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GENERAL THEOREMS FOR NUMERICAL APPROXIMATION OF
STOCHASTIC PROCESSESON THE HILBERT SPACE H,([0,T],u,IR%)*

HENRI SCHURZ'

Abstract. General theorems for the numerical approximation on the separable Hilbert space H2([0, T, u, R%)
of cadlag, (F)-adapted stochastic processes with p-integrable second moments is presented for nonrandom intervals
[0, 7] and positive measure u. The use of the theorems is illustrated by the special case of systems of ordinary
stochastic differential equations (SDESs) and their numerical approximation given by the drift-implicit Euler method
under one-sided Lipschitz-type conditions.
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1. Introduction and examples. In deterministic numerical analysis of well-posed dif-
ferential equations there is the well-known equivalence principle of Lax—Richtmeyer, e.g. see
Godunov and Ryabenkii [5] or Strikwerda [33]. In general deterministic approximation prin-
ciples combine the key concepts of consistency (a local property of the accuracy of approx-
imations), stability (control on the error propagation in the approximation process) and that
of convergence (global property of the accuracy of approximations on fixed time-intervals).
One of the key statements (sometimes called the Lax principle) says that stability and consis-
tency imply convergence of approximations to the exact solution for well-posed initial value
problems in appropriate vector spaces.

In this paper we shall state and prove correspondingly generalized stochastic versions
of the forementioned approximation principle on the Hilbert space H(0,77],1,R% of cer-
tain stochastic processes while avoiding a direct discussion of the notion of well-posedness
of stochastic problems. There is a tight relation to the originally suggested principle for
numerical analysis of elliptic equations in deterministic Hilbert spaces by Lax [17], see also
Richtmeyer and Morton [20], and obviously tracing back to a general construct of Kantorovic¢
[11, 12] according to Godunov and Ryabenkii [5] (p. 476). However, we will have to take
into account the pecularity of stochastic processes. The main result can be applied to the nu-
merical approximation of systems of SDEs with one-sided Lipschitz-continuous coefficients
and leads to nontrivial results.

General notations: Let < z,y >4= Zle x;y; be the Euclidean scalar product
for z,y € RY and ||z|ls = /<7,7 >4 as the related Euclidean norm. We shall
only consider R%-valued stochastic processes which are denoted as X = (X¢)o<t<T OF
Y = (Y;)o<t<r and which are (F;)-adapted stochastic processes on the stochastic ba-
sis (Q,F, (F)o<t<t,P) Which is completed with respect to all P -null sets. W/ =
(Wtj)ogth are independent, real-valued standard Wiener processes on the completed
stochastic basis (2, F, (F¢)o<i<T, IP ). To underline the dynamic evolution depending on the
initial time ¢ and initial states z,y € R, we shall use the representations X , (t), Vs  (t) re-
ferring to the process values of X and Y starting at state x, y at time s and evaluated at time ¢,
respectively. Let E denote the expectation operator with respect to the given probability mea-
sure IP . Given a strictly positive, o-additive, deterministic measure 4 on ([0, T7], B([0,TY)),
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where B(S) denotes the o-field of Borel-measurable subsets of inscribed set .S, then a nu-
merical approximation theorem is established on closed image sets ID, C IR? for the space
Hy = Hy([0,T), 1, R?) defined by

X; € R%is (7, B(R%)) — measurable,
Hy([0, T, , Rd) := ¢ X = (X¢)o<t<r : X cadlag process on (Q, F, (Ft)o<t<T,IP),
JTE < X4, Xy >q dp(t) < +00

with real numbers as its scalars. Here [A] represents the nonnegative part of the inscribed
expression A, and [A]_ the negative part such that A = [A]; — [A]_. Furthermore, the often
occurring letters K denote several real, deterministic constants.

PROPOSITION 1.1. The space Ho([0,T], u, R?) is a Hilbert space equipped with the
scalar product < XY >p,= fOT E < X.,Y; >4 du(t) for a fixed, deterministic, finite,
strictly positive, o-additive measure y on ([0, T'], B([0, T).

The proof is left to the reader as a relatively simple exercise, using ideas as in [32].

1.1. The example of SDEs and drift-implicit Euler method. Let X = (X{)o<¢<T
satisfy the ordinary R%-valued stochastic differential equation (SDE)

(1.1) dX, = V(t, X;)dt + Y b (t, X;) dW/

Jj=1

driven by m real-valued Wiener processes W7 and understood in the sense of Itd [8] for
the sake of simplicity. Then it is well-known that strong solutions uniquely exist under the
following conditions. There are real constants Ko, Kor, such that, for all ¢ € [0, T], for all
z,y € R?, we have

(1.2) ¥ (j =0,1,...,m) ... Caratheodory functions
IR
(1.3) <z,0(t,7) >a +3 DoY) < Kop(1+ ||l13)
j=1

1=, ;
(14) <z—y, bt x)—bty) >4 +§Z||b’(t,m)—b7(t,y)||3§K0L||:u—y||fl

Jj=1

(1.5) E || Xol||3 < +o0.

Moreover, the solutions X are a.s. continuous and X € Ho([0,T], u, R%). In contrast to the
analytical theory, fairly less is known about the convergence rates of numerical approxima-
tions for systems (1.1) under these conditions (1.2) — (1.5). There are two major results with
constant step sizes, apart from our studies [31]. As the first, the result of Hu [7] establishes
mean square convergence rates of the drift-implicit Euler method given by

m
(1.6) Vo1 = Yo+ 0 (tna1, Vo) A + D 0 (tn, Vo) AW
j=1
towards the exact solution under conditions (1.2) - (1.5), with the step sizes A,, = t,, 41 —t,

and Wiener process increments AW} = Wi ., — W], along any discretizations

0=ty <t1 <ts <..<tp <tpt1 < ...<tn, =T < 400.
The result of Higham, Mao and Stuart [6] additionally proves strong mean square conver-

gence rate 0.5 of the split step Euler Backward method on a given finite interval [0, T']. Noth-
ing is known from the literature when T tends to +oo to our knowledge. However, there
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are plenty of convergence results under the obviously stronger assumptions of global Lip-
schitz continuity and linear-polynomially boundedness of the coefficients b7. For example,
see Kloeden, Platen and Schurz [14], Milstein [19], Burrage and Burrage [4], Talay [34] or
Schurz [27]. The drift-implicit Euler method has the mean square convergence rate v = 0.5
under the classical global Lipschitz-continuity conditions. That is for the cadlag approxima-
tion process Y = (Y'(t))o<¢<1 Of stochastic process X = (X (t))o<¢<7 constructed as a step
function with jumps Y (¢,) = Y,, at nondecreasing times ¢, € [0, 7] based on the scheme
(Yn) ,cIN as in (1.6), there is a constant K, = K, (T') such that

T 1/2
AN X =Ylm = (/ E[lX: - Ytllfzdu(t)> < (u([O,T]))l/jiugT(lEllXt —Yi|[)'?
0 <t<

< Ko(1+ | XollZ, + Yol [72)"/? (u([0, T]))' /2 A7
with the maximum step size A = maxp—01,...nr_, An < 1. Using our main theorem
from below one can establish the same mean square convergence rate v, = 0.5 for systems
(1.1) satisfying the more general conditions (1.2) — (1.5), even for dissipative systems of
SDEs on infinite intervals [0, +o0c). One only needs to check the behavior of (X,Y") with
respect to the assumptions stated below in an axiomatic manner.

1.2. Themain assumptionsof theapproximation principle. In this paper we consider
these main assumptions. Let ID; be (connected) deterministic subregions of R? and K denote
several real constants. In particular, KX and K¥ may be negative or positive. There are real
constants g < 1,79, 7sm, 72 > 0 such that we have

(A1) Strong (ID¢)-invariance of X,Y,ie,forZ=XandZ =Y andVs:0<s<T

]P{ZtGDtSStST|Zs€]DS} = 1,
(A2) Stability of ¥, i.e. IKY ¥y € D, ¥t,h: 0 < h < 60,0 <t,t + h< T

1/2
)

1/2
(EN+ Vit + WY =3]) < exp(KER)(1+11y13)
(A3) Mean square contractivity of X, i.e. KX VX (t),Y(t) € D; (where X (t),Y(t) are
(Fy)-adapted) Vt,h: 0 < h <60, 0<t,t+h<T
E{[|Xe,x(0) (¢ + h) =Xy (E+ DIEIX®), Y ()] < expKEh)||IX () =Y (D)]]Z,

(A4) Mean consistency of (X,Y") with rate ro > 0, i.e. IK§ VZ(t) € D, (where Z(t) is
(F:)-adapted) such that Ve, h : 0 < h < 60,0 < t,t+ h < T
I1E [Xe, 20 (¢ + )| Fe] — E Vi 209t + W) Flla < KL+ |1 Z@)]3) /2,

(A5) Mean square consistency of (X,Y) with rate ro, i.e. 3IK$ Vz € ID; such that
Vi,h:0<h<6y,0<t,t+h<T
1/2 o1 /e
(E [IXealt+h) = Yiu e+ WIEIX, = 2,V =] ) < K (1+][al3) /A7

(AB) (Hdlder-type) Smoothness of diffusive (martingale) part of X with rate r,,,, € [0, %],
ie. 3Ksy > 0VX(t),Y(t) € Dy (where X (t),Y (t) are (F;)-adapted) V¢, h :
0<h<8p,0<t,t+h<T

E || Xt x () (E+h) —E[Xy x(6) (E+h) | Fe] — E [ Xy vy 6) (D) | Fe] + Xo v (o) (D) |2

< (Ksm)? E[|X(8) =Y (@)|[3 B>,
(A7) Interplay between rates given by r¢ > ro + 745, > 1.0.
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1.3. Auxiliary lemmas. A series of auxiliary results is needed to prove the validity of a
general approximation principle on the Hilbert space H5([0, T, , R?). The proof of some of
them can be omitted since they are elementary, and mostly a consequence of the well-known
Young’s inequality (Hélder inequality) and complete inductions.

LEMMA 1.1. Assume that a; € R? (i=1,2,...,n). Then, for n € N, p > 1, we have

n n n n
1D ailly < o7 llailly, 21D ailla < ) /Nailla.
i=1 i=1 i=1 i=1

LEMMA 1.2. Let (v(n)),,c N be asequence of nonnegative real numbers v(n) satisfying
vin+1) <v(n)1+cgn)) +er(n) or vn+1) <v(n)exp(cyg(n)) + cr(n)

with real sequences of homogeneity (cx(n)),cy and of inhomogeneity (cr(n)),,cN- Then,
foralln > k,k € N, we have

v(n +1) < v(k) exp(i ern(D) + Zn: er(l) exp ( i cH(i)).
=k =k i=l+1

Note: We may meet the convention that -, ., (.) = 0. The latter inequality is some-
times called the discrete variation-of-constantsinequality on the analogy of the continuous
case, and it is used to prove the following continous time version.

LEMMA 1.3. Letv = v(t), —oo < tg < t < +oo be a nonnegative real-valued function
which is absolutely Lebesgue-integrable on [tq, +00) (i.e. we could also use the notation
v € L}, ([to, +0), B([to, +00)), ) with Borel o-field B([to, +00)) and Lebesgue-measure
). Assume that Cr = Cr(t), Cu = Cu(t) € L}, .([to, +00), B([to, +0)), w) are absolutely
Lebesgue-integrable with

/t Cr(u) - e;cp(/t CH(2) dz) du < 400

for all ¢, s with ¢ < s < ¢. Furthermore, v(t) satisfies
t t
v(t) <wv(s) + / Cr(u) du + / Cr(u) -v(u)du or

v(t) < wv(s) - exp (/St Cru(u) du) + /St Cr(u) du

for all ¢, s with tg < s < t and sufficiently small |t — s| (say, e.g. |t — s| < d).
Then the continuoustime variation-of-constantsinequality holds, i.e.

18) v(t) < (v(s)+ / o) exp (- / “Cu(2) dz) du) exp / () du)

forall ¢,swithtg < s <'¢.

Note: The latter three lemmas can be found in Schurz [21], and their use in [25] - [28].
The well-known Gronwall-Bellman lemma is included as the special case of positive, constant
coefficients Cg, C1 in Lemma 1.3. As an immediate, but very helpful application of Lemma
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1.3 one arrives at the following key lemma for the proof of main conclusions in the next
section.

LEMMA 1.4. Letv = v(t), —oo < tg < t < 400 be a nonnegative real-valued function
which is absolutely Lebesgue-integrable on [tq, +00). Assume that v(t) satisfies

(1.9 v(t + h) <o(t) exp(Kgh) + Krexp(Kgt)h e
forall t,hwithty <t <t+h <Tand0 < h < 4§ (6 sufficiently small) and a given ry,. > 1.
Put K; = Kr exp ([KS],(S). Then, for all ¢, s with ty < s < ¢, we have

o(t) < v(s) - exp (KH(t B S)) LR, exp(Kgs + Iigit_—;i) — exp(Kst)

exp(Kpgt) — exp(Kgst)
Ko —Ks

5nac—1

6rlac71

(1.10) < w(0) - exp (KHt) + Ky

Proof. Suppose that r;,. > 1. First, note that, for 0 < h < 4, the relation

t+h
exp (Kgt) - h™ <exp ([Ks]_0 / exp (Kgu) du - §mee1
(1st) (#51-8) | exp (su)
holds. Then, the condition (1.9) reads as
v(t+ h) <v(t) exp(Kugh) + Krexp(Kgt)hee
. t+h
<wo(t) exp(Kgh) + KI(S”“_I/ exp(Ksu)du
t

forall t,hwithtg <t < t+h < Tand0 < h < §. The remaining proof is a
straightforward application of the Lemma 1.3 since its assumptions are satisfied. For the
sake of completion, we evaluate the inequality (1.8) with identities Cy(u) = Kg and
Cr(u) = Ko<= exp(Ksu). Thus, the conclusion (1.8) is

v(t) < wv(s) -exp <KH(t - s)) + Kpomee" - exp <KHt) . /t exp ((KS - KH)u)du

5 Kgt) — K Kt —
zv(s)-exp(KH(t—s)) + et SP(Kst) 2(—?; u(t=s)

LEMMA 1.5. For all a, b, ¢ € R?, we have

||a—b||§=||a—c||fi+||c—b||L2i+2<a—c,c—b>d.

LEMMA 1.6. Assume that the assumptions (A1) — (A2) are satisfied. Then, for all
0 < t,t+ h < T with (F;)-adapted ¢, h, we have

9171 1/2

(E 1+ |[Yo,40 (¢ + W)IZDY? < (E [exp(2KZ B)[L + [[Yo,4 (1)][3]])

1/2
< (E [exp(2K¥ (¢ + )1+ [lwol2]])?,

hence, for all deterministic times ¢ with 0 < ¢ < T, this implies that

(ETL+ Yo, OIE)Y? < exp(KX (1 + E|lyol )Y and
t
¥ Nl 0.0 < / exp(KY u)du(u)(1 + E [lyo|2)/?

< exp([KE]+t)u((0, 1)) (1 + E|[yo||3)"/?
< exp([KE 1+ T)u((0, TN (1 + E|lyol|3)*/>.
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Proof. Using elementary laws of conditional expectations leads to

(E[L+ [[Yo,0(t + D)2 = (E [E[L + [[Yo,50 (¢ + W12 Yo, ()]]) "/

< (E [exp(2K¥ h)[1 + Yo, (8)]31])
< (E [expK¥ (t + B[ + 1wl 2]) ",

which trivially brings up the second statement of the above lemma. ¢

For0 <t < T, 0,50 € Ho([0,1], u, RY) where z¢,y0 are (Fo, B(R%))-measurable
initial values, define the (pointwise) global mean squareerror e-(t) and global weak error
ew(t), respectively, by

e2(t) = (E||Xos () = Youo (I3) 7", €wlt) = [IE Xoaq(t) — E Yo (t)la

LEMMA 1.7. Assume that the assumptions (A1), (42), (A4) and
(A8) Weak contractivity of X, i.e. 3Kiy VX (t),Y(t) € D; (where X(¢),Y () are
(Fi)-adapted) Vi, h: 0 < h < 89,0 < t,t + h < T (h deterministic)

[E Xy x(t)(t+ h) — EXy vy (t+h)lla < [|[EX(t) — EY(8)]]qexp (KV)[(/Ch)

are satisfied. Then, for all deterministic step sizes 0 < h < &9 < 1 and for all s, ¢ with
0<s<t<t+h<T,theglobal weak error e, /(t) satisfies

ew(t + h) < exp(Kixoh)ew(t) + K§ exp(KEt)(1 4 E||yo||2)/?h™ and

R KX _ KY _ KY
Ew(t) S exp(K%(/C(t _ 5))Ew(3) + K() eXp( WC(t S) + S S) eXp( S t) A’ro—l

X Y mazr
KWC - KS

where Ko = K§ exp([K¥]- Amaz)(1 + E||yo|2)!/2, i.e. the weak error &, is of global
order ro—1 (and, trivially, of local order ry). If (A3) is valid instead of (A8) then one may
replace Ki¥.~ by KX in the related mean square error estimates.

Proof. Forall 0 <t¢,t + h < T,0 < h < dg, one finds

ew(t+h) = [[EX; x@)(t+h) = EYyu(t+h)la
< ||EX; xt)(t+h) — EXy vyt +h)|la+||E Xy (t+h) — EY; vy (t+ h)lla
< |E Xy x@)(t+h) — EXyyu(t+h)|la+
TE[E Xyt +h)[Y(8)] = E[Yyy (¢ + R)[Y(E)]la
< eu(t) exp(Kiyoh) + K§ exp(K§t)(1+ E||yo||7)"/*h™.
Now, use Lemma 1.4 to conclude the second statement. o.
Note: By the Lyapunov inequality, we trivially note e, (t) <e»(t) forall 0<t<T.

LEMMA 1.8. Assume that the assumptions (A1) — (A7) are satisfied. Then, for all ¢, h
with0 < h < A < §g (A deterministic) and 0 < t,t + h < T, we have

E|Xe,z0)(t+h) = Yzt + )G < (K5)(1+ E||Z(@)][7) A%

for any stochastic process Z € H»([0, t], u, R?), i.e. the local mean square convergence rate
r; > 79 Can be established.
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Proof. Suppose that Z € H,([0, ], u, R?). Then, by elementary laws of conditional
expectations and using (A5), forany Z € H([0,t], 1), we have

E 1 X0, 70t + h) = Yi, 70 (¢ + W[} = E [E[|X0, 709 (¢ + ) = Yoz (t+ WIEZ )]

< E[(KE)*(1+ 1 Z®)][3)h>"]
< E[(KS(1+|ZOIRAY] = (KS(1+E||Z0]HA™.0

Note: Therefore, we know about the local convergence with worst case rate r, on
Hy([t,t + h], u, R%). h could be chosen randomly as well. However, the requirements of
a deterministic upper bound A on h and of deterministic rate r, are important ones.

A priori, but crude global mean square error estimate is found as follows.

LEMMA 1.9. Assume that the assumptions (A1) — (A7) and ro > 1.0 are satisfied.
Then, for all 0 < s < ¢ < T and deterministic step sizes with 0 < A; < min(t — s, do, 1),
we have

exp(KE ~ KX)(t =) =1 5,4
Ké( _ Kg mazx ?

e2(t) < exp(KZE(t — s5))ea(s) + KK exp(K¥t)
where K7 = exp([K¥ |- Amag) (14 E||yol|?) 1/2, hence the mean square error has at least
the “worst case” global rate 7, — 1. In particular, if Kcg = K& = K then
e2(t) < exp(Kes(t = s))e2(s) + K5 (t — s) exp(Kost) (1 + E |lyo|[)' /2 A7,
and if KX = K¥ = 0 then
C 1/2 ATa—1

ex(t) < ex(s) + K3 (t — s)(1 + Ellyol[2)/* AT,

Moreover, if KX < 0, K¥ = 0then

: K§
lim 52(t) < K—g((]- +E ||y ||d)1/2A:1’2Law1 .
C

t——+o00

Proof. Choose deterministic step sizes 0 < h < A; < min(t — s,dp,1). Using
Minkowski’s inequality, Lemmas 1.6 and 1.4, and elementary laws of conditional expecta-
tions, one concludes that g2 (¢t + h) <

< (E X0 x0 (t + 1)~ Xoy oy (t+ D)) (E (| Xpy ) (E+ )~ Yoyt + B)II3)
< exp(KX h)ea(t) + (EE [|[Xoy(t +h) = Yoyt + BIEY©)])'

< exp(KENes(t) + (EE [KS (1 + [[Y 0[2)R2 |y (5)]) "

< exp(KX h)ea(t) + KS exp(KYt) (1+ E|lyo|2)" AT2-1h,  hence

exp(KX ~ KY)(t =) =1,
K()/‘«( _ K%’ mazx °

(t
(

e2(t) <exp(KZ (t — s))e2(s) + K1 K3 exp(Kgt)

This implies the remaining assertions by taking the limit KX — K¥ and KX = K¥ =0.¢
LEMMA 1.10. Assume that the assumptions (A1) — (A7) are satisfied. Then, for all
t,h,pe R:0<h<A<d (A, p#£ 0deterministic, 0 < t,t+ h < T), we have

u(t) = E <Xy x@(t+h) — Xeywy(t+h), Xeyey(t+ 1) = Yeye(t+h) >4
< e(t)[KsmKy5 + K§'lexp(K¥t)(1 + E||gol[3)! /2 ArFrem

< pPAe(t) + 2p2[(KSMKc) + (K§)?| exp(2KE)(1 + E [[yo|[7) A%=t7em)



ETNA

Kent State University
etna@mcs.kent.edu

General theorems for numerical approximations of stochastic processes 57

for the stochastic processes X,Y € Hy([0,t + h], u, R%) .
Proof. Suppose that X, Y € Hy([0,t + h], s, R?). For r = t + h, define the vectors

2(r) = Xt,X(t) (r)—E [Xt,X(t) (r)|Fe] — (Xt,Y(t) (r)—E [Xt,Y(t) (r)|Fe]),
w(r) = Xt,Y(t) (r) — Yt,Y(t)(T)-
Then, by elementary calculation and properties of conditional expectations, one gets
lu(®)] < |E <z(t+h),wt+h)>q]+
+|E < E[Xy x ) (t+ h)|Fe] — E[Xyy @)t + h)|F],wt +h) >q

(E|l2(t + B)[[2)"/*(E Jw(t + h)[I) +
+E(E [< E[X; x(0) (t + h)|Fe] = E[Xyy @t + h)|Fel, w(t + h) >a |F])|
e2(t) Ksm Ky (1+E||Y (2)|[3) /2 AT +7em
+E(< E[Xy x()(t + h)|Fe] — E[Xy vy (t + h)|Fe], E [w(t + h)|Fe] >a)l
e2(t)[Ksm K5 + K exp(KEt)(1 + E||yol[3)! /A2 Hem

A 1 A _
PPAES(t) + 2—/)2[(K5MK20)2 + (K§)*]exp(2K 3 t)(1 + E|lyol[7) A*T=+7em) =1, o

IA

IA

IN

A

2. Main results: Stochastic approximation theorems. The following fairly general
approximation principle can be established. Define the pointwise error

e2t) =VE < X; - Y, Xy - Y; >4
for the processes X,Y € H»([0,T], , R?), and the deterministic bounds

Apin = inf A; < An < Ama,zc = sup A;
iclN ielN

on the mesh sizes A,, on which the approximation Y" is based on.

2.1. A universal error estimate for the arbitrary case. The main result is devoted to
the arbitrary case with no restrictions imposed on the sign of KX, K¥. In general one might
refer to random step sizes A;, but measurability forces us to confine to the adapted choice of
step sizes. For simplicity, we confine ourselves to the case of nonrandom (i.e. deterministic,
but also variable) step sizes A;. Recall that the expression (exzp(at) — 1)/« is replaced by
the limit ¢ if o = 0.

THEOREM 2.1. Assume that the conditions (A1) — (A7) are satisfied.

Then the stochastic processes X,Y € Ho([0,T], 4, R?) converge to each another with re-
spect to the metric m(X,Y) = (< X =Y, X — Y >pg,)"/? with “worst case” convergence
rate ry = ro + r5, — 1.0. More precisely, for any p # 0 and for any choice of nonrandom
step sizes A; (variable or constant) with 0 < A; < A4z < &g, We have the universal error
estimates

(21)  e2(t) <exp((KZ + p°)(t — 8))ea(s) +

exp2(KE +p* — KY)(t—5) — 1
+KI(P) eXP(KYt) Angaz'
s AKX 7~ KY)

forall 0 < s <t < T, where s, t are deterministic, and
(22) sup ex(t) < exp([KX + p*1+T)e2(0) +
0<t<T

expKE +p* - KN -1,
2KX + 2 —KY) maz

+Ki1(p) exp([K§]+T)\/
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with appropriate constant
(2.3) Ki(p) =

(B + (51 + (Ksa™)) (1 + E ol expl(ERET- + K1) A

Proof. Fix the deterministic regions ID; C R?. Assume that the conditions (A1) — (A6)
are valid for X, Y € H([0,T], u, R%) with corresponding representations X; , (¢ + h) and
Y: ,(t + h) forany z,y € ID, deterministic h < min(1,T — ¢, A), ¢ € [0,T). Define

a:= Xy x)(t+h), b:=Yyyu)(t+h), c:= Xy ye)(t+h).
An application of Lemma 1.5 gives
e2(t+h)=El|la=b|2=E|la—c||3+ E|lc=b||2+2E<a—c,c—b>,.
Therefore from Lemmas 1.6, 1.8, 1.10, we may conclude that

(2.4) &3(t+ h) < exp(2KZ h)ed(t) + (KS)? exp(2K I t)(1 + E [|yo|3) %™ +
+265(1)[Ksm KS + K exp(KE 1) (1 + E||yo|2)Y/2pr2tTem

Now, take any real constant p > 0. Returning to 2.4, one arrives at e3(t + h) <

< exp(2KZ h)(1 + 2p°h)e3(t) +
(KsuK5)*+(K§)*+(pK5)?
P2
< exp(2(KE + p*)h)es(t) +
(KS)2 [0+ (Ksm)?]+ (KS)?
2
p
<exp(2(KZ + p*)t)e5 (0) +
exp(2(KE + p* = K¥)t)
2(K& +p? — KY)

+

exp(Z(th + [Kg]_h))(1+ E ||y0||3)h2(7'2+7'sm)—1

+

exp(2(K Y t+[KE]- Amaa) (14 E||yo|[3)p(r2trem) =1

-1 ..
+K2(p) exp(2K¥t) AX72Frem=1) \yhere

where K (p) is given by (2.3), thanks to Lemma 1.4. Thus, by applying Lemma 1.1, we
obtaines () <

exp(2(KZ + p?2 — K)t)

— ]'hT2+Tsm—1
2KE +p? - KY)

exp((KX + p2)t)e2(0) + K1(p) exp(KY t>\/

with “worst case” global rate ry > ry + 74, — 1 0f mean square convergence for any 0 <
t < T - an estimate which is particularly useful if KX + p? < 0.0

2.2. A universal error estimate for the case KX > 0,KY¥ > 0. The expansive
case is enlightened by the following slightly modified assertion taking into account the ra-
tio Apin/Amaz 0f maximum A,,;, and minimum step sizes A, as commonly met in
variable step size algorithms. Thus, an extra proof is needed.

THEOREM 2.2. Assume that the conditions (A1) — (A7) with KX > 0 are satisfied.
Then the stochastic processes X,Y € H»([0,T], , R?) converge to each another with re-
spect to the metric m(X,Y) = (< X - Y, X — Y >g,)/2 with “worst case” convergence
rate ry = ro 474, —1.0. More precisely, for any choice of nonrandom step sizes A; (variable
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or constant) with 0 < A < A; < Ajae < g, We have the following universal error
estimates

(2.5) e2(t) < exp(KAKZ(t — 5))ea(s) +

expUEAKE —KY)(t=9) -1 .,
2KAKX — KY) maz

+K1(1) exp(K (t — 8))\/

forall 0 < s <t < T, where s, t are deterministic, and

(26) sup es(t) < exp(KaKZT)e2(0) +
0<t<T

exp2KAKE —KN)T) =1 .
2(KaKE - KY) e

+K1(1) eXp([K§]+T)\/

with appropriate constants

— exp(ngAmaw) -1+ 2Amaz Ama,w
ZK();( Ama.m Am’in

K1) = (K92 + (KSR + (Ksar)) (1 + E ol )12

@2.7) Ka

Proof. Let Ké‘ > 0. Return to the estimate 2.4. Suppose that 0 < A < b <
Apar < 1forall 0 <t,t+ h <T. This implies that

e5(t + h) < exp(2KZ h)e3(t) + (K5)? exp(2Kg t)(1 + E ||yo|5)h*"™ +
+2hed(t) + [(KsmKS)? + (K§)*] exp(2KEt)(1 + E [|yo||3)h* (> Frem) =1
exp(2KXh) — 1+ 2h
2KXh
+H(KsuKS)? + (KS)? + (KS)? exp(2K ) (1 + E ||yo| [3) h3(r2F7am) 1
exp(2KE Ammaz) — 1+ 24100
2KX A pin
+(KsmKS)? + (K§)? + (KS)* exp(2KE t) (1 + E ||yo| [3) n3(r2F7em)
< exp (2KAKZh) e2(t) + +[Kr(1)]? exp(2K ¥ t) AXrztrem)=2p,

=[1+ 2KXhled(t) +

<[+ 2K hled(t) +

where the real constants K 4, K;(1) > 0 are defined as in (2.7). Applying the Lemma 1.4 to
the right hand side of latter inequality and taking the square root afterwards leads to

x v [exp(2(KaKX —KI)t)—1 o
€2(t) < exp(K4KE t)ea(0) + Krexp(Kg t)\/ 2(KAKC;)§ — K%) Ar2drem—1

where the constant K; = K (1) is defined as above. 00

2.3. Auniversal error estimatefor thecase KX = K¥ = 0. Now, the dissipative case
is discussed. Here the estimates of Theorem 2.1 turn out to be inefficient since the technical
constant p # 0 would still occur in the related inequalities and taking the limit p — 0 renders
the inequalities to be useless. However, there is the following alternative which requires a
slight modification of the proof of Theorem 2.1 too.
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THEOREM 2.3. Assume that the conditions (A1) — (A7) with KX = K¥ = 0 are
satisfied.
Then the stochastic processes X,Y € Hy([0,T], u, R?) converge to each another with re-
spect to the metric m(X,Y) = (< X —Y,X — Y >pg,)'/? with “worst case” convergence
rate ry = ro+7,m —1.0. More precisely, for any choice of nonrandom step sizes A; (variable
or constant) with 0 < A; < A,qe < &g, We have the universal estimate

(2.8) ex(t) < ea(s) exp(t — s) + KI(l)\/ exp(2(t 5 N=L Arg

forall 0 < s <t < T,where s,t are deterministic, and

29) sup_ex(t) < e2(0) exp(T) + K (1)) Z2ED =L ary
0<t<T 2

where K (1) is defined as

@100 Ki(1)= [ ((K§) + (RSP0 + (Ksw?]) 1+ E o).

Furthermore, if additionally £2(0) < Kinit(1 + E ||yo||2)A72,.L, the global error &, is also
controlled by the estimates

(2.11) e9(t) < ea(s) + KS (T)/|t — s|AT2rem /2710
(2.12) sup ex(t) < 2(0) + K (T)\/—A:;j;‘sm/2 1.0
0<t<T
where
(2.13) KI \/[2 szt‘f'chT)(KSMKzC+KOC)—|—(K2C)2](1+|E||y0||§)_

Proof. Suppose that KX = K¥ = 0. Returning to (2.4), one arrives at

g5(t+ h) < &5(t) + (K5)*(1 + E||yo|[5)h*™ +
+2e5()[Ksm K5 + K§'1(1 4 E||yo| [3) ™17

< &5(t) + 2hes(t) + K7 (1)p>rtrem) 10

< 3(t) - exp(2h) + K7 (1)hratrem) =10,

An application of Lemma 1.4 leads to

gg(t) < 5%(3) . exp(2(t _ 8)) + K?(l) eXP(Q(t — S)) AZ(T2+Tsm 1.0)

2 max

which gives us the claimed estimates (2.8) and (2.9) with global rate ry = ry + 74, — 1.0 by
taking square roots (Lemma 1.1). On the other hand, one may use the crude estimate

9(t) < £2(0) + KSt(1 + E||yo|2)/2A72, L

max

originating from Lemma 1.9, along with the requirement

£2(0) < Kinit(1 + E [|yo|[3)*/2 A7z, 10

max
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Returning to (2.4), one obtains

30t + h) < £3(0) + (KS)2(1+ E lyol )% +
+2(Kinit + KT Ksag KS + KE)(1+ E lyol h2r=+r-m 10
< e3(t) + (IS (T)) PRt rom =10

where

K§(T) = /202, + KST)(KsuKS + K) + (K§)?1(1+ E [lyol[2)-
An application of Lemma 1.4 provides the global estimate

£5(t) < e3(s) + (KF (I)*|t — s| Az rem

mazr

for0 < s <t < T. Taking the square root yields the second claimed group of estimates with
global rate 7y = 73 + 5, /2 — 1, thanks to Lemma 1.1. Thus, the proof is complete. O

2.4. A universal error estimatefor thecase K& < 0, K¥ < 0. Itremains to consider
the asymptotically contractive, dissipative case covered as follows.

THEOREM 2.4. Assume that the conditions (A1) — (A7) with KX < 0and K¥ < 0are

satisfied on the time-interval [0, +00), all constants K occurring there in (A1) — (A7) do not
depend on the terminal times 7" > 0 and p([0, +00)) < +0o0.
Then the stochastic processes X,Y € H,([0,+00), u, R?) converge to each another with
respect to the metric m(X,Y) = (< X —Y, X —Y >p,)'/2 with “worst case” convergence
rate ry = ro+75m, —1.0. More precisely, for any choice of nonrandom step sizes A; (variable
or constant) with 0 < A; < A4 < &g, we have the universal error estimates

K
(2.14) sup a(t) < 2a(0) + 0 ar,,.
0<t<+00 \/2|K§ + p2 _ K§|

(2.15) Jim _es(t) < Kli(mAfgm if K¥=0,

e V2AKE + 07

. _ ; Y
(2.16) tlgrnoo g2(t) =0 if Kg <0 where

KC’ 2+ KC’ 2 2+ K 2

Ky (p) = YUEEV 2 TSP + (Ko o (15X )+ 1Y ) A (1 + E ol )2

p
for any p with 0 < p? < |KX|, i.e. convergence on infinite intervals [0, +oo) with the “worst
case” global rate r, can be established on H>([0, +00), 1, RY).
Proof. Suppose that K& < 0. The proof is similar to that for the Theorem 2.1. Take any
constant parameter p > 0 satisfying 0 < p? < |KX|. Returning to (2.4) we gete3(t + h) <
< exp(2KZ h)(1 + 2p*h)e3(t) +
1 . -
+;[(K§)2(p2+(KSM)2)+(K§7)2] exp(2|KZ [h+2K 5 1)(1+ E [yo|[7)p*>F7em) 7!

< exp2(KE + p*)h)e3 (1) + K (p) exp(2K (¢ + h))h>rtrem) =1,
Applying Lemma 1.4 with (1.10) to the latter inequality yields
e5(t) < exp(2(KE + p?)(t — 8))e3(s) +

exp(2KG +p? = K)(t = 5) =1 ) o(ratram—1).

K3 2Kt
+ I(p)exp( S ) 2(Kg+p2_K§) mazx




ETNA

Kent State University
etna@mcs.kent.edu

62 Henri Schurz

By taking the square root in this inequality, thanks to the Lemma 1.1, we obtain the global
estimate for g2(t) (as in (2.1))

exp(Z(Ké( + pZ)t) - exp(Zth) AT2+Tsm*1-0

e2(t) < e2(0) exp((KZ +p)t) + KI(/))\/

2(KX — p?2 + KY) maz
and hence
(217)  ea(t) < e2(0) exp((KE + p)t) + Ki(p) Arztrin 10
V2IKE - 2+ K
<e(0) + Ki(p) AT2Frem =10,

V2AKE — g2 + K|

It remains to evaluate this result. Recall that KX + p* < 0. Taking the supremum over all
times ¢ in the ride hand side of inequality (2.17) gives the estimate (2.14). Taking the limit as
t — +o00 in (2.17) confirms the estimates (2.15) and (2.16). This completes the proof. O

3. Simple one-dimensional examples of SDEs. Some of the previous estimates turn
out to be asymptotically sharp. To recognize this fact, consider the following one-dimensional
examples with ID = ID; for all ¢, just for the sake of illustration.

3.1. Discretization of geometric Brownian motion. The geometric Brownian motion
popularized by mathematical finance is governed by the 1t6 SDE

dX(t) =aX(@t)dt + o X(t) dW (t)
with real constants «, o. Suppose that IE | Xo|? < +oo0. It is not hard to verify that
2K% = 2a+0?

by the use of 1td formula applied to V' (z) = 2. This SDE is discretized by the drift-implicit
stochastic Theta-method

Y(tnt1) =Y (tn) +[0Y (tny1) + (1 — )Y (tn)]adA, + oY (t,) AW,
with deterministic implicitness § € R and
Ap =tpi1 —tn, AW, =W(tp41) — W(t,) € N(0,A,)

where A/(0, A,) denotes the standard Gaussian distribution with mean 0 and variance A,,.
For the case of KX > 0 one obtains very similar estimates to the standard one’s for the mean
square error as known in literature. However, what happens when t — +00? From Schurz
[21] it follows that KY < O whenever KX < 0and § > 0.5. Note that, for geometric
Brownian motion, one can show that KY = KX = a + 02/2 satisfying

Vye RYt,h:0<t<t+h<T
1/2
(42)  (E[Viyt+ )Y =y]) "~ < exp(KYh)lyl,
which modifies assumption (A42) to (42'). Then the case K¥ < 0 also implies that

lim Ez(t) =0

t—+oo
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which represents an asymptotically sharp estimate, thanks to a natural modification of our
approximation theorem under (A2') (for this fact, one may apply Lemma 1.9 as well). In
contrast to that, there are equidistant step sizes for which drift-implicit Theta methods with
0 < 6 < 0.5 (including the often used explicit Euler method) cannot control the magnitude
of the mean square error e5(t) as time ¢ tends to +oo (due to exponentially growing second
moments as time ¢ advances).

3.2. Discretization of the Langevin equation. The well-known Langevin equation
from statistical mechanics follows the SDE

dX (1) = aX(t) dt + o dW (1)

with real constants «, o. The related stochastic process is also called as Ornstein-Uhlenbeck
process. Suppose that E | Xo|? < +oo. Itis not hard to verify that KX = «. This test SDE
with additive noise can be discretized by the drift-implicit stochastic Theta-method

Y(tnt1) =Y (tn) +[0Y (tnt1) + (1 — )Y (tn)]aA, + o AW,
with deterministic implicitness § € R, and
Ay =tprr —tn, AW, =W(tny1) — W(tn) € N(0,A,).

In general one can easily confirm the standard estimates for the mean square error as known
in the literature by our theorem. Instead of recalling them, we are particularly interested to
derive estimates as the terminal time ¢ > 0 tends to +oc. Suppose that KX = a < 0. Then
the related continuous time stochastic process X = (X (t))¢>0 converges (a.s.) to the limit
random variable

0.2

Xoo € N(O, 55

as time ¢ tends to +oo. In Schurz [23], [24] one finds that the trapezoidal method (i.e. the
drift-midpoint theta-method with & = 0.5) has no mean square error at all, compared to the
exact limit distribution. Other estimates for the mean square error of the stochastic Theta-
methods with variable step sizes as time ¢ tends to +oo are not known from the literature
as far as the author knows. However, if 8 > 0.5 and a < 0 then one may verify that
KX = a, K¥ =0. Also Kgy = 0, and g, = 0.5 since ro = 2.0 > 73 + 14y, With
ro = 1.5. Combining the estimates of the Lemma 1.9 and Theorem 2.1 (or Theorem 2.4)
with 0 < p? < |a| (e.g. it is interesting to take p? = |a|/2), we know that

K¢ K¢ + K¢
lim es(f) < min <—2\/Amaz, _fo £y exp(|a|Amaz)Amaz> (1+E |Y(0)[2)"/2

t—+oo —a 2p%|a + p?|

with appropriate constants K§ = K§ (a,0,6) and K§ = K (a,0,0) in the case of § >
0.5, < 0. Therefore, drift-implicit Theta-methods with 8 > 0.5 can maintain the global
rate v» = 1.0 of mean square convergence on infinite time-intervals [0, +00), using any
‘admissible discretizations’ of stationary Ornstein-Uhlenbeck processes with

0 < Amm S An S Amaz < +oo.

In contrast to this fact, explicit Euler methods or Theta-methods with parameter 0 < 6 < 0.5
may already fail (due to exponentially growing second moments, which means loss of control
on stability constant K'Y on the Hilbert space H»([0, +00), 1, R?).
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3.3. Discretization of a nonlinear SDE. In physical field theory one encounters I1td
equations of the type

dX (1) = (aX(t) - 52[X(t)]3) dt + o X (t) dW (t)

with real constants «, 3, 0. Suppose that E | X (0)|?> < +oo. Then, this SDE with Lipschitz
continuous diffusion (i.e. with a smoothness rate r,,, > 0.5) possesses a mean square con-
tractive (in the wide sense), unique solution X with uniformly bounded second moments and
mean square contractivity constant KX < a + 02 /2. The solution X can be discretized by
the partial linear-implicit Euler method

Y(tni1) = Y(tn) + (aY(tn) - ,32[Y(tn)]2Y(tn+1))An + oY (tn) AW,
or by the partial nonlinear-implicit Euler method
Y(tnir) = Y(tn) + (aY(tn) - ﬂZ[Y(tn+1)]3)An + oY (tn) AW,

It is not hard to see that both methods have uniformly bounded second moments, provided
that E |Y'(0)|? < +o0. More precisely, one gets

E|Y (thi1)|> < E|Y (t)]> - (1 + 2 + 0% + &®A,)A,)

2 2, .2 . _
<EV ()P -exp(2a+0®+a e Al(tn to)),

hence, for the cadlag approximation Y (¢) based on step functions with jumps at height Y (¢,,)
at ¢,,, one has

sip E[V() =  sup  EV(t)P < E[YO)P - exp (2AKY(T —to))
to<t<T ne{0,1,...,n7}

with stability constant

2 2
o+« maxie{o’l,__.,n} Az

KY < a+ 5

Furthermore, local mean and mean square consistency (A4) and (A5) with D = R with
rates ro > 1.5 and ro > 1.0 can be shown, provided that the initial moments E | X (0)|* +
E|Y(0)|* < 400 and A,,;,, > 0. (For this purpose one may use the forward Euler method).
Thus, the assumptions of our main theorems are satisfied. Therefore, we may conclude the
global mean square convergence rate 7, = 0.5 which clearly exhibits a new result compared
to the literature where the Lipschitz continuity of drift part is usually required. A similar
result can be found for the split step Backward Euler method due to Higham, Mao and Stuart
[6].

4. Numerical experiments for a nonlinear SDE. Assume that we have E || X,||2 <
+o00 (more precisely, E[w2(X(§1))2 + (X(SQ))2] < 400). We conducted numerical experi-
ments in computing the discretizations of a generalized Van der Pol Oscillator with multi-
plicative noise, given by the It6 SDE

dxV = x at
@1 dx = [~ X + 91 - (X)X XDV dt + o X aw,
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where all constants w, v, u1, 42,0 > 0 are some nonnegative real numbers. This two-
dimensional system satisfies the conditions (1.2) — (1.5) with respect to the norm

(2, 9)" |20 = (W?2? +y?)'/?

with w? > 0, hence the unique, strong solution X = (XM X)) exists with X €
H,([0,T], 1, R?) for all finite T > 0. In fact there is a random limit cycle where all trajecto-
ries approach to (at least we suspect it whenever yus > 0). Assuming that EE || Xo|[3 < +o0
and p; = 0, one can show that

2
o
K()J(S’Y‘F?-

A computationally easily implementable, converging and stable discretization of this sys-
tem is done by linear-implicit implementations of drift-implicit Euler methods. For example,
take the partial linear-implicit Euler method ([30])

1
42) YWY =vW®4yda,
Y =Y 4 (=00 + %) -l OP + PPV ) A+ oY AW,
Assuming that E ||Ys||3 < +o00 and w? > 0, one can show that
E|[Y @)|l5 < Kmexp(2K3t)E|[[Yo[3

for the cadlag approximation Y (¢) constructed as a step function with jumps Y (¢,,) = Y,
based on (4.2) with appropriate constants K,,, < max(1,w?)/min(1,w?) and

2KY <2y + 0% + Aoz max(y + w?, 1+ 4% + yw?).

To see this, use a recursive estimation of the dominating Lyapunov function
v(n) = E [ ()2 + (G221 + 1 (V) + w2 (%)) A%

Consequently, the assumptions of Theorem 2.1 with the slight modification of assumption
(A2) to

W eC'D,RY)VyeD : EV(y) < +ooVt,h : 0<h<4,0<t<t+h<T
E (V(y0))* < 400,

(2 (D Yyt +mEY = 1)) < V() and
(ELV iyt + )2y =1) " < exp(KE ) - VW),

are satisfied. Because a modification of Theorem 2.1 with the modified assumptions us-
ing Lyapunov function techniques remains valid (i.e. replace the term 1 + ||.||2 by (V'(.))?
whereever met in the assumptions, see a work of the author in progress, cf. [31]), we may use
these methods to approximate the exact solution of (4.1) (at least with u; = 0) with global
mean square convergence order », > 0.5 on any finite time interval [0, T"] (Note that local
mean and mean square consistency (A4) and (45) with ID = R? with rates ro > 1.5 and
ro > 1.0 are shown by means of the forward Euler method under the presence of multiplica-
tive white noise, provided that IE || Xo||3 + E |[Yo]|4 < +oo and A, > 0).
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" Time Evolution in Phase Plane (<L(0x2(0) " Displacement x1() as time t advances
Vel

ity Xa(t) ps time t advances -—-—

F L L L L L L L g L L L L L
-1 05 0 05 1 15 2 25 3 35 0 20 40 60 80 100 120

FiG. 4.1. *“Typical’ trajectories approaching to the (random) limit cycle discretized by the partial-
implicit Euler method applied to the generalized stochastic Van der Pol oscillator.

In general partial linear-implicit methods such as (4.2) allow control on the numerical sta-
bility, convergence and dissipativity (existence of the approximate random limit cycle which
has a support concentrated on an ellipse). In contrast to that observation, there are parameter
sets where the well-known explicit Euler or Mil’shtein methods break down by showing in-
adequate behavior compared to that of the exact solution (a fact which can be seen best with
linear systems with multiplicative white noise, cf. [23], [24]). In our experiments, we have
D=R*w=5pu =005 pu =025+v=1006=05and T = 100 for equidis-
tant discretization of [0, 7] with A = 0.001 started at deterministic point Y, = (3,2)7. In
the Figure 4.1 we clearly recognize that the (random) limit cycle is replicated by the partial
linear-implicit numerical method (4.2) and its trajectories converge to that limit cycle, inde-
pendently of its initial value. This fact is due to the inherent type of nonlinearity involving the
terms with parameters v > 0, u1 > 0, u2 > 0. In passing we note that it would be desirable
to develop a general “numerical Lyapunov-technique” to treat other nonlinear oscillators than
the stochastically perturbed Van der Pol oscillator.

5. Further developments and summarizing comments. Similar approximation re-
sults are true for the strong Banach spaces

X; € R%is (7, B(R%)) — measurable,
H2([0,T], 1, RY) := X =(Xe)o<e<r : X cadlag process on (2, F, (F¢)o<i<T,IP),

p/2
f0T|E(SUPogsgt < X, X, >d) du(t) < +oo

where p > 2,p € R, is deterministic, which form pseudo Hilbert spaces with subadditive
pseudo scalar product for p = 2. Of course, we have the trivial inclusion %3 ([0, T], u, R%) C
H>([0,TY, p, R?) for fixed positive measure p. For this stronger setup it is crucial that a
finiteness of some higher moments of involved stochastic processes is guaranteed (cf. with
the case of nonlinear SDESs). Further extensions to separable Banach space-valued random
processes are conceivable. There the case of separable Hilbert spaces may play a special role
to extend the main results to separable Banach spaces containing those Hilbert spaces. See
also author’s work [31].

We also plan to incorporate “numerical Lyapunov function techniques” to extend our
results to more general classes of nonlinear SDEs as already indicated by the section on our
numerical experiments. Partial-implicit and split step techniques seem to be very promissing
to control (ID;)-invariance, consistency, convergence, stability and dissipativity of numerical
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approximations for nonlinear SDEs. See forthcoming papers of the author. It would be
desirable to discuss the maximum order bounds of those methods too, as indicated in the case
of Runge-Kutta methods by Burrage and Burrage [4]. Furthermore, which error distribution
as studied by Kurtz and Protter [16] do they have for nonequidistant and random partitions in
the most general case? We must leave the latter two problems unanswered - as many other
questions here.

This paper thoroughly follows the main principles of numerical approximation theory as
discussed in the previous sections. We have clearly seen that the Kantorovi¢-Lax-Richtmeyer
principle “Stability and Consistency imply Convergence” holds in stochastic-numerical anal-
ysis of well-posed problems too (i.e. together with some kind of Invariance, Contractivity and
Smoothness of Martingale Part). The essentials of all of these approximation principles can
be summarized by the following Adequateness Diagram of Stochastic-Numerical Approxi-
mation Theory exhibiting the interplay between the key concepts of invariance, smoothness,
stability, contractivity, consistency and convergence. More precisely, under the properties of

‘ (IDy)-invarianceof X,Y w.r.t. Hy

Smoothness of Diffusive (Martingale) Partsof X,Y w.r.t. Hy

one may establish

Approximative Approximative

Well-posedness: Consistency of (X,Y) | Well-posedness:

Stability of X At Stability of Y

Contractivity of Y’ Contractivity of X
()

Global Convergenceof (X,Y) ‘

This diagram describes the main crossrelations, the fundamental equivalence principles in the
context of stochastic approximations. This exhibits the point where one arrives at the heart
of sophisticated numerical approximation theory for stochastic processes. Here the concept
of consistency plays the central role. Contractivity and stability property can be exchanged
equivalently (but simultaneously) if consistency holds (due to the inherent symmetry of the
given approximation problem). Convergence is extracted from the interplay of consistency,
stability and contractivity. Our remaining goal is just to make these main principles come
alive in conjunction with SDEs / SPDEs and their numerical analysis in a concise course. For
example, for the case of stochastic functional differential equations (SFDES) as seen with the
stochastic Pantograph equation in Baker and Buckwar [3].

The main theorems are valid for numerical approximations Y using both equidistant
and variable partitions of time-intervals [0, 7] (so taylored for a convergence analysis of al-
gorithms with variable step sizes). Furthermore, we may even obtain some asymptotically
sharp estimates for the approximation errors and their orders in the case of linear systems
integrated with constant step sizes on infinite intervals [0, +00). The meaningfulness of the
presented approximation theorems can be seen in the large range of potential application to
several types of stochastic-numerical approximation problems (like to SFDEs and stochastic
integro-differential equations), leading to new striking results.

Acknowledgments. The author likes to clarify that this paper is based on his (so far un-
published) technical report 1669 at IMA, University of Minnesota, Minneapolis, 1999, where
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the main ideas can already be found in the context of random Banach spaces. The approx-
imation problem for the stochastic L!-case is sketched in our book chapter [27]. However,
in both presentations one can only find fairly crude estimates for the related global approx-
imation error. Here we are trying to have a more transparent presentation for the case of
relatively simple Hilbert spaces and an easier readable text which underlines the applica-
bility of the stochastic-numerical approximation principles in a significant manner. An ax-
iomatic approach for Hilbert-space-valued stochastic processes is presented in a more general
framework in [31]. There we continue our work by incorporating the knowledge on certain
Lyapunov-type functionals.
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