SUPERLINEAR CG CONVERGENCE FOR SPECIAL RIGHT-HAND SIDES^∗

BERNHARD BECKERMANN^† AND ARNO B. J. KUIJLAARS^‡

Abstract. Recently, we gave a theoretical explanation for superlinear convergence behavior observed while solving large symmetric systems of equations using the Conjugate Gradient method. Roughly speaking, one may observe superlinear convergence while solving a sequence of (symmetric positive definite) linear systems if the asymptotic eigenvalue distribution of the sequence of the corresponding matrices of coefficients is far from an equilibrium distribution.

However, it is well known that the convergence of the Conjugate Gradient or other Krylov subspace methods does not only depend on the spectrum but also on the right-hand side of the underlying system and the starting vector. In this paper we present a family of examples based on the discretization via finite differences of the one dimensional Poisson problem where the asymptotic distribution equals an equilibrium distribution but one may as well observe superlinear convergence according to the particular choice of the right-hand sides.

Our findings are related to some recent results concerning asymptotics of discrete orthogonal polynomials. An important tool in our investigations is a constrained energy problem in logarithmic potential theory, where an additional external field is used being related to our particular right-hand sides.

Key words. Superlinear convergence, Conjugate gradients, Krylov subspace methods, Logarithmic potential theory.

AMS subject classifications. 65F10, 65E05, 31A99, 41A10.

∗Received November 2, 2000. Accepted for publication March 7, 2001. Communicated by Sven Ehrich. †Laboratoire d’Analyse Numérique et d’Optimisation, UFR IEEA – M3, UST Lille, F-59655 Villeneuve d’Ascq CEDEX, France, e-mail: bbecker@ano.univ-lille1.fr. Supported in part by INTAS project 2000-272 ‡Department of Mathematics, Katholieke Universiteit Leuven, Celestijnenlaan 200 B, B-3001 Leuven, Belgium, e-mail: arno@wis.kuleuven.ac.be. This author’s research is supported in part by FWO research project G.0278.97 and by a research grant of the Fund for Scientific Research – Flanders