STABILITY OF NUMERICAL METHODS FOR ORDINARY STOCHASTIC DIFFERENTIAL EQUATIONS ALONG LYAPUNOV-TYPE AND OTHER FUNCTIONS WITH VARIABLE STEP SIZES^∗

HENRI SCHURZ^†

Abstract. Some general concepts and theorems on the stability of numerical methods for ordinary stochastic differential equations (SDEs) along Lyapunov-type and other Borel-measurable, nonnegative functions are presented. In particular, we deal with almost sure, moment and weak V -stability, exponential and asymptotic stability of related stochastic difference equations with nonrandom, variable step sizes. The applicability of the main results is explained with the class of balanced implicit methods (i.e. certain stochastic linear-implicit methods with appropriate weights). It is shown that, they are rich enough to provide asymptotically, exponentially and polynomially stable numerical methods discretizing stable continuous time SDEs by controlling the choice of their weights.

Key words. stochastic-numerical approximation, stochastic stability, ordinary stochastic differential equations, numerical methods, drift-implicit Euler methods, balanced implicit methods, Lyapunov-type functions, numerical weak V -stability, stability of moments, a.s. stability, asymptotic stability

AMS subject classifications. 65C20, 65C30, 65C50, 60H10, 37H10, 34F05

1. Introduction. Convergence and stability are two of the key requirements on numerical methods for approximating systems of stochastic differential equations (SDEs) such as, dX_t = a(t, X_t) dt + m∑ j=1 b^j (t, X_t)dW^j_t = m∑ j=0 b^j (t, X_t)dW^j_t (1.1)

driven by standard one-dimensional Wiener processes W^j = (W^j_t )_{0≤t≤T} and interpreted in Itô sense (for the sake of simplicity of this representation), where a, b^j ∈ C^0([0, T ]×IR^d, IR^d) and we meet the convention W^0_t = t and b^0(t, x) = a(t, x) for more compact notation (for theory of SDEs (1.1), see Arnold [2] - [3]). The key role of these concepts is visible from the stochastic Kantorovich-Lax-Richtmeyer principle, as presented in Schurz [44, 45, 46, 47] (For deterministic counterparts and related topics, e.g. see Godunov and Ryabenkii [14], Richtmeyer and Morton [36] or Strikwerda [49]). Roughly speaking, it says that, if some consistency, contractivity and stability requirements are met, one is able to find contractivity constants K^X_C of the exact solution, stability constants K^Y_S of the numerical approximation and contants K_I such that the universal estimates of the weak L^p-error (p ≥ 1),

ε_p(T ) := sup_{0≤t≤T} ( IE ‖X_t − Y^Δ_t ‖^p_d )_{1/p} ≤ exp(K^X_C T )ε_p(0) +K_I exp(K^Y_S T )Δ^γ_{max}

(1.2)

hold, where Δ_{max} denotes the maximum step size, γ the rate of L^p-convergence, ‖.‖_d the Euclidean vector norm of IR^d, and Y^Δ a suitable (continuous time continuation of) numerical approximation of process X = (X_t)_{0≤t≤T} governed by (1.1). Similar estimates are valid for the strong L^p-error e_p(T ) = (IE sup_{0≤t≤T} ‖X_t − Y^Δ_t ‖^p_d)^{1/p} (p ≥ 1). Also, in view of weak approximations along appropriate classes of functionals of X, the verification of stability of related numerical methods applied to SDEs (1.1) is crucial for the proof of rates of weak convergence, as seen in works of Milstein [30] and Talay [50]. Hence, the important role of stability investigations for discrete stochastic dynamics generated by numerical methods approximating SDEs is apparent. For a more recent overview on aspects of stochastic-numerical analysis

∗Received September 2, 2003. Accepted for publication October 20, 2004. Recommended by R. Varga. † Department of Mathematics, Southern Illinois University, 1245 Lincoln Drive, Carbondale, IL 62901-4408, USA. E-mail: hschurz@math.siu.edu. This work was supported by Southern Illinois University and EPSRC. 27

and interrelations, see also Artemiev and Averina [5] or Schurz [44]. In passing, for technical reasons, we note that both the solution X = (X_t)_{0≤t≤T} , its approximation Y^Δ = (Y^Δ_n )_{n∈}IN and the driving independent Wiener processes W^j = (W^j_t )_{0≤t≤T} are defined on complete, filtered probability spaces (Ω, F, (F_t)_{0≤t≤T} , IP ) and (Ω, F, (F_n)_{n∈}IN, IP ), respectively.

This work is a continuation of systematic stability investigations [37] - [43]. Mean square stability of numerical methods for linear SDEs is discussed by many authors, e.g. [4], [5], [8], [9], [16], [17], [18], [33], [35], [37] and [38], and stochastic stability by [6], [17], [18], [7] and [30], whereas expectation stability in [1], [19] and [39]. Additively noised equations and stability is treated in [39]. There is a note [40] on an invariance property of stochastic θ-methods concerning moment stability. Stochastic versions of A-stability are found in [5], [17], [38] and [42]. Numerical stability exponents are investigated in [41]. Contractivity and B-stability of stochastic dynamics (including the drift-implicit Euler-Maruyama method) are discussed in [38], [41] and [42]. However, most of the forementioned works deal with numerical stability when applied to linear, onedimensional SDEs. Here, we are aiming at a presentation of fairly general theorems to control the qualitative behavior with respect to diverse stability concepts of stochastic numerical methods in IR^d along certain nonlinear functions (which play a similar and sometimes more general role as Lyapunov functions) when applied to linear and nonlinear test SDEs (1.1). As an illustrative example, the class of balanced implicit methods with linear-implicit weights as introduced in [31] is thoroughly treated with respect to several stability issues. It is shown that this class can successfully tackle several problems of asymptotic almost sure and moment stability by the help of Lyapunov-type functions. As a major consequence, our analysis contributes to the understanding of constructing both converging and asymptotically stable numerical methods applied to systems of (nonlinear) SDEs with variable step sizes. However, we will interpret the concept of Lyapunov functions in a very generous manner (i.e. along nonnegative Borel-measurable functions with certain equilibria to evaluate the asymptotic behavior of related numerical dynamics, that is why we use ”Lyapunov-type” in our title above) compared to its original definition.

As we go on we note that, there exist an incredible rich literature on stability theory of analytic solutions of SDEs. See, e.g. the books of Arnold [2] and [3], Hasḿinskiǐ [15] or Mao [29] in order to mention a few of them. Our aim is to present a fairly general, but still applicable approach, to the stability analysis of stochastic-numerical methods based on Lyapunov-type or similar functions (or functionals), and we understand this work only as a beginning to carry over some of the key concepts known from analytic theory to fastly expanding field of stochastic-numerical analysis. Here, we are mainly interested to study the stability behavior of the numerical methods by its own dynamics. The through comparison to the behavior of the underlying analytic solution is left to future research due to its enormous complexity and many unsolved related problems.

The paper is organized as follows. In Section 2, we report on results with respect to exponential and asymptotic weak V -stability along Lyapunov functions V (i.e. ”weak” in the sense of expectations of V ). Section 3, deals with asymptotic almost sure stability. Thereafter, we introduce the concept of weak V -stability exponents and study the almost sure stability behavior with their help in Section 4. Finally, section 5, concentrates on fully nonlinear relations involving Lyapunov-type functions and resulting to stability of polynomial type.

2. Exponential and Asymptotic Weak V -Stability. One of the weakest requirements of stability is the stability of the first moments. Such a concept for numerical methods is discussed in [1]. A more general, but still weak concept is given below. Let Y_{s,x}(t), denote the continuous one-step representation of the numerical method Y = (Y_n)_{n∈}IN along discretizations 0 = t_0 ≤ t_1 ≤ ... ≤ t_{nT} = T of time-intervals [0, T ], i.e. Y_{s,x}(t) is the value of the numerical approximation at time t ∈ [s, T ] ⊆ [0, T ], started at the value x at time s ∈ [0, T ).

2.1. Definition and general theorems. For simplicity, interpret the discrete time numerical method Y as a sequence of values Y_n, along a given adapted discretization of the interval [0, T ]. We shall also take into account certain standard continuations of those discrete methods to associated continuous time approximations constructed along the adapted sequences of nondecreasing instants t_n ∈ [0, T ] and coinciding with the values Y_n at those instants t_n wherever it is convenient (for simple examples, see below). Let B(S), denote the σ-algebra of Borel sets of inscribed set S, and μ the Lebesgue-measure.

DEFINITION 2.1. A random sequence Y = (Y_n)_{n∈}IN of real-valued random variables Y_n : (Ω, F_n, IP ) → (IR^d, B(IR^d)) is called asymptotically weakly V -stable for a nonnegative, Borel-measurable function V : [t_0, T ) × IR^d → IR^1_+ if, lim t_n→T − IE V (t_n, Y_n) = 0

(2.1)

for all finite initial values Y_0 with IE V (t_0, Y_0) < +∞. Moreover, Y is said to be exponentially weakly V -stable for a nonnegative, Borel-measurable function V : [t_0, T )×IR^d → IR^1_+ if there exist functions K_S : [0, T ) → IR^1 ∈ L^1_{loc}([0, T ), B([0, T )), μ) and real constants δ_0 such that,

IE [V (t_{n+1}, Y_{tn,Yn} (t_{n+1}))|F_n] ≤ exp ( K_S (t_n)(t_{n+1} − t_n) ) V (t_n, Y_n) (2.2)

for all finite random variables Y_n which are (F_n, B(IR^d))-measurable and all (F_n)- predictable discretizations (t_n)_{n=0,1,...,nT −1} of [0, T ] with Δ_{max} ≤ δ_0. If V (x) = ‖x‖^p_d in the above statements then Y is called exponentially p-th mean stable (in particular, if p = 2 then exponentially mean square stable).

Note: The terminologies ”asymptotic” and ”exponential stability” are interpreted in a fairly wide sense. We incorporate the limit behavior on finite time-intervals [0, T ] too, since there are examples such as, the numerical simulation of Brownian bridges, (see e.g. Schurz [38]) where the precise limit behavior at the boundaries on finite time-intervals [0, T ] is required on its approximation (or more general in boundary value problems). Moreover, we also allow to observe exponentially increasing behavior by the concept of ”exponential stability” in contrast to continuous time standard definitions. The main observation for the term ”exponential” is that the numerical method allows estimates of the form (2.2), and hence the behavior of its stability function K_S on [0, T ] will mainly determine its limit behavior as seen below. Only the additional words ”asymptotic stability” or ”asymptotically stable” are exclusively reserved for the convergence of related functional to 0 throughout this paper.

THEOREM 2.2. Assume that the numerical method Y constructed along any nonrandom time-discretization of [0, T ] with maximum step size Δ_{max} ≤ δ_0 is exponentially weakly V -stable with δ_0 and nonrandom stability function K_S on [0, T ]. Then, ∀n = 1, 2, ..., n_T ,

IE V (t_n, Y_n) ≤ exp (^{n−1}∑ k=0 K_S (t_k)Δ_k ) IE V (0, y_0),

(2.3)

sup 0≤t≤T IE V (t, Y_{0,y0} (t)) ≤ exp

(^nT^{−1}∑ k=0 [K_S (t_k)]_+Δ_k ) IE V (0, y_0)

(2.4)

where [.]_+ denotes the positive part of the inscribed expression. Moreover, if Y is a continuous time numerical method and K_S is its nonrandom stability constant (i.e. K_S =constant on [0, T ]) then,

IE V (t, Y_{0,y0} (t)) ≤ exp(K_St)IE V (0, y_0),

(2.5) sup 0≤t≤T IE V (t, Y_{0,y0} (t)) ≤ exp([K_S ]_+T )IE V (0, y_0).

(2.6)

Proof. Suppose that t_k ≤ t ≤ t_{k+1} with Δ_k ≤ δ_0. If IE V (0, y_0) = +∞ then there is nothing to prove. Now, suppose that IE V (0, y_0) < +∞. We may confine ourselves to the case when K_S is a nonrandom constant on [0, T ] and Y is a continuous time numerical method constructed along the adapted nondecreasing instants t_n ∈ [0, T ] since the proofsteps are very similar. Using elementary properties of conditional expectations, we estimate,

IE V (t, Y_{0,y0} (t)) = IE IE [V (t, Y_{tk ,Yk} (t))|F_{tk} ] ≤ exp(K_S (t − t_k)) · IE V (t_k , Y_k) = exp(K_S (t − t_k)) · IE V (t_k, Y_{tk−1,Yk−1} (t_k)) ≤ ... ≤ exp(K_S t) · IE V (0, y_0) ≤ exp([K_S ]_+t) · IE V (0, y_0) ≤ exp([K_S ]_+T ) · IE V (0, y_0)

by induction. Hence, taking the supremum confirms the claim of Theorem 2.2.

COROLLARY 2.3. Assume that, the numerical method Y constructed along any nonrandom time-discretization of [0, +∞) with maximum step size Δ_{max} ≤ δ_0 is exponentially weakly V -stable with constant δ_0 and nonrandom Lesbesgue-integrable stability function K_S ∈ L^1_{loc}([0, +∞), B([0, +∞)), μ) satisfying, +∞∑ k=0 K_S (t_k)Δ_k = −∞.

(2.7)

Then, Y using nonrandom step sizes (Δ_k)_{k∈}IN is asymptotically weakly V -stable.

Proof. Obvious application of Theorem 2.2 with inequality (2.3) and taking the limit n → +∞. 2.2. The example of balanced implicit methods. A fairly easy example of numerical methods for systems of SDEs (1.1), is given by the class of balanced implicit methods (BIMs), as introduced by Milstein, Platen and Schurz [31] and studied in Schurz [38], [43]. These methods follow the iteration scheme,

Y_{k+1} = Y_k + m∑ j=0 b^j (t_k, Y_k)ΔW^j_k + m∑ j=0 c^j (t_k, Y_k)|ΔW^j_k |(Y_k − Y_{k+1})

(2.8)

where ΔW^j_k = W^j_{tk+1} − W^j_{tk} , c^j ∈ C^0([0, T ] × IR^d, IR^{d×d}) (Recall the convention W^0_t = t and b^0(t, x) = a(t, x)). BIMs (2.8) possess the one-step representations Y_{s,y}(t) = y + M^{−1}_{s,y} (t) m∑ j=0 b^j (s, y)(W^j_t − W^j_s ) with

(2.9)

M_{s,y}(t) = I_d + m∑ j=0 c^j (s, y)|W^j_t − W^j_s | (2.10)

while assuming the existence of M^{−1}_{s,y} (t) for all 0 ≤ t − s ≤ δ_0 ≤ T and all y ∈ IR^d and all s, t ∈ [0, T ], where I_d denotes the d × d unit matrix of IR^{d×d}. Mean square convergence of these linear-implicit methods with rate 0.5 (as the standard Euler-Maruyama methods) has been proven in [31] provided that the coefficients b^j are Lipschitz-continuous and the weights c^j guarantee the uniform boundedness of M^{−1}. Using the one-step representation (2.9), the continuous polygonal representation of the scheme (2.8) can recursively be written as,

Y_{0,y0} (t) = Y_k + M^{−1}_{tk,Yk} (t) m∑ j=0 b^j (t_k, Y_k)(W^j_t − W^j_{tk} ) if t_k ≤ t ≤ t_{k+1}

(2.11) for all times t ∈ [0, T ], started at Y_0 = Y_{0,y0} (t_0) = y_0 ∈ IR^d, where we have the identity Y_{0,y0} (t_{k+1}) = Y_{tk ,Yk} (t_{k+1}) = Y_{k+1} for all k = 0, 1, ..., n_T − 1. Let ‖.‖_{d×d} denote a matrix norm which is compatible with the Euclidean vector norm ‖.‖_d on IR^d.

THEOREM 2.4. Let δ_0 ≤ min(1, T ) and b^j (t, x) = A^j (t, x)x. Assume that the stochastic process X = (X_t)_{0≤t≤T} satisfies (a.s.) the Itô SDE

dX_t = A^0(t, X_t)X_t dt + m∑ j=1 A^j (t, X_t)X_t dW^j_t , (2.12)

with nonrandom IR^{d×d}-valued matrix coefficients A^j of Caratheodory-type and there are real constants K^S_M and K^j_B satisfying ∀t, s ∈ [0, T ] : 0 ≤ t − s ≤ δ_0 ∀x ∈ IR^d ‖A^j (t, x)‖_{d×d} ≤ K^j_B , ‖(I_d − A^0(t, x)(t − s))^{−1}‖_{d×d} ≤ exp(K^S_M (t − s)) (2.13)

Then the drift-implicit BIMs (2.8) applied to SDE (2.12) with weights c^0(t, x) = −A^0(t, x) and c^j (t, x) = O (j = 1, 2, ..., m), and step sizes

Δ_k ≤ Δ_{max} ≤ δ_0 < min { 1, T, 1 mp(p − 1)(K^j_B )^2 : j = 1, 2, ..., m } (2.14)

are exponentially p-th mean stable with p ≥ 2 and stability constant

K^{(p)}_S ≤ p · m p − 1 2 m∑ j=1 (K^j_B )^2 1 − mp(p − 1)(K^j_B)^2Δ_{max} + K^S_M (2.15)

and they satisfy global p-th mean stability estimates (2.5) and (2.6) for p ≥ 2.

Proof. Suppose that δ_0 ≤ min(1, T ). Recall that 0 ≤ t − s ≤ δ_0 ≤ min(1, T ). Let Z(s), be any (F_s, B(IR^d))-measurable random variable. Define the auxiliary quantities M_{s,x}(t) = I_d − A^0(t, x)(t − s) and γ = √ 1/(p − 1). Then, IE [‖Y_{s,Z(s)}(t)‖^p_d|F_s] = IE [‖Z(s)+M^{−1}_{s,Z(s)}(t) m∑ j=0 b^j (s, Z(s))(W^j_t − W^j_s )‖^p_d|F_s]

= IE [‖M^{−1}_{s,Z(s)}(t) ( I_d + m∑ j=1 A^j (s, Z(s))(W^j_t − W^j_s ) ) Z(s)‖^p_d|F_s]

≤ exp(pK^S_M (t − s))‖Z(s)‖^p_dIE [‖I_d + m∑ j=1 A^j (s, Z(s))(W^j_t − W^j_s )‖^p_{d×d}|F_s]

= exp(pK^S_M (t − s))‖Z(s)‖^p_dIE [‖I_d + m∑ j=1 A^j (s, z)(W^j_t − W^j_s )‖^p_{d×d}] | | |_{z=Z(s)}. Now, the expectation part at the right hand side is treated as follows. By using an elementary inequality originating from Clarkson [12] and Beckner [10] applied to the Banach space of random matrices with uniformly L^p-integrable coefficients (see Lemma 2.5 in Section 2.3 below) one finds that,

IE [‖I_d + m∑ j=1 A^j (s, z)(W^j_t − W^j_s )‖^p_{d×d}] | | |_{z=Z(s)}

= 1 2 IE [‖I_d + γ 1 γ m∑ j=1 A^j (s, z)(W^j_t − W^j_s )‖^p_{d×d}] | |_{z=Z(s)} +

+ 1 2 IE [‖I_d − γ 1 γ m∑ j=1 A^j (s, z)(W^j_t − W^j_s )‖^p_{d×d}] | |_{z=Z(s)}

≤ IE ( 1 + m 1 γ^2 m∑ j=1 ‖A^j (s, Z(s))‖^2_{d×d}(W^j_t − W^j_s )^2 )_{p/2}

≤ IE ( 1 + m(p − 1) m∑ j=1 (K^j_B)^2(W^j_t − W^j_s )^2 )_{p/2}

≤ m∏ j=1 IE exp ( 1 2 mp(p − 1)(K^j_B )^2(W^j_t − W^j_s )^2 )

≤ exp ( m p(p − 1) 2 m∑ j=1 (K^j_B )^2 1 − mp(p − 1)(K^j_B)^2Δ_{max} (t − s) )

for 0 ≤ t − s ≤ Δ_{max} ≤ δ_0 < min(1, T, 1/[mp(p − 1)(K^j_B )^2]). Exploiting this fact after returning to the original estimation yields IE [‖Y_{s,Z(s)}(t)‖^p_d|F_s] ≤ exp ( p[m p − 1 2 m∑ j=1 (K^j_B )^2 1 − mp(p − 1)(K^j_B )^2Δ_{max}

+ K^S_M ](t − s) ) · ‖Z(s)‖^p_d. Therefore, the BIMs (2.8) are exponentially p-th mean stable for p ≥ 2. It obviously remains to apply Theorem 2.2 in order to complete the proof with K^{(p)}_S as in (2.15).

Remark. Interestingly, we gain asymptotic p-th mean stability of BIMs provided that K^S_M < −m(p − 1) ∑_m j=1(K^j_B )^2/2 and sufficiently small step sizes. For example, compare with the onedimensional analytic case dX_t = αX_tdt + σX_tdW_t when asymptotic stability of p-th moments can be established under the condition α + (p − 1)σ^2/2 < 0. In passing, one can also show that, the presence of negative semidefinite matrices A^0 in its drift leads to stabilizing effects on the moments of related SDEs (2.12). So some ”coincidence” between analytic and numerical behavior is observed. Conditions (2.13) can be guaranteed for negative semidefinite matrices A^0 and uniformly bounded A^j for j = 1, 2, ..., m. For practical implementation, one may also take the stabilizing, negative semidefinite part of A^0 as weight matrix c^0 instead of the entire structure of A^0. As seen, drift-implicitness in BIMs (2.8) is sufficient to ensure p-th mean stability - a fact which [38] has already noted for linear systems with p = 2.

2.3. Exponential (1 + ‖x‖^2)^{p/2}-stability. The stability of numerical methods with respect to Lyapunov functions V (x) = (1 + ‖x‖^2_d)^{p/2} is commonly used to prove convergence (i.p. in the weak sense) of numerical methods. We will discuss this issue with the example of balanced implicit methods. For this purpose, we need a series of auxiliary lemmas.

2.3.1. Three auxiliary lemmas. We begin with a random version of Clarkson-Beckner inequality (which even holds for each ω ∈ Ω, see proof below).

LEMMA 2.5. Let X, Y be two elements of a (random) Hilbert space (H, < ., . >_H ) equipped with its scalar product < ., . >_H , IR^1 as its set of scalars and naturally induced norm ‖Z‖_H = (< Z, Z >_H )^{1/2}. Assume that,

IE [‖X‖^p_H + ‖Y ‖^p_H ] < +∞ for a p ≥ 2. Then, for that p ≥ 2, we ω-wisely have ‖X + Y ‖^p_H + ‖X − Y ‖^p_H 2 ≤ ( min{‖X‖^2_H + (p − 1)‖Y ‖^2_H , ‖Y ‖^2_H + (p − 1)‖X‖^2_H } )_{p/2}

and hence moment-wisely IE ‖X + Y ‖^p_H + IE ‖X − Y ‖^p_H 2 ≤ IE ( min{‖X‖^2_H + (p − 1)‖Y ‖^2_H , ‖Y ‖^2_H + (p − 1)‖X‖^2_H } )_{p/2} . (2.16)

Proof. Define B := {X ∈ (H, < ., . >_H ) : ‖X‖^p_B = IE (‖X‖^p_H ) < +∞}. Then (B, ‖.‖_B) forms a Banach space as a subset of H. Suppose that X, Y ∈ B ∩ H. Set γ = 1/ √ p − 1, z_1 = X + √ p − 1Y , z_2 = X − √ p − 1Y , u_1 = (‖z_1‖_H + ‖z_2‖_H )/2 and u_2 = |‖z_1‖_H − ‖z_2‖_H |/2. Then, Clarkson-Beckner inequality from [12] and [10] which says that, (|1 + u|q + |1 − u|q 2 )_{1/q} ≤ (|1 + √(q − 1)/(p − 1)u|p + |1 − √(q − 1)/(p − 1)u|p 2 )_{1/p}

for all numbers u ≥ 0, 1 < p ≤ q and parallelogram identity on Hilbert spaces imply that (‖X + Y ‖p_H + ‖X − Y ‖p_H 2 )_{1/p} = ( ‖X + γ^1_γ Y ‖^p_H + ‖X − γ^1_γ Y ‖^p_H 2 )_{1/p}

≤ (((1 + γ)‖z_1‖_H /2 + (1 − γ)‖z_2‖_H /2)p +((1 − γ)‖z_1‖_H /2 + (1 + γ)‖z_2‖_H /2)p 2 )_{1/p}

= ( |u_1 + γu_2|p + |u_1 − γu_2|p 2 )_{1/p} ≤ ( |u_1 + u_2|2 + |u_1 − u_2|2 2 )_{1/2}

= ( ‖z_1‖2_H + ‖z_2‖2_H 2 )_{1/2} = ( ‖X‖^2_H + (p − 1)‖Y ‖^2_H )_{1/2} . Now, it remains to exploit the symmetry of the above expressions with respect to X and Y and to take the p-th power and expectation in order to arrive at (2.16). Thus, the proof is complete.

Second, observe the following property of moments of Gaussian exponentials. LEMMA 2.6. Assume that X ∈ N (0, Δ). Then ∀σ ∈ (− 1 √ 2Δ , 1 √ 2Δ ) IE exp(σ^2X^2) ≤ 1 √ 1 − 2σ^2Δ

≤ exp( σ^2Δ 1 − 2σ^2Δ ). (2.17)

Proof. Define ξ = X/ √ Δ. Note that ξ ∈ N (0, 1). Calculate

IE exp(σ^2X^2) = IE exp(σ^2Δ ξ^2) = 1 √ 2π ∫_{+∞} −∞ exp ( σ^2Δx^2 − x^2 2 ) dx = 1 √ 2π ∫_{+∞} −∞ exp ( − (1 − 2σ^2Δ) x^2 2 ) dx = 1 √ 1 − 2σ^2Δ

≤ exp ( σ2Δ 1 − 2σ^2Δ )

using the elementary inequality 1/(1 − z) ≤ exp(z/(1 − z)) for z = 2σ^2Δ < 1. Thus, the proof is complete.

Third, linear-polynomial boundedness of Lipschitz continuous functions can be established too. Let C^0_{b(κ)}([0, T ] × IR^d, IR^l) denote the set of all continuous functions f : [0, T ] × IR^d → IR^l which are uniformly polynomially bounded such that ∀t ∈ [0, T ] ∀x ∈ IR^d ‖f(t, x)‖_l ≤ K_f · (1 + ‖x‖^κ_d ), where K_f ≥ 0 and κ ≥ 0 are appropriate real constants. (f : [0, T ] × IR^d → IR^l is called linear-polynomial bounded if it is uniformly polynomially bounded with κ = 1.)

LEMMA 2.7. Assume that f ∈ C^0_{b(κ)}([0, T ] × IR^d, IR^l) with constants κ ≥ 0 and K_f is uniformly Lipschitz continuous with constant K_L, i.e. ∀t ∈ [0, T ] ∀x, y ∈ IR^d ‖f(t, x) − f(t, y)‖_l ≤ K_L ‖x − y‖_d. (2.18)

Then, there exist real constants K_{b(p)} = K_{b(p)}(p, T, K_f , K_L) such that ∀t ∈ [0, T ] ∀x ∈ IR^d ‖f(t, x)‖_l ≤ 2^{−(p−1)/p}K_{b(p)} · (1 + ‖x‖_d) ≤ K_{b(p)} · (1 + ‖x‖^p_d)^{1/p} (2.19)

for all p ≥ 1, where the real constants K_{b(p)} can be estimated by 0 ≤ K_{b(p)} ≤ 2^{(p−1)/p} · max{K_f , K_L}. (2.20)

Proof. While using triangle and Hölder inequalities, estimate 0 ≤ ‖f(t, x)‖_l ≤ ‖f(t, 0)‖_l + ‖f(t, x) − f(t, 0)‖_l ≤ K_f + K_L‖x‖_d ≤ max{K_f , K_L}(1 + ‖x‖_d) ≤ 2^{(p−1)/p} max{K_f , K_L}(1 + ‖x‖^p_d)^{1/p}.

Therefore, constant K_{b(p)} can be chosen as in (2.20). Thus, the proof is complete.

Remark. In fact, it suffices that sup_{0≤t≤T} ‖f(t, x_∗)‖_l < +∞ for some x_∗ ∈ IR^d and f is Lipschitz continuous in x ∈ IR^d with constant K_L(t) which is uniformly bounded with respect to t ∈ [0, T ]. However, K_{b(p)} may depend on κ too.

2.3.2. Exponential weak (1 + ‖x‖^2_d)^{p/2}-stability of BIMs (2.8). Consider BIMs (2.8) with both variable or constant step sizes Δ_k ≤ Δ_{max} where Δ_{max} sufficiently small. Uniform boundedness of p-th moments of these methods can be established as follows.

THEOREM 2.8. Let p = 2κ and κ ∈ IN \ {0}. Assume that BIMs (2.8) with nonrandom step sizes Δ_k ≤ Δ_{max} ≤ δ_0 < min(1, T ) and ∀j = 1, 2, ..., m : p(p − 1)mK^2_M (K^j_{b(2)})^2Δ_{max} < 1

(2.21)

possess real constants K_M = K_M (T ) ≥ 0, K_C = K_C (T ) ≥ 0 such that, for the chosen weight matrices c^j ∈ IR^{d×d} of BIMs (2.8), we have ∀t ∈ [0, T ] ∀x ∈ IR^d m∑ j,k=0 ‖c^k(t, x)b^j (t, x)‖^2_d ≤ (K_C )^2(1 + ‖x‖^2_d),

(2.22) ∀s, t : 0 ≤ t − s ≤ δ_0 ∀x ∈ IR^d ∃M^{−1}_{s,x} (t) with ||M^{−1}_{s,x} (t)||_{d×d} ≤ K_M , (2.23) ∀t ∈ [0, T ] ∀x ∈ IR^d ‖b^j (t, x)‖^2_d ≤ (K^j_{b(2)})^2(1 + ‖x‖^2_d),

(2.24) IE ‖Y_0‖^p_d < +∞.

(2.25)

Then, all p-th moments of BIMs (2.8) are uniformly bounded and, more precisely, for all k = 0, 1, ..., n_T and all κ ∈ IN \ {0} with 2κ ≤ p, we have

IE ‖Y_k‖^{2κ}_d ≤ IE [1 + ‖Y_k‖^2_d]^κ ≤ exp(K_{2κ}t_k)IE [1 + ‖Y_0‖^2_d]^κ

(2.26) ≤ exp(K_{2κ}T )IE [1 + ‖Y_0‖^2_d]^κ

with appropriate real constant K_{2κ} ≤κK_M [ 2K^0_{b(2)} +(2κ−1)mK_M m∑ j=1 (K^j_{b(2)})^2 1−2κ(2κ−1)mK^2_M(K^j_{b(2)})^2Δ_k ] . (2.27)

Proof. Define v_0(k) := IE [‖Y_k‖^p_d] for all k = 0, 1, ..., n_T . First, note that

v_0(k + 1) = IE [‖Y_k + M^{−1}_{tk,Yk} (t_{k+1}) m∑ j=0 b^j (t_k, Y_k)ΔW^j_k ‖^p_d]

= 1 2 IE [‖Y_k + M^{−1}_{tk ,Yk} (t_{k+1})a(t_k , Y_k)Δ_k + m∑ j=1 M^{−1}_{tk ,Yk} (t_{k+1})b^j (t_k, Y_k)ΔW^j_k ‖^p_d] +

+ 1 2 IE [‖Y_k + M^{−1}_{tk,Yk} (t_{k+1})a(t_k, Y_k)Δ_k − m∑ j=1 M^{−1}_{tk ,Yk} (t_{k+1})b^j (t_k, Y_k)ΔW^j_k ‖^p_d].

Second, apply the random version of Clarkson-Beckner inequality (2.16) from Lemma 2.5 and obtain

v_0(k + 1) ≤ IE ( ‖Y_k + M^{−1}_{tk ,Yk}(t_{k+1})a(t_k, Y_k)Δ_k‖^2_d + (p−1)‖ m∑ j=1 M^{−1}_{tk ,Yk}(t_{k+1})b^j (t_k,Y_k)ΔW^j_k ‖^2_d )_{p/2} . Thanks to (2.23) and (2.24), this implies

v_0(k + 1) = IE [‖Y_{k+1}‖^2_d]^{p/2} ≤ IE ( ‖Y_k‖^2_d + 2K_M ‖Y_k‖_d‖a(t_k, Y_k)‖_dΔ_k + K^2_M ‖a(t_k, Y_k)‖^2_dΔ^2_k +

(2.28)

+(p − 1)mK^2_M m∑ j=1 ‖b^j (t_k, Y_k)‖^2_d(ΔW^j_k )^2 )_{p/2}

≤ IE ( ‖Y_k‖^2_d + (1 + ‖Y_k‖^2_d) [ 2K_M K^0_{b(2)}Δ_k + K^2_M (K^0_{b(2)})^2Δ^2_k +

(2.29)

+(p − 1)mK^2_M m∑ j=1 (K^j_{b(2)})^2(ΔW^j_k )^2 ])_{p/2} . Third, repeat the previous estimation for all exponents 2κ with 0 < 2κ ≤ p instead of p. This leads to inequalities (2.29) for 2κ ≤ p instead of p. Define v_p(k) := IE [1 + ‖Y_k‖^2]^{p/2}_d for all k = 0, 1, ..., n_T . In particular, we are interested in v_{2κ}(k) = IE [1 + ‖Y_k‖^2]^κ_d for all k = 0, 1, ..., n_T and all κ ∈ [0, p/2]. For simplicity, suppose that κ ∈ IN \ {0}. Apply the binomial theorem in order to estimate the expression

v_{2κ}(k + 1) = IE [1 + ‖Y_{k+1}‖^2_d]^κ = κ∑ n=0 ( κ n ) IE [‖Y_{k+1}‖^2_d]^n for all κ ∈ (0, p/2] ∩ IN. Adding the inequalities (2.29) for all 2n ≤ 2κ ≤ p instead of p, multiplied by the related binomial coefficients, leads to

v_{2κ}(k + 1)

≤ IE ( (1+‖Y_k‖^2_d) [ 1+2K_M K^0_{b(2)}Δ_k +K^2_M (K^0_{b(2)})^2Δ^2_k + m∑ j=1 σ^2_j κ (ΔW^j_k )^2 ])_κ

≤ IE ( (1+‖Y_k‖^2_d) exp ( 2K_M K^0_{b(2)}Δ_k +(2κ−1)mK^2_M m∑ j=1 (K^j_{b(2)})^2(ΔW^j_k )^2 ))_κ

≤ IE ( (1+‖Y_k‖^2_d)^κexp ( 2κK_M K^0_{b(2)}Δ_k )^m∏ j=1 IE [ exp ( σ^2_j (ΔW^j_k )^2 )| |Fk ])

≤ IE ( 1+‖Y_k‖^2_d )_κ exp ( 2κK_M K^0_{b(2)}Δ_k )^m∏ j=1 IE [ exp ( κ(2κ−1)mK^2_M (K^j_{b(2)})^2Δ_k(ξ^j_k)^2 )]

with i.i.d. ξ^j_k ∈ N (0, 1), thanks to monotonicity of expectations, tower property of conditional expectations and independence of increments ΔW^j_k = √ Δ_k ξ^j_k, where we put σ^2_j = κ(2κ − 1)mK^2_M (K^j_{b(2)})^2. Fourth, suppose that the constants σ_j satisfy 2σ^2_j Δ_k < 1. Apply Lemma 2.6 with σ^2_j to treat the latter estimate. This implies that

0 ≤ IE ‖Y_k‖^{2κ}_d < v_{2κ}(k + 1) ≤ v_{2κ}(k) exp ( c_H (k) ) (2.30)

where the coefficients c_H are given by c_H (k) = κK_M ( 2K^0_{b(2)} + (2κ − 1)mK_M m∑ j=1 (K^j_{b(2)})^2

1 − 2κ(2κ − 1)mK^2_M (K^j_{b(2)})^2Δ_k ) Δ_k.

Therefore, (v_k)_{k=0,1,...,nT} is governed by a linear homogeneous inequality (2.30) whose maximum solution can be estimated by the discrete variation-of-constants formula (which reduces to the discrete Gronwall-Bellman Lemma here) as proven in [38] and applied in [44, 45, 46, 47]. Thus, we arrive at

0 ≤ IE ‖Y_k‖^{2κ}_d <v_{2κ}(k + 1)≤ v_{2κ}(k) exp ( K_{2κ}Δ_k ) ≤ v_{2κ}(0) exp ( K_{2κ}t_{k+1} ) . This gives the estimates (2.26) with constants K_{2κ} estimated as in (2.27). Note that K_{2κ} is increasing for increasing κ, hence K_{2κ} ≤ K_p and the uniform boundedness of all 2κmoments of BIMs (2.8) is obtained for all κ ∈ [0, p/2] provided that the initial moment IE ‖Y_0‖^p_d < +∞. Thus, the proof is complete.

3. Asymptotic Almost Sure Stability. In the following sections, we discuss the almost sure stability behavior of sequences and numerical methods, with both constant and variable step sizes with respect to, the trivial equilibrium 0 ∈ IR^d. Let ‖.‖_d, be a vector norm of IR^d which is compatible with the matrix norm ‖.‖_{d×d} of IR^{d×d}.

3.1. Definition and general theorems. In the course of our presentation, we identify the stability of equilibria with the stability of related numerical methods, as it is common in numerical analysis.

DEFINITION 3.1. A random sequence Y = (Y_n)_{n∈}IN of real-valued random variables Y_n : (Ω, F_n, IP ) → (IR^d, B(IR^d)) is called (globally) asymptotically stable, with probability one (or (globally) asymptotically a.s. stable) if, lim n→+∞ ‖Y_n‖_d = 0 (a.s.)

for all Y_0 = y_0 ∈ IR^d \ {0}, where y_0 ∈ IR^d is nonrandom, otherwise asymptotically a.s. unstable.

THEOREM 3.2. Let V = (V (n))_{n∈}IN be a sequence of nonnegative random variables V (n) : (Ω, F_n, IP ) → IR^1_+, with V (0) > 0 satisfying the recursive scheme

V (n + 1) = V (n)G(n)

(3.1)

where G(n) : (Ω, F_n, IP ) → IR^1_+ are i.i.d. random variables, with the moment property IE | ln[G(n)]| < +∞. Then V (globally) asymptotically a.s. stable iff IE ln[G(0)] < 0 .

Proof. This result is already found in Higham [18] and in Schurz [44]. The main idea is to use the strong law of large numbers (SLLN) in conjunction with the law of iterated logarithm (LIL). Note that V possesses the explicit representation

V (n + 1) = (_n ∏ k=0 G(k) ) V (0)

(3.2)

for all n ∈ IN. Now, suppose that G(k) are i.i.d. random variables and define

μ_0 := IE [ln(G(0))], S_n := n−1∑ k=0 ln G(k), hence V (n + 1) = exp(S_{n+1})V (0) and IE [S_n] = nμ for n ∈ IN. By SLLN, conclude that lim n→+∞ S_n n = μ_0 (a.s.) thanks to the IP -integrability of G(k). This fact implies that if μ_0 < 0 then S_n → −∞, i.e. V (n) → 0 as n tends to +∞ and if μ > 0 then S_n → +∞, i.e. V (n) → +∞ as n tends to +∞. Moreover, in the case μ_0 = 0, we may use LIL (at first, under σ^2 = V ar(ln G(k)) = IE [ln G(k) − IE ln G(k)]^2 < +∞, later we may drop σ^2 < +∞ by localization procedures) to get

lim inf n→+∞ S_n √ 2n ln ln n = −|σ|, lim sup n→+∞ S_n √ 2n ln ln n = |σ|, hence S_n oscillates with growing amplitude and lim_{n→+∞} S_n does not exist. Therefore lim n→+∞ V (n) = lim_{n→+∞} exp(S_n)V (0)

does not exist either (a.s.). Thus, lim_{n→+∞} V (n) ≠ 0 and the proof is complete.

Now, consider the one dimensional test class of pure diffusion equations dX_t = σX_t dW_t (3.3)

as suggested by Milstein, Platen and Schurz [31]. Then, the following result provides a mathematical evidence that their numerical experiments for BIMs (2.8) led to the correct observation of numerical stability due to its asymptotic a.s. stability. It extends the results, which are found in [18], [38] and [44].

THEOREM 3.3. The BIMs (2.8) with scalar weights c^0 = 0 and c^1 = |σ| applied to martingale test equations (3.3) for any parameter σ ∈ IR^1 \ {0} with any equidistant step size Δ provide (globally) asymptotically a.s. stable sequences Y = (Y_n)_{n∈}IN.

Proof. Suppose |σ| > 0. Then, the proof is an application of Theorem 3.2. For this purpose, consider the sequence V = (V (n))_{n∈}IN = (|Y_n|)_{n∈}IN. Note that V (n + 1) = G(n)V (n), IE | ln G(n)| < +∞ and IE [ln G(n)] < 0 since

IE [| ln G(n)|] ≤ (IE [ln G(n)]^2)^{1/2} ≤ ln(2) + |σ| √ Δ and

IE [ln G(n)] = IE [ ln | | | 1 + |σΔW_n| + σΔW_n 1 + |σΔW_n| | | | ] = IE [ ln | | |1 + σΔW_n 1 + |σΔW_n| | | | ]

= 1 2 IE [ ln | |1 + σΔW_n 1 + |σΔW_n| | | ] + 1 2 IE [ ln | |1 − σΔW_n 1 + |σΔW_n| | | ]

= 1 2 IE [ ln | | |1 − ( σΔW_n 1 + |σΔW_n| )_2 | | | ] < − 1 2 IE [( |σΔW_n| 1 + |σΔW_n| )_2] < 0 with independently identically Gaussian distributed increments ΔW_n ∈ N (0, Δ) (In fact, note that, for all σ ≠ 0 and Gaussian ΔW_n, we have

0 < 1 − ( σΔW_n 1 + |σΔW_n| )_2 < 1 with probability one, hence, that ΔW_n has a nondegenerate probability distribution with nontrivial support is essential here!). Therefore, the assumptions of Theorem 3.2 are satisfied and an application of Theorem 3.2 yields the claim of Theorem 3.3. Thus, the proof is complete.

Remark. The increments ΔW_n ∈ N (0, Δ_n) can also be replaced by multi-point discrete probability distributions such as

IP {ΔW_n = ± √ Δ_n} = 1 2

or IP {ΔW_n = 0} = 2 3 , IP {ΔW_n = ± √ 3Δ_n} = 1 6 as commonly met in weak approximations. In this case, the almost sure stability of the BIMs as chosen by Theorem 3.3 is still guaranteed, as seen by our proof above (due to the inherent symmetry of ΔW_n with respect to 0).

For variable step sizes, we can also formulate and prove a general assertion with respect to asymptotic a.s. stability. Let V ar(Z) denote the variance of the inscribed random variable Z. THEOREM 3.4. Let V = (V (n))_{n∈}IN be a sequence of nonnegative random variables V (n) : (Ω, F_n, IP ) → IR^1_+ with V (0) > 0 satisfying the recursive scheme

V (n + 1) = V (n)G(n),

(3.4)

where G(n) : (Ω, F_n, IP ) → IR^1_+ are independent random variables such that ∃ nonrandom sequence b = (b_n)_{n∈}IN with b_n → +∞ as n → +∞ +∞∑ k=0 V ar(ln(G(k))) b^2_k < +∞, lim_{n→+∞} ∑_{n−1} k=0 IE ln(G(k)) b_n < 0. (3.5)

Then V = (V (n))_{n→+∞} is (globally) asymptotically a.s. stable sequence, i.e. we have lim_{n→+∞} V (n) = 0 (a.s.).

Moreover, if +∞∑ k=0 V ar(ln(G(k))) b^2_k < +∞, lim_{n→+∞} ∑_{n−1} k=0 IE ln(G(k)) b_n > 0 (3.6)

then V = (V (n))_{n→+∞} is (globally) asymptotically a.s. unstable sequence, i.e. we have lim_{n→+∞} V (n) = +∞ (a.s.) for all nonrandom y_0 ≠ 0.

Proof. The main idea is to apply Kolmogorov’s SLLN, see Shiryaev [48] (p. 389). Recall that V possesses the explicit representation (3.2). Now, define

S_n := n−1∑ k=0 ln G(k), hence V (n + 1) = exp(S_{n+1})V (0) for n ∈ IN. By Kolmogorov’s SLLN we may conclude that lim n→+∞ S_n b_n = lim_{n→+∞}

IE S_n b_n = lim_{n→+∞} ∑_{n−1} k=0 IE ln(G(k)) b_n < 0 (a.s.) thanks to the assumptions (3.5) of IP -integrability of G(k). This fact together with b_n → +∞ implies that S_n → −∞ (a.s.), i.e. V (n) → 0 as n tends to +∞. The reverse direction under (3.6) is proved analogously to previous proof-steps. Thus, the proof is complete.

Now, let us apply this result to BIMs (2.8) applied to test equation (3.3). For k = 0, 1, ..., n_T , define

G(k) := | | | 1 + |σΔW_k | + σΔW_k 1 + |σΔW_k | | | |. (3.7)

THEOREM 3.5. Assume that ∃ nonrandom sequence b = (b_n)_{n∈}IN with b_n → +∞ as n → +∞ for a fixed choice of step sizes Δ_n > 0 such that +∞∑ k=0 V ar(ln(G(k))) b^2_k < +∞, lim_{n→+∞} ∑_{n−1} k=0 IE ln(G(k)) b_n < 0. Then the BIMs (2.8) with scalar weights c^0 = 0 and c^1 = |σ| applied to martingale test equations (3.3) with parameter σ ∈ IR^1 \ {0} with the fixed sequence of variable step sizes Δ_n provide (globally) asymptotically a.s. stable sequences Y = (Y_n)_{n∈}IN.

Proof. We may apply Theorem 3.4 with V (n) = |Y_n| since the assumptions are satisfied for the BIMs (2.8) with scalar weights c^0 = 0 and c^1 = |σ| applied to martingale test equations (3.3). Hence, the proof is complete.

THEOREM 3.6. The BIMs (2.8) with scalar weights c^0 = 0 and c^1 = |σ| applied to martingale test equations (3.3) with parameter σ ∈ IR^1 \ {0} with any nonrandom variable step sizes Δ_k satisfying 0 < Δ_{min} ≤ Δ_k ≤ Δ_{max} provide (globally) asymptotically a.s. stable sequences Y = (Y_n)_{n∈}IN.

Proof. We may again apply Theorem 3.4. with V (n) = |Y_n|. For this purpose, we check the assumptions. Define b_n := n. Note that the variance V ar(ln(G(k))) is uniformly bounded since ΔW_n ∈ N (0, Δ_n) and 0 < Δ_{min} ≤ Δ_k ≤ Δ_{max}. More precisely, we have V ar(ln(G(k))) ≤ IE [ln(G(k))]^2 = IE [I_{{ΔWn >0}} ln(G(k))]^2 + IE [I_{{ΔWn<0}} ln(G(k))]^2 < p_n[ln(2)]^2 + IE [ln(1 + |σΔW_n|)]^2 ≤ p_n[ln(2)]^2 + IE [ln(exp(|σΔW_n|))]^2 ≤ p_n[ln(2)]^2 + IE [σΔW_n]^2 = p_n[ln(2)]^2 + σ^2Δ_n ≤ p_n[ln(2)]^2 + σ^2Δ_{max} for G(k) as defined in (3.7), where I_{{Q}} denotes the indicator function of the inscribed set Q and p_n = √ IP {ΔW_n > 0}. Note that 0 < p_n = √ 2/2 < 1 if ΔW_n is Gaussian distributed.

Therefore, there is a finite real constant K^G_2 < (ln(2))^2 + σ^2Δ_{max} such that +∞∑ k=1 V ar(ln(G(k))) k^2 ≤ +∞∑ k=1 K^G_2 k^2

= K^G_2 π^2 6 < +∞. It remains to check whether lim n→+∞ ∑_n k=1 IE ln(G(k)) n < 0. For this purpose, we only note that IE ln(G(k)) is decreasing for increasing √ Δ_k for all k ∈ IN (see the proof of Theorem 3.3). Therefore, we can estimate this expression by

IE ln(G(k)) ≤ 1 2 IE [ ln | |1 − ( σ √ Δ_{min}ξ 1 + |σ √ Δ_{min}ξ| )_2 | | ] := K^G_1 < 0

where ξ ∈ N (0, 1) is a standard Gaussian distributed random variable and K^G_1 the negative real constant as defined above. Thus, lim n→+∞ ∑_n k=1 IE ln(G(k)) n ≤ K^G_1 < 0.

Hence, thanks to Theorem 3.4 (or Theorem 3.5), the proof is completed.

4. V -Stability Exponents and Asymptotic Stability. The estimation of stability exponents and its sign is an important task to measure the convergence or divergence speed of numerical methods towards its equilibria.

4.1. Definition and general estimation theorem. For this purpose, consider the following definition.

DEFINITION 4.1. The upper (forward moment) V -exponent of a random sequence Y = (Y_n)_{n∈}IN with values in the domain ID ⊆ IR^d is defined to be

λ_V := lim sup n→+∞ ln ( IE V (n, (Y_k)_{k≤n}) ) (4.1)

for a fixed deterministic functional V = V (n, y) : IN × (ID)^{n+1} −→ IR_+ (or positive function). The lower (forward moment) V -exponent of a random sequence Y = (Y_n)_{n∈}IN with values in the domain ID ⊆ IR^d is defined to be

λ_V := lim inf n→+∞ ln ( IE V (n, (Y_k)_{k≤n}) ) (4.2)

for a fixed deterministic functional V = V (n, y) : IN × (ID)^{n+1} −→ IR_+ (or positive function).

For the sake of abbreviation, define

ΔIE V_n := IE V (n + 1, (Y_k)_{k≤n+1}) − IE V (n, (Y_k )_{k≤n})

for the discrete time ID-valued stochastic process Y = (Y_n)_{n∈}IN on the probability space (Ω, F, (F_n)_{n∈}IN, IP ).

THEOREM 4.2. Assume that IE V (0, Y_0) < +∞ for a nonanticipating functional V : IN × ID × ... × ID −→ IR^1_+ with

k_nIE V (n, (Y_k)_{k≤n}) ≤ ΔIE V_n ≤ k_nIE V (n, (Y_k)_{k≤n}) for all n ∈ IN, where k_i, k_i are deterministic, real constants along the dynamics of process Y = (Y_n)_{n∈}IN, and for all n ∈ IN

1 + k_n > 0 .

Then, for all n ∈ IN, we have

exp (_n ∑ i=0 k_i 1 + k_i ) IE V (0, Y_0) ≤ IE V (n + 1, (Y_k)_{k≤n+1}) ≤ exp (_n ∑ i=0 k_i ) IE V (0, Y_0)

and, if the limits exist, then

lim inf n→+∞

n−1∑ i=0 k_i 1 + k_i t_n ≤ λ_V ≤ λ_V ≤ lim sup_{n→+∞} n−1∑ i=0 k_i t_n .

If λ_V < 0 then lim_{n→+∞} V (n, (Y_k)_{k≤n}) = 0 (a.s.).

Proof. First, assume ΔIE V_n ≤ k_nIE V (n, (Y_k)_{k≤n}) (for all n ∈ IN). Making use of elementary splitting

z(n + 1) = z(n) + z(n + 1) − z(n)

with z(n + 1) := IE V (n + 1, (Y_k)_{k≤n+1}), one concludes

z(n + 1) ≤ z(n)(1 + k_n) ≤ z(0) n∏ i=0 (1 + k_i)_+ ≤ z(0) exp (_n ∑ i=0 k_i ) .

On the other hand, when ΔIE V_n ≤ k_nIE V (n, (Y_k )_{k≤n}) and 1 + k_n > 0 (for all n ∈ IN), one recognizes the validity of z(n) ≤ z(n + 1) 1 + k_n

≤ z(n + 1) exp ( −k_n 1 + k_n )

which implies

z(n + 1) ≥ z(n) exp ( k_n 1 + k_n ) ≥ z(0) exp (_n ∑ i=0 k_i 1 + k_i ) ,

using elementary inequality 1 1 + x

≤ exp(− x 1 + x ) . Now one arrives at the second result by taking the exponential logarithm and limit when integration time t_n advances. The remaining almost sure convergence while λ < 0 is concluded by a straightforward application of the well-known Borel-Cantelli-Lemma. Therefore, the proof is complete.

4.2. The example of discretized damped linear oscillator. For the sake of simple illustration, we consider the stochastic oscillator with multiplicative white noise ẍ + 2ζωẋ + ω^2x = σẋ ξ_t

(4.3) where ζ, ω > 0 and the stochastic integration is understood in the sense of Itô. Then the corresponding deterministic equation has an asymptotically stable zero solution if 0 < ζ < 1, and does not exponentially grow if 0 ≤ ζ ≤ 1. The stochastic oscillator (4.3) possesses a upper V -stability exponent λ̄_V ≤ 0 with V (x, y) = y^2 + ω^2x^2 if 0 ≤ σ^2 ≤ 4ζω. Let us now look at the discretization of such a equation by numerical methods. Define the numerical Lyapunov function by V (n + 1, x, y) := ω^2x^2 + (1 + 2ζωΔ_n)y^2 where Δ_n = t_{n+1} − t_n is current step size, and v_{n+1} := IE V (n + 1, X_{n+1}, Y_{n+1}).

THEOREM 4.3. Assume that the stochastic oscillator (4.3) is discretized by the fully drift-implicit Euler method (which can be represented as BIM (2.8) here too) given by X_{n+1} = X_n + Y_{n+1}Δ_n

(4.4) Y_{n+1} = Y_n − (2ζωY_{n+1} + ω^2X_{n+1})Δ_n + σY_nΔW_n where ΔW_n = W_{tn+1} − W_{tn} along a time-discretization (t_n)_{n∈}IN, and IE [ω^2X^2_0 + Y^2_0 ] < +∞.

Then, for all n ∈ IN, all l ∈ IN with 1 ≤ l < n, we have

v_l exp (_n ∑ i=l k_i 1 + k_i ) ≤ v_{n+1} = IE V (n + 1, X_{n+1}, Y_{n+1}) ≤ v_l exp (_n ∑ i=l k_i )

where

k_i =

−ω^2Δ^2_i (1 + 2ζωΔ_{i−1}) + [(σ^2 − 2ζω)Δ_i − 2ζωΔ_{i−1}(1 + 2ζωΔ_i)]_+ (1 + 2ζωΔ_{i−1})(1 + 2ζωΔ_i + ω^2Δ^2_i ) and k_i =

−ω^2Δ^2_i (1 + 2ζωΔ_{i−1}) − [(σ^2 − 2ζω)Δ_i − 2ζωΔ_{i−1}(1 + 2ζωΔ_i)]_− (1 + 2ζωΔ_{i−1})(1 + 2ζωΔ_i + ω^2Δ^2_i ) . Furthermore, if (Δ_n)_{n∈}IN is a deterministic sequence then the V -exponents can be estimated by lim inf n→+∞ 1 t_n n−1∑ i=1 k_i 1 + k_i

≤ λ_V ≤ λ_V ≤ lim sup_{n→+∞} 1 t_n n−1∑ i=1 k_i . Additionally, in the following assume that ∃Δ_a, Δ_b ∈ IR_+ : ∀n ∈ IN 0 < Δ_b ≤ Δ_n ≤ Δ_a < +∞ .

(4.5) If (σ^2 − 2ζω)Δ_n − 2ζωΔ_{n−1}(1 + 2ζωΔ_n) ≤ 0

(4.6) for all n ∈ IN then λ_V ≤ − ω^2Δ_b 1 + 2ζωΔ_a + ω^2Δ^2_a and, if additionally ω^2 > 0 and ζω > 0, then lim_{n→+∞} V (n + 1, X_{n+1}, Y_{n+1}) = 0 (a.s.). If (σ^2 − 2ζω)Δ_n − 2ζωΔ_{n−1}(1 + 2ζωΔ_n) ≥ 0

(4.7) for all n ∈ IN then λ_V ≥ − ω^2Δ_a 1 + 2ζωΔ_b . Proof. First, we equivalently rearrange the scheme (4.4) to an explicit one. Thus, one arrives at

X_{n+1} =

1 + 2ζωΔ_n 1 + 2ζωΔ_n + ω^2Δ^2_n

X_n +

(1 + σΔW_n)Δ_n 1 + 2ζωΔ_n + ω^2Δ^2_n Y_n (4.8)

Y_{n+1} = − ω^2Δ_n 1 + 2ζωΔ_n + ω^2Δ^2_n

X_n +

(1 + σΔW_n) 1 + 2ζωΔ_n + ω^2Δ^2_n Y_n . Recall that v_{n+1} = IE [ω^2X^2_{n+1} + (1 + 2ζωΔ_n)Y^2_{n+1}]. After some elementary calculations we get

v_{n+1} = ω^2IE [ 1 + 2ζωΔ_n 1 + 2ζωΔ_n + ω^2Δ^2_n

X^2_n ] + IE [ 1 + σ^2Δ_n 1 + 2ζωΔ_n + ω^2Δ^2_n

Y^2_n ] , hence − ω^2Δ_aΔ_n 1 + 2ζωΔ_b + ω^2Δ^2_b v_n − IE [ (σ^2 − 2ζω)Δ_n − 2ζωΔ_{n−1}(1 + 2ζωΔ_n) 1 + 2ζωΔ_n + ω^2Δ^2_n

Y^2_n ] − ≤ ΔIE V_n = −IE [ ω^2Δ^2_n 1 + 2ζωΔ_n + ω^2Δ^2_n ω^2X^2_n ]

+IE [ (σ^2 − 2ζω)Δ_n − ω^2Δ^2_n − 2ζωΔ_{n−1}(1 + 2ζωΔ_n + ω^2Δ^2_n) 1 + 2ζωΔ_n + ω^2Δ^2_n

Y^2_n ]

= − ω^2Δ^2_n 1 + 2ζωΔ_n + ω^2Δ^2_n v_n + IE [ (σ^2 − 2ζω)Δ_n − 2ζωΔ_{n−1}(1 + 2ζωΔ_n) 1 + 2ζωΔ_n + ω^2Δ^2_n

Y^2_n ]

≤ − ω^2Δ_bΔ_n 1 + 2ζωΔ_a + ω^2Δ^2_a v_n + IE [ (σ^2 − 2ζω)Δ_n − 2ζωΔ_{n−1}(1 + 2ζωΔ_n) 1 + 2ζωΔ_n + ω^2Δ^2_n

Y^2_n ] + Now, we may choose k_n, k_n as indicated above, and apply Theorem 4.2 with k_n, k_n. Thus, the proof is complete.

Remark. Most of the clever variable step size algorithms have implemented conditions on the step size selection like that of (4.5). We can conclude from our assertion that the fully drift-implicit Euler method (4.4), applied to stochastic oscillator (4.3) produces damped approximations, particularly in the critical case, (the energy-conservative case) when σ^2 = 4ζω under the condition (4.5). However, the observed effect of numerical stabilization also explains that the requirement (4.5) is meaningful in variable step size algorithms in order to achieve asymptotically stable approximations. Asymptotically considered, when maximum step size Δ_a tends to zero, the V -exponents of the continuous time dynamics are correctly replicated by the discretization method (4.4), as we would naturally expect from a wellbehaving and converging numerical method.

5. Fully Nonlinear Weak V -Stability. So far we discussed examples where the stability-controlling function V (or Lyaponuv-type function) is governed by a linear difference inequality (difference inclusion). Now, it is the time for fully nonlinear relations.

5.1. A general theorem on weak V -stability. Define v_n := IE V (n) and Δv_n = v_{n+1} − v_n for all n ∈ IN and V as given below.

THEOREM 5.1. Let V : IN −→ IR^1_+ be a sequence of random variables V (n) : (Ω, F_n, IP ) → (IR^1_+, B(IR^1_+)) satisfying

v_{n+1} = IE [V (n + 1)] ≤ IE [V (n)] + c(n)g(IE [V (n)])

(5.1)

with nonrandom c(n) ∈ IR^1 for all n ∈ IN, where g : IR^1_+ → IR^1_+ is a Borel-measurable, nondecreasing function satisfying the integrability-condition − ∞ < G(u) := ∫_u v_0 dz g(z) < +∞ (5.2)

for all u > 0 and (v_n)_{n∈}IN is nondecreasing. Assume that IE V (0) < +∞. Then, for all n ∈ IN, we have

v_{n+1} = sup k=0,1,...,n IE V (k) ≤ G^{−1} ( G(IE [V (0)]) + n∑ k=0 c(k) ) (5.3)

where G^{−1} is the inverse function belonging to G.

Proof. Suppose that v_0 > 0, at first. Then, inequality (5.1) implies that Δv_n g(v_n) ≤ c(n). Therefore, by simple integration under (5.2), we obtain

G(v_{k+1}) − G(v_k) = ∫_{vk+1} v_k dv g(v) ≤ ∫_{vk+1} v_k dv g(v_k) = Δv_k g(v_k) ≤ c(k) for all k ∈ IN. Summing up these inequalities leads to

G(v_{n+1}) − G(v_0) = n∑ k=0 G(v_{k+1}) − G(v_k ) ≤ n∑ k=0 c(k) for all n ∈ IN, which is equivalent to

G(v_{n+1}) ≤ G(v_0) + n∑ k=0 c(k). Note that the inverse G^{−1} of G exists and both G and G^{−1} are increasing since G satisfying (5.2) is increasing. Hence, we arrive at

v_{n+1} ≤ G^{−1} ( G(v_0) + n∑ k=0 c(k) ) . Note also that, c(k) ≥ 0 due to the assumption v is nondecreasing. If v_0 = 0 then one can repeat the above calculations, for all v_0 = ε > 0. It just remains to take the limit as ε tends to zero in the obtained estimates. Thus, the proof of (5.3) is complete.

Remark. Theorem 5.1 can be understood as a discrete version of the continuous time Lemma of Bihari [11].

5.2. The discrete Girsanov-example (Pure diffusions). Girsanov [13] discussed the simplest examples of one dimensional Itô SDEs

dX_t = σ([X_t]_+)^α dW_t

(5.4)

with X_0 ≥ 0 (a.s.) in view of its solutions and strong uniqueness. Without loss of generality, we may suppose that σ ≥ 0. If α ∈ [0, 1] and IE X^2_0 < +∞ we obtain continuous time solutions which are martingales with respect to the σ-algebra generated by the driving Wiener process W = (W_t)_{t≥0}. If α = 0 or α ∈ [1/2, 1] these (nonanticipating) martingalesolutions are unique with probability one (by the help of Osgood-Yamada-Watanabe results, cf. Karatzas and Shreve [24]). Due to the pathwise continuity, the nonnegative cone IR_+ = {x ∈ IR^1 : x ≥ 0} is left invariant (a.s.). A nontrivial question is whether related numerical approximations are stable, converge to the underlying analytic solution and have the same invariance property. We are able to answer these problems. Here, we are only interested in stability and invariance (for convergence, see a forthcoming paper of the author). For this purpose, consider the balanced implicit methods

Y_{n+1} = Y_n + σ([Y_n]_+)^αΔW_n + σ([Y_n]_+)^{α−1}|ΔW_n|(Y_n − Y_{n+1}).

(5.5)

THEOREM 5.2. The BIMs (5.5) applied to Girsanov’s SDE (5.4) with 0 < α < 1 leave the nonnegative cone IR_+ invariant (a.s.) and provide polynomially stable numerical sequences. More precisely, if σ > 0, 0 < IE Y^2_0 < +∞ and Y_0 is independent of the σalgebra F = σ{W_t : t ≥ 0} then their second moments are strictly increasing as n increases and they are governed by

IE [Y^2_n ] ≤ ( (IE [Y^2_0 ])^{1−α} + (1 − α)σ^2(t_{n+1} − t_0) )_{1/(1−α)} (5.6)

Proof. Suppose that 0 < α < 1. At first we rewrite (5.5) as the explicit scheme

Y_{n+1} = Y_n

1 + σ([Y_n]_+)^{α−1}ΔW_n + σ([Y_n]_+)^{α−1}|ΔW_n| 1 + σ([Y_n]_+)^{α−1}|ΔW_n|

(5.7)

which immediately gives the a.s. invariance with respect to the nonnegative cone IR_+, provided that Y_0 ≥ 0 (a.s.). Therefore, we may drop the taking of positive part by [.]_+ in the above form. Now, rewrite (5.7) as

Y_{n+1} = Y_n + σ(Y_n)^αΔW_n 1 + σ(Y_n)^{α−1}|ΔW_n| . (5.8)

Taking the square and expectation yields

v_{n+1} := IE [Y^2_{n+1}] = IE [Y_n]^2 + IE [ σ(Y_n)αΔW_n 1 + σ(Y_n)^{α−1}|ΔW_n|

]_2 . (5.9)

Thus, due to the positivity of all summands at the right hand side, we may conclude that the second moments (v_n)_{n∈}IN are nondecreasing and, in fact if σ > 0, v_n is strictly increasing. It remains to apply Theorem 5.1. For this purpose, estimate (5.9) by Jensen’s inequality for concave functions in order to obtain

v_{n+1} ≤ v_n + σ^2IE [(Y_n)^{2α}ΔW_n] = v_n + σ^2IE [(Y_n)^{2α}IE [ΔW_n|F_n]]

(5.10) = v_n + σ^2IE [(Y_n)^{2α}IE [ΔW_n]] ≤ v_n + σ^2(v_n)^αΔ_n.

(5.11)

Therefore, we may take V (x) = x^2, g(z) = z^α, c(n) = σ^2Δ_n and apply Theorem 5.1 with the conclusion (5.3) in order to get to (5.6). Note also that G(u) = ∫_u v_0 dz g(z) = ∫_u v_0 dz z^α = z^{1−α} 1 − α | | |^{z=u}_{z=v0} = u^{1−α} − (v_0)^{1−α} 1 − α , G^{−1}(z) = ( z(1 − α) + v^{1−α}_0 )_{1/(1−α)} . If v_0 = 0, then one can repeat the above calculations for v_0 = ε > 0. It just remains to take the limit as ε tends to zero in the obtained estimates. Thus, the proof is complete.

Remark. One could also compare the moment evolutions of the explicit Euler method Y^E = (Y^E_n )_{n∈}IN with that of BIMs Y^B = (Y^B_n )_{n∈}IN governed by (2.8). Then, it is fairly easy to recognize that IE (Y^B_n )^{2κ} ≤ IE (Y^E_n )^{2κ} for all integers κ ∈ IN, provided that IE (Y^B_0 )^{2κ} ≤ IE (Y^E_0 )^{2κ}. It is also interesting to note that the explicit Euler methods cannot preserve the a.s. invariance property with respect to the nonnegative cone IR_+. In fact, they exit that cone with positive probability, independently of the choice of any nonrandom step sizes Δ_n. Summarizing, the underlying explicit solution to (5.4) has very similar analytic properties as BIMs (5.5).

5.3. Numerical experiments for Girsanov’s SDE (5.4). For illustration we conducted numerical experiments in computing trajectories and second moments of solutions to Itô SDE

dX_t = 2 √ [X_t]_+ dW_t

(5.12)

with X_0 = 1.0. Hence, with σ = 2.0 and α = 0.5, we consider an example for a Girsanov SDE (5.4) and its discretization. Its discretization is done via the balanced implicit method (5.5) along equidistant grids on [0, 1] (for the sake of simplicity) with uniform mesh size h = 2^{−10}. The Gaussian increments ΔW_n are generated by the well-known Polar-Marsaglia method, where we use a random initialization of the random seed coupled to the internal time clock in order to guarantee randomness of our results based on the built-in pseudo-random number generator for uniform distributed numbers in C. An appropriate C-code (run on a LINUX-operating machine) provides us the simulation results below. All computing was done in double precision and the data are plotted with GNUPLOT.

In figure 5.1, we recognize how the balanced implicit methods can follow the paths and restore nonnegativity pathwisely as the exact solution does. If one repeats simulations then one can confirm that the four trajectories, depicted in this figure, are rather typical for the Girsanov SDE with α = 0.5. Some paths might converge to zero, some just fluctuate and some seem to explode. Recall that, the pathwise uniqueness of solutions to this SDE is still guaranteed by an application of the Watanabe-Yamada results, see Karatzas and Shreve [24].

Figure 5.2, shows the graphs of the 2nd moments and its estimate (5.6) from theorem 5.2. Clearly we can see the over estimation from the polynomial bound (5.6) having quadratic growth in t here. Again, we used the Polar-Marsaglia method to generate the Gaussian increments ΔW_n. To check the accuracy of statistical moment estimation, we separated the sampling over the trajectories obtained from the first component and the second one of Polar- Marsaglia pairs (G_1, G_2) (recall that it always generates i.i.d. pairs of Gaussian pseudorandom numbers). The small deviation noticed between both estimates for the 2nd moment results from the use of finite sample sizes (in fact our choice is N = 10^5 in the figure 5.2). However, if one repeats for larger sample sizes then this deviation caused by statistical errors will decrease as sample size N increases (with order O( √ N), cf. standard limit theorems and law of large numbers). We have just used this information on statistical estimation to control the choice of reasonable sample sizes and to evaluate the goodness of our experiments.

FIG. 5.1. Four trajectories of Girsanov SDE (5.12).

FIG. 5.2. Estimation of 2nd moments of the discretization of Girsanov SDE (5.12) compared to estimate (5.6).

A Few Final Remarks. Despite the diversity of stability concepts treated in this paper, our investigations can not be complete. This is due to the large complexity of stochastic stability issues and the absence of the solution of the problem of the relevance of test equations for a significantly larger class of nonlinear SDEs (A thorough treatment of a stochastic version of Dahlquist’s stability theory could not be found in the literature so far). Finally, it is also worth noting explicitly that stability investigations are fairly independent of the type of convergence of examined numerical method (the two types of weak and strong convergence have been established as the major ones in stochastic-numerical analysis). However, stability estimates are needed in any refined convergence analysis. So, we hope that we have shown both general theorems concerning several stability issues and its use by fairly simple examples of

48 H. SCHURZ

numerical methods applied to ordinary SDEs - a fact which documents the use of this paper.

Acknowledgments. This paper has been presented at the conference on ‘SPDEs: Numerics and Applications” in Edinburgh (SCOTLAND) in April 2003 and its presentation was supported by travel grants from EPSRC (UK).

REFERENCES

[1] M. I. ABUKHALED AND E. J. ALLEN, Expectation stability of second order weak numerical methods for stochastic differential equations, Stochastic Anal. Applic., 20 (2002), No. 4, pp. 693–707.

[2] L. ARNOLD, Stochastic Differential Equations: Theory and Applications, Krieger Publishing Company, Malabar, 1992 (reprint of the original, John Wiley and Sons, Inc. from 1974, German original, Oldenbourg Verlag from 1973).

[3] L. ARNOLD, Random Dynamical Systems, Springer-Verlang, Berlin, 1998.

[4] S.S. ARTEMIEV, The mean square stability of numerical methods for solving stochastic differential equations, Russian J. Numer. Anal. Math. Modeling, 9 (1994), No. 5, pp. 405–416.

[5] S.S. ARTEMIEV and T.A. AVERINA, Numerical Analysis of Systems of Ordinary and Stochastic Differential Equations, VSP, Utrecht, 1997.

[6] R. BOKOR-HORVÁTH, Stochastically stable one-step approximations of solutions of stochastic ordinary differential equations, Appl. Numer. Math., 44 (2003), No. 3, pp. 299–312.

[7] A. BRYDEN and D.J. HIGHAM, On the boundedness of asymptotic stability regions for the stochastic theta method, BIT, 43 (2003), No. 1, pp. 1–6.

[8] K. BURRAGE, P.M. BURRAGE and T. MITSUI, Numerical solutions of stochastic differential equations – implementation and stability issues, J. Comput. Appl. Math., 125 (2000), No. 1-2, pp. 171–182.

[9] K. BURRAGE and T. TIAN, A note on the stability properties of the Euler methods for solving stochastic differential equations, New Zealand J. Math., 29 (2000), No. 2, pp. 115–127.

[10] W. BECKNER, Inequalities in Fourier analysis, Ann. of Math., (2)102 (1975), pp. 159–182. [11] I. BIHARI, A generalization of a lemma of Bellman and its application to uniqueness problems of differential equations, Acta Math. Acad. Sci. Hung., 7 (1956), pp. 81–94.

[12] J. A. CLARKSON, Uniformly convex spaces, Trans. Amer. Math. Soc., 40 (1936), No. 3, pp. 396-414. [13] I. V. GIRSANOV, An example of non-uniqueness of the solution of the stochastic equation of K. Ito, Theor.

Probab. Appl., 7 (1962), pp. 325–331.

[14] S.K. GODUNOV and V.S. RYABENKII, Difference Schemes: An Introduction to the Underlying Theory, North-Holland, Amsterdam, 1987.

[15] R.Z. HASḾINSKIǏ, Stochastic Stability of Differential Equations, Sijthoff & Noordhoff, Alphen aan den Rijn, 1980.

[16] D. B. HERNANDEZ and R. SPIGLER, Convergence and stability of implicit Runge-Kutta methods for systems with multiplicative noise, BIT, 33 (1993), pp. 654–669.

[17] D.J. HIGHAM, A-stability and stochastic mean-square stability, BIT, 40 (2000), No. 2, pp. 404–409. [18] D.J. HIGHAM, Mean-square and asymptotic stability of the stochastic Theta method, SIAM J. Numer. Anal., 38 (2001), No. 3, pp. 753–769.

[19] N. HOFMANN and E. PLATEN, Stability of weak numerical schemes for stochastic differential equations, Comput.Math. Appl., 28 (1994), No. 10-12, pp. 45–57.

[20] Y.Z. HU, Semi-implicit Euler-Maruyama scheme for stiff stochastic equations, in Stochastic Analysis and Related Topics V: The Silivri Workshop (held in Silivri, Norway, July 18-29, 1994), Koerezlioglu, H. et al., eds., Progr. Probab., 38, Birkhäuser Boston, Boston, 1996, pp. 183–302.

[21] K. ITÔ, Stochastic integral, Proc. Imp. Acad. Tokyo, 20 (1944), pp. 519–524.

[22] K. ITÔ, On a formula concerning stochastic differential equations, Nagoya Math. J., 3 (1951), pp. 55–65. [23] J. JACOD AND P. PROTTER, Probability Essentials, Springer, New York, 2000. [24] I. KARATZAS AND S. SHREVE, Brownian Motion and Stochastic Calculus, Springer, New York, 1988. [25] P.E. KLOEDEN, E. PLATEN AND H. SCHURZ, Numerical Solution of SDEs Through Computer Experiments, First edition, Springer, Berlin, 1994 (Third corrected printing, 2003).

[26] A.N. KOLMOGOROV, Grundbegriffe der Wahrscheinlichkeitsrechnung (in German, reprint of the 1933 edition), Springer, Berlin, 1977, also Foundations of the Theory of Probability, Chelsea Publishing Company, New York, 1950.

[27] T.G. KURTZ AND P. PROTTER, Wong-Zakai corrections, random evolutions, and simulation schemes for SDE’s, in Stochastic Analysis, Proc. Conf. Honor Moshe Zakai 65th Birthday, Haifa/Isr., 1991, pp. 331– 346.

[28] P.D. LAX and R.D. RICHTMEYER, Survey of the stability of linear finite difference equations, Comm. Pure Appl. Math., 9 (1956), pp. 267–293.

[29] X. MAO, Stochastic Differential Equations & Applications, Horwood Publishing Ltd., Chichester, 1997.

[30] G.N. MILSTEIN, Numerical Integration of Stochastic Differential Equations, Kluwer Academic Publishers Group, Dordrecht, 1995.

[31] G. N. MILSTEIN, E. PLATEN and H. SCHURZ, Balanced implicit methods for stiff stochastic systems, SIAM J. Numer. Anal., 35 (1998), No. 3, pp. 1010–1019.

[32] T. MITSUI and Y. SAITO, Stability analysis of numerical schemes for stochastic differential equations, SIAM J. Numer. Anal., 33 (1996), No. 6, pp. 2254–2267.

[33] W. P. PETERSON, A general implicit splitting for stabilizing numerical simulations of Itô stochastic differential equations, SIAM J. Numer. Anal., 35 (1998), No. 4, pp. 1439–1451.

[34] P. PROTTER, Stochastic Integration and Differential Equations, Springer, New York, 1990. [35] L.B. RHYASHKO and H. SCHURZ, Mean square stability analysis of some stochastic systems, Dynam. Syst.

Appl., 6 (1997), No. 2, pp. 165–190.

[36] R.D. RICHTMEYER, R.D. and K.W. MORTON, Difference Methods for Initial-Value Problems, Second edition, Interscience, New York, 1967.

[37] H. SCHURZ, Asymptotical mean square stability of an equilibrium point of some linear numerical solutions with multiplicative noise, Stochastic Anal. Appl., 14 (1996), No. 3, pp. 313–354.

[38] H. SCHURZ, Stability, Stationarity, and Boundedness of Some Implicit Numerical Methods for Stochastic Differential Equations and Applications (original: Report No. 11, WIAS, Berlin, 1996), Logos-Verlag, Berlin, 1997.

[39] H. SCHURZ, Preservation of probabilistic laws through Euler methods for Ornstein-Uhlenbeck process, Stochastic Anal. Appl., 17 (1999), No. 3, pp. 463–486.

[40] H. SCHURZ, The invariance of asymptotic laws of stochastic systems under discretization, Z. Angew. Math.

Mech., 79 (1999), No. 6, pp. 375–382.

[41] H. SCHURZ, Moment attractivity, stability and contractivity exponents of stochastic dynamical systems, Disc.Contin. Dynam. Systems, 7 (2001), No. 3, pp. 487–515.

[42] H. SCHURZ, On moment-dissipative stochastic dynamical systems, Dynam. Systems Appl., 10 (2001), No. 2, pp. 11–44.

[43] H. SCHURZ, Stability analysis of (balanced) stochastic Theta methods, in Proceedings of Stochastic Numerics 2001, W. Petersen, ed., ETH, Zurich, 2001, pp. 1–39.

[44] H. SCHURZ, Numerical analysis of SDEs without tears, in Handbook of Stochastic Analysis and Applications, D. Kannan and V. Lakshmikantham, eds., Marcel Dekker, Basel, 2002, pp. 237–359.

[45] H. SCHURZ, General theorems for numerical approximation of stochastic processes on the Hilbert space H_2([0,T ],μ,IR^d), Electron. Trans. Numer. Anal., 16 (2003), pp. 50-69.

http://etna.mcs.kent.edu/vol.16.2003/pp50-69.dir/pp50-69.pdf.

[46] H. SCHURZ, An axiomatic approach to the numerical approximation of Hilbert-space valued stochastic processes, Report M-02-007 (2002), Southern Illinois University, Carbondale, pp. 18.

[47] H. SCHURZ, Two general theorems for the numerical approximation of stochastic processes on separable Hilbert spaces, in Proceedings of Neural, Parallel, and Scientific Computations, M.P. Bekakos, G.S. Ladde, N.G. Medhin and M. Sambandham, eds., Vol. 2, Dynamic Publishers, Atlanta, 2002, pp. 55–58.

[48] A.N. SHIRYAEV, Probability, Second edition, Springer Verlang, NewYork, 1996. [49] J.C. STRIKWERDA, Finite Difference Schemes and Partial Differential Equations, Chapman & Hall, New York, 1989.

[50] D. TALAY, Simulation of stochastic differential systems, in Probabilistic Methods in Applied Physics, P. Krée and W. Wedig, eds. (Springer Lecture Notes in Physics 451), Springer, Berlin, 1995, pp. 54–96.