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TOWARD THE SINC-GALERKIN METHOD FOR THE POISSON PROBLEM IN
ONE TYPE OF CURVILINEAR COORDINATE DOMAIN*

TOSHIHIRO YAMAMOTO'

Abstract. This paper introduces the Sinc-Galerkin method for the Poisson problem in one type of curvilinear
coordinate domain and shows an example of the numerical results. The method proposed in this paper transforms
the domain of the Poisson problem designated by the curvilinear coordinates into a square domain. In this process,
Poisson’s equation is transformed into a more general two-variable second-order linear partial differential equation.
Therefore, this paper also shows a unified solution for general two-variable second-order linear partial differential
equations. The derived matrix equation is represented by a simple matrix equation by the use of the Kronecker prod-
uct. However, the implementation for real applications requires a more efficient calculation of the matrix equation.
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1. Introduction. The Sinc-Galerkin method is the numerical method for solving differ-
ential equations introduced in [1], which proposes the solution for second-order differential
equations. The solution for higher order differential equations is studied in [2, 3, 4]. The text-
book [5] shows its applications for solving Poisson’s equation, the heat equation and Burger’s
equation in a square domain. The textbook [6] collects a wide range of topics involving so-
called “Sinc methods”—a class of numerical methods, including the Sinc-Galerkin method,
based on the use of the Cardinal function, which is an expansion of a function using the
Sinc basis functions. These topics are more recently summarized in [7]. The Sinc-Galerkin
method for typical differential equations in a square domain has been well studied in these
and other references. Also, the domain decomposition for rectangular domains and L-shaped
domains is discussed in [8, 9, 10, 11, 12]. However, the case of more complicated domains
has not been studied very much.

This paper introduces the solution of the Poisson problem in a certain type of curvilinear
coordinate domain and points out problems with it. In this solution, Poisson’s equation in the
curvilinear coordinate domain is transformed into a more general two-variable second-order
linear partial differential equation in a square domain. Therefore, this paper first shows a
unified solution for general two-variable second-order linear partial differential equations in
a square domain.

2. The Sinc-Galerkin Method for General Two-Variable Second-Order Linear Par-
tial Differential Equations. To solve a differential equation, the Sinc-Galerkin method de-
rives a matrix equation which corresponds to the differential equation. Derivations of the
matrix equation in response to the type of the differential equation have been introduced in
[1,2,3,4,5, 6, 7]. This section shows a more unified derivation of the matrix equation for
two-variable second-order linear partial differential equations using integration by parts.
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Let us consider solving the two-variable second-order linear partial differential equation

T + o) taly) )
2U T u\xr
+as() ) B 0,0 aly) 2422

Ou(z,y)
Oy

(2.1) Lu(z,y) = a1(x) by (y)

+as(x) bs(y) +as(z) bs (y) u(z, y) = f(,y),

whose boundary conditions are

u(0,y) =u(l,y) =0, 0<y<1,
u(z,0) =u(z,1) =0, 0<z<L1

In the Sinc-Galerkin method, by using the sinc function, which is defined by

sin(mx)
sinc(z) = P 70,
1, z =0,

the basis functions for approximating a one-variable function are defined by

S(k,h) o ¢(x) = sinc (M) ,

and the basis functions for approximating a two-variable function are defined by

Ski(@,y) = {S(k, he) © ¢o () HS (U, hy) © by (9)},

where ¢, ¢, and ¢, are conformal maps from the domain of the approximated function onto
(—00,00), k and I, the subscripts of the basis functions, are integers, and h, h, and hy, the
step sizes for the discretization, are positive real numbers. By using the basis functions for a
two-variable function, the approximate solution of (2.1) is represented by the truncated series

(22) ummmy T Zl/ Z Z wkayl Skl(x y)

— M, k=—
where

Mg = My + N, +1,
my = My + N, +1,

Tp = ¢;1(kh$)7

Y= ¢;1(lhy)-
As noticed from the notation, the coefficients of the basis functions correspond to the values
of the approximated function at the discrete points. The selection of M, Ny, My, Ny, h, and
hy for a good approximation is precisely discussed in [5, 6].

The values of the approximate solution at the discrete points, %, m, (Tx, 1), are deter-
mined by the orthogonal conditions

(2.3)

k=—-M, —M,+1,... N,
2.4) Ltim,m, » i) = (£, Sk1), M.+ N,
(Lt om k) = ( k) l=—-M,,—M, +1,... Ny.
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TABLE 2.1
Values of sy, and t,.

n_|

— =
N Of W
=IENEN
— Ol W
(==l e] o))

1
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0

The inner product is, with its interval adjusted to that of the problem, defined by

2.5) (f.9) = / / F(@) 9(@,y) v(z) w(y) dedy,

where v and w are weight functions.
For the differential equation (2.1), the left-hand side of the orthogonal conditions (2.4)
comprises the terms

P tin Umzmy (.’L‘, y) )
) Skl )

(2.6) (an(x) bn(y) O Oyt

where s, and ¢,, are set to be 0, 1 or 2 accordington = 1,2, ..., 6 (Table 2).
From the definition of the inner product (2.5), the terms (2.6) are represented by the
integral

Lol 6s"+tnummmy (x,y)
‘/0' ‘/0' an (.Z') bn (y) 6$s" 8yt"

{S(k, he) 0 ¢z (2)} {S (L, hy) © ¢y (y) } v(2) w(y) dudy,

which can be transformed into

O [ [t ) (107 o fana) (S5, 0620 0]

tn
(=1 ;y—t"[bn(y) {5 hy) © ¢y(y) } w(y)] dzdy,

by using integration by parts multiple times so as to eliminate the derivatives of the ap-
proximate solution %y, m,, . Note that the boundary terms generated by integration by parts
can be assumed to vanish when the weight functions v and w are appropriately set because
Umgmy > S (K, he) © ¢ and S(1, hy) o ¢y are 0 at the boundaries. To make this assumption
hold, appropriate functions are selected to be the weight functions v and w so as to make
these terms converge. The most important problem is about the derivatives of the Sinc basis
functions

{S(k, h) o p(x)} = S'(k, h) o §(x) - ¢'(2),

because the map ¢ from the finite domain (a, b) onto (—oo, 00) is usually set to be

o) =tog (522,

and its derivative is
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which has singularities at the boundaries. It means that the derivatives of the Sinc basis
functions have singularities at the boundary. To avoid this problem, it is convenient to set the
weight function to be

so that the terms converge.

In the Sinc-Galerkin method, the integrals of the orthogonal conditions (2.4) are approx-
imated by the trapezoidal rule using variable transformations. To compute these integrals by
the use of the values of the integrands at the discrete points defined in (2.3), the integrals with
respect to x from 0 to 1 are transformed into the integrals with respect to £ = ¢, (x) and
approximated by

! _ * 1 ~ & u(zp)
Jverie= [ worggyasie 3 Gey

—0o0

Applying the two-variable trapezoidal rule to (2.7) results in

Ny Ny
(2.8)  hghy Z Umamy, (Tp, Yq)
qg=—My p=—M,
L (@) (S( o) o g0} o) _
S ) (5 ) 0, ]

Here, the Sinc basis functions and their first-order and second-order derivatives have the
following properties:

81 = {S(k, h) o $(x)}

_{ 1, k=p,

T=wp 0, k#p,
0, k=p,
60 = h-L (s m) oo} = -
ke = dg ’ a=w, =" k+#p
p _ k ? ?
2
d2 _%7 k= D,
Oy =W Sk og@}| = i
@ | 2D,
(p—k)? " '
Therefore, the differentiation parts of  of (2.8) can be represented by
[an (@) {S(k, o) © do(@)}o(@)]| =313 an(ep) vlzy),
0
5o [an(@) {S(k, y) 0 g ()} v@)] |

5(1)

= }’::’ (8} (2p) an(zp) v(zp)] + Oy [(% {an(z)v(2)}

] )
T=Tp
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o lan(@) {S(h, ha) 0 6u(@)} 0(@)]|

(5(2)
[{¢w (xp)}z an(wp) U(xp)]
5(1)
kp " / 0
3 | ) anlay) () + 264 () 5 {an(@) (@)} |

#6 | 2 {an(a) (o)}

] 7
T=Tp

for s,, = 0, 1, 2 respectively. The differentiation parts of y are obtained just by replacing the
functions and variable names in the above.

Applying the two-variable trapezoidal rule to the right-hand side of the orthogonal con-
ditions (2.4) yields

- Zy i Oy Oty @y u) vlan) wlye) _  flm ) v wiy)

2 EAESEATN g ) 6, ()
Let us define the symbol
A = [aijlij

to be the matrix which has a;;, a value related to ¢ and 7, as its (4 + M + 1),( + M + 1)-th
element (i, = —M,-M +1,...,N).

The orthogonal conditions (2.4) of the problem (2.1) can be represented by the linear
matrix equation

(2.9) A UBT + A;2UBY +---+ AUBY =G,

where

U = [Ummmy (mpa yq)]p‘l’

_ [ o )
Ao = |0y g @ 1SR e @] _ |
_ [ o )
Bu= | iy g0 (G 0 6,) (y)]\”q]lq
G — [ f(zr, yi) v(zk) w(yn)
Ou(ze) by (w) 1y

Note that in (2.9) the matrix U is multiplied by A,,, matrices of z, from the left and multiplied
by B,,, matrices of y, from the right (n = 1,2, .. .,6). Therefore, the coefficient functions of
the differential equation to be solved must be able to be separated with respect to the variables
like (2.1).

The linear matrix equation (2.9) can be transformed into a simple matrix equation by the
use of the Kronecker product and vec-function [13]. Let A and B be m x m matrices. The
Kronecker product of the two matrices A and B is defined by

ay B appB - a1, B
a1B  ax»pB --- ay,B
AR B= . . .

amlB Clsz s ammB
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Letx; (j = 1,2,...,m) be the j-th column vector of the matrix X. The matrix X can be
denoted by X = [z1 2 --- ). The operator vec, concatenating these column vectors,
transforms X into the m2-element column vector which is defined by

1
T2
vecX =

Tm

By using the Kronecker product and vec-function, the linear matrix equation (2.9) can be
transformed into

(2.10) Cu =g,

where

6
C =) (B,® Ay),

n=1
u = vecU,
g = vecG.

To solve (2.10), we can use a solution for simultaneous linear equations. Then, we get approx-
imate values of the solution at the discrete points, %, m, (x,%:). If you want to know the
values at other points, you can exploit (2.2) as an interpolation formula, using v, m, (&, ¥1)
as its coefficients since U, m, (Tr, Y1) = w(@, Y1)

When the number of the used bases is rather big, the coefficient matrix of the derived
matrix equation (2.10) becomes immense. Then, the implementation for real applications
requires a more efficient matrix calculation of (2.9). In the case of Poisson’s equation, the
derived matrix equation can be transformed into the Sylvester equation. The numerical so-
lution of the Sylvester equation has been well studied [14, 15] et al. and implemented in the
matrix computation package LAPACK [16]. Also, the textbooks [5, 6] show a solution of the
Sylvester equation using the diagonalization of the coefficient matrices. However, the general
solution of the matrix equation (2.9) has not been studied enough.

3. The Sinc-Galerkin Method for The Poisson Problem in One Type of Curvilin-
ear Coordinate Domain. This section introduces the Sinc-Galerkin method for the Poisson
problem in the curvilinear coordinate domain which is proposed in [6, 7] but has not been
discussed in detail for the Sinc-Galerkin method.

Let us consider solving the two-variable Poisson problem

(3.1) Au(é,n) = f(&n),

in a domain designated by the curvilinear coordinates in which the range of £ is determined
by the constants a1 and by, and the range of 7 is determined by a2 (§) and by (), the functions
of & (Figure 3.1). For the sake of simplicity, assume u(&,7) = 0 at the boundary.

By using the variable transformations

E=ar+ (b1 — a1z,
(3.2) { n = as(€) + {b2(€) — ax(€)} v,
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a by §

FIG. 3.1. One type of curvilinear coordinate domain.

the domain designated by £ and 7 is mapped onto the square domain (z,y) = (0,1) x (0, 1).
Also, the derivatives with respect to £ and 7 transform into

9 _ 1 9 ay(+ ) —ar(&}y I
0 b —a 0z b2(€) — a2(§) oy’
0 1 1o}

an ~ ba(6) —ax(§) Oy’

Therefore, the problem mapped onto the new domain is not of the form of Poisson’s equa-
tion but a little more complex two-variable second-order linear differential equation, which
requires the solution introduced in Section 2. For the sake of simplicity, the range of £ is fixed
to (0,1), and the range of 7 is described by (a(£),b(£)) in the remainder of this paper. This
simplification allows the transformations (3.2) to be represented by

=g,
(3.3) { n = a(z) + {b(z) — a(z)}y.

By using the transformations (3.3), Poisson’s equation (3.1) is transformed into

6211('7:7:’/) 6211('777:1/) 62ﬂ($,y) 611(1'731) _F
where
u(En) = a(z.v),
f&mn) = f(z,y),
_ o (@) +{b(z) —d(2)}y
Cl(x7y) -2 b(.’L‘) _ a(m ’
_ @) +{V'(z) —d' @)}y +1
02('T7y) - {b(l’) —a .’E)}2 ’

_ @) ~ @) + ) )y
Calona) = @) - a@))?

_ 0 (a'(ﬂf) + {V'(2) - a'(-%’)}y>
Oz b(z) — a(zx) '
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The solution of general two-variable second-order linear differential equations in Section 2
is applied to this transformed equation. However, since the coefficient function of each term
must be separated with respect to the variables z and y, by expanding the coefficient func-
tions, (3.4) is transformed into

(3.5) % + {C1ra(z) + C15(x) - y} 62%;’;/)
+{Coale) + Casla) -+ i (o) 7} 050
+{Caa(@) + Cas(a) 1) P — oy,
where
Crale) = gl
Cuate) = L=},
Cuale) = A
T
Curto) = D=L
=St (s
on-UEZEE ¢ (20

Notice that the coefficient function of each term is represented as a product of two parts of x
and y. The transformed equation is treated as an eight-term differential equation. Therefore,
the derived matrix equation becomes like

A UBT + AJ2UBT +-.. 4+ AsUBY =G,

where the n-th term in the equation above corresponds to the n-th term in (3.5).

Note that the coefficient matrices which depend on the functions @ and b are only A5, As, ...

Ag and that By, By and Bg are identical to A1, By and B3 respectively.

This paper shows only the case of the type of curvilinear coordinate domain described
above, but the procedure in this section can be applied to other types of coordinate domains
if the coefficient functions of the transformed equation can be separated with respect to the
variables.

4. Numerical Experiment. This section shows an example of the numerical results for
the Poisson problem (3.1) in a curvilinear coordinate domain solved by a C language program.
The functions a(z) and b(z) were set to be

a(z) =40x(z — 1/4)(z — 3/4)(z - 1) — 1,

b(m):—g 1—(m—1)2+g.
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FIG. 4.1. The domain of the example.

TABLE 4.1
Maximum errors of Sinc-Galerkin solution.

M, | Max Error
2 | 7.259x 1072
5 | 1.063 x 1072
10 | 2.579 x 1073
20 | 2.971 x 10~*

The shape of the domain is shown in Figure 4.1.

A certain function whose value is 0 at the boundary was chosen as the solution u (&, n)
in advance, and the nonhomogeneous term f(£,n) was obtained by calculating Au(&, n). In
this example, we selected

{40z(xz — 1/4)(z —3/4)(z —1) =1 —yHy + 2/3/1— (z — 1)2 = 7/6}z(1 — )

as the solution. The numbers of the basis functions were set to be M, = M, = N, = N, =
20 and the step sizes h; and h, were set to be different values, h, = hy = h. Figures 4.2-4.7
show the shapes of the approximate solution obtained by the procedure introduced in this
paper with different step sizes h. Table 4.1 shows the maximum errors at the discrete points
(zk,y1) in the cases M, = 2,5,10,20 with h = /7 /M,, which gives the best result for the
above selected h’s.

Since the solutions of Poisson’s equation in non-smooth boundary domains have singu-
larities at the angular points [6, 17, 18], a bad selection of the step sizes h, and h, sometimes
results in a fatal error. The step size smaller than the optimal value makes the discrete points
get closer to the center of the domain, while the step size larger than the optimal value makes
the discrete points get closer to the boundaries [6]. Therefore, a large step size gives rise to
the occurrence of corner singularities and drastically decreases the accuracy. Figures 4.6 and
4.7 show the shapes which have corner singularities.

5. Conclusion. This paper introduced the Sinc-Galerkin method for the Poisson prob-
lem in one type of curvilinear coordinate domain. In this procedure, the derived matrix equa-
tion can be represented by the simple matrix equation (2.10), but the coefficient matrix of
(2.10) becomes immense when the number of the bases used is rather big. Therefore, the
implementation for real applications requires a more efficient matrix calculation of (2.9).

This paper shows only the case of one type of curvilinear coordinate domain, but the
procedure in this paper can be applied to other types of coordinate domains if the coefficient
functions of the transformed equation can be separated with respect to the variables.
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20 and h = 1/v/ M.

F1G. 4.2. Sinc-Galerkin solution of the example with My,

Max Error=1.056 x 102

un)

20 and h = 1.5/v/ M.

F1G. 4.3. Sinc-Galerkin solution of the example with My,

Max Error=1.049 x 103
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FIG. 4.4. Sinc-Galerkin solution of the example with My

Max Error=2.971 x 10~*

u€m)

20 and h = 2/+/ M.

F1G. 4.5. Sinc-Galerkin solution of the example with My,

Max Error=5.897 x 10—4
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0.2
0.15
0.1

0.05

FIG. 4.6. Sinc-Galerkin solution of the example with My = 20 and h = 7 /\/ M.
Max Error=1.149 x 103

0.2

0.15

0.1

0.05

FIG. 4.7. Sinc-Galerkin solution of the example with My = 20 and h = 4/+/ M.
Max Error=2.969 x 107
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