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MATRIX EXPONENTIALS AND INVERSION OF CONFLUENT VANDERMONDE
MATRICES *

UWE LUTHERT AND KARLA ROST#

Abstract. For a given matrix A we compute the matrix exponential e* under the assumption that the eigen-
values of A are known, but without determining the eigenvectors. The presented approach exploits the connection
between matrix exponentials and confluent VVandermonde matrices V. This approach and the resulting methods
are very simple and can be regarded as an alternative to the Jordan canonical form methods. The discussed inver-
sion algorithms for V' as well as the matrix representation of VV—1 are of independent interest also in many other
applications.
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1. Introduction. Given a (complex) matrix A of order n, the problem of evaluating its
matrix exponential e*4 is important in many applications, e.g., in the fields of dynamical
systems or control theory.

While the matrix exponential is often represented in terms of an infinite series or by
means of the Jordan canonical form our considerations have been inspired by papers like [7]
and [6], where alternative methods are discussed. In an elementary way we here develop
a representation of ¢4 which involves only the eigenvalues (but not the eigenvectors), the
first (n — 1) powers of A, and the inverse of a corresponding confluent Vandermonde matrix
V. Such a representation was already given in [4], where an important motivation was to
arrange the approach and the proofs simple enough to be taught to beginning students of
ordinary differential equations. We here make some slight simplifications by proving such
a representation, but we also concentrate our attention to the problem of developing fast
recursive algorithms for the inversion of the confluent Vandermonde matrix V' in the spirit of
[4].

There is a large number of papers dealing with algorithms for nonconfluent and confluent
Vandermonde matrices. They mainly utilize the well-known connection of Vandermonde
systems with interpolation problems (see, e.g., [3] and the references therein). Moreover, in
[10], [9] the displacement structure of V' (called there the principle of UV-reduction) is used
as a main tool.

In the present paper we want to stay within the framework of ordinary differential equa-
tions. Together with some elementary facts of linear algebra, we finally arrive at a first in-
version algorithm which requires the computation of the partial fraction decomposition of
(det(AI — A))~L. This algorithm is in principle the algorithm developed in a different way
in [11]. We here present a second algorithm which can be considered as an improvement of
the first one since the preprocessing of the coefficients of the partial fraction decomposition
is not needed. Both algorithms are fast, which means that the computational complexity is
O(n?). As far as we know the second algorithm gives a new version for computing V 1.
For the sake of simplicity, let us here roughly explain the main steps of this algorithm for the
nonconfluent case V = (A, ~")7,_; :

*Received August 4, 2003. Accepted for publication June 28, 2004. Recommended by L. Reichel.

TFakultdt fir Mathematik, Technische Universitdt Chemnitz, D-09107 Chemnitz, Germany.  E-mail:
uwe. | ut her @mt hemati k. t u-chemit z. de

fFakultdt fir Mathematik, Technische Universitdt Chemnitz, D-09107 Chemnitz, Germany.  E-mail:
karl a. rost @mat hemat i k. t u-chemi t z. de

91



ETNA

Kent State University
etna@mcs.kent.edu

92 U. Luther and K. Rost
1. Start with the vectorh,,_; = (1, 1,---,1)7 € C™ and do a simple recursion to get
vectors h,,_o, ..., hy and form the matrix H = (ho hy --- h,,_1).

2. Multiply the jth row of V" with the jth row of H to obtain numbers ¢; and form the
diagonal matrix @ = diag(q;)}
3. Multiply H from the left by the diagonal matrix P = Q' to obtain V=7
In the confluent case the diagonal matrix P becomes a block-diagonal matrix Wlth upper
triangular Toeplitz blocks (¢;—;), te =0for¢ > 0.

Moreover, we show how the inversion algorithms described above lead to a matrix repre-
sentation of V!, the main factor of which is just V. The other factors are diagonal matrices,
a triangular Hankel matrix (s;4;), s¢ = 0 for £ > n , and a block diagonal matrix with trian-
gular Hankel blocks. For the nonconfluent case such a representation is well known (see [13]
or, e.g., [10]) and is also a straightforward consequence of a formula proved in [5]. In [12]
a generalization of the result [5] to the confluent case is presented, which leads directly to a
formula for V! of the form just described. Generalizations of representations of this kind
to other classes of matrices such as Cauchy-Vandermonde matrices or generalized Vander-
monde matrices can be found in [2] and [8]. Fast inversion algorithms for Vandermonde-like
matrices involving orthogonal polynomials are designed in [1].

The paper is organized as follows. In Section 2 we discuss the connection of e*4 with
confluent Vandermonde matrices V' and prove the corresponding representation of e*. Sec-
tion 3 is dedicated to recursive inversion algorithms for V. A matrix representation of ¥ —!
is presented in Section 4. Finally, in Section 5 we give some additional remarks concerning
alternative possibilities for proving results of Section 3, modified representations of e*4 in
terms of finitely many powers of A, and the determination of analytical functions of A.

2. Connection between matrix exponentials and confluent Vandermonde matrices.
Let A be a given n x n complex matrix and let

(2.1) p(A\) =det(\ — A) =\ +a, (A" 4. Fa )+ ao

be its characteristic polynomial, Ay, Ao, ..., A, its eigenvalues with the (algebraic) multi-
plicities v1,va, ..., Vi, Zz’;l v; = n. In other words, we associate the polynomial

(2.2) PA) = (A =A0)" - (A= A)"

with the pairs (\;,v;) (¢ = 1,2,...,m). We are going to demonstrate in a very simple way
that the computation of e*4 can be reduced to the inversion of a corresponding confluent
Vandermonde matrix. The only fact we need is well known from a basic course on ordinary
differential equations: Each component of the solution x(¢t) = e'4v of the initial value
problem

(2.3 x' =Ax, x(0)=v
is a linear combination of the functions

(2.4) eMt et griTleMt o eAmt gedmt o pym—leAmt

Note that these functions are just n fundamental solutions of the ordinary differential equation

(2.5) Y™ () + an—1y" V) + .. +agy(t) =0,

the constant coefficients of which are given in (2.1). To be more precise, there is an n x n
matrix C' such that

(2.6) x(t) = Ce(t),
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where
e(t) = (e’\lt,te’\lt, Lt teMt o eAmt germt ,t”m_le’\mt)T.
Now we use x(t) = Ce(t) as an ansatz and determine the unknown matrix C' by comparing
the initial values x*)(0) = Ce(®)(0) with the given initial values x(*)(0) = Afv, k =
0,1,...,n—1:
(2.7) Cce®(0)=A"v, k=01,...,n—1.

Considering the vectors e(0), €/(0), ...,e™ 1 (0) and v, Av, ..., A" v as columns of the
matrices V and A, respectively,

28) V= (e(0)'(0) ... e"D(0), Ay =(vAv .. A"ly),
the equalities (2.7) can be rewritten in matrix form
(2.9) CV =A,.

We state that V' has the structure of a confluent Vandermonde matrix,

V()\l,l/l)
V(/\Q,I/Q)
(2.10) V= . )
V(Amy Vi)
where
1 X A2 X L An—1
0 1 2Xx 3X% ... (n—1)An—2
V\v) = 0 0 2 6Xx ... (n—1)(n —2)\"~3
0o ... 0 w=1! ... (n=1)-..-(n—v4+DHA"¥

Itis easy to see that V' is nonsingular and together with (2.6) and (2.9) we obtain the following.
LEMMA 2.1. The solution x(t) of the initial value problem (2.3) is given by

(2.12) x(t) = v = A,V te(t),

where V', A, are defined in (2.8).
Now, taking into account that A,V ~'e(t) = 31 yi(t) A’v, where

2.12) (i) =V e(t),

(2.11) leads to the following expression of e*4.
THEOREM 2.2 ([4], (1.10) and (1.15)). The matrix exponential ¢4 can be represented
as

(2.13) e =yo) T+ () A+ ...+ yn_1(t) AL,

where y;(t), i =0,1,...,n — 1, are defined in (2.12).
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Let us define the multiplication of a row vector (A4, ..., A,,) of matrices 4, € C™*™
and a column vector v = (v1, ..., v,)T of scalars v; € C by
(214) (Al,AQ,...,An)V:’UlAl —|—’L)2A2—|—...+’UnAn.

Then (2.12), (2.13) can be rewritten in a more compact form,
(2.15) et =(I,A,42,... A" 1) y(t), where y(t) =V 'e(t).

Representation (2.15) is already known (see [4] and the references therein). The proof given
in [4] is nice and, as promised there, it can be appreciated by students in a course on ordinary
differential equations. In this paper the known initial values of e*4 are compared with the
initial values of the ansatz

(216) etA = (Cla 027 SRR Cﬂ) f(t)7

where f(t) is an arbitrary vector of n fundamental solutions of (2.5) and C; are n x n matri-
ces. But this requires the application of a formal vector-matrix product defined for matrices
A;, i=1,...,n,and U of order n as follows:

(2.17) (A1, .. AU = (A, .o A ug, . (Ar, ., Ay an)

where u; denotes the ith column of U.

Possibly, the derivation given above is more natural and easier to understand. In particu-
lar, the special choice f(¢) = e(t) is also a simplification and does not mean any loss of gener-
ality. Of course, instead of the vector e(¢), one can use any other vector f(¢) of n fundamental
solutions of (2.5). But, denoting by W the Wronski matrix of £, Wy = (f £/ ... £f(»=1),
the equality (2.11) is replaced by e*Av = A,V; 'f(t), where V; = W¢(0). This leads to
the same representation (2.15) of 4, since I/{lf(t) does not depend on the choice of f
(compare the proof of Lemma 3.1).

REMARK 2.3. Denoting by e (¢) the kth component of e(¢) and by v, the kth column
of V=1, then V—te(t) = Y _, ex(t) vi, and we obtain, as a consequence of (2.15), e!4 =
(C1,Cs,...,Cp)e(t), where

(2.18) Cy = (LA,AQ, .. .,A”*l) Vi .
In the sense of (2.17) this can be written as
(2.19) (C1,Ca,...,Cp) = (I,A A% ... A VT

Let us summarize: For an n x m matrix A having the eigenvalues A; with the algebraic
multiplicities v; the matrix exponential e*4 is given by (2.15), where V ! is the inverse of the
confluent Vandermonde matrix corresponding to the pairs (\;,v;), i =1,...,m, > v; = n.

The special structure of the matrix V' can be used to compute its inverse V! in a much
more efficient way than, e.g., Gaussian eliminations do. Thus we will proceed with designing
inversion algorithms the computational complexity of which is O(n?). Such fast algorithms
have been already presented and discussed in a large number of papers (see e.g. [3] and
references therein).

On one hand, we want to develop here a new version of such an algorithm; on the other
hand, we intend to follow the spirit of the authors of [4], namely to be simple enough for a
presentation to students of an elementary course on ordinary differential equations. Thus, we
will discuss inversion algorithms exploiting elementary results of Linear Algebra, but, as far
as it is possible, all within the framework of ordinary differential equations. Consequently,
numerical aspects and criteria such as, e.g., stability will be beyond the scope of this paper,
but will be discussed in a forthcoming paper.
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3. Recursive algorithms for the inversion of V. Hereafter, let e, be the kth unit vector
and wi_, the kthrowof V1, w}_ | = el V~1. We start with developing a recursion for the
rowsw? (i =n—2,...,0)0f V! fromits last row wl_, . As a basis we use the following
fact.

LEMMA 3.1. The vector y(t) = V ~te(t) is the solution of the initial value problem

0 0 -+ 0 —a
, B 1 O e O —Qaq
(3.1) { y((; Y where B = _ : :
—e, : :
Y ' 0+ 1 0 —anos
0 -+ 0 1 —ap—
and ag, . .., a,—1 are the coefficients of the characteristic polynomial (2.1).

Proof. The matrix B is just the companion matrix of p(\). Moreover, since
(e; Bey ... B le;) = I, we conclude from (2.11) that e’Pe; = V~le(t) = y(t),
which completes the proof. O

COROLLARY 3.2. The components of y(t) = (yx(t))
from the last component y,, 1 (¢):

(3.2) Yp—1(t) =y, (t) + agyn—1(t), k=n—-1,...,1.

(For k = O thisis also true if we set y_, = 0.)
Let us introduce the block-diagonal matrix

—1 R
Z:o can be recurrently determined

(3.3) J =diag(Jy, ..., ),
where fz = ); incase v; = 1, otherwise
Ao 1
A 2
~ i 3
Ji =
/\i Vi — 1
g

Then, taking into account that vy, (t) = wie(t) and €’ (t) = J Te(t), we obtain the following
reformulation of (3.2).
LEMMA 3.3. The rows wi, ..., wl_, of V1 satisfy the recursion

n—1
(3.9 Wk_lzjwk—i—akwn_l, k=n-1,...,0.

(Fork=0setw_; =0.)
Now we are left with the problem how to compute the last row wX_; of V=1, To solve
this we decompose p(\) ! into partial fractions

(3.5) L _i Py

THEOREM 3.4. The last row w? _, of V1 is given, by the coefficients of (3.5), as
follows

n—1 =

P11 P12 Piv Pm1 Pmv,
3.6 oo (4 e, 2w o fme o _Smm )
(36) W <0!’ TR A T L T ’(l/m—l)!)
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Proof. Since the function y(t) = (y,(t))/—, satisfies y(*)(0) = B¥e; = ej4 fork =
0,1,...,n — 1 (see Lemma 3.1) we obtain, in particular, that the last component y,,_1 (t) =
wl  e(t) is the solution of the initial value problem

(3.7) Y™+ a1y + ot agy =0,
(38) y(0) =--- =y 2(0) =0,y D(0)=1.

We consider now the Laplace transform of y,,_1 (¢) defined by
(Lyn—1) (s) = / e Sty _1(t) dt .
0

In view of (3.8), £ applied to (3.7) yields (£y,_1)(s) = p(s)~* which can be decomposed
into partial fractions as in (3.5). By applying the back transform we obtain

_NCNC Pid it
() =D G -1 e

i=1 j=1
P11 P12 p1V1 Pmi1 pmum )

— (£ £ 2t om0 FmUm t
(0!’1!’ 7 TR TR e s T A UK

and (3.6) is proved. O
Now we are in the position to propose a first inversion algorithm for V.

Algorithm I:
1) Compute the coefficients p;; of the partial fraction expansion (3.5) and form the
vector w,,_; as in (3.6).
2) Compute the remaining rows of V' —! via the recursion (3.4).

It is well known that the coefficients in the partial fraction decomposition can be com-
puted by means of an ansatz and the solution of a corresponding linear system of equations.
This can be organized in such a way that the computational complexity of Algorithm I is
O(n?).

We propose now a further possibility the advantages of which seem to be that the pre-
computing of the coefficients p;; is not necessary and that the recursion starts always with
a “convenient” vector. To that aim let us adopt some notational convention. Introduce the
following block-diagonal matrices with upper triangular Toeplitz blocks,

Pkvi  Pkvp—1 Dk

P = dlag(Pk);”:l with P, = Pkuvy, . : 7
’ pk l/kfl
0 PEuvy,

A 1 0

J = diag(Jk)}f:l with Jk — c (Cl/le/k’
A 1
0 Ao

and define the diagonal matrix

_ . _ (11 1
D =diag(Dg);,; with Dy = diag (a, TR m) .
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Obviously, D and P are nonsingular matrices.
It is easy to see that

(3.9 wp—1=DPh,_ 1,
where h,,_; is the sum of the unit vectorse,,, e,, +vy, ---,€n, i.€.,
(310) hnfl = (07 5071707"' 70717"' 707"' 7051)T .
— — S——
v 1] Vm

We consider the recursion
(3.11) hy1=Jhy+ah, 1, k=n—1,...,0.

LEMMA 3.5. The recursion (3.11) produces the rows wi_, of V! as follows
(3.12) wi1=DPhy 1, k=mn,...,1.

(Putting w_; = 0 the equality (3.12) is also true for k£ = 0.)
Proof. We have, due to (3.11) and (3.9),

(3.13) DPhy_1 =DPJhy +axwn_1, k=n—1,...,0.
Now, it is easy to verify that JD = DJ and JP = P.J . Hence, (3.13) shows that
DPhy_1 = JDPhy+apwy_1, k=n—1,...,0.

We compare this with (3.4) and state that DPh_; = 0 implies h_; = 0, which completes
the proof. O

The following fact has been already stated in [11].

COROLLARY 3.6. The transpose of the matrix V~! is given by V-7 = DPH, where
H=(hohy --- h,_1).

From Corollary 3.6 it follows that P~! = HVTD. On the other hand we have P~! =
diag(Qr ), with Q= P,;l. One can easily see that the inverse of a (nonsingular) upper
triangular Toeplitz matrix is again an upper triangular Toeplitz matrix, i.e., that Q; has the
form

Ak vy, Ak v, —1 o gkl
(314) Qk — qk vy, . . ’
’ Qk l/kfl
O Qkuk
where 9 = (qu1, . . ., Qrv, )T is the last column of P,;l, i.e., the solution of the equation

Pyq®) = e,, . Thus, the matrix Q = P~ is completely given by that n elements of HV 7 =
QD! which stand in the last columns of the diagonal blocks of HV' 7T,

(3.15) HVT = diag (Qx.D; ")

m
k=1"

With the entries of the vector q(*) we form the matrix Q;, and compute the solution p(*) =
(pkla cee apkl/k)T Of

(3.16) Qwp™ =e,,,

which gives the matrix Pj.
Now we propose the following second inversion algorithm for V.
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Algorithm 11:
1) Compute recurrently the columnsh;_,, j=1,...,nof H by (3.11).
2) Compute that n elements g ; (vx — 1)! of the product HV'T (see (3.15)) which de-
termine the blocks Q. (see (3.14)) of the matrix P~ = diag(Qy )™, .
3) Compute the upper triangular Toeplitz matrices Py, by solving (3.16) and form the
matrix P = diag(Px)}" ;.
4) Compute V—! = (DPH)T.
In the case that the multiplicities v, are small compared with n the computational com-
plexity of the algorithm is again O(n?).
Our next aim is to develop the matrix representation of V' —!. A nice algebraic proof was
given in [12]. The only motivation for us to add a second proof is to be more self-contained
within the framework of ordinary differential equations.

4. Matrix representation of V1. Letus start with the nonconfluent case. Since in this
case J = diag(\;)7T , the recursion (3.4) together with (3.6) leads directly to the representation

al “e an_l 1
V' =U(a) V" diag(pr1),_,, where Uf(a)=
- Ap—1 1
1 0

(Note that px; = p’(\x)~*.) This means that the inverse of a Vandermonde matrix V' is
closely related to its transpose V7.

Such a representation is also possible in the confluent case. Recall that p(\) =
Z?:o a; N, where a,, = 1. Then the matrix H can be computed as follows.

LEMMA 4.1, n—1

(41) H:thihnfl(a”H*la"'7an707"'70)'

1=0

This lemma is a consequence of the observation that the columns of the right hand side
of (4.1) satisfy the recursion (3.11).

Let Z,, bethe vy x v, counteridentity matrix defined as having ones on the antidiagonal
and zeros elsewhere. Obviously, P, Z,, are upper upper triangular Hankel matrices of order
vi.. We obtain the following matrix representation of v~

THEOREM 4.2.

(4.2) V! =U(a) V" diag(Gy)
where G = DkPkZ,,k Dy .
Proof. From the obvious equality P Z,, = Z,, P! it follows

diag(Gy),_, = DZP"D, where Z=diag(Z,,),_, .
Furthermore, U(a) = Zf;ol e 1a®, where a® = (@41, ,a,,0,---,0). Conse-

quently, (4.2) is equivalentto V-7 = DPZDV Y7~ e, 1al®. In view of Corollary 3.6
and Lemma 4.1 it remains to show that

m
k=1~

n—1 n—1
(43) Z Jl hn,la(i) =72DV Z eiﬂa(i) .
=0 i=0

For this end we apply the formula for e*/ which is well know from the theory of ordinary
differential equations. This formula yields

(4.4) eh, 1 =ZDe(t).

If we compare (4.4) with ¢’h,_1; = (hy—1 Jhy—q --- J" ' h,_1) V'e(t) (Lemma
2.1), then we obtain (h,,—1 Jhy,—y --- J" ' h,_1) = ZDV and (4.3) is proved. 0
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5. Final remarks.

REMARK 5.1. The assertion wj_; — fwk = aprwyn_1 (k. =0,...,n—1) of Lemma
3.3, written in matrix form V=78, — JV-T = w,_1(ag,a1,--- ,an_1), where S, is the
forward shift of order n, is the so-called displacement equation for V=7 (see [9]). This
equation can also be deduced from the well known equality BTVT = VT.J, where B is
defined in (3.1).

REMARK 5.2. To prove the assertion of Theorem 3.4 one can use, instead of the Laplace
transformation, the Laurent series expansion at infinity of (A — \;) =7 (see [2]).

REMARK 5.3. In Section 2 we have only used that each component of e*4 is a so-
lution of (2.5). This fact is a consequence of the Cayley-Hamilton theorem p(A4) = 0.
Hence, if g(\) = AN + by 1 AVN=1 + ... 4+ b1 XA + by is any other polynomial with
q(A) = 0, for example the minimal polynomial of A, then the components of ¢4 are so-
lutions of y™)(t) + by_1 y™=D(t) + --- + boy(t) = 0 (since the matrix valued func-
tion Y (t) = e solves this equation). So we obtain, in the same way as in Section 2,
ety = (v Av A%v .. AN71v) V~Le,(t), where V is the confluent Vandermonde matrix
corresponding to the zeros of ¢g(\) and e, (t) denotes the vector of the standard fundamental
solutions of the above differential equation of order V. The resulting representation of e*4 is
et =(1,A A% .. [ AN"Y)y, (1), where y,(t) =V, tey(t).

REMARK 5.4. Assume for sake of simplicity that all v, are equal to v, where v is small
compared with n. Then using representation (4.2) the matrix-vector multiplication with the
inverse of a (confluent) Vandermonde matrix V' can be done with O(n log® n) computational
complexity. Indeed, utilizing FFT techniques then the complexity of the multiplication of an
n x n triangular Hankel matrix and a vector is O(nlogn). In particular, this leads to a
complexity of O(n) for the matrix vector multiplication with diag (Gk);::l' Now, the rows of
the matrix V7" can be reordered in such a way that the first 7 rows form a nonconfluent m x n
Vandermonde matrix, the (km + 1)th up to ((k + 1)m)th rows a nonconfluent Vandermonde
matrix multiplied by a diagonal matrix, &k = 1,...,v. With the ideas of [2] concerning the
nonconfluent case this leads to a complexity of O(nlog® n) to multiply V7 with a vector.

REMARK 5.5. From Lemma 3.1 one obtains a nice formula for the exponential of the
companion matrix B, e'? = (y(t) y'(t) --- y™ 1 (¢)). If A is nonderogatory, i.e., if there
exists a nonsingular matrix U such that AU = U B, then we obtain the representation e*4 =
Ay (y@) y'(@) - y"D(1)) A, where v = Ue; (which implies A, = U). We remark
that A is nonderogatory if and only if there exists a v such that A, is invertible. This follows
from A, B = AA, which can be easily proved.

REMARK 5.6. For f(z) = e* we have f(A) = (I,A,---, A" 1) . f(B)e; (since
y(t) = e'Bey). This is also true for other power series f(z) = > °_ am(z — 20)™
with convergence radius R > 0 and its corresponding matrix valued function f(A)
(A € C™™ with max; |\;(A) — z0] < R). Indeed, if we compare the initial values
of both sides of the equation e=*0tet4 = (I, A,-.- A1) . e~*0tctBey, then we ob-
tain (A — 200)™ = (I,A,---, A" 1) . (B — zI)™e; Which yields the assertion. For
the application to an vector this means f(A)v = Ayb, where b = f(B)e;. We re-
mark that b is just the coefficient vector of the Hermite interpolation polynomial of f(z)
with respect to the eigenvalues \; of A and their algebraic multiplicities ;. This follows
from the well known equality VBV ~! = JT: Vb = Vf(B)V Ve, = f(JT)Ve; =
(FOD), /), FO D), - f )y fOm D ()T



100

[1]
[2]
[3]
[4]
[5]

[6]
[7]

8]
[9]
[10]
[11]
[12]

[13]

ETNA

Kent State University
etna@mcs.kent.edu

U. Luther and K. Rost

REFERENCES

D. CALVETTI AND L. REICHEL, Fast inversion of Vandermonde-like matrices involving orthogonal polyno-
mials, BIT, 33 (1993), pp. 473-484.

T. FINCK, G. HEINIG, AND K. ROST, An inversion formula and fast algorithms for Cauchy-Vandermonde
matrices, Linear Algebra Appl., 183 (1993), pp. 179-192.

G. H. GoLuB AND C. F. VAN LOAN, Matrix Computations, Third Edition, The Johns Hopkins University
Press, Baltimore, 1996.

W. A. HARRIS, JR., J. P. FILLMORE, AND D. R. SMITH, Matrix exponentials - another approach, SIAM
Rev., 43 (2001), pp. 694-706.

F. I. LANDER, The Bezoutian and the inversion of Hankel and Toeplitz matrices, Mat. Issled., 9 (1974),
pp. 69-87.

I. E. LEONARD, The matrix exponential, SIAM Rev., 38 (1996), pp. 507-512.

C. MOLER AND C. F. VAN LOAN, Nineteen dubious ways to compute the exponential of a matrix, SIAM
Rev., 20 (1978), pp. 801-836.

G.HEINIGAND F. AL-MUSALLAM, Hermite’s formula for vector polynomial interpolation with applications
to structured matrices, Appl. Anal., 70 (1999), pp. 331-345.

G. HEINIG, W. HOPPE, AND K. ROST, Structured matrices in interpolation and approximation problems,
Wiss. Z. Tech. Univ. Karl-Marx-Stadt, 31 (1989), no. 2, pp. 196-202.

G. HEINIG AND K. ROsST, Algebraic Methods for Toeplitz-like Matrices and Operators, Akademie-Verlag,
Berlin, Birkhauser Verlag, Basel, 1984.

S.-H. Hou AND W.-K. PANG, Inversion of confluent Vandermonde matrices, Comput. Math. Appl., 43
(2002), pp. 1539-1547.

G. SANSIGRE AND M. ALVAREZ, On Bezoutian reduction with the Vandermonde matrix, Linear Algebra
Appl., 121 (1989), pp. 401-408.

J. F. TRAUB, Associated polynomials and uniform methods for the solution of linear problems, SIAM Rev., 8
(1966), pp. 277-301.



