GERŠGORIN-TYPE EIGENVALUE INCLUSION THEOREMS AND THEIR SHARPNESS^∗

RICHARD S. VARGA^†

Dedicated to Professor John Todd, on the occasion of his 90th birthday, May 16, 2001.

Abstract. Here, we investigate the relationships between G(A), the union of Geršgorin disks, K(A), the union of Brauer ovals of Cassini, and B(A), the union of Brualdi lemniscate sets, for eigenvalue inclusions of an n × n complex matrix A. If σ(A) denotes the spectrum of A, we show here that

σ(A) ⊆ B(A) ⊆ K(A) ⊆ G(A)

is valid for any weakly irreducible n × n complex matrix A with n ≥ 2. Further, it is evident that B(A) can contain the spectra of related n × n matrices. We show here that the spectra of these related matrices can fill out B(A). Finally, if G^R(A) denotes the minimal Geršgorin set for A, we show that

G^R(A) ⊆ B(A).

Key words. Geršgorin disks, Brauer ovals of Cassini, Brualdi lemniscate sets, minimal Geršgorin sets.

AMS subject classification. 15A18.

∗Received April 2, 2001. Accepted for publication April 26, 2001. Recommended by L. Reichel. † Institute for Computational Mathematics, Department of Mathematics and Computer Science, Kent State University, Kent, Ohio 44242 (U.S.A.), Research supported under NSF Grant DMS-9707359.

varga@msc.kent.edu