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A BLOCK VERSION OF BICGSTAB FOR LINEAR SYSTEMSWITH MULTIPLE
RIGHT-HAND SIDES*

A. EL GUENNOUNIt, K. JBILOU ¥, AND H. SADOK 1

Abstract. We present a new block method for solving large nonsymmetric linear systems of
equations with multiple right-hand sides. We first give the matrix polynomial interpretation of the
classical block biconjugate gradient (BI-BCG) algorithm using formal matrix-valued orthogonal
polynomials. This allows us to derive a block version of BiCGSTAB. Numerical examples and
comparisons with other block methods are given to illustrate the effectiveness of the proposed method.
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1. Introduction. Many applications such as in electromagnetic scattering problem and
in structural mechanics problems require the solution of several linear systems of equations
with the same coefficient matrix and different right-hand sides. This problem can be written
as

(1.1) AX =B,

where A isan N x N nonsingular and nonsymmetric real matrix, B and X are N x s rect-
angular matrices whose columns are 5, 53 .. () and 2™, (@) ... z(5), respectively,
where s is of moderate size with s < N.

When N is small, one can use direct methods to solve the s given linear systems. We can
compute the LU decomposition of A at a cost of O(IN?) operations and then solve the system
for each right-hand at a cost of O (IV2) operations. However, for large NV, direct methods may
become very expensive. Instead of solving each of the s linear systems by some iterative
method, it is more efficient to use a block version and generate iterates for all the systems
simultaneously.

Starting from an initial guess X, € RV>#, block Krylov subspace methods determine,
at step k, an approximation of the form X, = Xo + Zj, where Z; belongs to the block
Krylov subspace Ky (A4, Ry) = span{Ro, ARy, ..., A* 1Ry} with Ry = B — AX,. We
use a minimization property or an orthogonality relation to determine the correction Zj,.

For symmetric and positive definite problems, the block conjugate gradient (BI-CG) al-
gorithm [15] and its variants [14] are useful for solving the linear system (1.1).

When the matrix A is nonsymmetric, the block biconjugate gradient (BI-BCG) algorithm
[15] (see [20] for a stabilized version), the block generalized minimal residual (BI-GMRES)
algorithm introduced in [24] and studied in [21], and the block quasi minimum residual (BI-
QMR) algorithm [7] (see also [13]) are the best known block Krylov subspace methods. The
purpose of these block methods is to provide the solutions of a multiple right-hand sides
system faster than their single right-hand side counterparts. We note that block solvers are
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effective compared to their single right-hand versions when the matrix A is “relatively dense”.
They are also attractive when a preconditioner is added to the block solver.

In [9] and [10] we proposed new methods called global GMRES and global Lanczos-
based methods. These methods are obtained by projecting the initial block residual onto a
matrix Krylov subspace.

Another approach for solving the problem (1.1) developed in the last few years consists in
selecting one seed system and the corresponding Krylov subspace and projecting the residuals
of the other systems onto this Krylov subspace. The process is repeated with an other seed
system until all the systems are solved. This procedure has been used in [23] and [4] for the
conjugate gradient method and in [22], when the matrix A is nonsymmetric for the GMRES
algorithm [18]. This approach is also effective when the right-hand sides of (1.1) are not
available at the same time (see [16], [17] and [26]). Note also that block methods such as the
block Lanczos method [8], [5] and the block Arnoldi method [19] are used for solving large
eigenvalue problems.

The BI-BCG algorithm uses a short three-term recurrence formula, but in many situations
the algorithm exhibits a very irregular convergence behavior. This problem can be overcome
by using a block smoothing technique as defined in [11] or a block QMR procedure [7]. A
stabilized version of the BI-BCG algorithm has been proposed in [20]. This method converges
quite well but is in general more expensive than BI-BCG.

As for single right-hand side Lanczos-based methods, it cannot be excluded that break-
downs occur in the block Lanczos-based methods.

We note that some block methods include a deflation procedure in order to detect and
delete linearly or almost linearly dependent vectors in the block Krylov subspaces generated
during the iterations. This technique has been used in [7] for the BI-QMR algorithm. See also
[14] for a detailed discussion on loss of rank in the iteration matrices for the block conjugate
gradient algorithm.

In the present paper, we define a new transpose-free block algorithm which is a gen-
eralization of the well-known single right-hand side BICGSTAB algorithm [25]. This new
method is named block BiCGSTAB (BI-BiCGSTAB). Numerical examples show that the
new method is more efficient than the BI-BCG, BI-QMR and BI-GMRES algorithms.

The remainder of the paper is organized as follows. In Section 2, we give a matrix
polynomial interpretation of BI-BCG using right matrix orthogonal polynomials. In Section
3, we define the BI-BiCGSTAB algorithm for solving (1.1). Finally, we report in Section 4
some numerical examples.

Throughout this paper, we use the following notations. For two N x s matrices X and
Y, we consider the following inner product: (X,Y )y = tr(XTY'), where tr(Z) denotes the
trace of the square matrix Z. The associated norm is the Frobenius norm denoted by || . || 7.
We will use the notation {, ) for the usual inner product in R . For a matrix V' € RV*# the
block Krylov subspace K (A, V') is the subspace generated by the columns of the matrices
V,AV,...,A*=1V. Finally, O, and I, will denote the zero and the identity matrices in
RSXS .

2. Matrix polynomial interpretation of the block BCG algorithm.

2.1. The block BCG algorithm. The block biconjugate gradient (BI-BCG) algorithm
was first proposed by O’Leary [15] for solving the problem (1.1). This algorithm is a gen-
eralization of the well-known BCG algorithm [6]. BI-BCG computes two sets of direction
matrices { Py, .. ., Py} and {150, ey Pk} that span the block Krylov subspaces Kr+1(A, Ro)
and Ky41(AT, Ry), where Ry = B — AX, and Ry is an arbitrary N x s matrix. The
algorithm can be summarized as follows [15]:
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ALGORITHM 1: Block BCG
Xpisan N x s initial guess, Ry = B — AXp.
Ry is an arbitrary N' x s matrix.
Py = Ry, Py = R,.

Fork =0,1,...compute
ar = (PI APy)~'RY Ry
Xit+1 = Xg + Pray,
Rpi1 = Ry — APray
ap = (PkT ATP]C)_IRZ Ry,
Riy1 = Ry, — AT Ppay,
Br = (RI Ri)™'RY,  Rita
Br = (RkTRk)fleTHRkH
Ppy1 = Rpy1 + PrfB
Pry1 = Rit1 + P

end.

The algorithm breaks down if the matrices PT AP or R¥ Ry, are singular. Note also
that the coefficient matrices computed in the algorithm are solutions of s x s linear systems.
The matrices of these systems could be very ill-conditioned and this would affect the iterates
computed by BI-BCG.

BI-BCG can also exhibits very irregular behavior of the residual norms. To remedy
this problem one can use a block smoothing technique [11] or a block quasi-minimization
procedure (see [7] and [20]).

The matrix residuals and the matrix directions generated by ALGORITHM 1 satisfy the
following properties.

PrRoOPOSITION 1. [15] If no breakdown occurs, the matrices computed by the BI-BCG
algorithm satisfy the following relations

(1) RTR;=0and PTAP; = 0fori < j.

(2) span{Py,..., Py} = span{Ry,...,A*Ro} = Ky41(4, Ro).

(3) span{P,..., Py} = span{Ry,..., ATkRO} = Kry1(AT, Ry).

(4) Rr — Ro € Ki(A,Ro) and the columns of Ry are orthogonal to
Kr(AT, Ry).

From now on, we assume that no breakdown occurs in the BI-BCG algorithm.
In the following subsection, we use matrix-valued polynomials to give a new expression of the
iterates computed by BI-BCG. This will allow us to define the block BICGSTAB algorithm.

2.2. Connection with matrix-valued polynomials. In what follows, a matrix-valued
polynomial P of degree & is a polynomial of the form

(2.1) P(t)=> ',

where ; € R*** and t € R.
We use the notation o (used in [21]) for the product

k
(22) P(A)oY = AV Q,

=0
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where Y is an NV x s matrix, and we define, for any s x s matrix ©, the matrix polynomial
PO by

k
(2.3) (PO)t) =)t ;0.
i=0

With these definitions, we have the following properties:
PROPOSITION 2. Let P and Q be two matrix-valued polynomials and let Y and © be
two matrices of dimensions N x s and s x s, respectively. Then we have
(1) (P(A)oY)O = (PO)(A) oY,
(2) (P+Q)(A)oY =P(A)oY +Q(A)0Y.
Proof. (1) Let P be the matrix polynomial of degree & defined by (2.1). Then using (2.2)
and (2.3) it follows that

k
(PO)(A) oY =) AV ;0 = (P(4)oY)0.

=0

The relation (2) is easy to verify. O

When solving a single right-hand side linear systems Az = b, it is well-known that
the residual r, and the direction p;, computed by the BCG algorithm can be expressed as
rr = ¢r(A)ro and pr = Yr(A)re. These polynomials are related by some recurrence
formulas [1].

Using matrix-valued polynomials we give in the following proposition new expressions
for the residuals and the matrix directions generated by BI-BCG.

PROPOSITION 3. Let (Ry) and (Py) be the sequences of matrices generated by the Bl-
BCG algorithm. Then there exist two families of matrix-valued polynomials (R) and (Py,)
of degree at most & such that

(2.4) Ry, = Ri(A) o Ry,
and
(2.5) P, = Pr(A) o Ro.

These matrix polynomials are also related by the recurrence formulas

(2.6) Rit1 (t) =Ry (t) — Py (t)ak,
and
2.7) Prt1 = Ri41(t) + Pr(t) B,

with Py(t) = Ro(t) = I fort € R
Proof. The case £ = 0 is obvious. Assume that the relations hold for k. The residual
Ry+1 computed by the BI-BCG algorithm is given by

Rk+1 == Rk - APkak.

Hence by the induction hypothesis, we get

Rk+1 = Rk(A) o Ry — A(Pk(A) o Ro)ak.



ETNA

Kent State University
etna@mcs.kent.edu

A. EL Guennouni, K.Jbilou, and H. Sadok 133

Then using Proposition 2, we obtain

Rk+1 = Rk(A) o RO - (thak)(A) o Ro
= [Rk - thozk](A) o Ro
= Ri+1(4) o Ry,

where Ry11(t) = Ry (t) — tPr(t)ag. This proves the first part of the proposition.
The matrix direction P41 computed by BI-BCG is given as

Pyy1 = Ryy1 + Py,

hence using (2.4) and the induction hypothesis, it follows that

Pit1 = [Ri41(A) + (PrBi)(A4)] o Ro
= Pk+1(A) o Ro,

where the matrix-valued polynomial Py, is defined by

Prr1(t) = Riy1 (t) + Pr(t) B

O
Let C be the functional defined on the set of matrix-valued polynomials with coefficients
in R®*# and given by

(2.8) C(P) = Rj (P(A) o Ry),

where P is a matrix-valued polynomial.
We also define the functional C(*) by

(2.9) CO(P) = C(tP).

With these definitions, it is easy to prove the following relations.
PROPOSITION 4. The functional C defined above satisfies the following properties:
(1) C(P+Q)=C(P)+C(Q).
(2) C(PQ)=C(P)QifQ e Re>s,
The same relations are also satisfied by C(V).

This result shows that the functionals C and C() are linear. The matrix polynomials R
and Py, associated by (2.4) and (2.5) with the residual and the direction polynomials generated
by BCG belong to families of formal orthogonal polynomials with respect to C and C(") (see
[1]). These results are generalized in the next proposition.

PROPOSITION 5. Let (Rg) and (Py), k > 1, be the sequences of matrix-valued poly-
nomials defined in Proposition 3. If 7; is an arbitrary matrix-valued polynomial of degree 3,

1=0,1,...,k — 1, then we have the following orthogonality properties
(2.10) C(RyT:) =0 for i<k,
and

(2.11) CHMPT) =0 for i<k
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Proof. We have seen (Proposition 1) that at step &, the columns of the residual Ry
produced by BI-BCG are orthogonal to the block Krylov subspace K (AT, Ry). This can be
expressed as

(2.12) RIA'R, =0,, for i=0,...,k—1.

Using (2.4) of Proposition 3, it follows that

RI(A'R1(A)) o Ry =0,, for i=0,...,k—1.
This shows that
C(t'Rx) =0, i=0,...,k—1.

By the linearity of C (expressed in Proposition 4) we can conclude that if 7; is a matrix-valued
polynomial of degree ¢ (i = 0, ...,k — 1), we have

C(RiTi) =0,, for i=0,...,k—1.
To prove (2.11), we use the relation

AP, = (R — Ry1), "
to get
RYA™' P, = RTAY(Ry, — Ria)ey ',

and using (2.12), we obtain

RIA™'P, =0, for i=0,...,k—1.
Since Py = Pr(A) o Ry, it follows that

RYA™Y(Py(A) o Ro) = 05, i=0,...,k—1,

therefore
CH(EPL) =0, i=0,...,k—1,
and thus
COPT)=0, for i=0,...,k—1.
d

The results of Proposition 5 show that Ry, and P, are the matrix-valued polynomials
of degree at most £ belonging to the families of matrix-valued orthogonal polynomials with
respect to C and C) respectively and normalized by the conditions R, (0) = I, and Py (0) =
I,. Note that if U; is a scalar polynomial we also have C(U;P;) = O, and CV(U;Py) = O,
fori =0,...,k — 1. In general, this is not true in the block case.

Using these matrix-valued polynomials, we will see in the next subsection how to define
the block BiCGSTAB algorithm.
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3. Theblock BiICGSTAB algorithm. The single right-hand side BICGSTAB algorithm
[25] is a transpose-free and a smoother variant of the BCG algorithm. The residuals produced
by BiCGSTAB are defined by

e = Qr(A)dr(A)ro,

where ¢y, is the scalar residual polynomial associated with the BCG algorithm and @, is
another polynomial of degree k updated from step to step by multiplication with a new linear
factor with the goal of stabilizing the convergence behavior of the BCG algorithm:

Qr41(t) = (1 — wrt)Qr(t).

The selected parameter w41 is determined by a local residual minimization condition.
The search direction py, is defined by

e = Qr(A)Yr(A)ro,

where v, is the search direction polynomial associated with the BCG algorithm.
In detail the BICGSTAB algorithm for solving a single right-hand side linear system
Ax = bis defined as follows [25]:

ALGORITHM 2: BIiCGSTAB
xo an initial guess; ro = b — Axg; po = 7o;
o is an arbitrary vector satisfying (7o, r9)2 # 0;
fork=0,1,2,...
v = Apy;
ag = (Fo,rx)2/(Fo, Vk)2;
Sp = Tk — Ok,
ty = Asy;
We = (tk,sk)2/(trs tr)2;
Tk+1 = Tk + QxPr + Wk Sk,
Th+1 = Sk — Wilk;
_ (Fo,rry1)2 Qg
Br = ——— —,
(Fo,Tr)2 We
Prt1 = Try1 + Br(Pr — wror);
end.

We will see later that the coefficient 8, used in ALGORITHM 2 can be computed by a simpler
formula. Techniques for curing breakdowns in BICGSTAB are given in [3].

We define now a new block method for solving (1.1), which is a transpose-free and a
smoother converging variant of the BI-BCG algorithm. The new method is named block
BiCGSTAB (BI-BiCGSTAB) since it is a generalization of the single right-hand side
BiCGSTAB algorithm.

BlI-BCG
Pk

We have seen that the residual and the matrix direction

by the BI-BCG algorithm are such that

RpI-BCC computed

RPPCY = Ry (A) o Ry,
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and

BPPC% = P(A) o Ry,

where Ry, and Py, are the matrix-valued polynomials satisfying the relations (2.6) and (2.7).
The BI-BiCGSTAB algorithm produces iterates whose residual matrices are of the form

(3.1 Ry, = (QkRy)(A) o Ro,

where Qy, is still a scalar polynomial defined recursively at each step to stabilize the conver-
gence behavior of the original BI-BCG algorithm. Specifically, Q. is defined by the recur-
rence formula

(3.2) Qry1(t) = (1 — wit) Qi (?)-

As will be seen later, the scalar wy, is selected by imposing a minimization of the Frobe-
nius residual norm. It is also possible to choose wy, different for each right-hand side. In all
our numerical tests, we obtained similar results for these two cases.

We want now to define a recurrence formula for the new residuals defined by (3.1). From
(2.6), we immediately obtain

Q1 Rik+1 = Qi1 (R — tPrag).
Therefore
(3.3) Qi1 Ri41 = (QkRi — tOQrPrar) — wrtQk (Ri — tProw).

Using (2.7) and (3.2) we get

(3.4) Qit1Prt1 = Qi1 Riy1 + (QiPr — wit Qi Pr) B
We also have
(3.5) QpRiv1 = Qe Ry — tQpPray.

We now define the new matrix direction P, by

(3.6) P, = (QrPr)(A) o Ry,
and we set
(3.7) Sk = (QkRi+1)(A) o Ry.

Then, using these formulas, the iterates R, and P, are computed by the following recurrence
formulas

(38) Rk+1 = Sk - kaSk,
and

(39) Pri1 = Ry + (Pk — kaPk),Bk.
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The scalar parameter wy, is chosen to minimize the Frobenius norm of the N x s residual
Riy1 = Sk — wrAS. This implies that

W = <AS];;,S];;>F
(ASk, ASk)F

Finally, we have to compute the s x s matrix coefficients o, and 3 needed in the recur-
rence formulas. This is done by using the fact that the polynomials R and Py, belong to the
families of formal matrix orthogonal polynomials with respect to the functionals C and (%),
respectively. Hence, using the relations (2.6) and (2.7), Proposition 5 and the fact that Qy, is
a scalar polynomial, we have

(3.10) C(QkRk) = C(l)(Qk'Pk)ak,
and
(3.12) C(QkRit1) = —C(Q1Pr) B

Therefore, by the definitions of the functionals C and C("), the relations (3.10) and (3.11)
become

(3.12) (R§ APy)ay, = R} Ry,
and
(3.13) (RTAP,)Br = —RT AS,.

So, the s x s matrices ay, and 8 can be computed by solving two s x s linear systems with
the same coefficient matrix Rg APy. They will be solved by computing the LU factorization
of the matrix (RT APy,).
Putting all these relations together, the BI-BiCGSTAB algorithm can be summarized as
follows
ALGORITHM 3: BI-BiCGSTAB
Xo an initial guess; Ry = B — AXy; Py = Ro;
Ry an arbitrary N x s matrix;

Fork =0,1,2,...
Vk = APk,
solve (REVi)ax = R} Ry;
Sk = Ry, — Viea;
T, = ASg;

Wk = Tk, Sk)r [(Tr, Tk) F;

X1 = Xi + Proy, + wiSk;

Rpy1 = Sk —wiTh;

solve (RIVi)Br = —REITy;

Pry1 = Rpq1 + (Pr — wie Vi) Br;
end.

Note that when a single linear system is solved, ALGORITHM 3 reduces to BICGSTAB.
However, the coefficient 5, computed by ALGORITHM 3 with s = 1 is given by 8, =
—(Ro,Tr)2/(Ro, Vi)2. This expression for 8 is simpler than the one given in ALGO-
RITHM 2 but requires an extra inner product.
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The BI-BiCGSTAB algorithm will also suffer from a breakdown when ROTVk is singular.
In situations where the matrix Rg’vk is nonsingular but is very ill-conditioned the computa-
tion of the iterates will also be affected. To overcome these problems, one can restart with a
different Ro. Look-ahead strategies could also be defined, but this will not be treated in this
paper.

Due to the local Frobenius norm minimization steps, BI-BiCGSTAB has smoother con-
vergence behavior than BI-BCG. However, the norms of the residuals produced by BI-
BiCGSTAB may oscillate for some problems. In this case, we can use the block smoothing
procedure defined in [11] to get nonincreasing Frobenius norms of the residuals.

For solving the linear system (1.1), BI-BiCGSTAB requires per iteration the evaluation
of 2s matrix-vector products with A and a total of 6 N s +4N s+ O(s®) multiplications. This
is to be compared to s matrix-vector product with A, s matrix-vector product with A7 and a
total of 8 Ns? + O(s®) multiplications needed at each iteration for BI-BCG.

Storage requirements (excluding those of 4, X and B) and the major computational
costs (multiplications) per iteration for the BI-BCG and the BI-BiCGSTAB algorithms are
listed in Table 1.

Table 1
Memory requirements and computational costs (multiplications)
for BI-BCG and BI-BiCGSTAB

Costs BI-BCG BI-BiCGSTAB
Mat-Vec with A s 2s
Mat-Vec with AT s

Multiplications || 8Ns2+0(s®) || 6 Ns2+4Ns+0(s?)
Memory locations || 5Ns + O(s?) 4Ns + O(s?)

The costs of BI-BCG and BI-BiCGSTAB rapidly increase with the number s of right-
hand sides. However, these block solvers converge in fewer iterations than their single right-
hand side counterparts since the dimensions of the search spaces K (A, Ro) and Kar (A4, Ro)
increase by s and 2s, respectively, in each step.

4. Numerical examples. In this section we give some experimental results. Our exam-
ples have been coded in Matlab and have been executed on a SUN SPARC workstation.

We compare the performance of BI-BiCGSTAB, BI-QMR, BI-GMRES and BI-BCG for
solving the multiple linear system (1.1). For the experiments with BI-QMR, we used the
algorithm that generates a band matrix with a deflation procedure to eliminate nearly linearly
dependent columns of the search space [7]. In all but the last experiment, the initial guess
was Xo = 0 and B = rand(N, s), where function the rand creates an N x s random matrix
with coefficients uniformly distributed in [0,1] except for the last experiment.

Example 1. In this example, we use two sets of experiments. The tests were stopped as soon
as

maxi:hslle(:,z")||2 <10-°.
MaX;=1.s||Ro(:,7)||2
Experiment 1: The first matrix test A; represents the five-point discretization of the
operator

(4.1) L(u) = —Ugy — Uyy + YUy
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on the unit square [0,1] x [0,1] with Dirichlet boundary conditions. The discretization was
performed using a grid size of h = 1/51 which yields a matrix of dimension N' = 2500. The
matrix A; is nonsymmetric and has a positive definite symmetric part. We choose v = 10.
The number of second right-hand sides was s = 10. We set Ry = Ry in the BI-BiCGSTAB
and the BI-BCG algorithms. Figure 1 reports on convergence history for BI-BiCGSTAB, BI-
QMR, BI-BCG and BI-GMRES(10). In this figure, we plotted the maximum of the s residual
norms (on a logarithmic scale) versus the flops (humber of arithmetic operations).

Bl BICGSTAB
-~ BI-QMR
ar -—- BI-GMRES | ]
BLBCG
2 i
o~ \\ \ RS
= of e :
| = ~
‘ -
\ - =~ ~
Sl - |
| .
‘ -
|
b |
_8 Il Il Il Il Il Il
0 1 2 3 4 5 6 7

flops

Figurel: A=A, ;s=10

In Figure 2, we plotted for the same example only the results obtained with the BI-
BiCGSTAB and the BI-QMR algorithms. As observed from Figure 1 and Figure 2, Bl-
BiCGSTAB returns the best results.
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2 T
—_— BI BICGSTAB
e ---  BIFOMR i

-7 1 1 Il
0 0.5 1 1.5 2 2.5 3
flops 8

Figure2: A= Ay ;s5=10

Experiment 2: For the second experiment, we used the matrix test A3=pde900 from
Harwell-Boweing collection (the size of the nonsymmetric matrix Az is N = 900 and the
number of nonzeros entries is nnz(Az) = 4380). Figure 3 reports on results obtained for
BI-BiCGSTAB, BI-QMR, BI-BCG and BI-GMRES(10). For this experiment the number of
second right-hand sides was s = 6.

As can be seen from Figure 3, BI-BiCGSTAB requires lower flops for convergence when
compared to the other three block methods. The BI-BCG algorithm failed to converge.

6

—— BIBICGSTAB
- - - BI-QMR
4 --—- BI-GMRES |
BLBCG
P i
U \
o S
= 0 \1\\ -
L;& o N
= ! ~
é -2 l«LM Sl R i
[N N
_4 A N 4
-6 ) N R i
-8 | | | | |
0 0.5 1 1.5 2 25 3
flops 8

Figure 3: A3 = pde900;s =6
Example 2. For the second set of experiments, we used matrices from the Harwell-Boeing
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collection using ILUT as a preconditioner with a drop tolerance 7 = 10~%. We compared the
performance (in term of flops) of the BI-BiCGSTAB algorithm, the BI-GMRES(10) algorithm
and the BICGSTAB algorithm applied to each single right-hand side. For all the tests the
matrix B was an N x s random matrix. Two different numbers of right-hand sides were used:
s = 5 and s = 10. The iterations were stopped when

MaXi—1.s|| Rk (:,4)[|2 < 1077,

In Table 2 we list the effectiveness of BI-BiICGSTAB measured by the ratios f1(s) and
f2(s) where
e f1(s)=flops(BI-BiCGSTAB)/(flops(BiCGSTAB)),
e fy(s)=flops(BI-BiCGSTAB)/flops(BI-GMRES(10)).
We note that flops(Bi-CGSTAB) corresponds to the flops required for solving the s
linear systems by applying the Bi-CGSTAB algorithm s times.

Table 2
Effectiveness of BI-BiCGSTAB as compared to BI-GMRES(10) and BiCGSTAB
using the ILUT preconditioner. Matrices are from the Harwell-Boeing collection.

Matrix s=5 s=10 s=5 s=10

Utm 1700a (N = 1700) || f1(5) =0.49 || f1(10) =0.38 || f2(5) = 0.62 || f2(10) = 0.36

(nnz(A) = 21313)

SAYLRA4(N = 3564) f1(5) =0.77 || f1(10) = 0.89 || f2(5) = 0.06 || f2(10) = 0.12

(nnz(A) = 22316)

SHERMANS (N = 3312) || fi1(5) = 0.93 || f1(10) =0.94 || f2(5) =0.26 | f2(10) = 0.16

(nnz(A) = 20793)

SHERMANS3 (N = 5005) || f1(5) =0.82 || f1(10) =1.10 || fo(5) = 0.27 || f2(10) = 0.25

(nnz(A) = 20033)

nnz(A) denotes the number of nonzero entries in A
As shown in Table 2, BI-BiCGSTAB is less expensive than BI-GMRES and than
BiCGSTAB applied to each single right-hand side linear system except for the last exam-
ple with s = 10 for which f;(10) = 1.1.
The relative density of the matrices and the use of preconditioners make the multiple
right-hand side solvers less expensive and then they are more effective.

5. Conclusion. We have proposed in this paper a new block BICGSTAB method for
nonsymmetric linear systems with multiple right-hand sides. To define this new method, we
used formal matrix-valued orthogonal polynomials.
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