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PROBING METHODS FOR SADDLE-POINT PROBLEMS *

CHRIS SIEFERTT AND ERIC DE STURLER!

Abstract. Several Schur complement-based preconditioners have been proposed for solving (generalized)
saddle-point problems. We consider matrices where the Schur complement has rapid decay over some graph known
a priori. This occurs for many matrices arising from the discretization of systems of partia differentia equations,
and this graph is then related to the mesh. We propose the use of probing methods to approximate these Schur com-
plements in preconditioners for saddle-point problems. We demonstrate these techniques for the block-diagonal and
constraint preconditioners proposed by [Murphy, Golub and Wathen *00], [de Sturler and Liesen '04] and [Siefert
and de Sturler ' 05]. However, these techniques are applicable to many other preconditioners as well. We discuss the
implementation of probing methods, and we consider the application of those approximations in preconditioners for
Navier-Stokes problems and metal deformation problems. Finaly, we study eigenvalue clustering for the precondi-
tioned matrices, and we present convergence and timing results for various problem sizes. These results demonstrate
the effectiveness of the proposed preconditioners with probing-based approximate Schur complements.

Key words. saddle-point systems, constraint preconditioners, Krylov methods, Schur complements, probing

AMS subject classifications.65F10, 65F50, 05C15

*Received April 7, 2005. Accepted for publication March 29, 2006. Recommended by R. Lehoucg. This materia
is based upon work supported by the National Science Foundation under Award No. DMR-0325939 through the
Materials Computation Center at the University of Illinois at Urbana-Champaign (UIUC), with additional support
by the US Department of Energy under Award No. DEFGO02-91ER45439 through the Frederick Seitz Materials
Research Laboratory at UIUC, and by the US Department of Energy under Award No. LLNL B341494 through the
Center for Simulation of Advanced Rockets at UIUC.

tSandia National Laboratories, MS 1110, PO. Box 5800, Albuguerque, NM 87185-1110
(csi ef er @andi a. gov).

Department of Mathematics, 460 McBryde, Virginia Tech, Blacksburg, VA 24061-0123 (st ur | er @t . edu).

163



