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NORM PRESERVERS OF JORDAN PRODUCTS*

BOJAN KUZMA', GORAZD LESNJAK!, CHI-KWONG LI!, TATJANA PETEK}, AND
LEIBA RODMANS$

Abstract. Norm preserver maps of Jordan product on the algebra M), of n xn complex matrices
are studied, with respect to various norms. A description of such surjective maps with respect to the
Frobenius norm is obtained: Up to a suitable scaling and unitary similarity, they are given by one of
the four standard maps (identity, transposition, complex conjugation, and conjugate transposition)
on My, except for a set of normal matrices; on the exceptional set they are given by another standard
map. For many other norms, it is proved that, after a suitable reduction, norm preserver maps of
Jordan product transform every normal matrix to its scalar multiple, or to a scalar multiple of its
conjugate transpose.

Key words. Jordan product, Matrix norm, Nonlinear preservers.

AMS subject classifications. 15A60, 15A86, 15A30.

1. Introduction. Let M, be the algebra of n x n complex matrices. We denote
by X oY the Jordan product, X oY = XY +Y X for X|Y € M,.

In this paper, we address the following general problem.

PROBLEM 1.1. Suppose |- || is a norm on M,,. Characterize the norm preservers
of Jordan product, i.e. all maps f: M,, — M, with the property that

1f(A) o f(B)| = [[Ao B
for all A, B € M,,.
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Recently, preserver problems with respect to various algebraic operations on M,
(including Jordan products, Jordan triple products, and Lie products) attracted a lot
of attention of researchers in the field; we mention [4, 5] and [1] where certain Jordan
product preservers and Jordan triple product preservers, respectively, are studied.
Norm preserver problems for Lie products are studied in [7].

Note that the maps f in Problem 1.1 are not assumed linear or continuous. In
fact, our results show that there are many discontinuous norm preservers of Jordan
product. Perhaps because of this circumstance, a complete solution of Problem 1.1
for large class of norms, even well-behaved ones such as unitarily invariant, seems to
be out of reach at present.

From now on we assume n > 3 throughout the rest of the paper.

In this paper, we focus on surjective norm preservers of Jordan product, and
obtain their complete characterization for the Frobenius norm (Theorem 5.1). In
particular, it turns out that discontinuities of such preservers (if any) are confined to
a subset of normal matrices.

A key feature of surjective norm preservers of Jordan product is that they preserve
the set of normal matrices, assuming the norm is sufficiently nice; moreover (after a
suitable reduction) they map a normal matrix to a unimodular multiple of itself or that
of its conjugate transpose. We prove this property in Section 3 (Theorem 3.1). For
many unitarily invariant norms, including the Schatten p-norms with p ¢ {1,2, 0o},
the second possibility, when a normal matrix is mapped to a unimodular multiple of
its conjugate transpose, actually does not occur (except, of course, when the matrix
is a multiple of its conjugate transpose); see Theorem 4.1.

The following notation and terminology will be used throughout the paper: De-
note by C and T C C the complex field and the unit circle, respectively. A complex
number z is written as z = Re (z) + ilm (z), where Re (z) and Im (z) are the real and
imaginary parts of z, respectively. The set C" is the vector space of complex column
vectors of length n; and {eq,...,e,} is its standard orthonormal basis.

Let E;j := e;ej, 1 <i,j <n, be the standard basis for M,,. The n x n identity
matrix is denoted I,, or I (if n is clear from context). The diagonal matrix with
ai,...,a, on the main diagonal (in this order) is denoted by diag (ai,...,a,). We
let s1(A) > s2(A) > -+ > s,(A) be the singular values of A € M,,. The set of all
complex n x n normal matrices is denoted by A,,. The notation 7, denotes the set
of all matrices X € M,, which are either diagonalizable (by similarity) with spectrum
o(X) of the form {\, —A} for some A € C, or of rank one.

A norm || - || on M, is unitary invariant (UI) whenever |[UAV| = || Al for all
unitary matrices U and V', and any matrix A € M,,. It is unitary similarity invariant
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(USI) whenever [UAU*|| = || Al for all unitary U and all A € M,,.

The following four standard bijective maps on M,, will be used:

X — X identity map, X — X complex conjugation, (1.1)

X +— X" transposition, X — X* conjugate transposition. (1.2)

2. Surjective norm preservers and the test set. In this section, we show
that surjective norm preservers, with respect to a large class of USI norms, behave
well on the test set of matrices 7,, (defined in the introduction).

The following theorem is the main result in this section.

THEOREM 2.1. Assume || - || is a USI norm such that
1Z# = 12ll, v Ze My, (2.1)

where # stands for any one of the four standard bijective maps on M,,. Let f : M, —
M, be a surjective map with the property

|AoB| =||f(A) o f(B)|| forall A,B e M,. (2.2)

Then there exist

(1) a unitary matriz T,
(2) amapy : T, — T, and
(3) a standard bijective map *

such that

f(X)=~(X)TX*T*, V X €T, (2.3)

We need some preliminaries for the proof of Theorem 2.1. The starting point is
the following particular case of a general result from [3].

THEOREM 2.2. Let f: M, — M, be a surjective map such that
AoB=0 <= [f(A)of(B)=0 forall A, Be M,. (2.4)

Then there exist

(1) an invertible matriz T,
(2) a map v from M, into the set of nonzero complex numbers, and
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(3) a field isomorphism ¢ : C — C
such that

either f(X) =v(X)TX®T', VX €T, or f(X)=~(X)T(X®)"T™, VX €T,.
(2.5)
Here, X¢ is obtained by entrywise application of ¢ to the entries of X.

In addition, we need the following two lemmas to prove Theorem 2.1.

LEMMA 2.3. Let X — X7 be one of the four standard bijective maps. If X is a
rank one matriz with real trace, then X# is unitarily similar to X .

Proof. 1t is easy to see that every rank one matrix X is unitarily similar to

Y] = (trace X)Fy; + /trace (X*X) — |trace X|2FE)2,

as well as to

Yy := (trace X)Ey1 + \/trace (X*X) — |trace X|2Ey;.

Note that trace (X*X) > |trace X|2. If the trace is real, then we obviously have Y;*
equal to either Y7 or Y3, and hence we are done. O

LEMMA 2.4. Let || - || be a USI norm on M,. Suppose that f : M, — M,, not
necessarily surjective, satisfies (2.5) (with v(X), ¢ and T as in Theorem 2.2) and
|[Ao Bl = |f(A) o f(B)|| for all A,B € T,. Then ¢ is either trivial or the complex
conjugation. Moreover, the matrix T, which is defined up to a nonzero scalar multiple,
can be chosen to be unitary, and |y(X)| =1 for each X € T,,.

Proof. We proceed in three steps.

Step 1. We first show that ¢ is continuous, and vy := |y(E;;)| is independent of (i, 7).
To see this, fix distinct indices 4, j. Given z € C, consider

A, =Ey+2E;; B:=E;; C:=Ej;.
Then
A, oB=B, A,oC =:B,
and, assuming for example that the first alternative of (2.5) applies, we obtain

1Bl = 4. o B = [If(Az) o f(B)| = W(A)(B)| - | T((A2)? 0 BY)T |
= V(A (B)] - IT((A2) o B)*T Y| (2.6)
= V(A v (B)| - ITB*T~|,
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and analogously

|2 - 1Bl = 14 o C| = [ f(A:) o F(O) = ¥(A) WO - IT((A:)? 0 CH)T |
= (AN T EBYP T = Iy (A (O)lé ()] - ITBPT . .
2.7
Comparing (2.7) and (2.6), we see that

|6(2)] = |2l v(B)|Iv(C) . (2.8)

It follows (using the property ¢(z1 — z2) = ¢(21) — ¢(22) for all z1,22 € C) that
¢ is continuous, therefore as is well known, ¢ is either trivial or the complex con-
jugation. However, |¢(z)| = |z|, so Eq. (2.8) gives |y(E;i;)| = |v(Ej;)|- Note that
(X oY) = X% o Y%, Hence, we may repeat the arguments with (A%, B¥ CY) in
place of (A, B,C) to get |y(E;;)| = |y(Ej;)|. By the arbitrariness of i # j, |v(E;;)| is
constant.

We proceed similarly if the second alternative of (2.5) applies.

Step 2. We just have shown that there exists a standard bijective map X — X#
such that

fX) =y(X)TXFT™!, VX €Ty, (2.9)

where v maps into C\ {0}. Next we show that T is a scalar multiple of a unitary
matrix, and therefore can be chosen to be unitary.

To verify this, let T'= UDV be a singular value decomposition. That is, U,V
are unitary, and D := diag (s1,...,8,), where s; = s,;(T), j = 1,2,...,n. Consider
the map f: X — U f((V#)*XV#)U if # is the identity or conjugation, or the map
f : X — U f(V#X(V#)*)U if # is the transposition or conjugate transposition.

~ ~

Since the norm is USL, ||A o B|| = ||f(A) o f(B)| for all A, B € 7,, remains valid.
Moreover, a computation shows that

~

f(X)=7(X)DX#*D™', VXeT,,
where ¥ maps M, into C\ {0}. If we could now infer D = AI then T' = AUV will
indeed be a multiple of unitary.
To this end, note that Fy; o By = Ej; for i # j. By the first step, applied to f,
o := [¥(E;;)] is independent of (7, 5). Therefore, for i # j, we have
1Ei; || = | Ewi o Eyll = |1 F (Ea) o F(Eiy)l| = 33| D(EE o EE)D™!|
= BIDEED™ | =73 (sis; )= N EL,
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where the sign 41 depends on the standard bijective map #. However, by Lemma 2.3

a rank-one EZ& is unitarily similar to E;;, so that ||Ejj|| = || Eij||. We deduce sis;1 is

the same for all ¢ # j. It follows that s; = --- = s,, so D is scalar.

Step 3. In this last step, we show that |y(X)| = 1 for all X € 7,,. In fact, by the
second step, T = U is unitary and f(X) = y(X)UX#U*. We may assume U = I in
the sequel, otherwise, replace f by a mapping X — U* f(X)U.

Now, to demonstrate |y(X)| = 1, suppose first X = AP € 7,\{0} is a scalar
multiple of a rank-one idempotent P. Then

22 [P = 11X o X[l = [[f(X) o FX)| = (X)) I(2A2P) .
By Lemma 2.3, a rank-one idempotent P# is unitarily similar to P. Therefore,
12N P)7|| = 2372 - ||P|| = 2A] - || P||.

Since A # 0, we get |y(X)| = 1.

Suppose next that X is a rank-one nilpotent. Then there exists a unitary U such
that X = zUE12U*, z € C\{0}. Let P := U(E}1+ F12)U* be a rank-one idempotent.
We have Po X = X, so that

X[ = 1P oX| = [If(P)o f(X)|l = y(P)| y(X)] - [|P* o X7
=1V (X)]- (P o X)¥|| = [y(X)[ - [ X7F]|.
By Lemma 2.3, X# is unitarily similar to X. Hence, |y(X)| = 1.

Lastly, suppose X is a nonzero diagonalizable matrix with the spectrum equal to

{=X\,A}. Then X2 = \2], and hence

22N = [1X o X[ = [L/(X) o f(X)I| = Iy (X)) - | X7 o X[ = 2/7(X)[2|N°] - | 1]].
Yet again we deduce |y(X)| = 1. Finally, if X = 0, then obviously f(X) = 0, and we
can take |y(X)| =1 as well. O

Proof of Theorem 2.1. The proof follows by combining Theorem 2.2 and Lemma
24. 0O

3. Reduced maps. We say that a map f : M,, — M, is reduced (with respect
to the norm || - ||), denoted f € R, if the following properties are satisfied:

(1) 140 BJl = | /(A) o (B)|| for all A,B € My, and
(2) f(X)=~(X)X for every X € T,,, where v(X) € T.
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In view of Theorem 2.1, after a suitable unitary similarity transformation, there
is no essential loss of generality in assuming that our surjective norm preservers of
Jordan product are reduced (if the norm satisfies the hypotheses of Theorem 2.1).

The main result in this section asserts that, under appropriate hypotheses on
the norm, reduced maps transform a normal matrix to either its unimodular scalar
multiple, or a unimodular scalar multiple of its conjugate transpose:

THEOREM 3.1. Assume that || - || is a USI norm with the following properties:

(a) ||Z#|| = || Z|| for every Z € M,, and for every standard bijective map #.
(b) For every block diagonal matriz By @ By, we have ||B1® Ba|| = ||B1®(—Bs)||.
(¢c) Strict convezity: The equality

X+ Y[ =[X[+1Y], XY eM,

implies that one of X and Y is a nonnegative multiple of the other.

Let f be any reduced map with respect to ||-||. Then, for every normal matriz A € M,
we have

FA) =pA  or  f(A) = pA*, (3.1)

where p = u(A) € T.

We need a few lemmas for the proof of Theorem 3.1. The first is the following
fact on complex numbers.

LEMMA 3.2. Let ay,as,...,a,, and by,bs,..., by, n > 2, be complex numbers
such that

la;| = |b;], i=1,2,...,n, (3.2)
la; + aj| = [bi +b5], j#4 4,j=12,...,n

Then there exists a n € T such that at least one of the following two possibilities holds:

(1) (a1,a2,...,an) = p(b1,ba,...,0n), (2) (al,ag,...7an):u(E,E,...,E).

Proof. Without loss of generality, we assume that all ai,as,...,a, as well as
b1,b2,...,b,, n > 2, are all nonzero. We prove the result by induction on n.

We first consider the case when n = 2. Scaling the given numbers, a; — aaj,
b; — Bbj, j = 1,2, where «, f € C are such that |a| = |§] # 0, we may further assume
that a; = by = 1. Then, |as| = |ba| together with |1 4+ as| = |1 + by| imply that ay
and by lie in the intersection of two circles, centered at origin and at —1, respectively,
where ay = by or ag = bs.
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Assume now n > 3 and that the statement holds true for any 2 < k < n. Let
aj, b; satisfy (3.2), (3.3). We may assume that the a;’s and b;’s are all nonzero. By

induction hypothesis and replacing by, bs, ..., b, with by, b, ..., b,, if necessary, we
may assume that there exists a 4 € T such that

(al,a2,...,an_1) :ILL(bl,bQ,...,bn_l). (34)

Applying induction hypothesis again, we have (a) (ag,...,a,) = ' (ba,...,b,) or (b)
(ag,...,an) =y (E, ... ,H) for some u’ € T. If (a) holds true, then, from puby = p'bs,
it follows that p = p/, and hence we are done. If (b) is satisfied, then thereisa y” € T
such that either (a1,a,) = 1 (b1,by) or (a1,an) = i (b1,by,) . The first possibility,
together with (3.4), implies that p” = p, and consequently, a,, = p''b, = ub, yields
(a1,az2,...,a,) = (b, ba,...,b,). The case (a1, a,) = pu” (E,E) gives that p” =
so that a1 = p’by = p'by and (a1, a,...,a,) = i’ (E,E, ... ,E) , which completes
the proof. O

In the following, we show that every USI norm has the block monotonicity prop-
erty.

LEMMA 3.3. The following inequality holds:

e 2 I=10% 5]

where A, B, C, and D are arbitrary blocks of sizes k x k, k x (n — k), (n — k) x k,
and (n — k) x (n — k), respectively.

A B
Proof. Letting P = Iy ® —I,,_, note that X := [ ] and Y := PXP are

C D
unitarily similar and hence | X|| = ||Y]|. Then

Z:{Ig g];(XJrY)

and [|Z]| < ([IX[I+ [[Y])/2 = 1 X]. O

LEMMA 3.4. Suppose || - || is a USI norm. Then the equality ||I o X|| = ||B o X||
for all rank one X € M, implies that B = pul with u € T.

Proof. Let U be unitary such that U*BU = [b;;]}’;_; is in upper triangular form.
Then, for X = UE;,,U*, we have

2| Evnll = [T o X[| = [[B o X|| = [[U"BU o Ern|| = [|(b11 + bnn) Ern-

Thus, |b11 + bpn| = 2. If b1y # bup, then, by the triangle inequality, |by1| > 1 or
|bpn| > 1. If |bpn| > 1, then for Y = UE,,,U*, we have

2 Bunll = 1o Y| = |Bo Y| = [U"BU 0 Enll > 2lbanl|Bunll.  (3.5)
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For the last inequality in (3.5), Lemma 3.3 was used. But (3.5) clearly contradicts
|bnn| > 1. Analogously, we prove that |b11] > 1 is impossible. Thus, by = by, has
modulus 1. Since this is true for any unitary U such that U*BU is in triangular form,
and since the eigenvalues of B can be arranged in any prescribed order on the main
diagonal of the upper triangular matrix U* BU (for a suitable unitary U), we see that
B has all eigenvalues equal to p with modulus 1. We may replace B by B/u and
assume that p = 1.

If B # I, then there is a unitary matrix U such that U* BU has (1,1) entry equal
to d > 1 (this is easily seen by considering the numerical range of B). Then, for
Zy :=U*BUoEy; and Z3 := (I —2E11)Z1(I —2E11), we have || Z1|| = || Z2]| (because
I — 2FE; is unitary and Hermitian), and (Z; + Z5)/2 = 2dE;;. Thus,

2Bl = [[{ o UELWU"| = ||Bo UELU"| = || Z4||
= 1Z:11/2 +1122l1/2 = [[(Z1 + Z2)/2|| = 2d|| Eva ||,
which is a contradiction. So, B =1. O

LEMMA 3.5. Assume ||| is a USI norm. If f is a reduced map with respect to
I -1, and if P is a Hermitian projection, then f(P) = ~yP for somey € T.

Proof. For simplicity, assume P = 0 @ I, (the general case is easily reduced
to this one). If either n —k =1, or n — k =0 (i.e., P = 0), then there is nothing to
do: the result follows from the definition of reduced maps. So, let n — k > 2. From
PoFE;=0,i=1,2,...,k, it follows that B := f (P) = 0x ® By for some By € M,,_.
For any rank-one (n — k) x (n — k) matrix X we have

[P o (0r & X)|| = [|Bo (0 & X
and consequently,
2| X[ = 1By o X]|, (3.6)

where || - || in (3.6) is the norm on M,,_j induced by the original norm || - || on M,:
0 0
1Z1=1] g 3|1 zem

Lemma 3.4 gives that By =~I, |[y| =1. 0

Proof of Theorem 3.1. Assume the hypotheses of Theorem 3.1, and let A € M,
be normal. Let {gi,...,8,} be an orthonormal basis of eigenvectors of A; thus,
Ag; = a;g; for j = 1,2,...,n, where aq,...,a, are the corresponding eigenvalues.
Denote B := f(A). By Lemma 3.5, f(I) = I for some « € T, therefore we have

2|Al = [[Lo Al = [[f(I) o f(A)| = I o BJ| = 2||B]. (3.7)
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Consider next
X =—gig] +8285 + + 88
Clearly,
Ao X = —2a1818] + 2028285 + -+ + 20,808,
Therefore, by the property (b) of || - ||, we have
2|All = 40 X]\. (3.5)

Since X € 7,, we have f(X) = (X)X with v(X) € T. It will be convenient to
introduce the unitary matrix U with the property that Ug; =e;, j =1,2,...,n, and
denote

UBU* = [by,]7,_, = { bir b1z ] ,

b21 B22

where Bogy € M,,_1, b12 is an (n — 1)-component row, and by is an (n — 1)-component
column. Thus,

UAU* = diag (aq,...,an).

Now, using (3.7) and (3.8), as well as the property (b) of || - ||, we compute:
2Bl =2Al = [[Ae X[ = |[B f(X)]
—IBoX|| = |UBU* o UXU*| = 2|(—bu1) & Bl
b11 b12 bll _b12

=2||b B =

1912 & Beo | [ ba1 B2z } * [ —ba1 B ] |

x bin  —bi2 }

<||{UBU™|| +

wsor+n| e
= lUBU*| + (I & (-=D)UBU*(I & (-1)~'|| = 2||B]|, (3.9)

where the last equality follows by the unitary similarity invariance of the norm. Thus,
the inequality > is actually equality in (3.9), and the strict convexity of the norm
yields b12 =0 and b21 =0.

We may proceed analogously with X := I — 2g;g? (j = 2,3,...n) in place of
I —2g;g7 to deduce that UBU™ is diagonal, say,

UBU* = diag (b1, ...,byn).

Now consider

Hdlag (al, . ,an) o Ejo = HA ] U*E]]UH =
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(because U*E;;U € T,) = ||BoU*Ej;U|| = ||diag (b1, ...,b,) o Ejj|
to see that |a;| = |b;| for all j = 1,...,n. Analogous consideration with E;;, ¢ # j,

in place of Ej; yields |a; + a;| = |b; + b;|. By Lemma 3.2 it follows that either
UBU* = pUAU* or UBU* = n(UAU*)* = U(pA*)U*, and (3.1) follows. O

4. Ul norms. In this section, we continue our study of reduced maps, assuming
that the norm || - || is an UI norm. Note that every UI norm satisfies the properties
(a) and (b) of Theorem 3.1. If f is a reduced map with respect to a strictly convex Ul
norm || - ||, then Theorem 3.1 implies that for every normal X, either f(X) = (X)X
or else f(X) = v(X)X™*, where |y(X)| = 1. In particular, this property holds for
every X which is a scalar multiple of a unitary matrix. However, for any unitary
matrix U, any p € C, and any Y € M,,, we have

[wU Y| = [|pUY + pYU|| = [[pY + pUYU||
= [wYU* +pUY || = [[pYU" +pU"Y| = [[(U)" oY,

(in the second and third equality the UI property of the norm was used), and
Y oZ|| =|Y* 0 Z¥|, YV Y, Z e M,.

Thus, if f is a reduced map with respect to || - ||, then the property of being reduced
is not affected if f(uU) is replaced with (f(uU))* for every pair (u, U) € W, where
W is a fixed (perhaps empty) subset of the set

{(p,U) : weC, U e M, is unitary}.

Also, the reduced property is not affected if f(X) is replaced with 6(X)f(X), where
d(X) € T depends on X € M,. Using these replacements, starting with a given
reduced map f, we may obtain a new reduced map f , with the following properties:

~ ~

(a) [[Ao Bl =|f(A)o f(B)| forall A,B € My;
(b) f(X) = X for every X € 7, and every scalar multiple of unitary X € M,,.

Maps f with the properties (a) and (b) are said to belong to the class RR,, (for
restricted reduced class).

For a quite wide class of strictly convex UI norms, we will see that the a map
f € RR,, cannot send any normal matrix A into a unimodular multiple of A* (unless
of course A* and A are proportional). It is well known that for every UI norm || - ||

on M, there exists a symmetric gauge function g such that

[All =g (s1(A),52(A),...,sn(A), A€ M,

Consider the following additional property of g.
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(P) For every positive u and nonnegative ss, ..., Sy, the function
tth(t)::g(vu—Ft,vU-t,Sg,,...,Sn), OStSU,
s injective.

For example, let

n 1/p
(Al =D ss(A7 ¢, 1<p<oss Al =5(4), A€M,
j=1
be the Schatten p-norm with 1 < p < co. Thus, || - ||2 is the Frobenius norm, and

|| - || is the operator norm. The Schatten p-norm has the property (P) if and only if
p # 2, since the function

n 1/17
tb—><(u+t)p/2+(ut)p/2+z,sf> ., 0<t<u,
1=3

is strictly monotone if p # 2. Note also that || - ||, is strictly convex (see Theorem
3.1(c)) if and only if 1 < p < co. Indeed, for

1 00 0 0 O
X=00 0fandY=]0 1 0],
0 01 0 0 1

we have || X +Y ||oo = || X |loo + |Y ||oos thus || - ||oo is not strictly convex. As [|[A+I]||; =
[|A]l1 +]|1||1 for any positive semidefinite matrix A, || - |1 is not strictly convex either.
For the strict convexity of || - ||, 1 < p < 00, see, for example, [8].

We show in the next theorem that restricted reduced maps, with respect to strictly
convex UI norms having the property (P), leave normal matrices invariant (up to
scaling). Thus, under these hypotheses, the second alternative in (3.1) cannot occur.
In particular, the theorem is valid for all Schatten p-norms with p & {1,2,00}.

THEOREM 4.1. Let ||-|| be a strictly convex UI norm with the property (P). If 7
is in RRy, and A € M, is normal, then f (A) =~ (A) A, where v(A) € T.

Proof. Fix a normal A # 0 (if A = 0, then f(A) = 0, and the result is triv-
ial). There exist a unitary matrix U, and «,ys,...,y, € C, 2 € C\ {0}, such
that A = zUdiag (1, @,ys,...,y,) U* = zUDU*. Let D = diag(1,«) & Y, where
Y = diag (ys,...,yn) . If rank A is equal to one, or A is either a multiple of a unitary
matrix or a unimodular multiple of A*, then there is nothing to prove because of the
fact f € RR, and Theorem 3.1. So we assume that a ¢ R and that la] # 1. We

already know by Theorem 3.1 that either f(A) = vy(A) A or f(A) =~ (A) A*, with
v (A) € T. We show that the latter is impossible.
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Assume to the contrary that A is as above and f(A) = v (A) A*. Then, for every
X eTy,

|z| |[Do X|| = |z| [UDU* o UXU*|| = |AocUXU"|| =

Fayo Fuxu)
=|v(A)A* o UXU*| = || |[UDU* o UXU*|| = |a||[DoX].

We will find a matrix X € 7, such that [[Do X| # |[Do X

contradiction.

| , thereby obtaining a

1
Let X = X1 ® M0, X; = [ SN
iry —1
that o (X) = {\,—A} and X € 7,. Let us compute the singular values of matrices
Do X and Do X:

}, where A € 0 (X1) and 7,72 > 0. Note

DoX = i (12+a) “ffa)” } ®2)Y,
Dox)@exy = | KO 0O 4 g ().
Do) Do x)" = [ 4920 ] i o ().

w(a) =4+ 1+al*r? =u(@),
w(a) =21+ af + 4l = w (@),
v(a):=-2irg(1+a)—2a(l+a)r.

It is easy to see that we can choose 71,79 > 0 such that u(a) = w(«). Let s1,s9
and ¢1, g2 be the singular values of the upper left 2 x 2 corner of matrices D o X and
D o X, respectively. Then

s1=(u(a) +|v(a))'/?,
s2 = (u(a) — |v(a)))'/?,
g = (u(a) + v @))"*,
g2 = (u(a) — v (@))"/*,
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and, denoting by g the symmetric gauge function associated with || - ||,

1D o X[ = g (51,52, 2|\l [ys] ... 2|l |yn|>
= g (Val@) + o (@], Vala) = o @], 2 A [ysl - 21X Iyl
= hy (v (@)]).

Do Xl = g(a1,q22[M lysl ...2|A\|yn|>
= g (V@ + o @I V(@) = @2 A lysl -2 M v
= hy (v @)]).

Finally, as |a|2 # 1, a is not real and 71,7y > 0. Hence, we have

|v (a)\2 —|v (E)|2 = 167172 (|a|2 — 1) Im(a) # 0,

which implies that || D o X|| = hy (Jv (a)|) # hy (Jv (@)]) = |[Do X||. D
5. Frobenius norm. Throughout Sections 5 and 6, ||-|| stands for the Frobenius
norm.

In this section, we state our main results that provide description of all surjective
Frobenius norm Jordan product preserving maps.

THEOREM 5.1. Let f: M,, — M, be a surjective map such that
|[Ao B||=||f(A)o f(B)|| forall A,B e M,. (5.1)

Then there exist

1)
(2) amapy : M,, — T,

(3) a standard map X +— X7, and

(4) a subset Ny, possibly empty, of N, the set of all n x n normal matrices,

a unitary matric W,

where
VX)W X#W* if X € M, \ Ny,

fX)= (5.2)
Y XOW(X#) W™ if X € Ny.

Theorem 5.1 admits a converse statement as follows.

THEOREM 5.2. If f : M, — M,, not necessarily surjective, is given by the
formula (5.2), subject to conditions (1) - (4) of Theorem 5.1, then f satisfies (5.1).

We prove Theorems 5.1 and 5.2 in Section 6.
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If f is assumed to be, in addition, continuous, then more can be said:

THEOREM 5.3. Let f: M, — M, be a continuous surjective map such that (5.1)
holds. Then there exist

(1) a unitary matriz W,
(2") amap v : M, — T which is continuous on My \ {0}, and
(3") a standard map X +— X7,

where

f(X) =y(X)WX#FW*, VX € M,. (5.3)

Conversely, if f : M,, — M, not necessarily surjective, is given by the formula (5.3),
subject to conditions (1') - (3'), then f is continuous on M, and satisfies (5.1).

Proof. By Theorem 5.1, f has the form (5.2). It is easy to see that the set M, \ Ny
is dense in M,. Fix X € N, and let {X,,}5°_; C M, \ Ny be a sequence such
that lim,, .. X,, = X. Passing to a subsequence if necessary we may assume that
lim,;, 00 Y(Xm) = 7 for some v € T. Now the continuity of f implies YW X#W* =
Y(X)W (X#)*W*, and therefore in the form (5.2) we may assume that Ny = (). Now
if the (i, j)th entry [X#];; of X# is nonzero, then we have

(W f (X)W

Y(X) = X,

and the continuity of v on M, \ {0} follows. The converse statement is a direct
consequence of Theorem 5.2. O

6. Proofs of Theorems 5.1 and 5.2. For the proof of Theorem 5.1 we need the
following preliminary result obtained in [6, Theorem 3.2]. We denote by diagv (X) =

[Z11, -+, Znn]™ € C" the diagonal vector of a matrix X = [zj;]7;_;.

THEOREM 6.1. Forn > 2, let A and B be in M, (C). Then the following three
statements are equivalent:

(i)
|x*Ax| = |x*Bx| for all xeC". (6.1)
(ii) For each unitary V there exists v(V) € T such that
diagv (VBV*) = v(V) diagv (VAV*)" |

where hy : C — C is either identity or complex conjugation (which may
depend on 'V );
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(iii) B=vA or B=~A* for some~y€T.

Proof of Theorem 5.1. Let f satisfy the hypotheses of Theorem 5.1. Obviously, f
also satisfies the hypotheses of Theorem 2.1. So we may assume that f has the form
as in Theorem 2.1, thus (2.3) holds. Neither the assumptions of Theorem 5.1, nor the
end result will be affected if we replace f by Y ~ (T*f(Y)T)#. This way, we may
assume f(X) =v(X) X for X € 7,,. We may further adjust f on a subset of 7, so
that

FX)=X, VXeT,. (6.2)

We assume therefore for the rest of this section that f is a surjective map that satisfies
(5.1) and (6.2).

REMARK 6.2. By Lemma 3.5, f(I) = v(I)I for some v(I) € T. It follows that

[F(AI=1F(A) e FDI/2=[[AcI]/2= Al ¥V A€ M,.

Observe that Frobenius norm is strictly convex and satisfies properties (a)—(c) of
Theorem 3.1. The following lemma therefore follows immediately from the conclusions
of Theorem 3.1.

LEMMA 6.3. If A € M, is normal, then f(A) = v(A)A or f(A) = v(A)A* for
some ¥(A) € T. In particular, f maps the set Ny, into itself.

LEMMA 6.4.

(a) If A € M, is normal, then ||Ao X|| = ||A* o X|| for every X € M,,.
(b) If X € M,, is normal, then |Bo X|| = ||B* o X|| for every B € M,,.
Proof. Part (a). If A is diagonal, one verifies easily that

1A 0 X| = [|A0X]|

for every X € M,. The general case is reduced to this: If A = U*AU, where U is
unitary and A is diagonal, then

[Ae X|[ = [[(UTAU) o X|| = Ao (UXU)| = [|A"e (UXU")]
— U AT o X = (4% X].
Part (b). In view of part (a), we have

[Bo X[l =]BoX"||=[(B"eX)"|| = [[B*o X]|. O
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In view of Lemma 6.4(a), if the map f is changed from f(X) = v(X)X to
f(X) = v(X)X* or vice versa, for X in any set of normal matrices, the property
(5.1) will not be affected. Therefore, and taking into account Lemma 6.3, the proof
of Theorem 5.1 will be completed once we verify the following statement:

PROPOSITION 6.5. Let f: M,, — M, be a map with the following properties:

(a) f(X)=~(X)X for every normal X, where v(X) € T may depend on X;
(b) f(X) =X for every X € Tp,; and
(c) [[Ao Bl =Ilf(A)e f(B)| for all A, B € M,.

Then

FX)=v(X)X, ¥X)eT, VXeM,. (6.3)

In turn, for the proof of Proposition 6.5, the following lemma will be convenient.

LEMMA 6.6. Let A = [a;;]};—; and B = [b;]7;_, be two n x n matrices with the
property that

[Ao X[l =[|BoX| (6.4)
for every normal matriz X € M,,. Then there exists v € T such that either
ay; =by, 1=1,2,...,n, (6.5)
or

ai; = by, i=1,2,...,n. (6.6)

Proof. Tt will suffice to prove that
lai;| = b, i=1,2,...,n, (6.7)
and
lai; + aj;| = [bis +bj5], @ j. (6.8)
The result then follows by Lemma 3.2.

Using (6.4) with X = diag(d;,ds,...,d,), where dy,ds,...,d, are independent
real variables, we obtain

n n

D (di+dj)lag* = > (di +dj)? by . (6.9)

ij=1 ij=1
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Equating coefficients of d;d; for a fixed pair of indices i # j in (6.9), we have
lai;|* + lagil* = [bi|* + [bjsl®, i # j. (6.10)
Equating coefficients of d7 for a fixed i in (6.9) yields
Mag® + Y (lais* + lazl) = 4lbul* + > (1bis > + [bjal*), i =1,2,...,m,
J#i J#i
and taking advantage of (6.10), the equalities (6.7) follow. Now, use (6.4) with a

normal X = E;; + zEj;, |z| = 1 for a fixed pair ¢ # j. To simplify the notation, let
i=1and j = 2. A computation shows that

n
Ao X = <Z(|ak,1|2 + lag 2 + a1 kl* + las 2))

k=:

3
I { ag1 + za12 a1l + a2 }
z(a11 + a22) zaiz + ag

Equating with a similar expression for ||B o X]||, and using (6.10), we obtain
la11 + aza|® + [za12 + ag1|* = [b1y + bao|® + |2b12 + ba1|*.

In turn, use (6.7) and (6.10) to obtain

Re (a1182z + za12G21) = Re (b11b2a + 2b12b21),
or

Re (a11@23 — bi1boz) = Re (2(b12ba1 — a12@31)) .
Since this equality holds for every z € T, we must have

Re (a11@23 — bi1be2) = 0.

But then |CL11 + a22|2 = |b11 + b22|2. Analogously, \a“ + ajj|2 = |b“ + bjj‘Q for any
pair of distinct indices 7 and j. Thus, (6.8) holds, and the proof is complete. O

LEMMA 6.7. Suppose A, B € M,, are such that A is not normal. If |Ao X|| =
|B o X]|| for every rank one X and every normal X, then A =~B for somey € T.

Proof. Note that if ||A o X|| = ||B o X]|| for all rank one and for all normal
matrices X, then for any unitary matrix V', the matrix pair (C, D) = (VAV*,VBV™*)
also satisfies ||C' o X|| = ||D o X|| for all rank one and for all normal matrices X. In
view of Lemma 6.6, the matrices A and B satisfy the hypotheses of Theorem 6.1.
Thus, A =B or A =~B* for some v € T. However, we show that the latter case is
impossible. Indeed, assume A = yB*. Since A is not normal, it has an eigenvector w
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such that span {w} is not an orthogonally reducing subspace of A. Therefore, there
is a unitary W such that WAW* = W (yB*) W* = [aij]?jzl is upper triangular with
at least one nonzero off-diagonal entry in the first row. Consider X = Ey,,. Then

WAW* o X = (0411 + ann) Evn

and
n n
WBW* o X =5 | Y a0 + Y a5, By
i=1 j=1

As |[WAW* o X|| = ||[WBW™* o X||, we see that c;; =0, ¢ # 1, a contradiction. O

Now Proposition 6.5 (and hence Theorem 5.1) follows easily. Indeed, let A € M,
be a nonnormal matrix, and let B = f(A). By the hypotheses of Proposition 6.5,
Lemma 6.7 is applicable to the pair A and B. Hence, A = 4B for some v € T, and
the proof is complete. 0O

Proof of Theorem 5.2. Let A,B € M,. Assume first A,B € Ny. The unitary
invariance of norm then implies

1£(A) o f(B = VA (BYW (Ao B)*W*|| = y(A)y(B)]-[[(Ao B)¥|| = [|(Ae B)¥|.

However, each standard map is an isometry in Frobenius norm, so ||(4 o B)#|| =
||A o B|. We argue similarly if A, B € Nj.

Suppose lastly A € Ny but B € Ny. Then, A is normal, and we have

1£(A) 0 F(B| = [H (AW (A#)W* o (B)W BFW™|
= [(A*) o B¥|| = [[(A*o B)¥| = |47 B
= |40 B]

by (a) of Lemma 6.4. O
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