, from Lemma 2.7, (4.6), (4.9), by substituting a7 = 3as — ag — 2 into
(4.9) one can use Maple to verify that

PHS ()\) :$—5($2 _ 1)—1(x2 + 1)2(m4a3+8 _ 2m4a3+6 4 x2a3+4 _ x4—2a3 + 2x2—4a3

_ I74a3 _ x2a572a3+6 + x2a574a3+6 _ x4a372a6+2 + x2a372a6+2)'

Denote by Ny(z) = at@s+8 —2g4as+6 | g2as+d_gd=2as 4 9,2—das _g—das__g2a6-2a3+6 1
pas—dast6 _ gdas=2ac+2 4 p2a5=2a6+2  Gince H3 and Dy,,45 are cospectral, H3(\) =
D4a3+5(/\)a then

NQ(Q’J) _ Nl (.T) :x2a3+4 _ 1,4—2113 _ x2a6—2a3+6 + x2a6—4a3+6
_ x4a3—2a6+2 + x2a3—2a6+2 — 0.

Thus, 214 — p206—2a3+6 — ( op p20s+4 _ pdas—2a6+2 — (), This implies

2a3 +4 = 2a¢ — 2a3 + 6 2a3 +4 = 4asz — 2a¢ + 2
(a) or  (b)

a7y = 3az — ag — 2, a7 = 3a3z — ag — 2.

Option (a) leads to ag = a7 + 1 and ag = 2a7 + 1. While option (b) gives ag = az — 1
and a7y = 2a3 — 1, this contradicts ag > a7. Thus, a3 = a7 + 1, ag = 2a7y + 1 and
n =4a7 + 9.

Conversely, it is easy to verify that OQ3(1,1,a7 +1,1,1,2a7 + 1,a7) and Dyg, 49
are cospectral. 0
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4.2. f-shape tree and closed quipus. In this subsection, it is shown that no
closed quipus union a tree are cospectral with the {-shape tree D,,.

LEMMA 4.8. Let both H, = CQ3U P, and the T-shape tree D,, (n > T) be of order
n, then Hy is not cospectral with the t-shape tree D,,.

Proof. Similar to H, = OQs, denote by m;(Hp) (i = 0,1,2,4) the number of
i-type edges in H,, respectively. Since Hj, has no odd cycle, from the structure of
Hy, we have |[E(Hy)| =n—1, Ny, (Ps) =n+1, Ng,(K13) =3, 4 < mo(Hp) <5
and my4(Hy) < 2. We also have 2 < mo(Hy) < 5 if my(Hp) = 2; 4 < mo(H,) < 7 if
my(Hp) = 1; or 6 < mo(Hy) <9 if my(Hp) = 0. Since

NHb (P4) = ml(Hb) + QmQ(Hb) + 4m4(Hb)
(410) = (n —1- mo(Hb) — mQ(Hb) — m4(H4)) + 2m2(Hb) + 4m4(Hb)
=n—1—mo(Hp) + ma2(Hp) + 3my(Hp),

we obtain Np, (Py) > n+ 2 if ma(Hp) = 2; Ng,(Py) > n+ 1 if my(Hy) = 1
Ny, (Ps) > n if my(Hp) = 0. Thus Ng, (P4) > n — 1, by Lemma 2.6 (i),

N, (6) = 2| E(Hy)| + 12N, (Ps) + 6Ny, (Py) + 12Ng, (K1 3) + 12N, (Ce)
>2(n—1)+12(n+1)+6(n — 1) + 12 x 3 = 20n + 40.

Recall that Np_(6) = 20n 4 40 and cospectral graphs must have the same number
of closed walks of any given length, thus H} is not cospectral with the f-shape tree
D,.0O

LEMMA 4.9. Let both H, = CQQ(b17 RN b4) UT(C1762703) (b1 > by > O, bg > by >
0,¢1 > ¢co > ¢3 > 0) and the t-shape tree D,, (n > 7) be of order n, then H. is not
cospectral with the t-shape tree D,,.

Proof. Suppose that H. and the f-shape tree D, are cospectral. Similar to
H, = 0Qs, denote by m;(H.) (i = 0,1,2,4) the number of i-type edges in Ho,
respectively. From the structure of H. we have |E(H.)| =n—1, Ng.(P;) = n+ 1,
N (Ki3) = 3, mo(H:) = 5 and my(Hz) < 1. We also have 2 < mo(H,) < 7 if
ma(H:) =1; or 4 <mo(H.) <9 if my(H,.) =0.

First if my(H,.) = 1, analogous to (4.10),
Ny, (Py)=n—1—mo(H.) +ma(H.) +3my(H.) >n—1-54+24+3=n—1,

and equality holds if and only if mq(H,) = 2, i.e., H. = CQ2(n—38,0,1,1)UK; 3. By
Lemma 2.6 (7),

1) Ny, (6) = 2|E(H,)| + 12Ng. (Ps) + 6Ny, (Py) + 12Ny (K1.3) + 12Ng_(C)
' =2(n—1)412(n+ 1) 4+ 6Ny, (Py) + 36 + 12Ny, (Cs),
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thus,
Ny, (6) > 14n + 10+ 6(n — 1) + 36 + 12Ny, (Cs) = 20n + 40 + 12Ny (Cs),

hence, Ng_(6) = 20n + 40 if and only if Ny _(Cgs) =0, i.e., H. = CQz(n—8,0,1,1) U
Ki 3 (n > 12). Now let wiwsy be the unique 4-type edge of CQ2(n — 8,0,1,1), using
Lemma 2.1 (i) at wiwe we get

PCQz(nf&O,l,l)()‘) = PPn,fll ()‘> - )‘QPPnfS ()‘> - 2)‘2'

It is easy to see that Pg, ,(A) = A* — 3)2, so,
(4.12)
PHC (>‘) = PCQQ(nfS,O,l,l)(A)PKLe, (A) = (PP1L74(A) - /\QPPTHS()‘) - 2)‘2)()‘4 - 3)‘2)

Substituting Pp_(2) = r+ 1 into (4.12) leads to Py (2) = —12n + 68. By Lemma 4.2
(1), Pp, (2) = —4n + 20, note that H. and D,, are cospectral, thus Py_(2) = Pp, (2),
i.e., n = 6, this contradicts n > 12.

Second if my(H.) = 0, by (4.11) we see that Ng_(6) = 20n + 40 if and only
if NHC(P4) = (TL — 1) and NHC(CG) =0 or NHC(P4) = (TL — 3) and NHC(OG) = 1.
However, similar to (4.10),

(413) NHL(P4) =n-—1 —mo(Hc) —|—m2(Hc) Z n—1 —5—‘1-4:71—2,

thus the cases Ng_(Py) = (n—3) and Ng_(Cs) = 1 are eliminated. Also by (4.13), we
have N (Py) = n—1if and only if mo(H,.) = 5, i.e., H. = CQa(b1,b2,1,1)UT(¢1,1,1)
(b1 +b2 >4,¢1 >2) or H. = CQa(b1,b2,b3,1) UK 3 (by + by > 4,b3 > 2), denote by

them H} and HZ, respectively. We continue to count the number of closed walks of
length 8.

Let H! = CQ2(b1,b2,1,1)UT(c1,1,1). We will split this into three general cases
(a): by >be=1and ¢y > 3; (b): by >bs > 2and ¢; >3 o0rby >by=1and ¢; =2
(c): by > by > 2 and ¢; = 2. Then

by +ba+7+c1—3+2=n—1 ifin case (a);
Npgi(Ps) = {bi4+bs+6+c1 —3+2=n—2 ifin case (b);
by +ba+6=n-3 if in case (c¢);

Nui(Ky4) =0, Ng:(T(2,1,1)) = 5, by Lemma 2.6 (ii),
Npi(8) = 2|E(H, )| + 28Ny (P3) + 32Np:1 (Ps) + 72Np1 (K13) + 8Ny (Ps)
+ 16N (T(2,1,1)) + 16N5: (Cy)

70n + 282 + 16Ny1(Cs)  if in case (a);
= Q70n +274 4+ 16N (Cg)  if in case (b);
70n + 266 + 16 Ng1 (Cg)  if in case (c).
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Note that Np,, (8) = 70n + 282, thus, Ny1(8) = 70n + 282 if and only if b; > by =1,
c1 > 3 and Ngi(8) = 0 or by > by > 2 = ¢; and Ny1(8) = 1, that is H! €
{CQa(br,1,1,1)UT(c1,1,1)(by > 5,¢1 > 3), CQa(4,2,1, )UT(2,1,1),CQ2(3,3,1,1)U
T(2,1,1)}. However, direct computation shows that CQ2(4,2,1,1) UT(2,1,1) and
CQ-(3,3,1,1)UT(2,1,1) are not cospectral with D;5. Denote H} = CQx(by,1,1,1)
UT(e1,1,1) (by > 5,¢1 > 3), we show that H! is also not cospectral with the {-shape
tree D,,.

Let w1bs be the 2-type edge of CQa(b1,1,1,1) (see Fig. 1.1 Ho, where by = bg =
by = 1). Applying Lemma 2.1 (i) at wibs we get

Poqym11,1)(A) = Pry12.1,1)(A) — APy 42(A) — 2X%,

thus,
(4.14) Pi(N) = (Prg,+2,1,1)(A) = AP, 42(X) — 23%) Pr(e, 1,1y (M)
Denote by N3(x) = —2xcF7 4 213 4 2pc1=b142 _ gei=bi 4 ghi—ad6 _gpbi—ertd

2237 + 227174 from Lemma 2.7, (4.6), (4.14), n = by +¢; + 8 and using Maple we
get

P\ =27 42? = 1)(2? +1)2(2" T2 — 22" + 2257 — 247" + Ny(x)).

c

Since the leading term of N3(x) is —22+7 or #2171 %6 or their sum, clearly, it is not
equal to zero. We obtain N3(x) # 0. Recall that

Pp,(\) =274 (2? — 1)(2® + 1)% ("2 — 22" 4 2257 — 2*7™),
thus, Pg1()\) # Pp, (\), i.e., H} is not cospectral with D,,.

Let H? = CQo(by,b2,b3,1) UT(1,1,1), we will also split this into three general
cases (d): by > by = land by > 3; (e): by > by = land by = 2o0rb; > by >
2 and b3 > 3; (f): by > by > 2 and by = 2. Then

by +b3+9=n+1 ifin case (d);
Np2(Ps) = (b1 +ba+bs+7=n if in case (e);
by +by+8=n—1 ifin case (f);
Nyz(K14) = 0, Ny2(T(2,1,1)) = 5, by Lemma 2.6 (id),
Np2(8) = 2| E(H2)| + 28Np2(Ps) + 32N g2 (Py) + 72N 2 (K1 3) + 8Nz (Ps)
+16Npy2(T(2,1,1)) + 16Npy=2(Cs)
70n + 298 + 16 Ny2(Cs)  if in case (d);

=4 70n + 290 + 16 Ng2(Cs) if in case (e);
70n + 282 + 16Ny2(Cg)  if in case (f);
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hence, Ng2(8) = 70n + 282 if and only if by > by > 2 = b3 and Np2(Cs) = 0, that is
H? = CQjy(b1,b2,2,1) UKy 3 (b1 + by > 6,01 > by > 2).

Let ws be the right vertex of degree 3 of CQ2 (b1, ba,2,1) (by+bs > 6,b1 > by > 2).
Applying Lemma 2.1 (i) at we we get
P,y b2,2,1) () =N Priyy 4y2)(A) = Prip, 5y,2)(A) = APr(b, —1,5,,2)(A)
— APrby pa—1,2)(A) — 2A(A? = 1).

By Lemma 4.4, PT(bl,b2,2)<2) = b1+by+4—2b1bs, PT(b1717b2,2) (2) = b1 +3by+3—2b1 by,
Pry, b,—1,2)(2) = 3b1 +ba +3 — 2b1 b, Pk, ,(2) = 4, substituting them into (4.15) we
have PCQz(bl,b2,2,1) (2) = 2b1b2 - 5b1 - 5b2 — 12. Thus

Pii2(2) = Poga(vrb.2.1)(2) Picy 5 (2) = 8b1bs — 20b1 — 20by — 48,
Recall that Pp_ (2) = —4n + 20 and n = by + by + 9, we obtain
(416) 8b1b2 - 20b1 - 20b2 — 48 = —4(b1 + b2 + 9) + 20,

which is equivalent to by = 2 + %. Note that by > by, thus (4.16) has integral
solution (b1, b2) = (10, 3) or (6,4). But it is easy to verify that CQ2(10,3,2,1) UK, 3
and CQ2(6,4,2,1) U K 3 are not cospectral with Dag, D19, respectively. O

(4.15)

5. f-shape tree and graphs with degree sequence (0!,1%,2"75 32). Let
H,y be a graph with degree sequence (0%, 12,2775 32). From Lemma 2.9 we obtain if
H, is cospectral with the f-shape tree D,,, then Hy may be CQ2(b1,bs, b3, bs) U Ky
(by > by > 0,b3 > by > 0). Furthermore, we can prove the following result.

LEMMA 5.1. Let both Hy = CQQ(bl,bQ,bg,b4) U K, (b1 > by > O,bg > by > O)
and the t-shape tree D,, (n >T) be of order n, then Hy is not cospectral with D, .

Proof. Similar to H,, denote by m;(Hyg) (i =0, 1,2,4) the number of i-type edges
in Hy, respectively. From the structure of Hy we get |E(Hg)| = n—1, Ng,(Ps) = n+1,
Ni,(K13) = 2, mo(Hq) = 2 and ma(Hg) < 1. We also have 2 < mgy(Hy) < 4 if
ma(Hg) = 1 or 4 < mao(Hy) < 6 if my(Hy) = 0. First if my(Hy) = 1, similar to
(4.10),

N, (Py) =n—1—mo(Hg) + ma(Hg) +3ma(Hg) >n—1—-2+24+3=n+2.
Next if my(Hy) = 0, also analogous to (4.10),
Ny, (Py)=n—1—mo(Hg) +ma(Hg) >n—1-24+4=n+1,
and equality holds if and only if mqo(Hy) = 4, i.e., Hi = CQa(b1,b2,1,1) U K. By
Lemma 2.6 (7),
NHd (6) = 2‘E(Hd)| + 12NHd(P3) + 6NHd (P4) + 12NHd(K1,3) + 12NHd(Cﬁ)
>2(n—1) +12(n+ 1) +6(n +1) + 24 + 12Ny, (Cs)
= 20n +40 + 12NH¢(C6)~
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Hence, Ny, (6) = 20n + 40 if and only if Ng,(Ps) =n+ 1 and N, (Cs) = 0, that is
Hy = CQ2(b1,b2,1,1) UKy (b1 + b2 > 4).

Let wy be the right vertex of degree 3 of CQ2(b1,b2,1,1). Applying Lemma 2.1
(1) at wy we get

Poqybr50,1,1)A) =X Pry 0.1y (A) = Prisy 1.1)(A) = APr(b,—1.05,1)(A)

(5.1) :
— )\PT(bl,bQ—l,l)()\) — 2%,

By Lemma 4.4, PT(bl,bQ,l)(Z) =by+by+3—b1bs, PT(blfl,bz,l)(2> = b1 +2by4+2—b1by
and Prey, p,—1,1(2) = 201 + by + 2 — biby. Substituting them into (5.1) we have
PCQz(bl,bg,l,l)(Z) = b1b2 - 3b1 - 3b2 —-T. Thus,

Pr,(2) = 2Pcq, by ,b5,1,1)(2) = 20102 — 6by — 6by — 14.
Note that Pp, (2) = —4n + 20 and n = by + by + 5, we obtain
(5.2) 2b1bg — 6by — 6by — 14 = —4(by + be + 5) + 20,

which is equivalent to b = 1 + 172%1' Recall that b; > b, thus (5.2) has integral
solution (b1, bs) = (9,2) or (5,3). But it is easy to verify that CQ2(9,2,1,1)UK; and
CQ2(5,3,1,1) U K are not cospectral with Dyg, D13, respectively. O

Now our main result Theorem 1.1 follows from Lemmas 3.1, 4.1, 4.3, Theorems
4.5, 4.6, 4.7, and Lemmas 4.8, 4.9, 5.1.

Acknowledgment. The authors are deeply indebted to the anonymous referees
for valuable comments and suggestions, which led to an improvement of the original
manuscript.

REFERENCES

[1] A.E. Brouwer and A. Neumaier. The graphs with spectral radius between 2 and \/2+ V5.
Linear Algebra Appl., 114/115:273-276, 1989.

[2] D.M. Cvetkovi¢, M. Doob, and I. Gutman. On graphs whose spectral radius does not exceed
\/2 + /5. Ars Combin., 14:225-239, 1982.

[3] D.M. Cvetkovié¢, M. Doob, and H. Sachs. Spectra of Graphs, 2nd edition. VEB Deutscher Verlag
der Wissenschaften Berlin, 1982.

[4] E.R. van Dam and W.H. Haemers. Which graphs are determined by their spectrum? Linear
Algebra Appl., 373:241-272, 2003.

[5] E.R. van Dam and W.H. Haemers. Developments on spectral characterizations of graphs. Dis-
crete Math., 309:576-586, 2009.

[6] M. Doob and W.H. Haemers. The complement of the path is determined by its spectrum. Linear
Algebra Appl., 356:57-65, 2002.




Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 22, pp. 822-837, August 2011

http://math.technion.ac.il/iic/ela

Spectral Characterization of {-Shape Trees 837

[7] N. Ghareghani, G.R. Omidi, and B. Tayfeh-Rezaie. Spectral characterization of graphs with
index at most \/2 + /5. Linear Algebra Appl., 420:483-489, 2007.

[8] W.H. Haemers, X. Liu, and Y. Zhang. Spectral characterizations of lollipop graphs. Linear
Algebra Appl., 428:2415-2423, 2008.

[9] F.J. Liu, Q.X. Huang, J.F. Wang, and Q.H. Liu. On the spectral characterization of infinity-
graphs-II. Submitted.

[10] G.R. Omidi. On a signless Laplacian spectral characterization of T-shape trees. Linear Algebra
Appl., 431:1607-1615, 2009.

[11] F. Ramezani, N. Broojerdian, and B. Tayfeh-Rezaie. A note on the spectral characterization of
6 graphs. Linear Algebra Appl., 431:626—632, 2009.

[12] A.J. Schwenk. Almost all trees are cospectral. New Directions in the Theory of Graphs, F.
Harary (editor), Academic Press, New York, 275-307, 1973.

[13] X.L. Shen, Y.P. Hou, and Y.P. Zhang. Graph Z,, and some graphs related to Z, are determined
by their spectrum. Linear Algebra Appl., 404:58-68, 2005.

[14] J.H. Smith. Some properties of the spectrum of a graph. Combinatorial Structures and Their
Applications, New York, 403406, 1970.

[15] W. Wang and C.X. Xu. On the spectral characterization of T-shape trees. Linear Algebra
Appl., 414:492-501, 2006.

[16] R. Woo and A. Neumaier. On graphs whose spectral radius is bounded by %\/ﬁ Graphs
Combin., 23:713-726, 2007.




