TWO-LEVEL ADDITIVE SCHWARZ PRECONDITIONERS FOR FOURTH-ORDER MIXED METHODS^∗

M. R. HANISCH^†

Abstract. A two-level additive Schwarz preconditioning scheme for solving Ciarlet-Raviart, Hermann-Miyoshi, and Hellan-Hermann-Johnson mixed method equations for the biharmonic Dirichlet problem is presented. Using suitably defined mesh-dependent forms, a unified approach, with ties to the work of Brenner for nonconforming methods, is provided. In particular, optimal preconditioning of a Schur complement formulation for these equations is proved on polygonal domains without slits, provided the overlap between subdomains is sufficiently large.

Key words. additive Schwarz preconditioner, mixed finite elements, biharmonic equation, domain decomposition, mesh dependent norms

AMS subject classifications. 65F10, 65N30, 65N55

1. Introduction. In this paper we introduce and analyze two-level additive Schwarz preconditioners applicable to three mixed finite element approximations for the biharmonic Dirichlet problem, valid on any bounded polygon without slits. By preconditioning the Schur complements arising from the Ciarlet-Raviart, the Herrmann-Miyoshi, and the Hellan- Herrmann-Johnson mixed methods, we obtain systems with uniformly bounded condition number when the overlap between subdomains is sufficiently large.

Additive Schwarz preconditioners for conforming [27, 29, 30], non-conforming (e.g. Morley) [4], and discontinuous Galerkin methods [14], and multigrid preconditioners for mixed finite element methods [16, 17, 24] have been developed for the biharmonic Dirichlet problem. However, the analysis of additive Schwarz preconditioners for these mixed methods is impeded by the “non-inherited” nature of the associated bilinear forms. By utilizing equivalent mesh-dependent forms, we develop a variant of the two-level additive Schwarz preconditioner proposed by Brenner [4] which applies directly to the Schur complement obtained from any of the Ciarlet-Raviart, the Herrmann-Miyoshi, or the Hellan-Herrmann-Johnson mixed methods. The equivalence of the modified Morley non-conforming and the Hellan-Hermann- Johnson mixed methods shown in [1] allows for a less direct preconditioned solution of the latter method. We note also some related work for plate problems [3, 5, 15], and second order discontinuous Galerkin methods [13, 26].

This paper is arranged in the following manner. In §2 we define a Schur complement operator for the Ciarlet-Raviart, the Herrmann-Miyoshi, and the Hellan-Herrmann-Johnson mixed methods, and prove the equivalence of a simpler mesh-dependent operator. This amounts to extending an inf-sup condition for these methods to non-convex polygons. In §3 we define a two-level additive Schwarz preconditioner and extend Brenner’s analysis [4] to the case of the three aforementioned fourth-order mixed methods. In §4 we define certain intergrid operators and demonstrate that these meet the requirements of the abstract analysis of §3.

We shall let H^s(Ω) denote the L_2-based Sobolev space of order s, and denote its norm ‖·‖_{s,Ω}, while |·|_{s,Ω} will denote the associated semi-norm. Additional spaces H^s_0 (Ω) are defined as the completions of C^∞_0 (Ω) with respect to the norms ‖·‖_{s,Ω}. We shall also make reference to the negative norm (dual) spaces H^{−s}(Ω) = [H^s_0 (Ω)]^′. Throughout this paper we use C to denote a generic positive constant which is independent of the mesh parameter h.

∗Received November 26, 2004. Accepted for publication August 2, 2005. Recommended by M. Benzi. †Department of Mathematics, Calvin College, Grand Rapids, MI 49546, U.S.A. (mhanisch@calvin.edu).

This work was supported in part by a Calvin College Research Fellowship. 1

2. Background. We consider three mixed methods for the biharmonic Dirichlet problem on a polygonal domain Ω in R^2 with boundary ∂Ω:

△^2 u = f in Ω, u =^{∂u}_{∂ν} = 0 on ∂Ω,

(2.1)

where △ denotes the Laplacian operator and^∂_{∂ν} is the normal derivative at the boundary of Ω. Each of these mixed methods is based on a weak formulation of (2.1) that can be written in the abstract form:

GIVEN: real Banach spaces V and W , and a (·, ·), and b (·, ·), bilinear forms on V × V , and V × W , respectively, FIND: {σ, u} ∈ V × W such that, for f ∈ W^′, a (σ, v) + b (v, u) = 0, ∀ v ∈ V , b (σ, w) = −(f, w), ∀ w ∈ W . (2.2)

Appropriate piecewise-polynomial subspaces V_h ⊂ V and W_h ⊂ W are defined and an approximate solution pair {σ_h, u_h} is obtained by solving:

FIND: {σ_h, u_h} ∈ V_h × W_h such that, for f ∈ W^′, a (σ_h, v) + b (v, u_h) = 0, ∀ v ∈ V_h, b (σ_h, w) = −(f, w), ∀ w ∈ W_h. (2.3)

For example, the mixed method of Ciarlet and Raviart [8] is a finite element method for the biharmonic Dirichlet problem based on a weak formulation of the form (2.2) with a (ψ, φ) = ∫ Ω ψφ dx , b (φ, w) = − ∫ Ω ∇φ · ∇w dx . (2.4)

The solution {σ, u} of (2.2) then satisfies △^2u = f and σ = −△u, provided the spaces V and W are appropriately chosen. If the method is defined over a convex polygonal domain Ω, it is well-known that with V = H^1(Ω) and W = H^1_0 (Ω), (2.2) yields the solution to (2.1) for each f ∈ H^{−1}(Ω).

Furthermore, if Ω is a (perhaps non-convex) polygon without slits, it is known [9] that, for some δ ∈ [0,^1_2 ), (2.1) has a unique solution u ∈ H^{3−δ}(Ω)∩H^2_0 (Ω) for each f ∈ H^{−1−δ}(Ω). (Minimal δ values, which depend on the corner angles of ∂Ω, can be estimated as in Seif [25].) When δ > 0, if the forms (2.4) are interpreted as duality pairings, it is shown in [16] that, with V = H^{1−δ}(Ω) and W = H^{1+δ}_0 (Ω), (2.2) again yields the solution of the biharmonic Dirichlet problem.

Upon constructing a regular quasiunform triangulation T_h, with mesh diameter h, of the domain Ω, finite element subspaces for the Ciarlet-Raviart method are obtained from S^m_h = {v ∈ C^0(Ω) : v|_T ∈ P_m(T ), ∀T ∈ T_h} , (2.5)

where P_m(T ) is the space of polynomials of degree m or less over triangle T ∈ T_h. One then defines V_h = S^m_h and W_h = S^m_h ∩ H^{1+α}_0 (Ω). (Note that the inclusion S^m_h ⊂ H^{1+α}(Ω) can be proved by an interpolation argument for α <^1_2 .) Throughout this paper, we shall assume that m ≥ 2, in which case optimal order error estimates are available.

Similarly, the Hermann-Miyoshi and Hellan-Hermann-Johnson mixed methods, which solve (2.1) using the matrix of moments σ_{ij} = ∂^2u/∂x_i∂x_j as auxiliary variables, can be extended to non-convex polygons. The Hermann-Miyoshi method [2, 6, 12, 19, 20, 22] is based on the weak formulation (2.2) with a (ψ, φ) = 2∑ i,j=1 ∫ Ω ψ_{ij} φ_{ij} dx , b (φ, w) = 2∑ i,j=1 ∫ Ω ∂φ_{ij} ∂x_j ∂w ∂x_i dx , and spaces W = H^{1+α}_0 (Ω), and V = {φ = (φ_{ij} ), 1 ≤ i, j ≤ 2 : φ_{12} = φ_{21}, φ_{ij} ∈ H^{1−α}(Ω)}. Again, for α > 0, the integrals in b (·, ·) are interpreted as duality pairings. The finite element spaces for this method are W_h = S^m_h ∩ H^{1+α}_0 (Ω), and V_h = {φ = (φ_{ij} ), 1 ≤ i, j ≤ 2 : φ_{12} = φ_{21}, φ_{ij} ∈ S^m_h }.

In order to extend the Hellan-Hermann-Johnson method [2, 6, 12, 18, 19, 20, 21] to nonconvex polygons it is convenient to introduce mesh-dependent spaces and norms, as in [2]. We first define on each T in T_h

M_ν (φ) = 2∑ i,j=1 φ_{ij} ν_j ν_i and M_{ντ} (φ) = 2∑ i,j=1 φ_{ij} ν_j τ_i ,

where ν = (ν_1, ν_2) is the unit outward normal to ∂T , and τ = (τ_1, τ_2) = (ν_2, −ν_1), is the unit tangent vector at the boundary ∂T . Then with

H^2_h = {u ∈ H^1(Ω) : u|_T ∈ H^2(T ), ∀T ∈ T_h} and ∘ V_h(Ω) = {φ = (φij ), 1 ≤ i, j ≤ 2 : φ12 = φ21, φij |T ∈ H^{1−α}(T ), ∀T ∈ Th , and M_ν (φ) is continuous at the interelement boundaries}

we define W = H^2_h ∩H^{1+α}_0 (Ω), while V is taken to be the completion of^∘V_h(Ω) with respect to the norm ‖φ‖_{0,h} = √∑ i,j ∫ Ω |φ_{ij} |^2 dx + h ∫ Γ_h |M_ν (φ)|^2 ds ,

where Γ_h = ∪_{T ∈Th} ∂T . We denote the common mesh-dependent norm for H^2_h

|||w|||_{2,h} = ∑ T ∈T_h ‖w‖^2_{2,T} + h^{−1} ∫ Γ_h | | | |J ∂w ∂ν | | | | 2 ds , (2.6)

where, if e is an interior edge of T_h, J^{∂w}_{∂ν} | |_e denotes the (signed) jump in the (outward) normal derivative of w at a point on e, and for boundary edges, we first extend w by zero (cf. [2]). With a (ψ, φ) = 2∑ i,j=1 ∫ Ω ψ_{ij} φ_{ij} dx ,

b (φ, w) = ∑ T ∈T_h − 2∑ i,j=1 ∫ T φ_{ij} ∂^2w ∂x_i∂x_j dx + ∫ ∂T M_ν (φ) ∂w ∂ν ds

it can be shown that (2.2) has a unique solution pair {σ, u} with u satisfying (2.1) and σ_{ij} = ∂^2u/∂x_i∂x_j . Finite element spaces for the Hellan-Hermann-Johnson method are V_h = {φ ∈ V : φ_{ij} |_T ∈ P_{m−1}(T ), ∀T ∈ T_h} , and W_h = S^m_h ∩ H^{1+α}_0 (Ω). We also note that as a result of the Green’s formula − 2∑ i,j=1 ∫ T φ_{ij} ∂^2w ∂x_i∂x_j dx + ∫ ∂T M_ν (φ) ∂w ∂ν ds

= 2∑ i,j=1 ∫ T ∂φ_{ij} ∂x_j ∂w ∂x_i dx − ∫ ∂T M_{ντ} (φ) ∂w ∂τ ds , (2.7)

valid for φ ∈ H^1(T ) and w ∈ H^2(T ), one may reexpress the bilinear form b (·, ·). Furthermore, the Hellan-Hermann-Johnson forms reduce to those of the Hermann-Miyoshi method when restricted to the latter’s finite element spaces (for which ∑ T ∈T_h ∫ ∂T M_{ντ} (φ)^{∂w}_{∂τ} ds = 0). Consequently, for both methods the Schwarz inequality yields b (φ, w) ≤ ‖φ‖_{0,h}‖w‖_{2,h} ∀ φ ∈ V_h, w ∈ W_h , (2.8)

where ‖w‖_{2,h} = ∑ T ∈T_h |w|^2_{,T} + h^{−1} ∫ Γ_h | | |J ∂w ∂ν | | | 2 ds , (2.9)

and |||·|||^2_{2,h} = ‖·‖^2_{2,h} + ‖·‖^2_1 .

Choosing bases {φ^i} for V_h and {ϕ^j } for W_h, consider the linear system (2.3) in block matrix form with the notations [B_h]_{ij} = b (φ^j , ϕ^i), [A_h]_{ij} = (φ^i, φ^j )_{L2} , [f]_j = (f, ϕ^j ), and denote the transpose of B_h by B^t_h: N ( σ_h u_h ) = ( A_h B^t_h B_h 0 ) ( σ_h u_h ) = ( 0 −f ) . (2.10)

Applying block Gaussian elimination one obtains the reduced system for (the coefficients of) u_h B_hA^{−1}_h B^t_h u_h = f .

(2.11)

In principle, the action of the L_2-Gram matrix A^{−1}_h may be computed with a rapidly converging iteration; although, a method is described in [17] for avoiding this iteration. With u_h obtained from (2.11), one may then compute σ_h = −A^{−1}_h B^t_hu_h.

Unlike the indefinite block matrix N, the similarly ill-conditioned Schur complement B_hA^{−1}_h B^t_h is symmetric positive definite. One approach to solving (2.3) is to construct a preconditioner for B_hA^{−1}_h B^t_h. To this end we note that B_hA^{−1}_h B^t_h induces an inner product (bilinear form) S_h(v, w) =< B_hA^{−1}_h B^t_hv, w > on W_h, where < ·, · > denotes the Euclidean inner product. It is not difficult to show (cf. (3.19) in [17]) that, S_h(w, w)^{1/2} = sup_{v∈Vh\{0}} b (v, w) √ a (v, v) . (2.12)

Rather than constructing a preconditioner for this Schur complement directly, we introduce an auxiliary mesh-dependent bilinear form a_h(v, w) = ∑ T ∈T_h 2∑ i,j=1 ∫ T ∂^2_{ij} v ∂^2_{ij} w dx (2.13)

+ h^{−1} ∫ Γ_h ( J ∂v ∂ν ) ( J ∂w ∂ν ) ds ∀v, w ∈ W_h , and operators A_h : W_h → W_h, and S_h : W_h → W_h defined by (A_hv, w)_h = a_h(v, w) ∀ v, w ∈ W_h , (2.14) (S_hv, w)_h = S_h(v, w) ∀ v, w ∈ W_h . (2.15)

We also note that, ‖w‖^2_{2,h} = a_h(w, w), (2.16)

and by virtue of the quasiuniformity of T_h, standard inverse properties, and Lemma 2 from [2] ‖w‖_{2,h} ≤ C h^{−2}‖w‖_0 ∀ w ∈ S^m_h . (2.17)

In the next Theorem we prove that A_h and S_h are spectrally equivalent, and hence a preconditioner for A_h, such as the one described in §3, also preconditions the Schur complement operator S_h. By virtue of (2.12), proving this spectral equivalence will be tantamount to proving one of the so-called inf-sup conditions (in terms of the mesh-dependent norms ‖·‖_{0,h} and |||·|||_{2,h}). Such a proof is given for convex Ω in [2]. We shall generalize this proof to possibly non-convex polygons whose triangulation T_h can be extended to a regular and quasiuniform triangulation T̃_h of a larger convex polygonal domain Ω̃ ⊃ Ω (while retaining the same mesh diameters). The following result concerning the norm ‖φ‖_{0,h} = √∫ Ω |φ|^2 dx + h ∫ Γ_h |φ|^2 ds , (2.18)

(see the proof of Lemma 1 in [2]), will also be needed

LEMMA 2.1. There is a constant C such that, ‖φ‖_{0,h} ≤ C ‖φ‖_0 , (2.19)

for all φ such that , φ|_T ∈ P_m(T ), ∀T ∈ T_h.

Consequently, ‖φ‖_{0,h} ≤ C √ a (φ, φ), and the same result holds for Hermann-Miyoshi and Hellan-Hermann-Johnson elements φ = (φ_{ij} ) since ‖φ‖^2_{0,h} ≤ ∑ i,j ‖φ_{ij} ‖^2_{0,h}. We define

S̃^m_h = { v ∈ C^0(Ω) : v|_T ∈ P_m(T ) ∀T ∈ T̃_h, and ∫ Ω̃ v dx = 0 } . THEOREM 2.2. If the triangulation T_h can be extended to T̃_h as described above, then the Schur complement form S_h(·, ·), and the mesh-dependent form a_h(·, ·) are spectrally equivalent, i.e. there exist constants C_1 and C_2, independent of h, such that, C_1 a_h(w, w) ≤ S_h(w, w) ≤ C_2 a_h(w, w) ∀ w ∈ W_h . (2.20)

Proof. First, by the Schwarz inequality |b (φ, w)| ≤ C ‖φ‖_{0,h}‖w‖_{2,h} (2.21)

where ‖·‖_{0,h} is the choice appropriate for the given method, cf. (2.8). Then since ‖φ‖_{0,h} ≤ C √ a (φ, φ) follows from Lemma 2.1 as noted above, dividing by ‖φ‖_{0,h} and using (2.12) yields the righthand inequality in (2.20). It follows that ‖·‖_{2,h} is a norm on W_h.

For the lefthand inequality, consider first the Ciarlet-Raviart method. For each w ∈ W_h we extend by zero from Ω to Ω̃, and setting e = ∫ Ω w dx / |Ω̃|, we define w̃ = w − e ∈ S̃^m_h .

Then there exists ṽ ∈ S̃^m_h such that, ∫ Ω̃ ṽξ dx = ∫ Ω̃ ∇w̃ · ∇ξ dx ∀ ξ ∈ S̃^m_h . (2.22)

Note that, with v = ṽ|_Ω ‖v‖_{0,Ω} ≤ ‖v‖_{0,h,Ω} ≤ ‖ṽ‖_{0,h,Ω̃} . (2.23)

Setting ξ = ṽ in (2.22) and using Lemma 2.1, C ‖ṽ‖^2_{0,h,Ω̃} ≤ ∫ Ω̃ ṽ^2 dx = ∫ Ω̃ ∇w̃ · ∇ṽ dx ≤ |b (v, w)| . (2.24)

Using estimates for the Neumann projection on Ω̃ and its piece-wise linear interpolant, along with the regularity available on the convex Ω̃, it is shown in Lemma 5 of [2] that, |||w̃|||_{2,h,Ω̃} ≤ C ‖ṽ‖_{0,h,Ω̃} . (2.25)

Then since ‖w‖^2_{2,h,Ω} = ‖w̃‖^2_{2,h,Ω̃} ≤ |||w̃|||^2_{2,h,Ω̃}, combining (2.23), (2.24), and (2.25) yields C ‖v‖_{0,Ω}‖w‖_{2,h,Ω} ≤ C ‖ṽ‖^2_{0,h,Ω̃} ≤ ∫ Ω ∇w · ∇v dx ≤ |b (v, w)| . (2.26)

By (2.16) and (2.12), the lefthand inequality in (2.20) follows for the Ciarlet-Raviart method after dividing (2.26) by ‖v‖_{0,Ω} = √ a (v, v). In the case of the Hermann-Miyoshi and Hellan-Hermann-Johnson methods, for each

w ∈ W_h we first associate v ∈ S^m_h satisfying (2.26), then define v = ( v 0 0 v ) . For

this choice of v, it follows from the Green’s formula (2.7) that b (v, w) reduces to ∫ Ω ∇w · ∇v dx in both cases. Furthermore, √ a (v, v) = √∑ i,j ‖v_{ij} ‖^2_0 ≤ √ 2‖v‖_0, and the proof is completed again by combining (2.26) and (2.12).

3. Two-level analysis. In this section we describe a two-level additive Schwarz preconditioner, B, for A_h, and hence also for the spectrally equivalent Schur complement operators obtained for any of the three mixed methods described in §2. We then show that the condition number of BA_h is bounded independent of mesh sizes and the number of subdomains, provided there is sufficient overlap (cf. Theorem 3.1).

We shall assume that Ω = ∪^J_{j=1}Ω_j is a partitioning into overlapping open subdomains and that T_H is a quasiuniform triangulation of Ω for which T_h is a finer subdivision that is also aligned with each Ω_j . We further assume the existence (see [10]) of a C^∞ partition of unity, θ_1, θ_2, . . . , θ_J satisfying

θ_j = 0 on Ω \ Ω_j ,

(3.1) J∑ j=1 θ_j = 1 on Ω ,

(3.2) ‖∇θ_j ‖_∞ ≤ C δ , ‖ ‖∇^2θ_j ‖ ‖_∞ ≤ C δ^2 , (3.3) where 0 < h ≤ C_1 δ and 0 < δ ≤ C_2 H. Let W_j be the subspace of W_h whose members vanish except at nodes interior to Ω_j , and let W_H , (equipped with an inner product (·, ·)_H ) denote the finite element space associated with T_H and taking zero values at boundary nodes. Furthermore, we denote by N_c the maximum number of overlaps for the closures of the subdomains Ω_j , which we assume to be independent of h, H, δ, and J.

We define ‖w‖_{2,H} and a_H (v, w) in analogy with (2.9) and (2.13). With T_{h,j} = {T | T ∈ T_h, T ⊂ Ω_j } and Γ_j = ⋃ T ∈T_{h,j} ∂T we also define

‖w‖_{2,j} = ∑ T ∈T_{h,j} |w|^2_{,T} + h^{−1} ∫ Γ_j | | | |J ∂w ∂ν | | | | 2 ds . (3.4)

In order to construct the preconditioner B we first define four discrete operators A_H : W_H → W_H , A_j : W_j → W_j , Q_j : W_h → W_j , and P_j : W_h → W_j by (A_H v, w)_H = a_H (v, w) ∀ v, w ∈ W_H , (3.5) (A_j v, w)_h = a_h(v, w) ∀ v, w ∈ W_j , (3.6) (Q_j v, w)_h = (v, w)_h ∀ v ∈ W_h, w ∈ W_j , (3.7) a_h(P_j v, w) = a_h(v, w) ∀ v ∈ W_h, w ∈ W_j . (3.8)

We shall also construct an intergrid transfer operator I^h_H : W_H → W_h, and will consider the two adjoints I^H_h : W_h → W_H and P^H_h : W_h → W_H defined by (I^H_h v, w)_H = (v, I^h_H w)_h ∀ v ∈ W_h, w ∈ W_H , (3.9) a_H (P^H_h v, w) = a_h(v, I^h_H w) ∀ v ∈ W_h, w ∈ W_H . (3.10)

The operator I^H_h makes use of an intermediate mapping to quintic Argyris elements and is defined in §4.

Additionally, we require positive definite operators R_H and R_j , symmetric with respect to (·, ·)_H and (·, ·)_h, respectively, which are approximate solvers for A_H and A_j . We denote

ω_0 = min (λ_{min}(R_H A_H ), λ_{min}(R_1A_1), . . . , λ_{min}(R_J A_J )) ,

(3.11) ω_1 = max (λ_{max}(R_H A_H ), λ_{max}(R_1A_1), . . . , λ_{max}(R_J A_J )) ,

(3.12)

and observe that if, for example, R_H and R_j are chosen to be appropriate multigrid preconditioners for the corresponding Schur complements, then ω_1/ω_0 is bounded independent of h, H, δ, and J, (cf. [17]).

The two-level additive Schwarz preconditioner B is then defined as in [4] by

B = I^h_H R_H I^H_h + J∑ j=1 R_j Q_j . (3.13)

It is not difficult to show that A_H P^H_h = I^H_h A_h and A_j P_j = Q_j A_h so that,

BA_h = I^h_H R_H I^H_h A_h + J∑ j=1 R_j Q_j A_h (3.14)

= I^h_H R_H A_H P^H_h + J∑ j=1 R_j A_j P_j .

As in [4] we rely on four pairs of assumptions to bound the condition number of BA_h. The first two of these are:

A.1a ‖ ‖I h_H w ‖ ‖_{2,h} ≤ C‖w‖_{2,H} ∀ w ∈ W_H , A.1b | |I h_H w − w | |_l ≤ CH 2−l‖w‖_{2,H} ∀ w ∈ W_H , 0 ≤ l ≤ 1 , A.2a √ a_h(w, w) (resp. √ a_H (w, w)) is equivalent to ‖w‖_{2,h} (resp. ‖w‖_{2,H} ) ∀ w ∈ W_h (resp. w ∈ W_H ), A.2b a_h(v, w) ≤ C‖v‖_{2,j} ‖w‖_{2,h} ∀ v ∈ W_h, w ∈ W_j . Furthermore, we posit the existence of an additional intergrid transfer operator J^H_h : W_h → W_H satisfying

A.3a ‖ ‖J H_h w ‖ ‖_{2,H} ≤ C‖w‖_{2,h} ∀ w ∈ W_h , A.3b | J^H_h w − w | l ≤ CH^{2−l}‖w‖_{2,h} ∀ w ∈ W_h, 0 ≤ l ≤ 1 , and A.4a ‖Π_h(λw)‖_{2,j} ≤ C‖λw‖_{2,j} ∀ w ∈ S^m_h , λ ∈ S^1_h , A.4b ‖Π_h(gv)‖_{0,T} ≤ C‖g‖_∞‖v‖_{0,T} ∀T ∈ T_h, v ∈ P_m(T ), g ∈ C^∞(T ), where Π_h is the nodal interpolation operator associated with S^m_h , and C depends only on the minimum angle in T_h.

For assumption A.2a we actually have an equality, (2.16). The proof of A.2b follows from the Schwarz inequality applied to the integral formulation (2.13) for a_h(v, w), on accounting for the support of w ∈ W_j . Note that ‖w‖_{2,j} depends on v|_T also for triangles T adjacent to Ω_j through the term h^{−1} ∫ Γ_j | |J^{∂v}_{∂ν} | |^2 ds. Assumptions A.1 and A.3 are proved in the next section. Assumption A.4a is a consequence of the equivalence of the discrete L_2-norm, C_1 ‖v‖^2_{0,T} ≤ |T | ∑ n_i v(ni) 2 ≤ C_2 ‖v‖^2_{0,T} . Finally, Assumption A.4b is proved using inverse properties, a trace inequality, and a standard scaling argument like that used for Lemma 4 in [2]. With these assumptions, one may prove the following:

THEOREM 3.1. Given a partition of unity satisfying (3.1)–(3.3), and assuming A.1 − 4 we have

λ_{max}(BA_h) λ_{min}(BA_h) ≤ C ω_1 ω_0

N_c^2 ( 1 + ( H δ )_4) . Proof. We first estimate λ_{max}(BA_h). By virtue of (3.14), (3.10), and the properties of R_H A_H and R_j A_j

a_h(BA_hw, w) = a_H (R_H A_H P^H_h w, P^H_h w) + J∑ j=1 a_h(R_j A_j P_j w, P_j w)

(3.15)

≤ ω_1 a_H (P^H_h w, P^H_h w) + J∑ j=1 a_h(P_j w, P_j w) .

By (3.10), the Schwarz inequality, (A.2a), and (A.1a)

a_H (P^H_h w, P^H_h w) = a_h(w, I^h_H P^H_h w)

(3.16)

≤ a_h(w, w)^{1/2}a_h(I^h_H P^H_h w, I^h_H P^H_h w)^{1/2} ≤ a_h(w, w)^{1/2}C ‖ ‖P H_h w ‖ ‖_{2,H} ≤ C a_h(w, w)^{1/2}a_H (P^H_h w, P^H_h w)^{1/2} ≤ C^2a_h(w, w) .

Furthermore, by (3.8) and (A.2) a_h(P_j w, P_j w) = a_h(w, P_j w) (3.17) ≤ ‖w‖_{2,j} ‖P_j w‖_{2,h} ≤ C ‖w‖_{2,j} √ a_h(P_j w, P_j w) ≤ C^2‖w‖^2_{2,j} Summing (3.17) over j, then combining with (3.15), (3.16), and since ∑_J j=1 ‖w‖^2_{2,j} ≤ N_c‖w‖^2_{2,h} for w ∈ W_h, we find

λ_{max}(BA_h) ≤ C ω_1N_c .

It remains to show that,

λ_{min}(BA_h) ≥ C ω_0 N_c ( 1 + (_H δ )_4) . This is a consequence of Lemmas 2.3 and 2.4 in [4] which in turn employ the ideas of Dryja and Widlund [10, 11], (see also [23, 28]). The proof of Lemma 2.4 needs no change here. However, the interelement boundary integral term in ‖w‖_{2,h} requires one provide a slightly different argument than that found in Brenner’s Lemma 2.3. This argument, which completes the proof of Theorem 3.1, is provided in the following Lemma 3.2.

LEMMA 3.2. Given any v ∈ W_h, there exist v_0 ∈ W_H and v_j ∈ W_j (1 ≤ j ≤ J) such that,

v = I^h_H v_0 + J∑ j=1 v_j , (3.18) and a_H (v_0, v_0) + J∑ j=1 a_h(v_j , v_j ) ≤ C N_c ( 1 + ( H δ )_4) a_h(v, v) . (3.19)

Proof. As in [4] we let v_0 = J^H_h v, w = v − I^h_H v_0, and v_j = Π_h(θ_j w), where Π_h is the nodal interpolation operator of Assumption A.4. Then (3.18) holds. The following are simple consequences of A.1 − 3 and the triangle inequality, (cf. (2.31) in [4])

a_H (v_0, v_0) ≤ C a_h(v, v),

(3.20) a_h(w, w) ≤ C a_h(v, v), and (3.21) ‖w‖_0 + H |w|_1 ≤ C H^2 √ a_h(v, v) . (3.22)

It remains to show that,

a_h(v_j , v_j ) ≤ C ( ‖w‖^2_{2,j} + δ^{−2}|w|^2_{1,Ωj} + δ^{−4}‖w‖^2_{0,Ωj} ) , (3.23)

and hence J∑ j=1 a_h(v_j , v_j ) ≤ C N_c ( a_h(w, w) + δ^{−2}|w|^2_1 + δ^{−4}‖w‖^2_0 ) . (3.24)

Then (3.19) follows on combining (3.20)–(3.24).

We shall employ the piecewise-linear interpolant θ̃_j of θ_j , which satisfies on each triangle T ‖ ‖ ‖θ̃j ‖ ‖ ‖_{∞,T} ≤ ‖θj ‖_{∞,T} , ‖ ‖ ‖∇θ̃j ‖ ‖ ‖_{∞,T} ≤ C ‖∇θj ‖_{∞,T} , (3.25) and ‖ ‖ ‖θj − θ̃j ‖ ‖ ‖_{∞,T} + h ‖ ‖ ‖∇(θj − θ̃j ) ‖ ‖ ‖_{∞,T} ≤ C h^2 ‖ ‖∇2θ_j ‖ ‖_{∞,T} , (3.26)

where C depends only on the minimum angle of T_h. Combining the Schwarz inequality, the

inverse property (2.17) for ‖·‖_{2,h}, A.4, (3.25), (3.26), and (3.3), one obtains

‖v_j ‖^2_{2,j} = ‖Π_h(θ_j w)‖^2_{2,j} = ‖ ‖ ‖Πh(θ̃j w) + Πh((θj − θ̃j )w) ‖ ‖ ‖^2_{2,j} ≤ 2 (‖ ‖ ‖Πh(θ̃j w) ‖ ‖ ‖^2_{2,j} + ‖ ‖ ‖Πh((θj − θ̃j )w) ‖ ‖ ‖^2_{2,j} )

≤ C (‖ ‖ ‖θ̃j w ‖ ‖^2_{2,j} + h^{−4} ‖ ‖Πh((θj − θ̃j )w) ‖ ‖^2_{0,Ωj} )

≤ C h^{−1} ∫ Γ_j | | |J ∂ ∂ν ( θ̃_j w )| |^2 ds + C ∑ T ∈T_{h,j} | | |θ̃j w | | |^2_{,T} + C h^{−4} ‖ ‖ ‖Πh((θj − θ̃j )w) ‖ ‖ ‖^2_{0,Ωj} ≤ C h^{−1} ∫ Γ_j | | | |J ∂ ∂ν ( θ̃_j w )| | | 2 ds + C ∑ T ∈T_{h,j} (‖ ‖ ‖θ̃j ‖ ‖_{∞,T} |w|_{2,T} + ‖ ‖∇θ̃j ‖ ‖_{∞,T} |w|_{1,T} )_2

+ C h^{−4} ‖ ‖θj − θ̃j ‖ ‖^2_{∞,Ωj} ‖w‖^2_{0,Ωj} ) ≤ C h^{−1} ∫ Γ_j | | |J ∂ ∂ν ( θ̃_j w )| | | 2 ds (3.27) + C ∑ T ∈T_{h,j} |w|^2_{,T} + δ^{−2} |w|^2_{1,Ωj} + δ^{−4} ‖w‖^2_{0,Ωj} .

In order to establish (3.23) and hence (3.24) we must show that, h^{−1} ∫ Γ_j | | |J ∂ ∂ν ( θ̃_j w )| |^2 ds (3.28)

is appropriately bounded. To this end note that by the product rule, the Schwarz inequality,

and since J^{∂θj}_{∂ν} ≡ 0 on Γ_j , | | |J ∂ ∂ν ( θ̃_j w )| |^2 ≤ 2 | | |θ̃_j J ∂w ∂ν | | |^2 + 2 | | | |w J ∂θ̃_j ∂ν | | | | 2

≤ 2 | | | | θ̃_j J ∂w ∂ν | | | | 2 + 2 | | | |w J ∂ ∂ν ( θ̃_j − θ_j )| | | 2 . (3.29)

Hence, by (3.29), (3.26), (3.25), (3.3), and Lemma 2.1, h^{−1} ∫ Γ_j | | | |J ∂ ∂ν ( θ̃_j w )| | | 2 ds

≤ C h^{−1} (‖ ‖θ̃_j ‖ ‖^2 ∞,Ω_j ∫ Γ_j | | |J ∂w ∂ν | | | 2 ds + ‖ ‖∇(θ_j − θ̃_j ) ‖ ‖^2 ∞,Ω_j ∫ Γ_j |w|^2 ds )

≤ C h^{−1} ∫ Γ_j | | | |J ∂w ∂ν | | | | 2 ds + C h ‖ ‖∇^2θ_j ‖ ‖^2_{∞,Ωj} ∫ Γ_j |w|^2 ds ≤ C h^{−1} ∫ Γ_j | | |J ∂w ∂ν | | | 2 ds + C δ^{−4}‖w‖^2_{0,Ωj} (3.30)

Combining (3.27) and (3.30) gives (3.23).

4. Intergrid operators. In this section we construct grid transfer operators I^h_H : W_H → W_h and J^H_h : W_h → W_H for which properties A.1 and A.3 are subsequently proved. As is done by Brenner for Morley spaces in [4], we define I^h_H and J^H_h as compositions:

I^h_H = F_h ∘ E_H

(4.1) J^H_h = F_H ∘ Q^H_h ∘ E_h

(4.2)

where E_h (E_H ) is a particular injection of the piecewise-polynomial space W_h (W_H ) into the C^1-quintic Argyris space, to be denoted W̃_h (W̃_H ), cf. [7], F_h (F_H ) is the standard W_h nodal interpolation operator, and Q^H_h : W_h → W_H is the L_2-orthogonal projection associated with the somewhat larger spaces

W_h = { w ∈ C^1(Ω) : w|_T ∈ P_5(T ) ∀ T ∈ T_h and w = ∂w ∂ν = 0 on ∂Ω } (4.3) satisfying W_h ⊇ W̃_h, with W_H similarly defined.

More specifically, the operator E_h : W_h → W̃_h (similarly E_H ) is defined by:

(a) (E_hw)(p_i) = w(p_i) at all internal vertices p_i ∈ T_h, (b) for |α| = 2, (∂^αE_hw)(p_i) = 0 at all internal vertices p_i ∈ T_h, (c) for |α| = 1, (∂^αE_hw)(p_i) = average of values (∂^αw)(p_i) at all internal vertices p_i ∈ T_h, (d) (^∂_{∂ν} E_hw)(m_j ) = average of values (^∂_{∂ν} w)(m_j ) at all internal midpoints m_j ∈ T_h, and (e) nodal values of E_hw and its derivatives are zero on ∂Ω.

(4.4)

This is essentially the same injection proposed for Morley spaces in [4], except for the average at each midpoint (4.4)(d) which is now needed since the normal derivative of w ∈ W_h typically jumps at edge midpoints. Of course the first derivative values of both Morley and C^0 piecewise-polynomial elements typically jump at each internal vertex as well, hence the average in (4.4)(c).

With I^h_H and J^H_h defined in this way, properties A.1 and A.3 are established with the aid of the following three lemmas, cf. [4].

LEMMA 4.1. For all w ∈ W_h | |QH_h w | |_2 ≤ C|w|_2, and (4.5) ‖ ‖w − QH_h w ‖ ‖_0 + H | |w − QH_h w | |_1 ≤ CH^2|w|_2 .

(4.6)

LEMMA 4.2. For all w ∈ W_h ‖F_hw‖_{2,h} ≤ C|w|_2, and (4.7) ‖w − F_hw‖_0 + h|w − F_hw|_1 ≤ Ch^2|w|_2 . (4.8)

LEMMA 4.3. For all w ∈ W_h |E_hw|_2 ≤ C‖w‖_{2,h}, and (4.9) ‖w − E_hw‖_0 + h|w − E_hw|_1 ≤ Ch^2‖w‖_{2,h} . (4.10)

Similar estimates with each h replaced by H also hold for both F_H and E_H .

The proof of Lemma 4.1 is given by Brenner (Lemma 4.1, [4]). The estimate (4.8) for the nodal interpolant F_h is a standard result, cf. [7]. As with Assumption A.4a, (4.7) can be established using a trace inequality and scaling argument like that used to prove Lemma 4 in [2]. Here we need only establish the following

Proof. (of Lemma 4.3) For w ∈ W_h, we begin by proving a local estimate on T ∈ T_h. We denote w_T = w|_T and w_T = E_hw|_T , and refer to the vertices p_i, the midpoints m_j , and the diameter h_T of triangle T .

The difference (w − E_hw)|_T = w_T − w_T ∈ P_5(T ) can be expressed as a sum of (a subset of) nodal basis functions for the Argyris finite element

w_T − w_T = 3∑ i=1 ∑ |α|=1,2 ∂_α(w_T − w_T )(p_i) r_{α,i} + 3∑ j=1 ∂ ∂ν (w_T − w_T )(m_j ) q_j

(4.11)

where the basis functions r_{α,i} and q_j corresponding to the nodal variables (∂_αv)(p_i) and ∂v ∂ν (m_j ), respectively, satisfy ‖r_{α,i}‖_{0,T} ≤ Ch^{1+|α|}_T , and (4.12) ‖q_j ‖_{0,T} ≤ Ch^2_T . (4.13)

The estimates (4.12) and (4.13) can be obtained by projecting the basis functions onto the affine-equivalent C^0-quintic Hermite triangle and using a scaling argument, see [7].

Noting that w_T and the jump operator J are defined so that^∂_{∂ν} (w_T − w_T )(m_j ) = 1 2 J^{∂w}_{∂ν} (m_j ), even when m_j is on ∂Ω, and by virtue of the simple quadrature result ∫ e f(s) ds = |e|f(m_j ) + 1 24 |e|^3f^{′′}(α) for some α ∈ e, if f ∈ C^2(e),

(4.14)

we have | | | | ∂ ∂ν (w_T − w_T )(m_j ) | | | | = 1 2 | | | |J ∂w ∂ν (m_j ) | | | | (4.15) ≤ 1 2 ( 1 |e| ∫ e J ∂w ∂ν ds + 1 24 |e|^2 ‖ ‖J^{∂w}_{∂ν} ‖ ‖_{2,∞,e} )

≤ 1 2 (∫ e (|e|^{−1/2})^2 ds )_{1/2} (∫ e (|e|^{−1/2}J ∂w ∂ν )^2 ds )_{1/2}

+ 1 48 |e|^2 ‖ ‖J^{∂w}_{∂ν} ‖ ‖_{2,∞,e}

≤ 1 2 ( 1 |e| ∫ e | | |J ∂w ∂ν | | |^2 ds )_{1/2} + 1 48 |e|^2 ‖ ‖J^{∂w}_{∂ν} ‖ ‖_{2,∞,e}

≤ C ( 1 h ∫ e | | | |J ∂w ∂ν | | | | 2 ds )_{1/2} + h^2_T ‖ ‖J^{∂w}_{∂ν} ‖ ‖_{2,∞,e}

having made use of the Schwarz inequality, and 1/|e| ≤ c/h_T ≤ C/h, which is a consequence of the minimum angle condition (regularity), and the quasiuniformity of T_h.

In order to estimate ∂_α(w_T − w_T )(p_i) for |α| = 1, let T_{pi} denote the set of triangles T ∈ T_h which contain vertex p_i. Then

∂_α(w_T − w_T )(p_i) = 1 |T_{pi} | ∑ T̃ ∈T_{pi} ∂_α(w_T − w_{T̃} )(p_i)

(4.16)

where w_{T̃} = w|_{T̃} . Although T and T̃ may not be adjacent triangles, w_T − w_{T̃} (and ∂_α at p_i) can be expressed as a sum of differences involving adjacent triangles, say

w_T − w_{T̃} = (w_T − w_{T1} ) + (w_{T1} − w_{T2} ) + · · · + (w_{Tj} − w_{T̃} )

(4.17)

where the sum contains at most ⌊|T_{pi} |/2⌋ terms. Consequently, it is sufficient to estimate ∂_α(w_{Tk} − w_{Tk+1} )(p_i) where T_k and T_{k+1} share an edge e_k having p_i as one endpoint.

Since w_{Tk} − w_{Tk+1} = 0 along each edge e_k, the component of ∂_α(w_{Tk} − w_{Tk+1} ) tangential to e_k is zero. Considering next the normal component of this derivative (considered as a function of arclength s along e_k with midpoint m_k), we denote N(s) = ∂ ∂ν ( w_{Tk} − w_{Tk+1} ) (s) and recall that N(m_k) =^1_2 J^{∂w}_{∂ν} (m_k). Since ‖ J^{∂w}_{∂ν} ‖ 2,∞,e ≤ ‖w‖3,∞,Tk + ‖w‖3,∞,Tk+1 (4.18)

(4.15), (4.18), and the Mean Value Theorem give | | | | ∂ ∂ν ( w_{Tk} − w_{Tk+1} ) (p_i) | | | | = |N(p_i)| ≤ |N(m_k)| + | w_{Tk} − w_{Tk+1} | 2,∞,e_k ( 1 2 |e_k| )

≤ C ( h^{−1} ∫ e_k | | | |J ∂w ∂ν | | | | 2 ds )_{1/2} + h^2_{Tk} ( ‖w‖_{3,∞,Tk} + ‖w‖_{3,∞,Tk+1} )

+ h_{Tk} ( |w|_{2,∞,Tk} + |w|_{2,∞,Tk+1} )] . (4.19)

By virtue of the quasiuniformity of T_h, combining (4.15), (4.16), (4.18), (4.17), (4.19), and the standard inverse estimates |w|_{2+l,∞,T} ≤ C(T ) h^{−1−l}_T |w|_{2,T} l = 0, 1 , (4.20) yields ∑ |α|=1 |∂_α(w_T − w_T )(p_i)|

(4.21)

≤ C ∑ e∈Γ_{pi} ( h^{−1} ∫ e | | | |J ∂w ∂ν | | | | 2 ds )_{1/2} + ∑ T^′∈T_{pi} |w|_{2,T} ′ ,

where Γ_{pi} denotes the set of edges of T_h (and T_{pi} ) incident upon vertex p_i. Combining (4.15), (4.18), and (4.20), we also have | | | ∂ ∂ν (w_T − w_T )(m_j ) | | | ≤ C ( h^{−1} ∫ e | | |J ∂w ∂ν | | | 2 ds )_{1/2} + ∑ T^′ ∈T_{pi} |w|_{2,T} ′ , (4.22)

where T_{mj} denotes the pair of triangles which share the midpoint m_j .

For second derivatives (|α| = 2) one has from (4.4b), (4.20), and the quasiuniformity of T_h |∂_α(w_T − w_T )(p_i)| = |∂_αw_T (p_i)| ≤ |w|_{2,∞,T} ≤ C h^{−1} |w|_{2,T} . (4.23)

Combining (4.11)-(4.13), (4.22), (4.21), and (4.23), one obtains the local estimate

‖w_T − w_T ‖^2_{0,T} ≤ C h^4 1 h ∫ ∪_iΓ_{pi} | | |J ∂w ∂ν | | | 2 ds + ∑ T^′ ∈∪_iT_{pi} |w|_{2,T} ′^2 ,

from which follows ‖w − E_hw‖_0 ≤ C h^2‖w‖_{2,h} . (4.24)

The remaining estimates in Lemma 4.3 follow from inverse properties and the triangle inequality.

With Lemmas 4.1-3 now established, property A.3a can be verified ‖ ‖J^H_h v ‖ ‖_{2,H} = ‖ ‖F_H {Q^H_h [E_hv]} ‖ ‖_{2,H} ≤ C | |QH_h [E_hv] | |_2 ≤ C |E_hv|_2 (4.25) ≤ C ‖v‖_{2,h} . Furthermore, Lemmas 4.1-3, the triangle inequality and (4.25) yield ‖ J^H_h v − v ‖ 0 ≤ ‖ F_h[Q^H_h E_hv] − [Q^H_h E_hv] ‖ 0 + ‖ Q^H_h [E_hv] − [E_hv] ‖ 0 + ‖E_hv − v‖_0 ≤ C H^2 | |Q^H_h E_hv | |_2 + C H^2|E_hv|_2 + Ch^2‖v‖_{2,h} ≤ C H^2‖v‖_{2,h} . The difference | |J^H_h v − v | |_1 may be similarly estimated and property A.3b follows. The proof of A.1 is similar.

REFERENCES

[1] D. N. ARNOLD AND F. BREZZI, Mixed and nonconforming finite element methods: Implementation, postprocessing and error estimates, RAIRO Modél. Math. Anal. Numér., 19 (1985), pp. 7–32.

[2] I. BABUŠKA, J. E. OSBORN, AND J. PITKÄRANTA, Analysis of mixed methods using mesh dependent norms, Math. Comp., 35 (1980), pp. 1039–1062.

[3] S. C. BRENNER, A two-level additive Schwarz preconditioner for nonconforming plate elements, Numer.

Math., 72 (1996), pp. 419–447.

[4] , Two-level additive Schwarz preconditioners for nonconforming finite element methods, Math. Comp., 65 (1996), pp. 897–921.

[5] , Two-level additive Schwarz preconditioners for plate elements, Wuhan University Journal of Natural Science, 1 (1996), pp. 658–667. (Special Issue on Parallel Algorithms).

[6] F. BREZZI AND P. RAVIART, Mixed finite element methods for 4th order elliptic equations, in Topics in Numerical Analysis III, J. H. Miller, ed., Academic Press, 1978.

[7] P. G. CIARLET, The Finite Element Method for Elliptic Problems, vol. 4 of Studies in Mathematics and Its Applications, North-Holland, Amsterdam, 1978.

[8] P. G. CIARLET AND P. RAVIART, A mixed finite element method for the biharmonic equation, in Mathematical Aspects of Finite Elements in Partial Differential Equations, Academic Press, New York, 1974, pp. 125–145.

[9] M. DAUGE, Elliptic Boundary Value Problems on Corner Domains, Lecture Notes in Mathematics, vol. 1341, Springer-Verlag, 1980.

[10] M. DRYJA AND O. WIDLUND, An additive variant of the Schwarz alternating method in the case of many subregions, Tech. Report 339, Department of Computer Science, Courant Institute, 1987.

[11] , Some domain decomposition algorithms for elliptic problems, Tech. Report 438, Department of Computer Science, Courant Institute, 1989.

[12] R. S. FALK AND J. E. OSBORN, Error estimates for mixed methods, RAIRO Anal. Numér., 14 (1980), pp. 249–277.

[13] X. FENG AND O. A. KARAKASHIAN, Two-level additive Schwarz methods for a discontinuous Galerkin approximation of second order elliptic problems, SIAM J. Numer. Anal., 39 (2001), pp. 1343–1365.

[14] , Two-level non-overlapping Schwarz preconditioners for a discontinuous Galerkin approximation of the biharmonic equation, J. Sci. Comput., 22/23 (2005), pp. 289–314.

[15] X. FENG AND T. RAHMAN, An additive average Schwarz method for the plate bending problem, J. Numer.

Math., 10 (2002), pp. 109–125.

[16] M. R. HANISCH, Multigrid Preconditioning for Mixed Finite Element Methods, PhD thesis, Cornell University, 1991.

[17] , Multigrid preconditioning for the biharmonic Dirichlet problem, SIAM J. Numer. Anal., 30 (1993), pp. 184–214.

[18] K. HELLAN, Analysis of elastic plates in flexure by a simplified finite element method, Acta Polytechnica Scandinavia, Civil Engineering Series, 46 (1967).

[19] L. HERRMANN, Finite element bending analysis for plates, J. Eng. Mech. Div. A.S.C.E. EM5, 93 (1967), pp. 13–26.

[20] , A bending analysis for plates, in Proc. Conf. on Matrix Methods in Structural Mechanics, AFFDL- TR-66-68, pp. 577–604.

[21] C. JOHNSON, On the convergence of a mixed finite element method for plate bending problems, Numer. Math., 21 (1973), pp. 43–62.

[22] T. MIYOSHI, A finite element method for the solution of fourth order partial differential equations, Kumamoto J. Sci. (Math.), (1973), pp. 87–116.

[23] S. NEPOMNYASCHIKH, Domain Decomposition and Schwarz Methods in a Subspace for the Approximate Solution of Elliptic Boundary Value Problems, PhD thesis, Computing Center of the Siberian Branch of the USSR Academy of Sciences, Novosibirsk, USSR, 1986.

[24] P. PEISKER, A multilevel algorithm for the biharmonic problem, Numer. Math., 46 (1985), pp. 623–634. [25] J. B. SEIF, On the Green’s function for the biharmonic equation in an infinite wedge, Trans. Amer. Math.

Soc., 182 (1973), pp. 241–260.

[26] A. TOSELLI AND C. LASSER, An overlapping domain decomposition preconditioner for a class of discontinuous Galerkin approximations of advection-diffusion problems, Math. Comp., 72 (2003), pp. 1215–1238.

[27] X. ZHANG, Studies in Domain Decomposition: Multi-level Methods and the Biharmonic Dirichlet Problem, PhD thesis, Courant Institute, 1991. (Technical Report 584, Department of Computer Science).

[28] , Iterative methods by space decomposition and subspace correction, SIAM Rev., 34 (1992), pp. 581– 613.

[29] , Multi-level Schwarz methods for the biharmonic Dirichlet problem, SIAM J. Sci. Comput., 15 (1994), pp. 621–644.

[30] , Two-level Schwarz methods for the biharmonic problem discretized by conforming c^1 elements, SIAM

J. Numer. Anal., 33 (1996), pp. 555–570.