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CHARACTERISTICS OF BESOV-NIKOL'SKIT CLASS OF FUNCTIONS *

SERGEY TIKHONOV'

Abstract. In this paper we consider functions from a Besov-Nikol’skil class. We give constructive characteris-
tics of this class. We establish criteria for a function to be in this Besov-Nikol’skil class by means of conditions on
its Fourier coefficients. We also discuss embedding theorems between some classes of functions.

Key words. Moduli of smoothness, Besov-Nikol’skii class, Best approximation, Fourier coefficients, Embed-
ding theorems.

AMS subject classifications. 42A10, 42A16, 41A50, 42A32, 42A50.

1. Introduction. If 1 < p < oo, let L, be the space of 27-periodic, measurable func-

2m P
tions f(x) such that || f||, = <f |f(x)|P da:> < oo. Similarly, let L, be the space of 27-
0

periodic, continuous functions f(z) with || f|lcc = H[lé%;( | | f(«)|. The modulus of smooth-
x€|0,27

ness of order 5 (8 > 0) ofafunction f € L,, 1 < p < oo, is given by

wp(f,t)p = sup fx+(B—=v)h)

|n|<t

V!
v=0

p

If F(n) > 0and G(n) > 0 for all n, then the notation F'(n) < G(n) will mean that there
exists a positive constant C' not depending on » and such that F'(n) < C G(n) for all . If
F(n) < G(n) and G(n) < F(n) hold simultaneously, then we shall write F'() < G(n).

Let a(t) be a function measurable on the interval [0, 1] and nonnegative. If there exists

1

a real number o such that [ «(t)t” dt < oo, then we shall say that «(t) satisfies the o-
0

condition.
Denote by BH («, 8,1, p, 0, k) the Besov-Nikol’skiT class (see, e.g., [9],[10]), that is,
the class of functions f(z) € L,, 1 < p < oo, such that

1
[ 1 0

/a(t) wi5(frt)p dt+5ﬁ"/a(t) t 0wl s(fot)pdt | < (0),

0 6

where 3, k,0 € (0,00), and the function « satisfies the o-condition with o = k6 and 0 <
0 < 1. Here and in the sequel, we shall assume that a function + is a majorant, i.e., ¥ is
a function, continuous and nonnegative on [0, 1], which possesses the following properties:
Y(61) < Crp(d2), 0 <61 <0y <1; 4(28) < Cap(6), 0<6 < 3, where the constants
C1 and @5 do not depend on 41, d2 and 4.

A sequence v := {v,} of positive terms will be called quasi 5-power-monotone in-
creasing (decreasing) if there exist a natural number N := N(f3,~) and a constant K :=
K(8,v) > 1 such that

(1.1) KnPry, >mPry, (0P, < KmPoy,)
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holds forany n > m > N.
If (1.1) holds with 5 = 0, then we omit the attribute ” G-power” in the inequality.
Furthermore, a sequence v := {~,,} of positive terms will be called quasi-geometrically
increasing (decreasing) if there exist natural numbers x := u(v), N := N(v) and a constant
K := K(v) > 1 such that

1
Vrdp = 29n and Yo < Kyni ("YnJru < 5771 and Ynt+1 < K'Vn)

hold for all n > NV.
Let

a < :
(1.2) > + ;(an cosnx + by, sin na)

be the Fourier series of a function f(z), and let S, (f) be the n-th partial sum of (1.2).
Then f(x) has lacunary Fourier coefficients if a,,b, = 0, n # 2%, and asx = ci, bor =
di; ek, dy, > 0(k € NU{0}). If there exists v > 0 such that 2= | 0, 2= | 0, then f(z)
has quasimonotone Fourier coefficients.

The best trigonometrical approximation to f is given by E,(f), =

Tip[f | f(z) —T|,, where 7,,_, is the collection of trigonometrical polynomials of
€ln1

total degree smaller than n.

An outline of this paper is as follows. In section 2, we consider some useful lem-
mas. In section 3, we give a constructive characteristic of the Besov-Nikol’skii class. In
section 4, we discuss criteria for a function to belong to a Besov-Nikol’skil class through
some conditions on its Fourier coefficients. In section 5, we consider Nikol’skil and Besov
classes and discuss embedding theorems between these classes and the Besov-Nikol’skil
class. We also obtain some results concerning ﬁ(/{,n ¥), §f{(a, B,,p,0,k), H(k,p,¥)
and BH («a, 8, %, p, 0, k) classes and their interrelations.

2. Auxiliary results. LEMMA 2.1 ([12]). If f(z) € Ly, 1 < p < oo, and if n € N,

then
1 n+1
En(f)p <wp(f,~)p <07 Y €7 Ee(f)y.
e=1
LEMMA 2.2 ([7]). For any positive sequence v := {, } the inequalities
k=n
or

k=1

hold if and only if the sequence ~ is quasi-geometrically decreasing (increasing), respec-
tively.

LEMMA 2.3 ([8]). Let a positive sequence v := {~,,} be quasi-geometrically decreasing
(increasing). Then there exists a positive (negative) ¢ such that the sequence {~,2"¢} is
quasi-geometrically decreasing (increasing).

LEMMA 2.4 ([7]). Ifa, > 0, Ay, > 0,andif p > 1, then
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fe%e] n p fe%e] 0o P
@ Sa(La) rEura(Sa).
v=1 = v=n

108

b) ZA( %fgﬁfMﬁﬁ(inf
v=n = v=1

%) p %)
LEMMA 2.5 ([4]). If a,, > 0,and if 0 < p < 1,then (Z an) < 3 ab.
n=1 n=1
3. Constructive characteristics of the Besov-Nikol’skil class. THEOREM 3.1. Let
B,k,0 > 0, and «f(-) satisfies o-condition with o = k6, and

1/2™ 1/2m
(3.1) onko / aft) t¥dt < / a(t)dt  for neNU{0}.
0 1/2n+1

Suppose f(z) € L, (1 < p < o0), then f(z) € BH(«, §,%,p, 0, k) if and only if for any
n € NU{0}

(3.2) <2—n39 S 2PNESL (fp+ > AES (f)p) <9 (%) ;

v=0 v=n-+1
1/2¥
where A, = [ a(t)dt, v e NU{0}.
1/2u+1
1/v 1/2%
Proof. Define u, = [ «a(t)dt,v € N,ie, por = A, = [ a(t)dt, v €
1/(2v) 1/2v+1

N uU{0}.
Using (3.1) and Lemmas 2.2 and 2.3, we get that there exists an ¢ > 0 such that the
sequence {Ay2*”(’“9*5)} is quasi-geometrically decreasing. Thus,

(3.3) A2~ RO=2) < op, 9—m(k6—e)

holds forany m < [.
Let n be an integer such that 2n+1 <6< Qn. Then using the properties of modulus of

smoothness (wi+5(f,t)p =< wit+s(f, 2n) for 2n+1 <t< 21,1, see [12]), we have

—n

)
a(t)wpyz(f,t)pdt + 67

2—(n+1)

[ V)

a(t)t P Wl g(f,t)pdt <

S

-
- / a(t) bl y5f, 5 )p—AnwW(f, Ly,
92— (n+1)

and hence,

5 1
B4 L+ :=/a(t)w}erﬁ(f,t)pdt—&—éBG/a(t)t Bewarﬁ(f, t)p dt <
0 5

Z / alt)wis(ft)pdt +27 nﬁez / 0wl (fot)pdt <

V=N (vt1) v=0,_(,11)
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%) 1 . n , 1
Z AVWZ+B(fv§)p+2 5922 MAVWZW(JF’?)P'

v=n-+1 v=0

Lemma 2.1 implies

L+1< < S oy, +2‘"5922‘”‘“9A ) > 2D (f),

v=n-+1 v=0 £=0

Let # < 1. By Lemma 2.5 we obtain

L+ < Z 2 HDON, AN TSRO RS (£), + > 22 EL(f), | +
v=n-+1 £=0 E=n+1

L g—nBY Z 9k Z 2g(k+ﬁ)eE2eg (f)p-
v=0 £=0

Using (3.1), we get

(3.5) Zz (k+0)0 N, < 27 "5922 vRON, < 27 REBON

v=n

Thus,

I + I < 27 kB0 Z 26 R+BO B0 (1), + Z 2B+ EL (£), Z o v(k+B)O N 4

§€=0 &=n v=¢£
£ S SR (), 302N, € SOAEL (142 S BINEL (),
§=0 v=¢ &=n £€=0

Now let & > 1. Define

I = Z g v(k+8)0p 225 kJrﬁ)EQ5 ,
v=n-+1 £=0 i

-6

I = Z 29— k-‘rﬁ)@A 25(k+5)E25(f)p ,
v=n—+1 E=n+1 i

v

121 — 2—77,59 Z 2—U7€}9AV Z 2£(I€+B)E2€ (f)p
£=0

v=0
For I35 and 121, Lemma 2.4(a) gives

[
e} 1-¢ o) o)
Iy < Z VB0 B8 (f), (2"’(’“+5)9AU) 22‘5(’”5)9/&5 < Z ALES (f)y-

v=n+1 E=v v=n+1

6
n

-n S v —v 1-6 — -n S v
Iy < 270N "o OO Bl (£), (274N, Do HRIN N < 27BN 9PN B, (),

v=0 E=v v=0
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We now estimate [;;. Let 8’ = % and 7 = 5 with ¢ defined by (3.3). An elementary
calculation, using the Holder inequality, gives that
1 1
n n n o’
36) Y 2B (f), < | D 2R (f), | |3 2t

6
£=0 £=0 £=0

=

< "7 Z 2£(k+B_T)0E20§ (f)p
£=0

Using (3.5) and then (3.6) and (3.3), we obtain

0

I < an(kJrﬁ)GAn Z 2£(k+ﬁ)E2§(f)p < an(kJrﬁfT)GAn Z 2£(k+ﬁfr)9E295(f)p <
£=0 £=0

< 270N, 27RO N " 9fB0at RO B (f), < 2700y T 2N (f),-
=0 P

Hence, we claim that (3.2) = f(z) € BH(«, 8,¢,p, 0, k).
On the contrary, if f(x) € BH(«, 3,4, p, 0, k), then Lemma 2.1 and (3.4) imply (3.2).
O

4. Fourier coefficients of functions from Besov-Nikol’skil class. THEOREM 4.1. Let
B,k,0 > 0, and «f(-) satisfies the o-condition with o = k6, and

1 1/2™ 1/2m
(4.1) / a(t)dt 4 2™+ / at) thdt < / a(tydt  for neNU{0}.
1/2n 0 1/2n+1

If f(z) € L,(1 < p < oo0) has lacunary Fourier coefficients, then f(z) €
BH(a, 3,4, p,0, k) if and only if, for any n € N U {0}, there holds

7 <2"ﬁ"2<cu+du>%w9+ > (c,,+du)9AV> <<¢(2in>,

v=0 v=n-+1
1/2v
where A, = [ «(t)dt, v e NU{0}.
1/2u+1

Proof. Let n be an integer such that -+ < § < 5~. We note that a(¢) satisfies (3.1) as

well, which follows from (4.1). Thus, it is sufficient to prove

n o0 1
(42) =SS =27 2N EL (£ Y AVEL(f)p < v (27)
v=0 v=n-+1

It is clear that condition (4.1) implies

(4.3) D> A, <A,
v=0
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Using Lemma 2.2 and 2.3, we have that there exist e > 0 and C' > 1 such that the inequality
(4.4) A2 < CAp27™

holds forany I < m.
For the case 1 < p < oo we shall need a well-known statement for functions with lacunary

Fourier coefficients ([14]): Ean (f)p < ||f — San—1(f)|lp =< [i (c2 + di)} . For brevity,
k=n

we shall suppose that the function f is even (d; = 0). Put

2]

2

[SIE

n

Jp = 27 npe znjﬂf’AV icg = g~ Ao Zz’“f"’A,, znjcg +
E=v E=v

v=0 v=0
- 8 8
n 00 2 [eS) oo 2
+2_n69 ZQUﬁeAV Z Cg = J11 + J12, Jg = Z A,, ch = J21.
v=0 E=n+1 i v=n+1 E=v

To estimate .J11, Jo1 We now write, for 8 < 2, using Lemma 2.5 and (4.3), that

n n n I3 n
Jip < 270N BN N "l 27BN TN T oI, < 270N " 2t
v=0 E=v £=0 v=1 £=0
oo I3 0o
Jo1 K Z Cg Z A, < Z CgAg.
E=n+1 v=n+l E=n+1

We note that (4.4) gives the inequality A; < CA,, (I < m). Thus, for § < 2 we have

o0 oo
Jia <Ay >l < Y dAe
E=n+1 E=n+1

Let & > 2. Using Lemma 2.4(b) and (4.3), we get

n 3 2 n
1—8
Ji < 270N el (2590) lE 2”59AV] < 270N " ot
£=0 v=0 £=0

and

LR
< Y dAe
E=n+1

) 3
T Y d(rg)' l S oA

E=n+1 v=n+1

Let¢’ = ;% and = £ with e defined by (4.4). Using Holder inequality, we have

1
7

0

£y
I

oo oo oo o0
@5 Y < | > ot | N 9B o7 | N ot
E=n+1 E=n+1 E=n+1 E=n+1

Combining (4.3), (4.5) and (4.4), we obtain

oo 2

o0 o0 (o]
Ja <A | Y0 G| <2, Y 2t w2, Y 2 < > A
g=n+1 g=n+1 ¢=nt1 ¢=nt1
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Finally, we have J; + Jo < 3. c9259A5 + 2—npY Z c92559A5 and the sufficiency of
E=n+1 ¢
4.2) has been proved. The necessny of (4.2) follows 1 from evident estimates:  J; >

2~ nhso Z 092£B‘9A5 Ja > Z
E=n+1 ¢
In the case of p = oo the proof can be developed in the same manner using the following

inequality ([L1]): Ean (f)oe = kf (o +dy). O

THEOREM 4.2. Let 8, k,0 > 0, and «(-) satisfies a o-condition with o = k6, and

1 1/n 1/n
(4.6) / a(t) dt =< n*? / a(t)th? dt < n / at)dt for n=2,3,---
1/n 0 1/(n+1)

Suppose f(z) € L,(1 < p < o0) has quasimonotone Fourier coefficients, then f(z) €
BH(a, 8,9, p,0, ) if and only if, forany n € N,

1
n o) 9
1
<z<> Ly <>> <o ()
v=1

v=n-+1

1/v
where A, = [ a(t)dt, v €N.
1/(v+1)
Theorem 4.2 can be proved in the same way as Theorem 4.1. Another way of proof is
presented in [13].

5. Embedding theorems. Recall that the sequences {A},{u},{A} are defined by

1/2¥ 1/v 1/v
A= [ at)dt, ve NU{O}, o= [ a(t)dt,\, = [ «t)dt, veEN.
1/2v+1 1/(2v) 1/(v+1)

By H(k,p,) and B(«, 3, p, §) we denote Nikol’skiT and Besov classes ie, H(B,p,¢) =
{feL,:ws(f,d), <(d)},and B(a, 3,p,0) = {fEL f wﬁ (fit)p dt<oo}

The class H(j,p,) consists of all functions f e L, that satlsfy ws(f,0), < ¥(9),
where f is the conjugate function of f ([14]). In the same way we define the class
fT{(a, 8,1, p,0, k). Now we can formulate the following embedding theorems.

THEOREM 5.1. Suppose 3,k,6 > 0,1 < p < oo, and «(-) satisfies the o-condition
with o = k6. If the majorant ¢ (¢) satisfies ([1]):

B Te)=0 )]
(Bs) 320 () = 0277 ()],

then the classes BH («, 3,v,p, 6, k) and H(k + B, p, (u[l/(;])*% 1 (9)) coincide.

Proof. Let n be an integer such that -4 < § < 5. Note ([1]) that if ¢/(5) € B and
1(6) € Bg, then forall 6 > 0 we have

ZdJ < > <’ < ! ) < 90 ( 22’“"%9 ( ) < 2900 <2in) < 670 (5) .
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Therefore,
) 27Y
/a()wwf, dt<<Z / fi ) dt<<Z¢ ( ><<w9()
0 V=N~ (v+1)
and

k=0

1 n
659/t*f’9a(t) Wi p(ft)pdt < 570 " 2R0yP (21k> < ? (8).
§

In other words, if f(z) € H(k + B,p, (1)) %w(é)), then f(z) € BH(w, 8, ¢, p, 0, k).
Let f(x) € BH(a, 3,7, p,0,k). Then

) 1
V0 (8) > / a(t)wy, g(f.t)pdt + 6% / t () wiy 5(f,t)pdt >
0 §

—n

>
[

> / a(t)dt + 67 | = 7a(t)dt | wiis(f,0)p > ppss) @i (f.0)ps

—(n+1)

u\

1
|e,f(l') EH(k—i_ﬁnpv (/1*[1/5]) 9¢(5)) a
Using Theorems 4.2 and 5.1, one can prove
COROLLARY 5.2. Under the conditions of Theorem 5.1, if f(z) € L, (1 < p < c0) has
quasimonotone Fourier coefficients and «(-) satisfies (4.6), then

) € HOb+ B, (ug)  006) = b < P (5 ) 008

THEOREM 5.3. Suppose 3,k,6 > 0,1 < p < oo, and «f(-) satisfies the o-condition
with o = k6. If the majorant «(¢) satisfies the following condition: ¢ (¢) > C'for0 <¢ <1,
then the classes BH («, 3,1, p, 0, k) and B(«, k + 3, p, ) coincide.

Proof. Let f(z) € B(a, k + 3,p, ). We see that

é 1 g
(/a(t) wh5(f, t)pdt+5ﬁ"/t*5"a(t) why5(f, t)pdt> <
0 5

< (/a(t) werﬁ(ﬁt)pdt) < C <Y (9).

0

Let f(x) € BH(a, 3,%,p,0, k). Then jl‘a(t) wi 5 (frt)pdt < 4P (1) < 00.O

0
Using Theorems 4.2 and 5.3, one can prove
COROLLARY 5.4. Under the conditions of Theorem 5.3, if f(x) € L, (1 < p < c0) has
quasimonotone Fourier coefficients and «(-) satisfies (4.6), then

Tl

f(x) € Bla,k + 6,p.) Z 4y + b0 A
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THEOREM 5.5. Let 3,k > 0,0 <0 < 1,p=1,00,and a(t) = t~*. Then

BH(a, 3,4,p,0,k) C H(B,p,v) C H(k + 3,p, ).

Proof. Let f(z) € BH (o, 3,%,p,0,k) and a(t) = t~1. It is easy to prove that A, =<
1 (v € NU{0}). We need here the Stechkin inequality ([1]): Ez(f), < 3. Eav(f),. If

v=n

we combine this with Lemma 2.1, 2.5 and Theorem 3.1, we get

n [
-1 -1 . . -
wis(f 5y <whf 5odp < <2 7y 2 ﬁEzv(f)p> <
v=0
[

(4
< 27NN " Bye(f)p | < 270N 2PN T Ene(f), | +
v=0 E=v v=0 E=v

0

3 )

427N N Bye(f)y | < 270N B () Y 27+ D Bl <
v=0

E=n+1 £=0 v=0 E=n+1

(5.1) <270y 2B (fp+ D Bae(f)p <o (Qi)

£=0 E=n+1

REMARK 5.6. Let 81,02 > 0,0 < 0 < 1. If f(x) € L,, p= 1,00, then

) 1
wg, (f,0), < /t—lwg2(f,t)pdt+6ﬁl“’/t—ﬁl"—lwg2(f,t)pdt
0 )

Proof. Applying Lemma 2.1 to (5.1), we obtain

oo

<1 I _ _
Wb, (Fr gy < 270D 2POUE (1,27, + 3 wh(£,270) <
£=0 E=n+1
el 1/2¢
< 270Nl (£,279), / PO L+ wh (F.27), +
£=0 1/28+1
- 1/2¢ o1 1/2°
+ > Wl (f 279, / thdt < 270y / OG0 (ft),dt +
§=n+1 1/26+1 §=0y j9e+1
1/2™ o 1/2¢
+ 27 nAl / POl (Ft)pdt + t Wl (f. 1), dt.
1/2n+1 5:n+11/2§+1
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Let n be an integer such that znﬂ < § < 5. Hence,

— 1/2¢ 1/2m
wh (f.0), <270y OG0 (ft), dt + 670 / =018 (f,t)pdt +
£=0y j5e11 1/2n+1

1/2¢

50 ) 1
+ > / t W (f,t)p dt <</t_lwg2(f7t)pdt+5519/t‘ﬁle_lwg2(f7t)pdt
0 é

£:n+11/2§+1

COROLLARY 5.7. Suppose the sequence {u,} is quasi-monotone increasing and
quasi e- power -monotone decreasing with ¢ = —k6. Under the conditions of Theorem

5.1, if p = 1,00, then the classes BH(a,(,%,p,0,k), BH(a,ﬁ,w,p,e,k:), H(k +

8,1, (11ys) 7 4(6)) and H (k + B,p, (u/s)) " () coincide.

Proof. By Theorem 5.1, it is sufficient to prove that the classes H(k +
B,p, (pys) ° ¥(0)) and H(k+ B,p, (111751) ? ¥(8)) coincide. This easily follows from
the conditions on {1, } and the inequality of Remark 5.6 (¢ = 1,81 = 52 = k+ (). O

THEOREM 5.8. Suppose 3, k,0 > 0, p = 1,00, and «(-) satisfies the o-condition with
o = k6, and

1 1/271

/a@ﬁ< /(WMt for neN.

1/2n 1/2n+1

Then the classes BH («, 3,4, p,0, k) and Eff(a, 08,1, p,0, k) coincide.
Proof. According to Theorem 3.1,

f(@) € BH(a,,9.,p,0,k) <= 27" ) 2N E)()y+) | AvBL(f)p <0 (2i>

v=0 v=n-+1

Using the inequality ([1]) Ean (f), < i E5v(f), and following the line of proof of The-

orem 3.1 and 3.2 it easy to show that 27%¢ S 299N, EY(f), + S ALEY(f), <
v=0 v=n-+1
? (2—1n) ,1.e., f(z) € BH(«, 8,4, p,0,k). O
Note. Let k, 3,0 > 0, k+ 3 € Nand a(t) = t~"%~1, 0 < r < k. Then Theorems
3.1, 5.1, 5.3 are proved in [6]. If additionally f(z) has monotonic Fourier coefficients, then
Theorem 4.2 is established in [3], in Corollary 5.2 in [5], and Corollary 5.4 in [2].

Acknowledgments. The author would like to thank Professor Mikhail K. Potapov for
useful comments on this work.
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