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THE P,-MATRIX COMPLETION PROBLEM*
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Abstract. In this paper the Pp-matrix completion problem is considered. It is established that
every asymmetric partial Py-matrix has Pp-completion. All 4 x 4 patterns that include all diagonal
positions are classified as either having Pp-completion or not having Py-completion. It is shown that
any positionally symmetric pattern whose graph is an n-cycle with n > 5 has Py-completion.
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1. Introduction. A partial matriz is a rectangular array in which some entries
are specified while others are free to be chosen. A completion of a partial matrix is
a specific choice of values for the unspecified entries. A pattern for n X n matrices
is a list of positions of an n x n matrix, that is, a subset of {1,...,n} x {1,...,n}.
A positionally symmetric pattern is a pattern with the property that (i, ) is in the
pattern if and only if (j, ) is also in the pattern. A partial matrix specifies a pattern if
its specified entries lie exactly in those positions listed in the pattern. For a particular
class, II, of matrices, we say a pattern has II-completion if every partial II-matrix
specifying the pattern can be completed to a IT-matrix. The II-matrix completion
problem for patterns is to determine which patterns have II-completion. For example,
the positive definite completion problem asks: “Which patterns have the property
that any partial positive definite matrix specifying the pattern can be completed to a
positive definite matrix?” The answer to this question is given in [3] through the use
of graph theoretic methods.

A principal minor is the determinant of a principal submatrix. For « a subset of
{1,2,...n}, the principal submatriz obtained from A by deleting all rows and columns
not in « is denoted by A(a). An n x n matrix is called a Py-matric (P-matriz) if
all of its principal minors are nonnegative (positive). A partial Py-matrix (partial
P-matrix) is a partial matrix in which all fully specified principal submatrices are
Py-matrices (P-matrices). The P-matrix completion problem is treated in [1, 8]. The
main results in [8] include:

e all positionally symmetric patterns for n X n matrices have P-completion,
e all patterns for 3 x 3 matrices have P-completion,
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e the partial Py-matrix

1 2 1 T14

-1 0 0 -2

(1.1) -1 0 0 -1
T41 1 1 1

(which specifies the positionally symmetric pattern {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2),
(2, 3), (2,4), (3, 1), (3,2), (3,3), (3,4), (4, 2), (4, 3), (4, 4)}) does not have Py-
completion. In this article we discuss the Py-matrix completion problem.

Throughout the paper we denote the entries of a partial matrix A as follows:
d; denotes a specified diagonal entry, a;; a specified off-diagonal entry, and z;; an
unspecified entry, 1 <1i,7 < n.

Graph theory has played an important role in the study of matrix completion
problems. A positionally symmetric pattern for n x n matrices that includes all
diagonal positions can be represented by means of a graph G = {V, E'} on n vertices.
That is, V = {1,2,...,n}, and E is the edge set. For 1 < ¢,j < n, the edge {3,;j}
belongs to F if and only if the ordered pair (i,7j) is in the pattern (in this case,
the ordered pair (j,¢) is also in the pattern). A non-symmetric pattern for n x n
matrices that includes all diagonal positions is best described by means of a digraph
G = {V, E} on n vertices. That is, the directed edge or arc, (i,7),1 < 4,5 < n, is in the
arc set F if and only if the ordered pair (4, 7) is in the pattern. Since we consider non-
symmetric as well as positionally symmetric patterns, we use digraphs for all patterns
in this paper. The partial matrix (1.1) specifies the pattern whose digraph is shown
in Figure 1.1(a). We say that a partial matrix that specifies a pattern also specifies
the digraph determined by the pattern. We say that a digraph has II-completion if
the associated pattern has IT-completion. When working with digraphs (Sections 3
and 4) we assume that patterns contain all diagonal positions, and thus we can use
digraphs as discussed here (if some diagonal positions were missing, marked digraphs
should be used, cf. [5]).

A subdigraph of a digraph G is a digraph G’ = {V’,E'}, where V' C V and
E’' C E (note that (u,v) € E’ requires u,v € V', since G’ is a digraph). If W C V| the
subdigraph induced by W is the digraph (W) = {W, E'}, where (i, j) € E’ if and only if
i,7 € Wand (i,j) € E. A digraph is complete if it includes all possible arcs. A clique
is a complete subdigraph. A path is a sequence of arcs (v1, v2), (v2,v3), ..., (Vk—1, V%)
in which the vertices are distinct, except possibly v1 = vk. A digraph is called strongly
connected if for all 4,7 € V, there is a path from ¢ to j. A digraph is connected if
for all 4,5 € V, there is a semipath (i.e. a path ignoring orientation) from i to j.
A cut-verter of a connected digraph is a vertex whose deletion from G disconnects
the digraph. A connected digraph is nonseparable if it has no cut-vertices. A block
is a maximal nonseparable subdigraph. A block clique digraph is a digraph whose
blocks are all cliques. A symmetric n-cycle is a digraph on n vertices with arc set
E={(,i+1),(@+1,i),(n1),(L,n)i=12,...,n—1}

Further study of related matrix completion problems appears in [2]. In their paper
the authors consider completion problems for several classes of matrices under special
symmetry assumptions on the specified entries. One of the main results establishes
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that certain classes, II, of matrices have II-completion for any pattern whose digraph
is block-clique. The authors also establish that a positionally symmetric pattern for a
positive P-matrix has positive P-completion if the graph of the pattern is an n-cycle
(the digraph is a symmetric n-cycle).

The recent survey article [5] contains a summary of currently known results on a
number of matrix completion problems. The article also contains detailed definitions
of graph theoretic concepts and an extended bibliography on matrix completion prob-
lems. In our discussion, we make use of [5, Theorem 5.8], which reduces the Py-matrix
completion problem to nonseparable strongly connected digraphs; the theorem estab-
lishes that a pattern that includes all diagonal positions has FPy-completion if and only
if every nonseparable strongly connected induced subdigraph of the pattern’s digraph
has Py-completion. We also make use of [5, Example 9.6]

0 -1 13
(1.2) 0 0 -1
-1 0 0

whose digraph is shown in Figure 1.1 (b) and [5, Example 9.7]

0 1 X113 0

0 0 1 T4
(13) 31 0 0 1

1 T 42 0 0

whose digraph is shown in Figure 1.1 (¢), to establish that digraphs containing these
digraphs as induced subdigraphs do not have Py-completion.

2 | 1@2
4 SAE 4 =
{b)

ich

Fic. 1.1. Digraphs not having Po-completion.

In Section 2 of this manuscript we establish that all asymmetric patterns have II-
completion, where II is either the class of P- or the class of Py-matrices. In Section 3
we classify all patterns of 4 x 4 matrices that include all diagonal positions as either
having FPy-completion or not having Py-completion. In Section 4 we show that every
symmetric n-cycle has Py-completion for n > 5. Finally, Section 5 contains tables
that support the results of Sections 3 and 4.

2. Asymmetry. A partial matrix is asymmetric if whenever i # j and a;; is
specified, then aj; is not specified. The diagonal elements of the matrix may or may
not be specified.
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In this section we show that every asymmetric partial II-matrix can be completed
to a II-matrix for II the class of either P- or Py-matrices.

LEMMA 2.1. Every real skew-symmetric matriz is a Py-matriz.

Proof. Any skew-symmetric matrix, S, has purely imaginary eigenvalues. Since
S is real, its complex eigenvalues occur in pairs, and therefore det S > 0. Also, since
any principal submatrix of S is also skew-symmetric, it follows that S is a Py-matrix. O

THEOREM 2.2. Every asymmetric partial II-matriz has I1-completion.

Proof. Let A be an asymmetric partial II-matrix. The proof is divided into three
cases.

Case 1: A is a partial Py-matrix with all specified diagonal entries equal to 0.

Complete A to a skew-symmetric matrix. By Lemma 2.1, this completion yields
a Py-matrix.

Case 2: A is a partial Py-matrix with some positive diagonal entries.

Let the entries of A be as indicated on page 2. Let A be the completion of A
obtained by setting all z;;, and all unspecified pairs z;;,x;; to 0. Set all other z;; to

—aj;, that is
dy 12 a13 -+ Q1p
—a12  da agz  +c Gon
A= | —az —az3 d3 -+ agn |
*dln *dQn *CALSn e dn
where d; = d; or 0, and a;; = a;5, —aj or 0, for 4,7 = 1,2,...,n. Let D =

diag(d},d}, e ,dn), then D > 0. We can write A = Ay + D, where Ag is a skew-
symmetric real matrix. By Lemma 2.1, Ag is a Py-matrix, and A = Ag + D is also a
Py-matrix [7].

Case 3: A is a partial P-matrix.

Complete A to A\, and let A = Ap + D as in Case 2. If no diagonal entries are
specified, let d = 1, otherwise let d = min {d;|d; specified}. Tt follows that 4; =
Ap +dI is a P-matrix ([7]). Let Dy = diag(f1, fo,..., fn), where

fi = 0 if the (¢, )-entry is not specified
7| di—d if the (i,i)-entry is specified

Then D; > 0, and A, = A, + Dy is a P-matrix ([7]) that completes A. 0O
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3. Classification of Patterns of 4 x 4 Matrices. This section contains a com-
plete classification of the patterns of 4 x 4 matrices that include all diagonal positions
into two categories: those having Py-completion and those not having Py-completion.
The classification of patterns is carried out by analysis of the corresponding digraphs
on four vertices. A list of digraph diagrams on four vertices appears in [4]; all dia-
grams are numbered by ¢ (the number of edges in the digraph) and n (the diagram
number within all digraphs with the same number of edges).

ExAMPLE 3.1. The pattern whose digraph is shown in Figure 3.1 does not have
Py-completion, because the matrix

0 -1 X13
A= 0 0 -1
-1 32 0

does not have Py-completion. A is a partial Py-matrix because the diagonal entries
are nonnegative and the only complete principal submatrix, the A({1,2}) submatrix,
has determinant 0. However, det A = —1. O

Z

Z a

Fic. 3.1. Digraph not having Po-completion

LEMMA 3.2. The patterns whose digraphs are shown in Figure 3.2 have Pp-
completion.

1T —n = 2 1 2'31 = 1
<4 . I =] 4 =0 L) 3 4

q="7,n=2 q=6n=414 q=6,n="7 q=5n="7

F1G. 3.2. Digraphs having Po-completion (identified as per [4]).

Proof. Note that since Py-matrices are closed under permutation similarity, we
are free to label the diagrams as we choose.
di a2 w3 ais
Let A — | 2 dy T23 T4
31 azz d3  G34
41 T2 G433  dy
the digraph ¢ = 7,n = 2. We need to consider three cases: (1) d; and d3 both nonzero,
(2) di = 0, and (3) ds = 0. In the first case, since multiplication of a Py-matrix by
a positive diagonal matrix produces a FPy-matrix, without loss of generality assume
di = d3 =1.

be a partial matrix specifying the pattern of
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Case 1: d; = 1,d3 = 1.

Set x93 = 0,213 = 0,240 = w,x04 = —w. If a14a43 = 0, then set 33 = 0. If
ai4a43 # 0, then set z3; = a14d§43' In both cases, the magnitude of w can be chosen
sufficiently large to ensure that this matrix is a Py-matrix. The principal minors are
shown in Table 1-1 in Section 5 and are all nonnegative. If aj4a43 = 0, then either
a4 = 0or ags = 0. If a14 =0, then det A({1,3,4}) = —asqaqs+ds = det A({3,4}) >
0. If ags = 0, then det A({1,3,4}) = —aj4a41 +ds = det A({1,4}) > 0. If a14a43 # 0,
then det A({1,3,4}) = —a14a41 —asaa43+2ds = det A({1,4})+det A({3,4}) > 0. All
other nonconstant principal minors, including the determinant, are monic polynomials
of degree two in w. Therefore they can all be made nonnegative by selecting w of
sufficiently large magnitude.

Case 2: d1 = 0.

If —ag3assasia14 > 0, then A can be completed to a Py-matrix by setting all
unspecified entries to 0. The principal minors are shown in Table 1-2 in Section 5, and
it is easy to see that they are all nonnegative (det A = —ay3asza21a14+det A({1,2})-

det A({3,4}) + dads - det A({1,4}) > 0).

If —ay3a30021a14 < 0, then ays,ass,as, and ajg are all nonzero. By use of
a diagonal similarity (which preserves Pp-matrices), we may assume that ags = 1
(thus agszagiais > 0). Then A can be completed to a Py-matrix as follows: Set
23 = —1,.’1513 = 0, and Xog = 0. Set Ty = %433 if d3 75 0 or T42 — Q43 if d3 =0
(note sign x40 = sign as3). Choose x3; = w, where w has the same sign as as; and of
sufficiently large magnitude. The principal minors are shown in Table 1-2 and are all
nonnegative: We have det A({1,2,3}) = ds - det A({1,2}) — a12w > 0 since sign w =
sign agy. det A({1,2,4}) = da-det A({1,4})+ds-det A({1,2})+arsa21242 > 0, since
a14a21a43 > 0 and sign 4o = sign aqs. det A({1,3,4}) = d3-det A({1,4}) + a14a43w.
det A({2,3,4}) = dy - det A({3,4}) + dy — agaxas. If ds 7é 0, dy — agaTss = (d_13>
det A({3,4}) > 0. If d3 = 0, then d4y — asqxys = dy + det A({3,4}) > 0. det
A = b+ ajgas3dow — arodaw + arax40w, where b is constant. The terms ajqa43dow
and —aj2dqw are nonnegative because w has the same sign as as;, and a43a21a14,
—a12a21, ds,and d4 > 0. Finally, the term aj4240w is positive since ajqa43a21 > 0,
and x4 and w have the appropriate signs. Therefore, we can take w of sufficiently
large magnitude to ensure that det A > 0.

Case 3: d3 = 0.

This case is similar to Case 2, and can be derived from the information in
Table 1-3.

Any partial Py-matrix specifying the pattern of the digraph ¢ = 6,7 = 4 may
be extended to a partial Py-matrix specifying the digraph ¢ = 7,n = 2 by setting
the unspecified (4,1)-entry equal to 0. The same reasoning applies to the digraphs
q=6,n="7and g =>5,n="7. Thus these patterns also have Py-completion. 0
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THEOREM 3.3. (Classification of Patterns of 4 x 4 Matrices.) Let Q be a pat-
tern for 4 x 4 matrices that includes all diagonal positions. The pattern Q has Py-
completion if and only if its digraph is one of the following (numbered as in [4], q is
the number of edges, n is the diagram number).

q=0;

q=1

q =2, n = 1-5;

q =3, n = 1-13;

g=4 n=1-12 1}-27

g=5  n=15 710, 14-17, 21-38;
g=6, n=18 13 15 17, 19, 23, 26, 27, 32, 35, 38-40, 43, 45-48;
q=171, n=2 4,959 14, 24, 29, 34, 36;
q=25, n =110, 12, 18;

q=29, n==_,11;

q=12.

Proof. Part 1. Completion

The patterns of the following digraphs have Py-completion because any asym-
metric digraph has Py-completion (by Theorem 2.2): ¢ = 1; ¢ = 2, n = 2-5; ¢ = 3,
n=4-13; g =4, n =16-27; ¢ = 5, n = 29-38; ¢ = 6, n = 45-48.

The patterns of the following digraphs have Py-completion because every strongly
connected nonseparable induced subdigraph has Py-completion [5, Theorem 5.8].
(This includes the cases when each component is complete or is block-clique. This
list does not include those digraphs that fall under this rule but were already listed in
the previous list, although the technique of completing an asymmetric part first may
be used, asing=5n=25): ¢q=09q=2,n=1,9g=3,n=1,2,3;¢g=4,n=
1-12, 14, 15; ¢ = 5, n = 1-5, 8-10, 14-17, 21-28; ¢ = 6, n = 1-3, 5, 6, 8, 13, 15, 17,
19, 23, 26, 27, 32, 35, 38-40,43; g =7, n =4,5,9, 14, 24, 29, 34, 36; ¢ = 8, n = 1,
10, 12, 18; ¢ =9, n = 8§, 11; g = 12.

The patterns of the following digraphs have Py-completion, by Lemma 3.2: ¢ =
Sn="7q9q=6,n=4,T,9q=T,n=2.

Part 2. No Completion.

The patterns of the following digraphs do not have Py-completion because each
contains [5, Example 9.6], (equation (1.2) within) as an induced subdigraph: ¢ = 5,
n=6qg=6n=09,10,12, 18,20, 21;¢="7,n=1,3,6, 11, 12, 15, 16, 18, 19, 22,
23,2528, g =8, n =39, 13-15, 2027, g =9, n = 1-7, 12, 13; ¢ = 10, n = 2-5; ¢
=11.

The patterns of the following digraphs do not have Py-completion because each
contains Example 3.1 as an induced subdigraph (this list does not include those
digraphs that fall under this rule but were already listed in the previous list): ¢ = 4,
n=13q¢=>5n=11,12, 13,18, 19, 20; ¢ = 6, n = 11, 14, 16, 24, 25, 28-31, 33, 34,
36, 41,42, 44; q =7, n =7, 8, 10, 13, 17, 20, 21, 30-33, 37, 38; ¢ = 8, n = 11, 16,
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17,19; ¢ =9, n = 9, 10.

The pattern of the digraph ¢ = 8, n = 2 does not have Py-completion because it
is [5, Example 9.7], (equation (1.3) within).

The pattern of the digraph ¢ = 10, n = 1 does not have Py-completion because
it corresponds to the example in [8], (equation (1.1)).

By examination of the partial Pp-matrices below, it can be seen that the pat-
terns of the digraphs ¢ = 6, n = 22; ¢ = 6, n = 37 and ¢ = 7, n = 35 do
not have Py-completion (the digraphs are numbered as shown in Figure 3.3). For
q=06,n=22 det A{1,3}) = —z13, and det A({1,3,4}) = 213, so x13 = 0. But then
det A({1,2,3}) = —1+z132212320 = —1. The pattern of ¢ = 6,n = 37 is the transpose
of the pattern of ¢ = 6,n = 22, and thus the transpose of the previous partial matrix
shows this pattern lacks completion also. For ¢ = 7,n = 35, det A({1,2}) = a1,
det A({l, 2, 4}) = —x91 and det A({l, 2, 3}) = —1+4+ x21213732.

0 1 z13 714
_ o6, | 21 0 =1 xo4
q=06n=22: 1 2 0 1 ,
L 1 T 42 0 0 1
[0 =z 1 1 ]
. om 1 0 =23 T
q=06n=237: 2a —1 0 0 ,
| a1 w42 1 0 |
0 -1 T13 1
_ _ . To1 0 1 0
q=7,n=35: 1 s 0 ws | d
Zq1 -1 —1 0
4 2 4 = Z
T -T= I
1 e FaR 2 4 — 3

5
Q=6 n=22 J=6 n=37 0g=7 n=35

F1G. 3.3. Digraphs not having Py-completion (identified as per [4]).

The techniques and examples used in this section also show that all digraphs of
order 2 have Py-completion and all digraphs of order 3, except Example 3.1 and [5,
Example 9.6], have Py-completion.

4. Symmetric n-cycle. Recall that a pattern has P-completion if and only if
the principal subpattern determined by the diagonal positions included in the pattern
has P-completion [8], but the situation is different for Py-completion: If a positionally
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symmetric pattern has Py-completion, then each principal subpattern associated with
a component of the digraph either includes all diagonal positions or omits all diagonal
positions [6]. Any pattern that omits all diagonal positions has completion for any of
the classes discussed in this paper. Thus, to determine which positionally symmetric
patterns have completion, we need to discuss only patterns that include all diagonal
positions.

Cycles often play an important role in the study of the matrix completion problem
for a particular class of matrices. We call a pattern that includes the diagonal a cycle
(or n-cycle) pattern if its digraph is a symmetric n-cycle. For example, an n-cycle pat-
tern does not have positive definite completion for n > 4 [3]. Since every positionally
symmetric pattern has P-completion [8], every cycle pattern has P-completion. In [2],
induction on the length of the cycle was used to show that every cycle pattern has
positive P-completion. In [5, Theorem 8.4] the same method was used to show that
every cycle pattern has II-completion, where II is any of the classes: Fp i-matrices,
nonnegative Py j-matrices, nonnegative Py j-matrices. In [2] it was also shown that an
n-cycle pattern does not have sign-symmetric Fy 1- or sign-symmetric FPy-completion
for n > 4. An example was given of a partial sign-symmetric P-matrix specifying
a 4-cycle pattern that cannot be completed to a sign-symmetric P-matrix, but the
example does not naturally extend to longer cycles. The issue of whether an n-cycle
pattern has sign-symmetric P-completion is unresolved for n > 5. However, it was ob-
served that if for some k, a k-cycle pattern has completion then so does every n-cycle
pattern for n > k, by an induction argument. We find that this situation actually
arises for Pyp-matrices: It was shown in [5, Example 9.7] that a 4-cycle pattern does
not have Py-completion, but we show in this section that a 5-cycle pattern does have
Py-completion, and by induction, an n-cycle pattern has Py-completion for all n > 5.

LEMMA 4.1. Let A be a partial Py-matriz that includes all diagonal entries with
at least four of these nonzero and let A specify a pattern whose digraph is a symmetric
5-cycle. Then A can be completed to a Py-matriz.

Proof. Let A be such a partial Py-matrix. Without loss of generality, by use of a
permutation similarity, and then by multiplication by a positive diagonal matrix, we
can assume that the cycle is 1,2,3,4,5,1, and d; = ds = d3 = d4 = 1. Furthermore,
either (1) det A({3,4}) > 0 or (2) det A({3,4}) = 0. In case (2), by use of a diagonal
similarity, without loss of generality we can assume asy = 1, which implies a43 = 1.

The completion is done by the same method used for completions of position-
ally symmetric partial P-matrices: Choose the unspecified entries in pairs z;; = ¢,
zj; = —t, in order from the top left to lower right, ensuring that every newly com-
pleted principal submatrix has nonnegative determinant. The values of these principal
minors are listed in Table 2.

e Choose 13 = wu,x31 = —u, u sufficiently large to ensure det A({1,3}),
det A({1,2,3}) > 0. This can be done because each determinant is the
sum of ©? and a linear function of u. The value of u is now fixed.

e Choose 14 = v, x41 = —v, with the sign of v such that (—a4sas1 +assa15)v >
0 and |v| sufficiently large to ensure that det A({1,4}), det A({1,3,4}) > 0,
and det A({1,4,5}) > 0. This can be done because each of the first two
determinants is the sum of v? and a linear function of v and det A({1,4,5}) =
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—ay5a54 +ds —a15a51 + (—a45a51 + a54a15)’U + d5’U2. If d5 > 0, this expression
can be made greater than zero by choice of v; if ds = 0, then —ay5a54 —
aisas; = det A({4,5})+det A({1,5}) > 0, so det A({1,4,5}) > 0. The
value of v is now fixed.

e Choose z94 = w, x4 = —w, with |w| sufficiently large to ensure det A({2,4}),
det A({1,2,4}), det A({2,3,4}), det A({1,2,3,4}) > 0. This can be done
because each of the first three determinants is the sum of w? and a linear
function of w and the last determinant is the sum of w?(1 +»?) and a linear
function of w. The value of w is now fixed.

e Choose z35 = y,x53 = —y, with y > 0 and sufficiently large to ensure
det A({3,5}), det A({1,3,5}), det A({3,4,5}), det A({1,3,4,5}) > 0. This
can be done because each of the first three determinants is the sum of y? and
a linear function of y and the last determinant is the sum of y?(1 + v?) and
a linear function of y. Furthermore, y can be chosen large enough to ensure
—a45a54 + Q23045032054 — A23a32d5 — a23dsw + azadsw + dsw? — a4sy + asay +
aas5a30wY + aszasswy + y2 + w?y? > 0. The value of y is now fixed.

e Choose a5 = 2z, x50 = —z, with the sign of z such that (—asszass + ageass +
a45W + asaw + a3y + asey)z > 0 and z of sufficiently large modulus to
ensure that det A({2,5}), det A({1,2,5}), det A({2,4,5}), det A({2,3,5}),
det A({1,2,3,5}), det A({1,2,4,5}), det A({2,3,4,5}), det A > 0. This
can be done because each of the first four determinants is the sum of z2
and a linear function of z, det A({1,2,3,5}) is the sum of 2%(1 + u?) term
and a linear function of z, det A({1,2,4,5}) is the sum of 2%(1 + v?) and a
linear function of z, and det A is the sum of 22-det A({1,3,4}) and a linear
function of z. For det A({2,3,4,5}) we need to consider the two cases, (1)
det A({3,4}) > 0 or (2) det A({3,4}) = 0, separately: det A({2,3,4,5}) is
the sum of 2%-det A({3,4}) and a linear function of z, so in case (1), z can
be chosen sufficiently large to ensure the determinant is positive. In case (2),
det A({2,3,4,5}) = —assass + 23045032054 — a23a32ds — a23dsw + azadsw +
dsw? — assy + assy + assazowy + azzasawy + y? + w?y? + (—assa4s + azaass +
assw+asqw+assy+asay)z > 0. Thus A has been completed to a Po-matrix. O

THEOREM 4.2. A pattern that includes all diagonal positions and whose digraph
is a symmetric 5-cycle has Py-completion.

Proof. Let A be a partial Py-matrix specifying the symmetric 5-cycle 1,2, 3,4, 5, 1.
By multiplication by a positive diagonal matrix, without loss of generality each diago-
nal element of A is 0 or 1. Two diagonal entries are called adjacent if the corresponding
vertices in the digraph are adjacent. The proof is by cases based on the composition
of the diagonal. For each case, the matrix is completed by assigning values to un-
specified entries. All minors are evaluated (see Table 3) to verify this results in a Py
matrix.

Case 1: No adjacent diagonal entries are 1.

By renumbering if necessary, we can assume that di = do = dy = 0. If
(12023034045051 + G21a32a43a054015 > 0, set all unspecified entries to 0. All principal
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minors are clearly non-negative (see Table 3-1). If the product ajsassassassas: +
a21a32a43054015 < 0, then either A12023034045051 < 0 Or asgiazsasszassars < 0. With-
out loss of generality asiassaqszassars < 0, and by use of a diagonal similarity, with-
out loss of generality as1 = ase = aq3 = as4 = —1 (which implies a15 < 0, and
a12, @23, 34, a45,a51 > 0. See Table 3-1). Set the (7,7 + 2)-entries all equal to a suf-
ficiently large positive number z and set the (i 4+ 2,i)-entries equal to 0 (arithmetic
of indices modulo 5). All principal minors of size 3 x 3 or less are are non-negative.
Each 4 x 4 principal minor is a polynomial in z of degree three with positive leading
coefficient. det A is a monic polynomial in z of degree five.

Case 2: Two adjacent 1’s and two 0’s on the diagonal.

By renumbering if necessary, dy = de = 1. Then dy = ds =0, or dg = d5 = 0 and
dy = 1. Set the (3,1)-entry equal to z and (1, 3)-entry equal to —z, where z is chosen
of sufficiently large magnitude. Choose the sign of z with sign z = sign (agsassas1 —
a43054a15). All principal minors are clearly nonnegative or can be made nonneg-
ative by choosing z of sufficiently large magnitude, except det A({1,3,4,5}) and
det A. These determinants are polynomials in z of degree two with leading coeffi-
cient —aysasq4. If agsas54 = 0, then each determinant is the sum of a constant and
(a34a45a51 — ag3a54a15)z. I (agqassa51 — aszasears)z is 0, the constant is nonnegative.

Case 3: Four diagonal entries are 1.

This is the preceding Lemma. O

THEOREM 4.3. A pattern that includes all diagonal positions and whose digraph
is a symmetric n-cycle has Py-completion for n > 5.

Proof. The proof is by induction on n. Theorem 4.2 establishes the result for
n = 5. Assume true for n — 1. Let A be an n x n partial Py-matrix specifying the
pattern whose digraph is the symmetric n-cycle 1,2,...,n,1. The general strategy is
to complete A to a matrix A in three steps, and then prove A is a Py-matrix.

Step 1: Choose xa, = c2, and x,2 = ¢u2 in an appropriate way (“appropriate”
depends on A) so that A({2,n}) is a Py-matrix. Then, the principal submatrix

do a3 Toa o Tap—1  Con
ass ds sy T3p—1  Tan
T42 a43 dy o T4n-1  Tan
C= )
Tpn—1,2 Tn-—-1,3 ITpn—-14 dn—1 An—1,n
L Cn2 Tn3 Tn4 o OQpop—1 dy

obtained by deleting row 1 and column 1, is a partial Py-matrix that specifies a pattern
whose digraph is a symmetric (n — 1)-cycle.

Step 2: By the induction hypothesis C' can be completed to a Py-matrix, C.
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Step 3: Finish A by specifying the remaining unspecified entries of A in an
appropriate way.

Step 4: Show A is a Py-matrix, i.e., show that det A(a) > 0 for any o C {1,...,n}.

Note that all subscript numbering is mod n, so n + 1 means 1 and 0 means n.
Without loss of generality d; = 0 or 1 for all i. The proof is now divided into cases.

Case 1: For some k, d, = dip41 = 1 and ag 41 # 0 or agq1,x # 0. Renumber
so that dy = d2 = 1 and a2 # 0. By use of a diagonal similarity we may assume
a1 = 1.

Case 2: For some k, d, =0, and ar—1,x = 0 or ar -1 = 0. Renumber so dy =0
and a;2 = 0 (if az; = 0 and a12 # 0, transpose the argument below). If d; = 1 and
d, = 1, we may assume a1, = 0 (because if dy = 1, d,, = 1 and a3, # 0, renumber
to obtain Case 1). By use of a diagonal similarity, without loss of generality we may
assume ao; < 0.

Case 3: For some k, di, = 0, and aj_1 % # 0 and ag -1 # 0. Renumber so that
dos =0 and a12 # 0 and az; # 0. If d; = 1 and d,, = 1, we may assume a1, = 0
(because if dy = 1 = d,, and a1, # 0, renumber to obtain Case 1). Without loss of
generality assume a2 = 1 (note that this implies as; < 0).

These cases cover all possibilities except a trivial one: If any two adjacent diag-
onal entries are 1 and either off-diagonal entry in the corresponding 2 x 2 principal
submatrix is nonzero, Case 1 applies. If Case 1 does not apply, then either there is a
zero in the diagonal, so Case 2 or Case 3 applies, or all diagonal entries are 1 and all
specified off-diagonal entries are 0, in which case, setting all unspecified entries to 0
completes A to the identity matrix.

Step 1: Choose ¢a,, = a1, and

an1 Case 1l or 2
n2 = { —dal Case 3
a1

The only fully specified principal submatrices of C' are 2 x 2, and all of these
are principal submatrices of A except C'({2,n}). We show C({2,n}) is a Py-matrix:
For Case 1, C({2,n}) = A({1,n}). For Cases 2 and 3, d2 = 0, so det C({2,n}) =
—ConCp2 = —Q1pCn2, Where c,s = an1 or —Z;ll If di = d, = 1 and Case 1 does
not apply, then ay, = 0, so det C({2,n}) = 0. If d4 = 0 or d,, = 0, then 0 <
det A({1,n}) = —a1nan1. Since ¢, has the same sign as a,1, det C({2,n}) > 0. So
in all cases det C'({2,n}) > 0 and C is a partial Py-matrix.

Step 2: Use the induction hypothesis to complete C' to C.

Step 3: For 2 < i, j < n, choose x1; = c2; and
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S Cio Case 1 or 2
7 —cisas  Case 3

to obtain the completion A of A.

Step 4: Show A is a Py-matrix. We must show that det A(a) > 0 for any
a C{l,...,n}. For all cases, if 1 ¢ «, A(«) is a principal submatrix of the Py-matrix
C, so det A(a) > 0. Thus, assume 1 € a.

Case 1: dy = d2 = 1 and a12 = 1. The proof of this case is the same as [2,
Lemma 3.5].

Case 2: ds = a12 =0, and ag; < 0.

dy 0 a23 Coqg 1 Coap—1 a1n

a1 0 a23 €24t Cam—1 Q1n

a2 asz ds asa 0 C3n—1 C3n

A= C42 Ca2 a43 dy -+ Cap—1  Can
Cpn—1,2 | Cn—1,2 €Cn—-13 Cpn—14 *°° dn—1 Gn—1,n

L On1 anl Cn3 Cn4 T OGpn—1 dn

For 2 ¢ o, A(er) = C((a — {1}) U {2}) + diag (d1,0,...,0), so det A(a) > 0. For
2 € a, subtract row 2 from row 1 (which does not change the determinant) so the first
row is (d1 — a21,0,...,0). It follows that det A(«) = (dy — a21) - det C(a—{1}) > 0.

Case 3: do =0,a12 =1 and a9; < 0.

dy 1 as3 Cog  *++ Coap_1  Qlp
a1 0 a23 Co4  r Can—1 Qin
—as32021 asz ds asqa o C3p-1 Can
A= —C42021 Ca2 a3 dy  + CGp-1 Can
—Cp—1,2021 | Cn—1,2 Cpn—1,3 Cn—1,4 =°°° dn—1 An—1,n
a
L an1 _Knll Cn3 Cn4 o Opp—1 dn

For 2 ¢ o, A(a) can be obtained from C((a— {1})U{2}) by multiplying the first
column by —ag; > 0, and adding diag (d;,0, .. .,0), so det A\(oz) > (—ao1)- det a((a—
{1})u{2}) > 0. For 2 € a, subtract row 2 from row 1 and then add ag; times column
2 to column 1 (which does not change the determinant) to obtain
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[ dy 1 0 0 e 0 0 1
a21 0 a23 C24  tr Cop—1 a1n
0 as2 ds az4  c C3p—1 Can
0 C42 a43 dy o Cap—1 Cin
0 |cn-12 €n-13 Cn—14 -+ dp-1 Qpn_1p
L 0 7%;11 Cn3 Cn4 ot OQpop—1 dn

det A(e) = dy- det C(o — {1}) + (—ag1)- det C(a — {1,2}) > 0.0

5. Tables. The following tables are support for the results in Sections 3 and 4.
Table 1 is referenced in Lemma 3.2, Table 2 is referenced in Lemma 4.1, and Table 3
is referenced in Theorem 4.2. For those a marked with *, A(«) is a fully specified
principal submatrix, and so det A(«) is assumed to be nonnegative. Note that d; > 0

for all i.
Table 1
Case l: dy =d3 =1

Table 1-1 | ajqa43 =0 a14a43 # 0

o] Xog =13 =31 =0 Tog =213 =0, w31 = alffm
T4 = W, T4 = —W T4 = W, T4 = —W

{1,2}* —aiza21 +da —ai2a21 + dao

{1,4}* —a14a41 + dy —a14041 + dy

{3,4}* —a34043 + dy —a34043 + dy

{1,3} 1 1

{2,3} ds ds

{2, 4} dody + w? dody + w2

{1,2,3} —a12a21 + da —a12a21 + da

{1,2,4} —a14a41d2 —a12621ds+dods+ | —araa41da —a12a21ds+dads+
14021 W — 012041W + w? 14021W — A12041W + w?

{1,3,4} —Q14041 — A34043 + d4 —014041 — (34043 + 2dy

{2,3,4} —a34043d2 +dody — azpa43w+ | —azqa43ds +dady —azpazsw +
w? w?

{1,2,3,4} | —a14a21a32043 + | —a14a21a32a43 +
(12021034043 — Q14041d2 — | G12021034043 — Q14G41d2 —
azqaszdy  — arpasids  + | asqaa3ds —  aizao1ds 4
dady + a14a01w — arpagw — | 2dady + arga21w — arza4wW —
a32a43w + w3 a32043W + “%Md“w + w?
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Case 2: d1 =0
Table 1-2 | —a4zaszaz1a14 > 0 —a43a32a21a14 < 0,a32 = 1
(0% xij = 0 Tro3 = 71, X13 = T24 = 07
T42 = % if d3 75 0
42 = aq3 if d3 =0
T31 = w, signw = sign a1
{1, 2}* —a12021 —Qa120a21
{1,4}* —a14a41 —a14041
{3,4}" —a34043 + d3ds —a34a43 + d3da
{1, 3} 0 0
{2, 3} dods 1+ dods
{2, 4} d2d4 d2d4
{1,2,3} —ai12a21ds3 —a12a21d3 — G12W
{1,2,4} —a14a41d2 — a12a21d4 —a14a41d2 — a12021d4 + 014021742
{1,3,4} —a14041d3 —a14a41d3 + a14a43wW
{2, 3, 4} —a34a43dz + dadzda —a34043d2 + d4 + dad3ds — a3aT42
{1,2,3,4} —Q43032021014 + 012021034043 — | —Q14041 +012034041 — Q14021043+
a14a41d2d3 — a12a21d3dy (12021034043 — Q14G41dads —
aiza21dsds  + ausa21dzrez +
a14a43d2w — a12dsW + A14T42W
Case 3: d3 =0
Table 1-3 | —ay4sassasiaig > 0 —ag43az2a21a14 < 0,a32 =1
«a Tag = % if ajaa21 #0 o3 = —1, x13 =224 =0
x42:0ifa14a21:0 $31:%ifd27é0
xi; = 0 for others x31 = ao1 if do =0
T42 = W, SIgN w = sign a4s

{1,2}"

—ai2a21 + didz

—ai2021 + didz

{1,4}"

—a14041 + dida

—a14041 + dids

azsa43d1dz

{3, 4}* —Qa34a43 —Qa34043

{1, 3} 0 0

{2, 3} 0 1

{2,4} dady dady

{1,2,3} 0 d1 — 1231

{1,2,4} —ai4a41d2 — a12a21ds + didads + | —ar4a41d2 — a12a21ds + didads +
1402142 a14021W

{1,3,4} —aszaaa3dy —a34043d1 + 014043731

{27 3, 4} —a34a43ds —a34a43do + dg — azqw

{1,2,3,4} —Q14021032043 + 0120210340443 — | —Q14041 +012034041 — Q14021043+

(12021034043 — a34043d1d2  +
dids — azadiw + aisaazdazsr —
a12d4T31 + A14WT31
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Table 2
dl—dg—d3—d4:
Table 2 agqaq3 < 1 | azs = asz =1
« T13 = U,T41 = V,T24 = W,T35 = Y,T52 = Z
r31 = —U,X14 = —V,Ty2 = —W,T53 = —Y,T5 = —Z

{1,2}* 1 — 12021

{2, 3}* 1-— a23a32

{3, 4}* 1-— a34a43

{4,5}"

ds — a45054

{]-a 5}* ds — ai5as1

{1,3} 14 u?

{1,4} 1402

{2,4} 1+ w?

{2,5} ds + 22

{3a5} d5 + y2

{1,2,3} 1 — ajpa21 — assaze — a12a23u + as azsu + u’

{1,2,4} 1-— a120a21 —+ 1)2 —+ a120wWw —+ a21vwWw —+ ’LU2

{1,2,5} —a15a51 + ds — a12a21ds — a12a512 + as1a15z + 22

{1,3,4} 1 — asaaas + u® + agauv + aszuv + v2

{1,3,5} —a1sa51 + ds + dsu? + arsuy + as1uy + y?

{1,4,5} —a45a51 — a15051 + d5 — A45a510 + as1a150 + dsv?

{2,3,4} 1 — a23a32 — A34043 — A23034W + A32a43W + W?

{2,3,5} ds — agsasads + y* + agsyz + asayz + 2°

{2,4,5} —aysa54 + ds + dsw? + agswz + asqawz + 22

{3,4,5} —a45a51 + ds — azaauzds — agsausy + aszasay + y°

{1,2,34} | 1—ai2a21 — a23a32 — 34043 + 412021034043 — A12G23U + A21a32U +
u? — a12a23a340 + A21032a430 + A34UV + aszuv + V2 — aszazov? —
123034W + A32043W + A34021UW + A12043UW + A120W + Q21 VW +
A23UVW — A32UVW + w? + w?w?

{1,2,3,5} | —a1s5a51 + az23as2a15a51 + ds — a12a21ds — a23az2ds — a12a23dsu +
aziazadsu+ dsu® — a12a23a51y + a21a32a15Y + as1uy + arsuy + y* —
a12021Y° — 12051 2+ 210152+ A51a32U2 +A23a15UZ + A3y 2+ az2yz +
a12UYz — a1uYyz + 22+ u?2?

{1,245} | —ass5a54+a12a21045054—a15051+d5—a12021d5— 450510+ 0540150+

dsv? — a12a45a51W + a21a54a15W + a12ds VW + ag1 dsvw — arsas w? +
2

d5’LU — 120512 + a210152 + Q4502102 + A12054V2 + A45W 2 + A54WZ +

a51VWz — a150W2 + 22 + v2z2
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di=dy=dg=ds=1

Table 2 asqaq3 < 1 | agqs = aq3 = 1
{1,3,4,5} —Q45054 — Q15051 + 34043015051 + d5 — A34043d5 — Q340450510 +
430540150 — Q45a54u° + dsu® — a45a510 + a15a540 + azadsuv +
as3dsuv + dsv? — az4a45y + as3a51y + ar5uy + asiuy + as1a43vy +
a34a150Yy + agsuvy — asquvy + y? + vy’
—Q45054 T+ 023032045054 + | —G45054 + 23032045054 —
ds — ag3zazads — asqaszds — | azzazads — azzdsw + azadsw +
aszasadsw 4+ aspaszdsw + | dsw? — assy + asay +
dsw? — assassy + as3a54y + | assasawy + azzasswy + y* +
{2,3,4,5} assazwy  +  agzasswy + | w?y? — agzausz + as2054% +
y? 4+ w?y? — assasaassz + | asswztasawz+aszyz+asyz
320430542 + A45WZ + a54WZ +
G23Yz + a3yz + azswyz —
a43WYZ + 22— a34a43z2
{1,2,3,4,56} | —a15a51 + a15023a32a51 + (15034043051 + A12023034045051 +

015021032043054 — (45054 + A12021045054 + 023032045054 + ds —
a12a21ds — a23a32d5 — A34043d5 + A12G21034043d5 — A34045051U +
015043054U + @12023045054U — (21032045054U — a12023dsu +
asiasadsu — agsassu® + dsu® — as50510 + (230320450510 +
015054V — 015023032054V — 01202303405V +021032043d5V+a34d5uv+
aszdsuv + dsv? — agzazadsv? + 15023434051 W — A15032a43051W —
012045051 W+015021 A54W— 023034 d5W+032043d5W+aA32045051 UW
a15023a54UW + a91a34d5uwW + a12a43dsuw + aradsvw + ag dsvw +
ao3dsuvw — azedsuvw — arsas1w? + dsw? + dsuw? 4+ a15a21 az2y —
(34G45Y 1+ A120210434045Y — A12023051Y + G43054Y — A12021043054Y +
a15UY +as51UY +a15034VY + 210320450y + 43051 VY +A12023054VY +
G45UVY — G54UVY + A15021034WY + G32Q45WY + G12043051WY +
G23054WY + A12045UWY — A21A54AUWY — A15A320WY + A23A51VWY +
asuw?y + asiuw?y + y? — apany? + 0?y? + apvwy® +
aglvaQ+w2y2+a15a212—a15a21a34a432—a23a34a4sz—a12a5lz+
120340430512+ 0320430542 + G15023UZ + 021034045U2Z + Q32051 UZ +
12043054UZ + A15023034VZ + 2104502 + 432043051V + 61205402 +
123045UVZ—A32054UVZ+A45WE+A54WZ —A15043UWLZ +A34051UWZ +
a45u2wz+a54u2wzfa15vwz+a51vw2+a23yz+a32y2+a12uyzf
A21UYZ + a12a340YZ — A2143VY7 + a230°Y2 + azv?yz + agqwyz —
a43WYZ + 22— a34a4322 +uZ2? + a34uv22 + a43uv22 + 0222
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Table 3

Casel: di=dy=dy =0

12023034045051 +

12023034045051 + 021032043054015 < 0

Table 3-1 (2132043054015 2> | G21 = a32 = a43 = as4 = —1, a15 <0
0
o zi; =0 Ti14 = Tos = T31 = Ta2 = 53 =0
T13 = T4 = T35 = Ta1 = Ts2 = 2 > 0
{1,2}* —a12a21 a2
{2,3}* —a23a32 ao3
{3,4}* —@34043 as4
{4,5}* —Q45054 45
{1,5}* —a15051 —a15051
{1,3} 0 0
{1,4} 0 0
{2,4} 0 0
{2,5} 0 0
{3,5} dsds dsds
{1,2,3} —a12a21d3 aiods + z
{1,2,4} 0 (11222
{1,2,5} —a12a21ds ai2ds — aisz
{1,3,4} 0 azsz?
{1,3,5} —a15a51d3 —ay5a51ds + as 22
{1,4,5} 0 —ai1sz
{2,3,4} 0 z
{2,3,5} —a23a32d5 assds + assz?
{2,4,5} 0 as52°
(34,5} —Q450540d3 — | assds + asads + 2z
a34a43ds
{1a273a4} 112021034043 (12034 — 0120230342 + a12d322 + 23
{1,273,5} 15051023032 - —a15a51023 + a1§d3d5 — 120230512 —
a12a21d3ds a15dzz + dsz + z
{1a274a5} 112021045054 a12a45—a12a45a512+a12d522—a1523
15051034043 —@15a51a34 — 340450512 — G15d52 +
{1,3,4.5} azads2® + 23
(23032054045 23045 — 1230340457 +d5 2+ a45d327 +
{2,3,4,5} .3
(12023034045051 + | Q15 + A12023034045051 + @12045d3 +
(15021032043054 + | @12034d5 + G122 — Q150232 — A15Q342 +
(1,2,3.4,5) a12021045054d3  + | G452 — Q15G512 — gl2a45a51d32 T
(12021034043d5 a12023034d52 — Q120232+ 0150230342 —
asaa452® — a12a5:12° — assas12° +

. =
a12d3d522 — a15d323 —+ d5Z3 + z°
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Case 2: di =d2 =1

Table 3-2 d4=d5=0 | d3:d5:0, d4=1

o 31 = 2z, T13 = —2, Ti; = 0 for others
sign z = sign ((134&45(151 — a43a54a51).

{1, 2}* 1 —aiza2 1 —aiza2

{2,3}" —az3a32 + d3 —a230a32

{3,4}" —a34043 —a34a43

{4,5}* —a45054 —Q45054

{1,5}" —a15a51 —a15a51

{1,3} ds + 2° 2*

{1,4} 0 1

{2,4} 0 1

{2,5} 0 0

{3,5} 0 0

—a23a32 + d3 — aiza21d3z +

—@23032+0120232— 0210322+

2
a210A320450542 — Q450542

{172’3} A12a23% — G21a32% + 2° 22

{1,2,4} 0 1 —aiza21

{1,2,5} —a15051 —a150a51

{1,3,4} —a34043 —a34a43 + 2°

{1,3,5} —a15a51d3 0

{1,4,5} —Q45054 —Qa45Q54 — Q15051

{2,3,4} —A34043 —A34043 — 123032

{2,3,5} 0 0

{2,4,5} —a45054 —Q45054

{3,4,5} —a45a54d3 0

(1.2,3.4} —@34043 + 012021034043 —a34043 + (12021034043 —2

a23032+0120232—0210322+2

{1,2,3,5} a15051023032 — A15051d3 15051023032
—Q45054 + A12021A45054 —Q45054 + (12021045054

{1,245} a15a51
G15051034043 — Q45054d3 + | Q15051034043 + A340450512 —

{1,3,4,5} 4340450512 — Q150430542 — | Q150430542 — A45A54%°
a45a54%°

{2,3,4,5} 23032045054 — G45054d3 23032045054
15051034043 + | a15a51034a43 +
1202303445051 + | a12a23a34a45a51 +
a15021032043054 + | a15a21032a043054 +
023032045054 — Q4505403 + | A23032045054+0Q15023032a51+

{1,2,3,4,5} (12021045054d3 + | assa45a512 — 150430542 —
a340450512 — Q150430542 — 120230450542 +
120230450542 + | 210320450512 — Aa5a542°
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