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OBTAINING BOUNDS ON THE TWO NORM OF A MATRIX FROM THE
SPLITTING LEMMA*
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Dedicated to Alan George on the occasion of his 60th birthday

Abstract. The splitting lemma is one of the two main tools of support theory, a framework for bounding the
condition number of definite and semidefinite preconditioned linear systems. The splitting lemma allows the analysis
of a complicated system to be partitioned into analyses of simpler systems. The other tool is the symmetric-product-
support lemma, which provides an explicit spectral bound on a preconditioned matrix.

The symmetric-product-support lemma shows that under suitable conditions on the null spaces of A and B, the
finite eigenvalues of the pencil (A, B) are bounded by HW||§, where U = VW, A =UUT,and B=VVT. To
apply the lemma, one has to construct a W satisfying these conditions, and to bound its 2-norm.

In this paper we show that in all its existing applications, the splitting lemma can be viewed as a mechanism to
bound HW||§ for a given W. We also show that this bound is sometimes tighter than other easily-computed bounds
on ||W||3, such as ||W||% and ||W ||, ||W/||,- The paper shows that certain regular splittings have useful algebraic
and combinatorial interpretations. In particular, we derive six separate algebraic bounds on the 2-norm of a real
matrix; to the best of our knowledge, these bounds are new.

Key words. matrix norm bounds, two-norm, norm bounds for sparse matrices, splitting lemma, support theory,
support preconditioning

AMS subject classifications. 15A60, 65F10, 65F35, 65F50

1. Introduction. Supporttheory [1, 5] is a set of tools used to bound the condition num-
bers of preconditioned systems. Support theory employs two devices to bound the support
of a preconditioner: one is the splitting lemma [1, 9], and the other is the symmetric product
support lemma [5]. In this paper we compare bounds which arise from these two tools, and
introduce new bounds.

Conjugate Gradient (CG) is a common iterative algorithm for solving symmetric positive-
definite linear systems Az = b. Given a symmetric positive-definite matrix A, the number
of iterations needed to reduce the norm of the residual by a constant factor is bounded by
the spectral condition number of A. The spectral condition number #(A) is the ratio of the
extreme eigenvalues of A, kK(A) = Amax(A4)/Amin(4). The convergence of CG, as well as of
many other iterative solvers, can often be improved by use of a preconditioner B. When using
a preconditioner, the number of iterations needed for convergence is bounded by the condi-
tion number of the preconditioned system, which is the ratio of the extreme finite eigenvalues
of the matrix pencil (A4, B), defined as follows.

DEFINITION 1.1. The number X is a finite generalized eigenvalue of the matrix pencil
(A, B) if there exists a vector  such that Az = A\Bx and Bx # 0.

Support theory [1, 5] is a framework for bounding the condition number of definite and
semidefinite preconditioned linear systems. In early support-theory papers [1, 9], three main
tools were used: the support lemma, the splitting lemma and the congestion-dilation lemma.
The support lemma showed how to bound the finite eigenvalues of (A4, B) in terms of a
number o (A, B) called the support of (A, B). The splitting lemma shows that (A, B) <
max; o(A;, B;), where A = )", A;and B = ), B;. The congestion-dilation lemma showed
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how to directly bound o(A;, B;) when A; and B; are particularly simple: when the graph
of A; consists of a single edge, and the graph of B; is a simple path between that edge’s
endpoints'. In these early papers all the matrices involved had to be diagonally dominant, but
that is irrelevant for our paper. In essence, the splitting lemma allowed a complex problem
to be broken into simple parts, and the congestion-dilation lemma allowed each part to be
analyzed.

Boman and Hendrickson later presented support theory in a completely algebraic frame-
work, which does not refer to graphs, paths, and so on [5]. Their framework still used
the support lemma, but they replaced much of the rest with a single powerful lemma, the
symmetric-product-support lemma. This lemma shows that under suitable conditions on the
null spaces of A and B, the finite eigenvalues of the pencil (A, B) are bounded by ||W||§,
where U = VW, A = UUY, and B = VVT. To apply the lemma, one has to construct a
W satistying these conditions, and to bound its 2-norm. They also show that the bounds that
were previously derived by the splitting and congestion-dilation lemmas can be directly ob-
tained by applying their new lemma together with the norm bound ||W||§ < W], IW]| -
It seemed that the splitting lemma was no longer useful.

However, recent results by Spielman and Teng again used the splitting lemma [ 14, 16].
What, then, is the role of the splitting lemma in the Boman-Hendrickson symmetric-product-
support framework? This paper shows that in all its existing applications [1, 9, 14, 16], the
splitting lemma can be viewed as a mechanism to bound ||W||§ for a given W. We also show
that this bound is sometimes tighter than other easily-computed bounds on ||W||§, such as
[W 15 and [[W [, W]

We also show that certain regular splittings have useful combinatorial interpretations.
These interpretations can be exploited to construct and analyze graph algorithms for con-
structing preconditioners, such as the algorithms in [3, 9, 14, 16, 17]. In particular, one of
these interpretations was used, with a different proof, in [14].

Path embeddings have also been used to bound the smallest nonzero eigenvalue of Lapla-
cian matrices. To do so, one embeds the complete graph in the target graph. Our bounds apply
to embeddings of arbitrary graphs, so they are more general. However, special cases of some
of our bounds have already been discovered in the more restricted case [7, 10, 11, 12, 13].

This paper is organized as follows. The next section describes the basic results of support
theory. Section 3 proves the splitting lemma and shows that the symmetric-product-support
lemma implies it. Section 4 describes our main technical tools, orthonormal stretchings and
fractional splittings. Section 5 proposes two splitting heuristics and shows that they lead to
new algebraic and combinatorial bounds on the 2-norm of a matrix. Section 6 shows two
additional bounds on the 2-norm. Section 7 quantifies the behavior of each one of the new
norm bounds on an example. In particular, the example shows that the different bounds can
be asymptotically different, some tight and some loose. Section § presents our conclusions.

2. Background. This section provides key definitions and known lemmas that we use
in the rest of the paper. We start with the definition of support and with the support lemma.

2.1. Support. DEFINITION 2.1. The support o(A, B) of a matrix pencil (A, B) is the
smallest number T such that TB — A is positive semidefinite. If there is no such number, we
take 0(A, B) = oo.

The importance of support numbers stems from the following lemma:

LEMMA 2.2. (Support Lemma [9]) If X is a finite generalized eigenvalue of (A, B) and
B is positive semidefinite and null(A) C null(B), then A < o(A, B). When o(A, B) is finite,

'The graph G4 of an n-by-n symmetric matrix A is a weighted graph G = (V,E,w), where V =
{1,2,...,n}, E = {(4,5): Asj # 0}, and the weight of an edge w(4, j) is w(i,j) = —A;;.
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the bound is tight.

Next, we state the key result in Boman and Hendrickson’s support framework.

LEMMA 2.3. (Symmetric-product-support lemma [5]) Suppose U € R***¥ is in the
range of V. € R*"*P. Then

o (UUT, VVT) = min ||W||§ subjectto VW =U .
W

2.2. Combinatorial Interpretations of Support Bounds. Lemma 2.3 is often used af-
ter factoring the n-by-n coefficient matrix A into A = UU7T, where U is n-by-m and the
preconditioner B into B = VVT, where V is n-by-k (note that there are no special con-
ditions on V' and U; they need not be triangular or orthogonal). Typically, the columns of
U are edge vectors [3], i.e. each column of U corresponds to one off-diagonal in the ma-
trix A. Similarly, each column of V' corresponds to one off-diagonal of B. This particular
factorization is used when A and B are symmetric diagonally-dominant (SDD) matrices. A
matrix A that can be decomposed into A = UUT where U has at most two nonzeros per
column is called a factor-width-2 matrix; the properties of such matrices have been explored
in [4, 6]. When A is factor-width-2 and has nonpositive offdiagonal entries, it is often called
a weighted Laplacian matrix.

When A is decomposed into A = UU7 in this way, every column of U corresponds to
an edge in the graph G'4 of A or to a vertex in G 4, and similarly for B = V'V In this case,
any matrix W satisfying U = VW can be seen as an embedding of G 4 in Gg. Suppose that
column j of U is an edge vector in G 4 (otherwise it is a vertex vector). Then U. ; = VW, ;
(we use Matlab notation, in which a colon represents all the possible indices). The nonzero
entries in W. ; specify a set of edge and vertex vectors in V. We say that the edge in G 4
is embedded into this set of edges and vertices in G g. In some support preconditioners, the
embedding is always of edges into simple paths and vertices into single vertices [1, 9, 17]. In
other support preconditioners, some edges are embedded into up to two cycles and up to two
paths [3].

In fact, the analysis of the preconditioner usually goes in the other direction. One first
shows that given A and B, there exists a “good” embedding of G 4 into Gg. Then, from this
embedding, one shows how to construct W. Finally, some bound on ||W||§ is proven, and
this bounds the finite spectrum of the preconditioned system. Common bounds on ||W||§ that
have been used in support preconditioners are ||W||§ < [|Wl; [IW]|,» which has been used
implicitly in [1, 3, 9, 17], and ||W||§ < ||W||§,, which is used in [2]. In this setup, a good
embedding is one that leads to a small norm bound, that is, to a small value for ||W{|, [|W]|
or || W13

When W is an embedding of edges into simple paths and of vertices into vertices, the
two bounds ||W||; < [|[W]l, [[W]|,, and ||W||; < ||W||iﬂ have useful combinatorial inter-
pretations. The first can be interpreted as product of the worst dilation of a path times the
worst congestion through an edge of Gp. Here the dilation of a path 7 between the end-
points of an edge e € G4 is defined to be ), |[Wer |. The congestion through an edge
e’ € Gp is defined to be -, .ic () |Wer el where (e) is the path that embeds e. The

bound ||W||§ < ||W||i~ can be interpreted as the sum of all the dilations of all the paths, but
with a different definition for dilation, ) w2 e

2.3. The Splitting Lemma. We now state formally the Splitting Lemma, which is the
focus of this paper.

LEMMA 2.4. (The Splitting Lemma) Let A = A; + Ay + ...+ Aj and let B = By +
By + ...+ By. Ifall A; and B; are symmetric positive semidefinite, and if for each i, A; is
in the range of B;, then o(A, B) < max; o(A;, B;).

e'en
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Typically, this lemma is used by decomposing A into a sum of rank-1 matrices, each
corresponding to one off-diagonal, and by decomposing B into path matrices, matrices that
can be symmetrically permuted to a tridiagonal form, and which have only one nonzero irre-
ducible block.

In the rest of this paper, we focus on symmetric positive semidefinite matrices, but we do
not assume that they are diagonally-dominant (unless specified otherwise).

3. The Symmetric Product Support Lemma Implies the Splitting Lemma. What
is the relationship of the splitting lemma to the symmetric-product-support lemma? In this
section we begin the study of this question. This section shows that the splitting lemma is
weaker, in the sense that the symmetric-product-support lemma implies the splitting lemma.
The following proof proves Lemma 2.4 using a straightforward application of the symmetric-
product support lemma.

Proof. Let A; = U;UY and B; = V; VT be arbitrary symmetric-product decompositions
of A; and B;. Such a decomposition always exists, given our assumption that both matrices
are symmetric positive semidefinite. For example, we can use the scaled eigenvectors of A;
as the columns of U;, where the scaling is by the square root of the corresponding eigen-

value, and similarly for B;. Let Us be the concatenation of Uy,Us,...,U, and Vg be the
concatenation of V1, V3, ..., V. Thatis,
U5=(U1 Uz U3 Uq),

and similarly for Vs. Then UsUZ = Y-, U;UF =3, A; = A, and VsV = B.

By the assumption that A; is in the range of B;, the factor U; must be in the range of V;.
Therefore, there exists a W; such that U; = V;W.

Let W; be the minimizer of minyy; ||W;||, subject to U; = V;W;. By the Symmetric-

NETE
Product Support lemma, o (4;, B;) = HWz .
2
Let
Wi
W2
W =
W,
We claim that VsW = Usg.
Wi
Ws
VsW=(W Va» Vs - V)
W,
= (VW VW, VaWs - VW, )
=(UL Uy Us -+~ Uy)
The norm of W is equal to max; W;|, so by the Symmetric-Product Support Lemma it

o112
follows that o (A, B) §||W||§=max,- W;|| = max; o(A;, B;). O
2
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4. Splitting and Stretching. In this section we show a deeper connection between split-
ting and the symmetric-product-support lemma. We begin by defining an operation called or-
thonormal stretching, which allows us to obtain one symmetric-product-support triplet from
another. We then show that an important class of splittings, the one which has been used
almost exclusively in applications, can be interpreted as an orthonormal stretching. That is,
splitting is usually a way to obtain one symmetric-product-support triplet from another, and
in particular, to obtain a triplet in which computing ||¥||, is easy.

4.1. Orthonormal Stretching. The orthonormal stretching of a symmetric-product-
support triplet (U, V, W) is a pair of matrices (S, W): a k-by-k matrix S with orthonormal
rows (SST = I), and a matrix W such that W = SW.

Why is stretching important for support theory? Because, as the next lemma shows, the
triplet (U, V'S, W) is also a symmetric-product-support triplet, because various norms of W

-2
bound the corresponding norms of W and because o(UUT, VVT) < H WH .
2

Therefore, orthonormal stretching is useful when it allows us to take a symmetric-product-
support triplet (U, V, W), for which bounding the norm of W is difficult, and obtain a new
triplet (U, V' S, W), for which bounding the norm of W is easier. The norm of W still bounds
o(UUT,VVT), which in turn bounds the spectrum of the preconditioned linear system.

LEMMA 4.1. Let U = VW, and let S and W be an orthonormal stretching of (U, V, W),
so W = SW. Then, using the notation V.= V'S, the following hold:
vvT =vvT
V=vsT
U=vw
wil, < |[w]),

Wil <|w|
(W]l < vk HWH , where k is the number of columns in S.
[ee)

7w, < VE|w|
Proof. Most of the claims are nearly trivial.
1. VVT = (VS)(STVT) =V(SST)V =vVT
V=vVI=V(SsT) = (VSs)sST =vsT
U=VW=V(SW)=(VSW=VW
Wi, = s, < sl |#], = ]

S e

K because ||S||, = 1.

nook v

To show that |||, < ‘W , we need only compare each column of W to the
F

corresponding column in W. Let w; (@;) be column j of W (of W). Then w; =

Swj, so ||u1~j||2 = [|Sw;ll, < [IS|ly [l@;]l, = [l@;]l, . Since the norm of each

column of W is greater or equal to the norm of the corresponding column of W,
Wi < |W] -

Wle < W],

6. Since W = SW, we have Wl = HSW|

. < 15l HWHOO We prove the

claim by bounding the co-norm of S, ||S||,, = max; 2?21 |Si;]- Each row in S
is a size-k vector with unit norm. Let sum(v) be the sum of the absolute values of
the entries of a vector v. It is easy to show that the maximum of sum(v), over all
the vectors v with norm 1, is obtained when all the entries of v are equal. The sum
of the entries, for the maximal vector, is ~the square root of the size of the vector.

Therefore, for any row i of S we have Zle |Si5] < VE, so S|l < V'k, which
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proves the claim. B ~
7. Let S’ be a completion of S to a k-by-k orthonormal matrix. Then ||S]|, < [|5'],
because

k k k
[IS]l; = max E |Sij| = max E |Sz{j| < max E |S£j| =15, -
i 4 i 4 i 4
i=1 =1 =1

An equivalent argument to that of claim 6 shows that [|S’||; < k., which proves the
claim.
O
But how do we find a useful orthonormal stretching (S, W), a stretching for which the
norm of W is easy to bound? The next part of this section shows that in many cases, splitting
can be interpreted as such a stretching.

4.2. Orthonormal Stretching Via Fractional Splitting. In this section we explain the
connection between the orthonormal stretching and splitting.

DEFINITION 4.2. A splitting set for an n-by-m matrix U and an n-by-k matrix V is a
set D1, Da, ..., Dy, of k-row matrices satisfying

. ZTZI DijT =1, and
e foreach j, U. j is in the range of V D;.

LEMMA 4.3. Let D1, D5, . .., Dy, be a splitting set for U and V. Then Aj = (U. ;) (U;,j)T
and Bj = (VDj) (VDj)T is a splitting of A = UUT and B = VV'T in the sense of the
splitting lemma. That is, A= %" | A;, B=3%"" B;, and each A; is in the range of B;.

Proof. Clearly A = ZTzl A;. The sum of the B;’s satisfies

LR

Jj=1

VD) (VD))"

Ms

<.
I
-

VD;DfV"

tnqs

I
-

J

=v > p;p] | v"
j=1

=vvT

=B.

Since for each j, U. ; is in the range of V D, each A; is in the range B;. O
A splitting set can be difficult to construct, due to the second condition in its definition.
But a W satisfying U = VW offers an opportunity to create a special family of splitting sets.
DEFINITION 4.4. Let U be an n-by-m matrix, V. an n-by-k matrix, and W a k-by-m
matrix such that U = VW. A fractional splitting set for U, V, and W is a set of k-by-k
diagonal matrices D1, Da, . . ., Dy, satisfying the following conditions.
e The indices of the nonzero diagonal entries in D is the set {i: W; ; # 0}.
. ZT:1 DjDJT =T
LEMMA 4.5. A fractional splitting set is a splitting set.
Proof. We need to show that for each j, U. ; is in the range of VD;. Let D;‘ be the

Moore-Penrose pseudo-inverse of D;. Since D; is diagonal, Df is also diagonal, with

o) ={ P Pz

i 0 otherwise
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(see, for instance, [8, Section 5.5.4]). The matrix DjD;' is diagonal with zeros and ones
on the diagonal, with ones in positions that correspond to nonzeros in W. ;. Therefore,
DJ-D;*W;,]- =W.j, so VDjD;rW:,]- = VW. ;. Therefore,

VD; (DfW.;) = VW,
=U,,
which proves the claim. d

We now show that a fractional splitting set defines not only a splitting of A and B, but
also an orthonormal stretching of V' and W. We begin by showing how to derive S from the

_Dj’S.
LEMMA 4.6. Let D1,Ds, ..., Dy, be a splitting set. Then the concatenation S of the
D;’s, S = ( D, D, Ds --- D, ) has orthonormal rows (the concatenation matrix

S consists of the columns of Dy followed by the columns of D, and so on).

Proof. SST = Z;nzl DjDJT =1I |

Clearly, the proof of the previous lemma only relies on one of the two conditions that
splitting sets must satisfy.

Next, we show how to construct 1¥. The example in the beginning of Section 5 illustrates
this construction.

LEMMA 4.7. Let D1, D>, ..., Dy, be a fractional splitting set for some U, V, and W,
and let S be defined as in Lemma 4.6. Let

W.;=(0; 0; --- 0; DfW.;5 0; --- 0; 0),

where 0 denotes the k-by-1 zero vector. (We use the Matlab notation: a semicolon denotes
stacking blocks, so (A ; B) = (AT BT)T.) That is, in the first column of W the first k
elements are DTW;J and the rest are zeros. The second column of W starts with k zeros,

then the elements OfD;'VV;J, followed by zeros, and so on. Then W = SW.
Proof. We prove the lemma column by column,

(SW) y = SW.,;

=(Dy Dy -+ Dj.1 Dj Djy1 -+ Dm_y Dyn )| DIW,;

> D;-0| +D;DfW.
i#]
=0+ W;,j .
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An important benefit of using a fractional splitting to define an orthonormal stretching
(S, W) is that the 2-norm of T is easy to compute.

LEMMA 4.8. Let (S, W) be an orthonormal stretching defined by a fractional splitting
as in Lemmas 4.6 and 4.7. Then

], = e, -

Proof. By the construction of W given in Lemma 4.7 it is clear that its columns are
orthogonal. O

In general, splittings and symmetric products are not isomorphic. A splitting A = > A;
and B = Y B; does not define symmetric products A = UUT and B = VV7T, not even
implicitly. Also, a symmetric-product-support triplet does not define a splitting. But we have
shown that an important class of splittings does define an orthonormal stretching, a way to
get one symmetric-product-support triplet from another.

In most of the applications of the splitting lemma [9, 1, 14, 16], there is also a symmetric-
product representation of A and B, a representation using edge and vertex vectors, and an
implicit . Furthermore, in these applications, the splitting of A and B can almost always
be interpreted as a fractional splitting set Dy, ..., D, of the symmetric-product factors U
and V. In all of these cases, the splitting can be interpreted as an orthonormal stretching of a
symmetric-product-support triplet.

Before we conclude this section, we show that for orthonormal stretchings derived from
fractional splitting sets, one of the norm-bounds on W can be tightened.

LEMMA 4.9. Let (S, W) be an orthonormal stretching of (U,V, W), derived from a
fractional splitting set, as defined in Lemmas 4.6 and 4.7. Then ||W ||, < HWHl

Proof. We show that [|S||; < 1. By definition, ||S||; = max; Zle |Si;|- By the
construction of S in Lemma 4.6, each column of S is a column of one of the D;’s. Each
column of Dj; has exactly one nonzero. Because DJ-D;‘-” = I, that nonzero must be no

larger than 1 in absolute value. Therefore, each column of S has exactly one nonzero no
larger than 1 in absolute value, which proves the claim that ||S||; < 1. Therefore ||W]|, =

5], < s ], < ], o

Note that whenever each column of S has a single nonzero, ||[W]|; < HW|

, even if
1

W was not derived from a fractional splitting set. In particular, the 1-norm bound given
in the previous lemma may hold even when the columns of W are not orthogonal. When
(S, W) are obtained from a fractional splitting set, the bound ||W||g < W]l W]l <

\/Z H WH1 HW” is not particularly useful, because we can directly compute HWH2 Butin
o0

more general cases this bound may be useful.

5. How to Split. The choice of D;’s in a fractional splitting can have a profound influ-

ence on how close HW” is to ||WW||,. We use a fractional splitting because HW H is easy to
2 2

compute and it bounds ||[WW||,. In this section we show that a poor choice of D;’s can lead to

HWH2 being so large that it teaches us nothing about ||W||,. We also suggest two simple and

efficient heuristics to find splittings with a small HW” From one of these heuristics we ob-

tain two combinatorial bounds on support preconditioners; one of these bounds was already
suggested in a more general form by Spielman and Teng [ 14] using an entirely different proof,
and the other is new.
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5.1. An Example. We first show that if the choice of splitting is poor, then the resulting
norm bound is useless. Let

2 -1 -1 1 0 1
A= -1 2 -1 |, U= -1 1 o0
-1 -1 2 0 -1 -1

1 -1 0 1 0

B=| -1 2 -1 |,v=| -1 1

0 -1 1 0 -1

To complete U and V' to a symmetric-product-support triplet, we use

1 01
w=(o11):

The 2-norm of W is |W||, = v/3.
We now split A and B using the following fractional support set,

oi=( 8) 2 (3 1) 2= (5 ).

where € > 0 is small. Therefore,

e 00 0 V1 — €2 0
$=(Di D D3):(0001/\/§ 0 1/ﬁ>‘

We now construct W according to lemma 4.7, starting with the pseudo-inverses,

Di_:(lée o>’D;:(0 0 >’D;:(1Nt_—€2 0 )

0 0 V2 V2
$O
1/e
0
~ 0
W = /2
1/v/1—¢2
V2
For small €, | V|| = 1/eis arbitrarily large, so it is not a useful bound on ||W ||, = v/3.
2

Clearly, e = 1/ v/2 is a better choice than a small e, yielding a HW” = 2, still not
2

completely tight, but better. In this case, a fractional splitting can actually achieve HWH =
2
[W]l, = V3. Let

g 1/3 0 0 2/3 0
- 0 0 1/3 0 2/3 )
SO
V3 V3 0 0
0 0 0 0
_ 0 0 0
W= 0 V3 0
3/2 0 0 3/2
3/2 0 0 3/2
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(We show w twice, with and without all the zeros, to emphasize the structure of its columns.)
Still, the e-example shows that a poor splitting yields useless bounds.

5.2. The Rowwise Heuristic. When W = S W, row ¢ in W is a linear combination of
a set of rows in W, where the coefficients of the linear combinations come from row 7 in S.
When (S, W) is an orthonormal stretching derived from a fractional splitting set, the row sets
that combine to form rows of W are disjoint. This is a consequence of the fact that columns
in S have no more than a single nonzero. Therefore such stretchings map disjoint sets of rows
of W to the rows of T¥.

The first heuristic that we propose finds a fractional splitting that ensures that the 2-norm
of each nonzero row of T that maps onto row i in W is exactly ||WW; . ||,- This ensures, in a
heuristic way, that W is not too large.

Here is another way to interpret this heuristic. Under an orthonormal stretching derived
from a fractional splitting set, each nonzero in W is mapped into a nonzero in W. The
rowwise heuristic ensures that all the nonzeros in W that map to nonzeros in row i of T have
the same magnitude.

LEMMA 5.1. Let us define m diagonal matrices, such that the (i,1) value in the j-th
matrix is

Wi s
(D.)Mz IR
P | Wadl,

Then the D;’s are a fractional splitting set for W.

Proof. Clearly, the indices of the nonzero diagonal entries in D is the set {i: W; ; # 0}.

We need to show that E;":l DijT = I. A sum of diagonal matrices is also diagonal.
Therefore, 2721 D, DjT = Z;”Zl D;f’ is diagonal. We need only show that each diagonal
entry in 37" | D% is 1. By definition, the (4, ) entry in D; is W; j/ ||[Wi.|,. The (,1) entry
in 37", D is

m WZZJ 1 m 2 1 2
d —ns = s Y W= —— Wi =1.
Wil (Wil T Wl

i=1 =1

O

We now prove that this splitting preserves the 2-norm of rows in W. We need the fol-
lowing notation: 5(4,j) = (j —1)-k+¢ (forl1 < i < kand1 < j < m). Matrix S is
a concatenation of the D; matrices. Therefore, S is a concatenation of m k-by-k matrices.
(i, 7) is the index of the column in .S corresponding to the i-th column in D ;.

LEMMA 5.2. Let W be an orthonormal stretching of W derived using the rowwise

fractional-splitting heuristic. If W; ; # 0, then (D;‘W;,j) = ||W,|
- 2

Therefore, the norm of each nonzero row in W is the norm of some row in W, and for each
row in W, there is at least one row with the same norm in W.

Wﬂ(@j) e

9

[

Proof. Rows in W have at most a single nonzero, when W is constructed from a frac-
tional splitting. Therefore, for each nonzero row, the norm of a row is the absolute value
of the single nonzero element in that row (the norm of a zero row is zero). All nonzeros in
column j of W are entries of D*I/V;J. Therefore, foreach 1 < ¢ < kand1 < 5 < m,
HWn(i’j)’:HQ = ‘(D;_W’J) ‘ L If Wi,j ;é 0, then (Dj)i,i = Wi,j/ ||Wl’||2 ;é 0. Therefore

i
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('D;_)z’z = ||W1, ||2 /Wz,] and thus:

(Dj_WHJ')i = (D;’_)m Wi

Wi,
= 7u 2
Wi; v
= [[Will, -

This proves the lemma, because

We now prove a new bound on ||¥||,, a bound which we later show has a useful combi-
natorial interpretation.
LEMMA 5.3. Let W be a k-by-m real matrix. Then

IWIE < max 30 (Wil =max > S WE.

i: Wi ;70 i: Wi ;70 c=1

Wi, = 10T We)il = Wil -

O

Proof. We stretch W orthonormally using the rowwise fractional-splitting heuristic.
Then [[W/]3 < |V

2 -
5 and the columns of W are orthogonal, so
- 12 T
7], = max 7.5
2 J 2
T
All that remains to show is that HW] H2 =i Wi 20 e WE
2
= ||DF w4,
k
=Y (0} wy)
=1
= > Wi ||§ :

i W j#£0

-2

The last equality is by lemma 5.2. O
LEMMA 5.4. Let W be a k-by-m real matrix. Then

k
2 2 2
W <max Y W —max S SWE

i Wi ;#0 J: Wi j#0r=1

Proof. The previous lemma, applied to W7, proves the claim, since ||WT||2 = ||[W],.
a

5.3. A Combinatorial Interpretation and the Spielman-Teng Bound.  Given a
symmetric-product-support triplet (U, V, W), a column of W can be viewed as an embedding
of a column of U into the columns of V, since U. ; = VW. ;. The nonzero elements in the
column of W specify a generalized path in V' that supports the column in U. When U and
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V' have at most two nonzeros per column, (that is, UUT and VVT have factor-width 2),
they can be viewed as the weighted incidence matrices of Gyyr and Gy yr. In that case,
a generalized path defined by a column of W is, indeed, an edge set, although this edge set
may not form a simple path. We now define the dilation of a path that supports a column of
U, and the congestion caused by the paths that utilize a column of V.

DEFINITION 5.5. Let (U, V,W) be a symmetric-product-support triplet. We say that
column i in'V supports column j in U if W; ; # 0. The 2-dilation of a column j in U is

dily(U, V, W, j) = dila(j) = |[W. 415 -
The 2-congestion of a column i in'V is

cong, (U, V, W, i) = cong, (i) = |Wi,. |5 .

These definitions, together with Lemmas 5.3 and 5.4, give the following results.
LEMMA 5.6. Let (U, V, W) be a symmetric-product-support triplet. Then

WIS <max 37 congy ).

i supports j

The next lemma is a special case of the Spielman-Teng Support Theorem [14, Theo-
rem 2.1]. Their proof technique, however, is different. The result stated in Lemma 5.6 is, to
the best of our knowledge, new.

LEMMA 5.7. Let (U, V, W) be a symmetric-product-support triplet. Then

||W||§§rnlax > diby(y) .

i supports j

5.4. The Frobenius Heuristic. Another approach to fractionally splitting W' is to min-
imize the Frobenius norm of W. The Frobenius heuristic defines m diagonal matrices, such
that the (¢, ¢) value in the j-th matrix is

W,
(Dj);; = /7n|1 ! .
’ Ec:l |W’L,C|
LEMMA 5.8. The preceding definition of the D;’s defines a fractional splitting set.
Proof. AsinLemma 5.1, we need to prove that 337" D; DT = I. Matrix 37" | D;D} =
ZTzl D?, being the sum of diagonal matrices, is also diagonal. We need only show that each

diagonal entry in )", D7 is 1. By definition, the (i, i) entry in Dj is \/|Wj ; /vl Wil
The (4,4) entry in E;nzl D? is

m m
(Wi 1
: = . [Wiil=1.
j:ZI 2111 (Wil 221:1 (Wil ; "
D ~

LEMMA 5.9. The Frobenius heuristic minimizes H WH over all fractional splittings of

F

w.

Proof. We prove the lemma in two steps. We first show that the minimization problem
can be broken up into k separate problems, each involving one row of S and one row of W.
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We then show that the Frobenius heuristic minimizes the contribution of each row to H W H s
F

and is, hence, an optimal Frobenius-norm minimization strategy.
The nonzero elements of W are the nonzero elements of the vectors DjW:,]- for j =

1,...,m. The i-th element of the vector D W.; is (D). Wij. If Wi; = 0 then
(Dj)i,l, W;.; = 0, otherwise (D;’“)m I/I~/” = Wi/ (Dj); ;-
Therefore, the Frobenius norm of W is
- |12 m Wi
7l =X > (&}
F (Dj);i

—y D). .
J=14:W; ;#0 »

2

In this double sum, the outer summation is over columns of W, and inner summation is
over the nonzeros in a particular column. Each nonzero of W appears exactly once in the
summation. We can change the order of summation so that we sum over rows of W,

2

9 k m Wi,j

=
Wi i #0

|

)

To minimize the Frobenius norm, we minimize this sum subject to the constraints

m
> (Dy);;=1foralli=1,....k.
Jj=1
W; i #0
Since we have a separate constraint for each one of the inner sums in Equation 5.1 (for each
row of W), the global minimum of the Frobenius norm is achieved when each one of the
inner sums is minimized.

We now turn to the second part of the proof, showing that the heuristic does minimize
each inner sum. The inner sum minimization is equivalent to finding the vector (21, .. ., )
that minimizes .-, (¢;/x;)? subject to Y ;*, #7 = 1. The vector ¢ corresponds to the
nonzero elements in the ith row of W and the vector x to the corresponding elements of S.
We prove by induction on m that the minimum is (3 c,~)2 and that it is achieved at

_ |l
Z;nzl |e;]

The inductive claim is actually slightly stronger. We prove that when the constraint is replaced
by 3.7, 22 = 2 for some z > 0, the minimum is 2z~ (3 ¢;)” and that it is achieved at

Vzleil
E;'nzl |e;
For m = 1 the only choice for z7 is z1 = 4/ and it is easy to verify that the claim holds.

Assume that the claim holds for m — 1. For any value of 0 < z,, < +/z, the minimum
of the sum 77" (¢;/x;)? subject to Y7 ' #? = 2 — 2, is, by the inductive claim, (z —

Ty =

2
z2)"! (E:":_ll ci) . The total minimization problem, then, is to minimize
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subject to 0 < z,, < 4/z. The derivative of this objective function with respect to 2, is

of (ZZSI Ci)2 c2

0(z%)  (z—22)° (a%)"

It is easy to verify that the derivative vanishes at

VZ |em|
E;’nzl ;1

Clearly, this value of x,, satisfies 0 < x,,, < /2, so it solves the constrained minimization
problem. Given this value of z,, we have

oo (T el
==+ (B

By induction, for ¢ < m, the optimal value of ; under the constraint Z:’;l 22 =z— xfn is

K3
achieved at

_Ve—a)el | el
VERS el T el

This concludes the inductive claim and the entire proof. O

An alternative way to prove the second part of the proof, proposed by Dan Spielman,
uses Lagrange multipliers.

Proof. The proof that the minimization problem can be broken into k£ independent sub-

problems is the same as in the first proof. We now show that z; = /le;il/ 325 [¢;] is a

minimizer of 37" (¢;/z;)? subject to 370 |z = 1.

3
Let f(1,. .y Tm,A) = D00 (C—’) + A (Zm T2 — 1). The minimizer satisfies

i=1\z; i=17j

2
0 = 2 = —2-% 42,
8 .
0 = %% = Y1,

It follows that ¢} = Az}, therefore 27 = |¢;| /v/A. Since 3°7-; 2% = L it follows that

Z;nzl % = 1
% 2721 lej| = 1

2 = 27:1 lej| -

Since 27 = |¢;| /v/X it follows that

22 = |cs|

i 2oitaleil o
and thus

Vel
>oitles]
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Like the rowwise heuristic, the Frobenius heuristic also produces new algebraic bounds
on |W||2. These bounds and their proofs were discovered by Dan Spielman [15]. Before we
state and prove the bounds, we prove an auxiliary result.

LEMMA 5.10. [15] Let W be an orthonormal stretching of W derived using the Frobe-
nius fractional-splitting heuristic. If W; j # 0, then y

Wn(z’,j),=H2 = ‘(DfW:,j)i‘ = VIWijl
\% ZT:l |Wi70|~

Proof. As in lemma 5.2, foreach 1 < 4 < kand1 < 5 < m, HWn(z',j),:|

, =
‘(D;‘W:,j) ‘ . I Wi; # 0, then (Dj);; = /[Wi,l//2iZi [Wie| # 0. Therefore

%

(DF),.; = VI Wael//[W] and thus

- Wl

We now state and prove new bounds on ||W||,.

LEMMA 5.11. [15] Let W be a k-by-m matrix. Then

Wi < max > Wil <Z|Wi,c|> :
c=1

Wi ;70

Proof. We stretch W orthonormally using the Frobenius fractional-splitting heuristic.

~ |12 ~
Then ||W||§ < H W| , and the columns of W are orthogonal, so
2

7], =g, -



ETNA

Kent State University
etna@mcs.kent.edu

BOUNDS ON THE TWO NORM OF A MATRIX FROM THE SPLITTING LEMMA 43

L2
All that remains to show is that HW;,J- H2 =2 iwi 20 Wil - (>, |Wiel). We have

~ 2
[¥.d]] = I el
k

= (Dfw.y);
i=1
k m
= Wiyl (Z |Wz',c|)
i=1 c=1
= > Wil <Z|Wz’,c|> :
c=1

Wi ;#0

The equality of the second and third lines is by lemma 5.10. O
LEMMA 5.12. [15] Let W be a k-by-m matrix. Then

k
W15 < max > Wil (ZlWr,ﬂ) -
r=1

J3:Wi ;70

Proof. The previous lemma, applied to W7, proves the claim, since ||I/VT||2 = [|[W]],.
0

The bounds in lemmas 5.3 and 5.11 are structurally similar. Both bound ||W||3 using an
expression of the form

m
2
Wy <max > > g(Wi;,Wic) -
J Wi ;#0 c=1

In lemma 5.3 we have g (W; ;, W;.) = W7, and in lemma 5.11 we have g (W; j, W) =
[Wi il - [Wicl|. In both cases the maximum is over sums of functions of the same nonzero
elements of W. A similar relationship exists between lemmas 5.4 and 5.12.

We note that there exist matrices W for which applying the Frobenius heuristic gives

a smaller HW” than the rowwise heuristic, and that there are matrices for which the row-
2

wise heuristic gives a smaller HWH . In general, neither of the two is an optimal 2-norm
2
minimization strategy.
6. Gram Bounds on the Two Norm. In this section we suggest two additional bounds
on the 2-norm of W. In one particular case, these two bounds are equivalent to the bounds

proved in Lemmas 5.6 and 5.7.
LEMMA 6.1. For any matrix W,

Wiz < [Www]|, = [wwT], .

Proof. For all matrices W, ||W||§ = HI/VI/VT”2 For any matrix A, we have ||A||§ <

lA]l; [|A]| - In particular, ||WWTH§ < HWWTH1 HWWTHOO Since WW T is symmetric,
|WW?||, = |[WWw?||_.. This concludes the proof. 0O
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Similarly,
LEMMA 6.2. For any matrix W,

Wi < [[w*w|, = [w'W]|_

Consider the case where A and B are symmetric and diagonally-dominant matrices, and
the weights of all the edges in A’s and B’s underlying graphs are 1. Given an embedding of
the edges of A into simple paths in B, all the entries of W are either 0, 1 or —1. In this case,
the dilation of an edge is exactly the length of its supporting path. It is easy to see that, in
this case, the ||WWT||1 bound is the same as the bound given in lemma 5.7. Similarly, the
HWTW”1 bound is the same as the bound in lemma 5.6.

In more complex cases, however, the two norm bounds given in this section are not
equivalent to the bounds in Lemmas 5.6 and 5.7.

7. An Example. The example that we present in this section shows that the new norm
bound given in Lemma 5.6 is sometimes asymptotically tighter than all the other norm bounds
that we are aware of. In this example, Lemma 5.6 tightly bounds the two norm, while
all the other bounds are asymptotically loose. In particular, the ||W|| p-norm bound, the
[|W]]; ||W || -norm bound, the || wwt || ,~norm bound and its equivalents, and the bound in
Lemma 5.4 are all loose.

Consider the 1-by-2 block matrix W = (W'|I), where I is the (2m + 3)-by-(2m + 3)
identity for some m, and where W' is the (2m + 3)-by-(m + 1) matrix

ym 1 - 1
Jm

3

WI

The matrix W corresponds to an embedding of the edges of the graph shown in Figure 7.1
onto paths in the same graph, but without the dashed edges. Because the graph without the
dashed edges is a tree, each edge in the original graph is supported by exactly one simple
path.

We can prove the following norm bounds on W. We omit the proofs.

W5 = 4m + 1.
W% = 2m? + 6m + 3 = ©(m?).
WL, W]l = (Vin -+ m + 1) (3y/im) = ©(m").
|[WTW ||, = 3m + (m + 3)y/m = ©(m"*).
|[WWT|, =4m + 2mym + 1 = ©(m*?).
2
max; » ;. Wi ;%0 Wil = 4m + 3 = ©(m).
2 2
max; Zj: Wi, #0 ||W;,j||2 = ||W’||F +1=2m2+4m+1= G)(m2).
masx; Y. w0 Wil (S Wiel) = Vm(y/m+m+1) + 2y/m(y/m+1) =
O(m!?).
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FIG. 7.1. A weighted graph G 7, with 2m + 4 vertices (m + 2 on the top and m + 2 on the bottom). The
dashed edges are in Gy but not in Gyyy,r. The edge weights given are the nonzero coefficients of the corre-
sponding columns of U and V'; for example, the edge with weight m corresponds to a column (m, —m,0, .. .,0) T
inU.

o maxi Vp, 0 Wil - (Shet IWegl) = Vi - 3vm + m(1 + 2ym) + 1 =
® (m1.5)'
For large m, none of these bounds on the 2-norm are tight, except for one, 4m + 3, which is
not only asymptotically tight, but is off by only a small additive constant.

8. Conclusions. We have shown that applying the splitting lemma to the analysis of
support-graph preconditioners can be viewed as a mechanism to bound the norm of a matrix
W. The mechanism works by orthonormally stretching W into a larger matrix W whose
2-norm bounds that of W but is easier to compute.

In doing so, we have unified the “old-style” support theory, in which the analysis of a
preconditioner usually starts by splitting, and the “new-style” support theory, which relies on
the symmetric-product-support lemma, usually without splitting.

We also presented six new bounds on the 2-norm of the matrix, given in Lemmas 5.3, 5.4,
5.11,5.12, 6.1, and 6.2. One of the four was already given by Spielman and Teng, but not in
the form of a norm bound. Four of the new bounds have useful combinatorial interpretations.
Special cases of some of our new bounds were previously used to bound the smallest nonzero
eigenvalue of Laplacian matrices [7, 10, 11, 12, 13].

Viewing splitting as a way of bounding ||W||,, using HW H leads to systematic splitting
2

strategies that aim to minimize some other norm of W. We propose two such strategies in this
paper; one is a heuristic which preserves in W the 2-norm of rows of T, and another which
minimizes the Frobenius norm of . Both are analytically and computationally simple.

We have also shown that one of the new bounds can be asymptotically tighter than all the
other norm bounds that we are aware of. The problem of ranking the bounds by tightness, or
showing that they cannot be ranked, remains open.

Acknowledgements. Thanks to the three anonymous referees for numerous corrections,
suggestions and comments. Lemmas 5.11 and 5.12 were discovered by one of the referees,
who turned out to be Dan Spielman; he also suggested the alternative proof of Lemma 5.9.
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