AN IMPLICITLY RESTARTED LANCZOS METHOD FOR LARGE SYMMETRIC EIGENVALUE PROBLEMS^∗

D. CALVETTI^† , L. REICHEL^‡ , AND D.C. SORENSEN^§

Dedicated to Wilhelm Niethammer on the occasion of his 60th birthday.

Abstract. The Lanczos process is a well known technique for computing a few, say k, eigenvalues and associated eigenvectors of a large symmetric n × n matrix. However, loss of orthogonality of the computed Krylov subspace basis can reduce the accuracy of the computed approximate eigenvalues. In the implicitly restarted Lanczos method studied in the present paper, this problem is addressed by fixing the number of steps in the Lanczos process at a prescribed value, k + p, where p typically is not much larger, and may be smaller, than k. Orthogonality of the k + p basis vectors of the Krylov subspace is secured by reorthogonalizing these vectors when necessary. The implicitly restarted Lanczos method exploits that the residual vector obtained by the Lanczos process is a function of the initial Lanczos vector. The method updates the initial Lanczos vector through an iterative scheme. The purpose of the iterative scheme is to determine an initial vector such that the associated residual vector is tiny. If the residual vector vanishes, then an invariant subspace has been found. This paper studies several iterative schemes, among them schemes based on Leja points. The resulting algorithms are capable of computing a few of the largest or smallest eigenvalues and associated eigenvectors. This is accomplished using only (k + p)n + O((k + p)^2) storage locations in addition to the storage required for the matrix, where the second term is independent of n.

Key words. Lanczos method, eigenvalue, polynomial acceleration.

AMS subject classification. 65F15.

∗Received October 25, 1993. Accepted for publication February 21, 1994. Communicated by M. Eiermann.

†Department of Pure and Applied Mathematics, Stevens Institute of Technology, Hoboken, NJ 07030. E-mail: calvetti@mathrs1.stevens-tech.edu.

‡Department of Mathematics and Computer Science, Kent State University, Kent, OH 44242. This research was supported in part by NSF grant DMS-9205531. E-mail: reichel@mcs.kent.edu.

§Department of Mathematical Sciences, Rice University, Houston, TX 77251. This research was supported in part by NSF cooperative agreement CCR-8809615 and DOE contract DE-FG0f- 91ER25103. E-mail: sorensen@rice.edu.