SYSTEMS OF ORTHOGONAL POLYNOMIALS DEFINED BY

HYPERGEOMETRIC TYPE EQUATIONS^∗

NICOLAE COTFAS^†

Abstract. A hypergeometric type equation satisfying certain conditions defines either a finite or an infinite system of orthogonal polynomials. We present in a unified and explicit way all these systems of orthogonal polynomials, the associated special functions and the corresponding raising/lowering operators. This general formalism allows us to extend some known results to a larger class of functions.

Key words. orthogonal polynomials, associated special functions, raising operator, lowering operator, special functions

AMS subject classifications. 33C45, 81R05, 81R30

1. Introduction. Many problems in quantum mechanics and mathematical physics lead to equations of the type σ(s)y^{′′}(s) + τ(s)y^′(s) + λy(s) = 0 (1.1)

where σ(s) and τ(s) are polynomials of at most second and first degree, respectively, and λ is a constant. These equations are usually called equations of hypergeometric type [14], and each can be reduced to the self-adjoint form

[σ(s)ϱ(s)y^′(s)]^′ + λϱ(s)y(s) = 0

by choosing a function ϱ such that [σ(s)ϱ(s)]^′ = τ(s)ϱ(s).

The equation (1.1) is usually considered on an interval (a, b), chosen such that

σ(s) > 0 for all s ∈ (a, b) ϱ(s) > 0 for all s ∈ (a, b) lim_{s→a} σ(s)ϱ(s) = lim_{s→b} σ(s)ϱ(s) = 0.

Since the form of the equation (1.1) is invariant under a change of variable s → cs + d, it is sufficient to analyse the cases presented in table 1.1. Some restrictions must be imposed on α, β in order for the interval (a, b) to exist.

The equation (1.1) defines either a finite or an infinite system of orthogonal polynomials depending on the set {γ ∈ R | lim_{s→a} σ(s)ϱ(s)s^γ = lim_{s→b} σ(s)ϱ(s)s^γ = 0}. A unified view on all the systems of orthogonal polynomials defined by (1.1) was presented in [8]. We think that certain results known in particular cases can be extended to a larger class of functions by using this general formalism, and our aim is to present some attempts in this direction.

The literature discussing special function theory and its application to mathematical and theoretical physics is vast, and there are a multitude of different conventions concerning the definition of functions. Since the expression of the raising/lowering operators depends directly on the normalizing condition we use, a unified approach is not possible without a unified definition for the associated special functions. Our results are based on a definition presented in section 2. The table 1.1 allows one to pass in each case from our parameters α, β to the parameters used in different approach. For classical polynomials we use the definitions from [14].

∗Received December 17, 2004. Accepted for publication April 4, 2005. Recommended by R. Alvarez-Nodarse. †Faculty of Physics, University of Bucharest, PO Box 76-54, Post Office 76, Bucharest, Romania (ncotfas@yahoo.com). 45

46 N. COTFAS

TABLE 1.1 The main particular cases σ(s) τ(s) ϱ(s) α, β (a, b) 1 αs+β e^{αs2 /2+βs} α < 0 (−∞, ∞) s αs+β s^{β−1}e^{αs} α <0, β >0 (0, ∞) 1−s^2 αs+β (1+s)^{−(α−β)/2−1}(1−s)^{−(α+β)/2−1} α <β < −α (−1, 1) s^2 −1 αs+β (s+1)^{(α−β)/2−1}(s−1)^{(α+β)/2−1} −β <α < 0 (1, ∞) s^2 αs+β s^{α−2}e^{−β/s} α <0, β >0 (0, ∞) s^2 +1 αs+β (1 + s^2)^{α/2−1}e^{β arctan s} α < 0 (−∞, ∞)

2. Orthogonal polynomials and associated special functions. In this section we review certain results concerning the systems of orthogonal polynomials defined by equation (1.1) and the corresponding associated special functions. It is well-known [14] that for λ = λ_l, where λ_l = − σ^{′′}(s) 2 l(l − 1) − τ^′(s)l l ∈ N the equation (1.1) admits a polynomial solution Ψ_l = Ψ^{(α,β)}_l of at most l degree σ(s)Ψ^{′′}_l + τ(s)Ψ^′_l + λ_lΨ_l = 0.

(2.1) If the degree of the polynomial Ψ_l is l then it satisfies the Rodrigues formula

Ψ_l(s) = B_l ϱ(s) d^l ds^l [σ^l(s)ϱ(s)] where B_l is a constant. We do not impose any normalizing condition. Each polynomial Ψ_l is defined only up to a multiplicative constant. One can remark that lim_{s→a} σ(s)ϱ(s)s^γ = lim_{s→b} σ(s)ϱ(s)s^γ = 0 for γ ∈ [0, ∞) in the case σ(s) ∈ {1, s, 1 − s^2}, and lim_{s→a} σ(s)ϱ(s)s^γ = lim_{s→b} σ(s)ϱ(s)s^γ = 0 for γ ∈ [0, −α) in the case σ(s) ∈ {s^2 − 1, s^2, s^2 + 1}. Let Λ = { ∞ for σ(s) ∈ {1, s, 1 − s^2} 1−α 2 for σ(s) ∈ {s^2 − 1, s^2, s^2 + 1}.

PROPOSITION 2.1. [14, 8] a) {Ψ_l | l < Λ} is a system of polynomials orthogonal with weight function ϱ(s) in (a, b).

b) Ψ_l is a polynomial of degree l for any l < Λ. c) The function Ψ_l(s) √ ϱ(s) is square integrable on (a, b) for any l < Λ.

SYSTEMS OF ORTHOGONAL POLYNOMIALS 47

d) A three term recurrence relation

sΨ_l(s) = α_lΨ_{l+1}(s) + β_lΨ_l(s) + γ_lΨ_{l−1}(s)

is satisfied for 1 < l + 1 < Λ.

e) The zeros of Ψ_l are simple and lie in the interval (a, b), for any l < Λ.

The polynomials Ψ^{(α,β)}_l can be expressed in terms of the classical orthogonal polynomials but in certain cases the relation is not very simple.

PROPOSITION 2.2. [8, 9] Up to a multiplicative constant

Ψ^{(α,β)}_l (s) =

H_l (√_{−α} 2 s −^{β√}_{−2α} ) if σ(s) = 1 L^{β−1}_l (−αs) if σ(s) = s P^{(−(α+β)/2−1, (−α+β)/2−1)} l (s) if σ(s) = 1 − s^2 P^{((α−β)/2−1, (α+β)/2−1)} l (−s) if σ(s) = s^2 − 1 (_s β )_l L^{1−α−2l} l (_β s ) if σ(s) = s^2 i^lP^{((α+iβ)/2−1, (α−iβ)/2−1)} l (is) if σ(s) = s^2 + 1

where H_n, L^p_n and P^{(p,q)}n are the Hermite, Laguerre and Jacobi polynomials, respectively.

Let l ∈ N, l < Λ, and let m ∈ {0, 1, ..., l}. By differentiating the equation (2.1) m times we obtain the equation satisfied by the polynomials ψ_{l,m} =^{dm}_{dsm} Ψ_l, namely σ(s)ψ^{′′}_{l,m} + [τ(s) + mσ^′(s)]ψ^′_{l,m} + (λ_l − λ_m)ψ_{l,m} = 0. (2.2)

This is an equation of hypergeometric type, and we can write it in the self-adjoint form

[σ(s)ϱ_m(s)ψ^′_{l,m}]^′ + (λ_l − λ_m)ϱ_m(s)ψ_{l,m} = 0

by using the function ϱ_m(s) = σ^m(s)ϱ(s).

DEFINITION 2.3. The functions

Ψ_{l,m}(s) = κ^m(s) d^m ds^m Ψ_l(s) where κ(s) = √ σ(s) (2.3)

l ∈ N, l < Λ and m ∈ {0, 1, ..., l}, are called the associated special functions.

The equation (2.2) multiplied by κ^m(s) can be written as

H_mΨ_{l,m} = λ_lΨ_{l,m}

where H_m is the differential operator

H_m = −σ(s) d^2 ds^2 − τ(s) d ds + m(m − 2) 4 (σ^′(s))^2 σ(s)

+ mτ(s) 2 σ^′(s) σ(s) − 1 2 m(m − 2)σ^{′′}(s) − mτ^′(s).

PROPOSITION 2.4. [8] a) For each m < Λ, the functions Ψ_{l,m} with m ≤ l < Λ are orthogonal with weight function ϱ(s) in (a, b).

48 N. COTFAS

b) Ψ_{l,m}(s) √ ϱ(s) is square integrable on (a, b) for 0 ≤ m ≤ l < Λ.

c) The three term recurrence relation

Ψ_{l,m+1}(s) + ( τ(s) κ(s) + 2(m − 1)κ^′(s) ) Ψ_{l,m}(s) + (λ_l − λ_{m−1})Ψ_{l,m−1}(s) = 0

(2.4)

is satisfied for any l < Λ and any m ∈ {1, 2, ..., l − 1}. In addition, we have ( τ(s) κ(s) + 2(l − 1)κ^′(s) ) Ψ_{l,l}(s) + (λ_l − λ_{l−1})Ψ_{l,l−1}(s) = 0.

(2.5)

For any l ∈ N, l < Λ and any m ∈ {0, 1, ..., l − 1}, by differentiating (2.3), we obtain d ds Ψ_{l,m}(s) = mκ^{m−1}(s)κ^′(s) d^m ds^m Ψ_l + κ^m(s) d^{m+1} ds^{m+1}

Ψ_l(s)

that is, the relation d ds Ψ_{l,m}(s) = m κ^′(s) κ(s) Ψ_{l,m}(s) + 1 κ(s) Ψ_{l,m+1}(s)

which can be written as ( κ(s) d ds − mκ^′(s) ) Ψ_{l,m}(s) = Ψ_{l,m+1}(s).

(2.6)

If m ∈ {1, 2, ..., l − 1} then by substituting (2.6) into (2.4) we get ( κ(s) d ds + τ(s) κ(s) + (m − 2)κ^′(s) ) Ψ_{l,m}(s) + (λ_l − λ_{m−1})Ψ_{l,m−1}(s) = 0

that is, ( −κ(s) d ds − τ(s) κ(s) − (m − 1)κ^′(s) ) Ψ_{l,m+1}(s) = (λ_l − λ_m)Ψ_{l,m}(s).

(2.7)

for all m ∈ {0, 1, ..., l − 2}. From (2.5) it follows that this relation is also satisfied for m = l − 1.

The relations (2.6) and (2.7) suggest we should consider the first order differential operators [11, 7, 9]

A_m = κ(s) d ds − mκ^′(s) A^+_m = −κ(s) d ds − τ(s) κ(s) − (m − 1)κ^′(s) for m + 1 < Λ.

PROPOSITION 2.5. [10, 6, 11, 8] We have

A_mΨ_{l,m} = Ψ_{l,m+1} A^+_mΨ_{l,m+1} = (λ_l −λ_m)Ψ_{l,m} for 0 ≤ m < l < Λ.

(2.8)

Ψ_{l,m} =

A^+_m λ_l − λ_m A^+_{m+1} λ_l − λ_{m+1} ... A^+_{l−1} λ_l − λ_{l−1} Ψ_{l,l} for 0 ≤ m < l < Λ. (2.9)

||Ψ_{l,m+1}|| = √ λ_l − λ_m ||Ψ_{l,m}|| for 0 ≤ m < l < Λ. (2.10)

SYSTEMS OF ORTHOGONAL POLYNOMIALS 49

H_m − λ_m = A^+_mA_m H_{m+1} − λ_m = A_mA^+_m for m + 1 < Λ

H_mA^+_m = A^+_mH_{m+1} A_mH_m = H_{m+1}A_m for m + 1 < Λ.

From (2.8), (2.9) and (2.10) it follows that the normalized associated special functions Ψ̃_{l,m} = Ψ_{l,m}/||Ψ_{l,m}|| satisfy the relations

A_mΨ̃_{l,m} = √ λ_l − λ_mΨ̃_{l,m+1} A^+_mΨ̃_{l,m+1} = √ λ_l − λ_mΨ̃_{l,m} Ψ̃_{l,m} =^{A+}m_{√λl −λm}^{A+m+1} √_{λl −λm+1} ...^{A+l−1}√_{λl −λl−1} Ψ̃_{l,l}. (2.11)

3. A group theoretical approach based on projection method. The system of functions Ψ̃_{l,m} is the projection of the system of functions [1, 2, 13] |l, m) : (a, b) × [−π, π] −→ C |l, m) = e^{imφ}Φ̃_{l,m} (3.1)

orthogonal with respect to the scalar product ⟨F, G⟩ = 1 √ 2π ∫_π −π ∫_b a F (s, φ) G(s, φ) ϱ(s)dsdφ. More exactly, we can identify each function Ψ̃_{l,m} with the restriction of |l, m) to the subset (a, b) × {0}. By using the relation^∂_{∂φ} |l, m) = im |l, m) obtained directly from definition (3.1), and (2.11) we get

e^{iφ} ( κ^∂_{∂s} + iκ^{′ ∂}_{∂φ} ) |l, m) = √ λ_l − λ_m |l, m + 1) e^{−iφ} ( −κ^∂_{∂s} + iκ^{′ ∂}_{∂φ} −^τ_κ + 2κ^′ ) |l, m + 1) = √ λ_l − λ_m |l, m). These relations suggest we should consider the first order differential operators

L_+ = e^{iφ} ( κ^∂_{∂s} + iκ^{′ ∂}_{∂φ} ) L_− = e^{−iφ} ( −κ^∂_{∂s} + iκ^{′ ∂}_{∂φ} −^τ_κ + 2κ^′ ) L_0 = −i^∂_{∂φ}

(3.2)

satisfying the relations L_+|l, m) = √ λ_l − λ_m |l, m + 1) L_−|l, m) = √ λ_l − λ_{m−1} |l, m − 1) L_0|l, m) = m|l, m). One can remark that L_+|l, l⟩ = 0 and |l, m) = 1 √ λ_l − λ_m 1 √ λ_l − λ_{m+1} · · · 1 √ λ_l − λ_{l−1} (L_−)^{l−m}|l, l)

50 N. COTFAS

for all m ∈ {0, 1, 2, ..., l − 1}, but, generally, L_−|l, 0) ≠ 0. For example, in the case of Legendre polynomials κ(s) = √ 1 − s^2, τ(s) = −2s and

L_+ = e^{iφ} ( κ^∂_{∂s} + iκ^{′ ∂}_{∂φ} )

L_− = e^{−iφ} ( −κ^∂_{∂s} + iκ^{′ ∂}_{∂φ} ) = −e^{iφ} ( κ^∂_{∂s} + iκ^{′ ∂}_{∂φ} ) = −L_+

whence (L_−)^m|l, 0) = (−1)^me^{−imφ}Ψ_{l,m} = (−1)^m|l, m) for all m ∈ {1, 2, ..., l} and (L_−)^{l+1}|l, 0) = 0. The (2l+1)-dimensional vector space spannied by the set { (L_−)^q |l, l) | q ∈ {0, 1, 2, ..., 2l} } is invariant under the action of L_+, L_− and L_0.

The operators defined by (3.2) satisfy the relations [L_0, L_±] = ±L_± and

[L_+, L_−] = (−τ^′ + 2κκ^{′′} + 2κ^{′2})I+ i(2κκ^{′′} + 2κ^{′2})^∂_{∂φ}

= −αI for σ(s) ∈ {1, s} 2 ( L_0 −^{α+2}_2 I ) for σ(s) = 1 − s^2 −2 ( L_0 +^{α−2}_2 I ) for σ(s) ∈ {s^2 − 1, s^2, s^2 + 1}

where Iis the identity operator. The Lie algebra L generated by L_+ and L_− is finite dimensional.

THEOREM 3.1.

L is isomorphic to Heisenberg algebra h(2) if σ(s) ∈ {1, s} su(2) if σ(s) = 1 − s^2 su(1, 1) if σ(s) ∈ {s^2 −1, s^2, s^2 +1}

Proof. If σ(s) ∈ {1, s} then the operators K_+ = √ −1/α L_+ and K_− = − √ −1/α L_− satisfy the relations [K_+, K_−] = −I and [I, K_±] = 0.

In the case σ(s) = 1 − s^2 the operators K_+ = L_+, K_− = L_− and K_0 = L_0 −^{α+2}_2 Isatisfy the relations [K_+, K_−] = 2K_0 and [K_0, K_±] = ±K_±.

If σ(s) ∈ {s^2 −1, s^2, s^2 +1} the operators K_+ = L_+, K_− = L_− and K_0 = L_0 +^{α−2}_2 I satisfy the relations [K_+, K_−] = −2K_0 and [K_0, K_±] = ±K_±.

In the case σ(s) = 1 − s^2, the functions |l, m) satisfy the relations K_0|l, m)=(Φ + m − l) |l, m) for m∈{0, 1, ..., l} K_+|l, m)= √ (l − m)(l + m − α − 1) |l, m + 1) for m∈{0, 1, ..., l − 1} K_−|l, m)= √ (l − m + 1)(l + m − α − 2) |l, m − 1) for m∈{1, 2, ..., l} C|l, m)=Φ(Φ + 1) |l, m) for m∈{0, 1, ..., l} where C = K_−K_+ + K_0(K_0 + I) is the Casimir operator of su(2) and Φ = l −^α_2 − 1. In the case σ(s) ∈ {s^2 − 1, s^2, s^2 + 1}, the functions |l, m) satisfy the relations K_0|l, m)=(Φ + m − l) |l, m) for m∈{0, 1, ..., l} K_+|l, m)= √ (m − l)(m + l + α − 1) |l, m + 1) for m∈{0, 1, ..., l − 1} K_−|l, m)= √ (m − l − 1)(m + l + α − 2) |l, m − 1) for m∈{1, 2, ..., l} C|l, m)=−Φ(Φ + 1) |l, m) for m∈{0, 1, ..., l}

SYSTEMS OF ORTHOGONAL POLYNOMIALS 51

where C = K_−K_+ − K_0(K_0 + I) is the Casimir operator of su(1, 1) and Φ = l +^α_2 − 1. The Casimir operator of h(2) is the identity operator Ibelonging to the algebra [5].

Our approach is different from the one presented in [12] based on gl(2, c) and Miller algebra h_4. Generally, our algebra L does not contain L_0.

4. Some systems of coherent states. In this section we restrict us to the case σ(s) ∈ {1, s, 1−s^2}. For each m ∈ N, the sequence Ψ̃_{m,m}, Ψ̃_{m+1,m}, Ψ̃_{m+2,m}, ... is an orthonormal basis in the Hilbert space H = { ψ : (a, b) −→ C | | | | ∫_b a |ψ(s)|^2ϱ(s)ds < ∞ } ⟨ψ_1|ψ_2⟩= ∫_b a ψ_1(s) ψ_2(s) ϱ(s)ds .

The linear operator defined by (see figure 4.1) U_m :H −→ H, U_mΨ̃_{l,m} =Ψ̃_{l+1,m+1} is a unitary operator, the operators a_m =U^+_mA_m, a^+_m =A^+_mU_m are mutually adjoint, and a_mΨ̃_{l,m} = √ λ_l − λ_m Ψ̃_{l−1,m} for l ≥ m + 1 a^+_mΨ̃_{l,m} = √ λ_{l+1} − λ_m Ψ̃_{l+1,m} for l ≥ m Ψ̃_{l,m} =^{(a+}m^{)l−m} √_{(λl−λm)(λl−1 −λm)...(λm+1−λm)} Ψ̃_{m,m} for l > m. (4.1)

Since

a_ma^+_mΨ̃_{l,m} = (λ_{l+1} − λ_m)Ψ̃_{l,m} a^+_ma_mΨ̃_{l,m} = (λ_l − λ_m)Ψ̃_{l,m} we get the factorization H_m − λ_m = a^+_ma_m and the relation [a_m, a^+_m]Ψ̃_{l,m} = (λ_{l+1} − λ_l)Ψ̃_{l,m}.

(4.2) By using the operator

R_m : H_m −→ H_m R_mΨ̃_{l,m} = −σ^{′′}l − α 2 Ψ̃_{l,m} the relation (4.2) can be written as [a^+_m, a_m] = −2R_m. Since

[R_m, a^+_m] = − σ^{′′} 2 a^+_m [R_m, a_m] = σ^{′′} 2 a_m it follows that the Lie algebra L_m generated by {a^+_m, a_m} is finite dimensional.

THEOREM 4.1. L_m is isomorphic to { Heisenberg algebra h(2) for σ(s) ∈ {1, s} su(1, 1) for σ(s) = 1 − s^2 Proof. In the case σ(s) ∈ {1, s} the operator R_m is a constant operator, namely, R_m = −α. Since α < 0, the operators P_+ = √ −1/α a^+_m, P_− = √ −1/α a_m and Iform a basis of L_m such that [P_+, P_−] = −I [I, P_±] = 0

52 N. COTFAS

a_0 a^+_0

A^+_0 A_0 U_0 a_0 a^+_0

A^+_0 A_0 U_0 a_0 a^+_0

A^+_0 A_0 U_0

a_1 a^+_1

A^+_1 A_1 U_1 a_1 a^+_1

A^+_1 A_1 U_1 a_2

a^+_2

A^+_2 A_2 U_2

. . . .

Ψ̃_{0,0}

Ψ̃_{1,0}

Ψ̃_{2,0}

Ψ̃_{3,0}

Ψ̃_{1,1}

Ψ̃_{2,1}

Ψ̃_{3,1}

Ψ̃_{2,2}

Ψ̃_{3,2} Ψ̃_{3,3}

FIG. 4.1. The operators A_m, A^+_m, a_m, a^+_m and U_m relating the functions Ψ̃_{l,m}.

that is, L_m is isomorphic to the Heisenberg-Weyl algebra h(2).

If σ(s) = 1 − s^2 then K_+ = a^+_m, K_− = a_m and K_0 = R_m form a basis of L_m such that [K_+, K_−] = −2K_0 [K_0, K_±] = ±K_±.

In the case σ(s) = 1 − s^2, the functions Ψ̃_{m,m}, Ψ̃_{m+1,m}, Ψ̃_{m+2,m}, ..., satisfy the relations K_0Ψ̃_{l,m} = ( l −^α_2 )~ Ψ_{l,m} K_+Ψ̃_{l,m} = √ (l − m + 1)(l + m − α) Ψ̃_{l+1,m} K_−Ψ̃_{l,m} = √ (l − m)(l + m − 1 − α) Ψ̃_{l−1,m} CΨ̃_{l,m} = − (_α 2 − m ) (_α 2 − m + 1 )~ Ψ_{l,m} where C = K_−K_+ − K_0(K_0 + I) is the Casimir operator of su(1, 1). If we denote E_0 = m − α 2 = −Φ |Φ, n⟩ = Ψ̃_{m+n,m} then the above relations can be written as K_0|Φ, n⟩ = (E_0 + n) |Φ, n⟩ K_+|Φ, n⟩ = √ (Φ + E_0 + n + 1)(E_0 − Φ + n) |Φ, n + 1⟩ K_−|Φ, n⟩ = √ (Φ + E_0 + n)(E_0 − Φ + n − 1) |Φ, n − 1⟩ C|Φ, n⟩ = −Φ(Φ + 1) |Φ, n⟩. and show that [3, 15], in case σ(s) = 1 − s^2, the representation of su(1, 1) defined by (4.1) in H is the irreducible discrete representation D^+ (_α 2 − m ) . Let m ∈ N be a fixed natural number. The functions |0⟩, |1⟩, |2⟩, · · · , where |n⟩ = Ψ̃_{m+n,m} satisfy the relations a_m|n⟩ = √ e_n |n − 1⟩ a^+_m|n⟩ = √ e_{n+1} |n + 1⟩ (H_m − λ_m)|n⟩ = e_n|n⟩

SYSTEMS OF ORTHOGONAL POLYNOMIALS 53

where

e_n = λ_{m+n} − λ_m = { −αn if σ(s) ∈ {1, s} n(n + 2m − α − 1) if σ(s) = 1 − s^2.

Some useful systems of coherent states can be defined [3] by using these relations, the confluent hypergeometric function

0F_1(c; z) = 1 + 1 c z 1! + 1 c(c + 1) z^2 2! + 1 c(c + 1)(c + 2) z^3 3! + · · · and the modified Bessel function

K_ν (z) = π 2 I_{−ν} (z) − I_ν (z) sin (νπ) where I_ν (z) = ∞∑ n=0 (_1 2 z )_{ν+2n} n! Γ(ν + n + 1) . THEOREM 4.2. a) If σ(s) ∈ {1, s} then { |z⟩ | z ∈ C }, where |z⟩ = e^{|z|22α} ∞∑ n=0 z^n √ n! (−α)^n |n⟩ is a system of coherent states in H such that ⟨z|z⟩ = 1 a_m|z⟩ = z|z⟩ and −1 πα ∫ C d(Re z) d(Im z)|z⟩⟨z| = I. b) If σ(s) = 1 − s^2 then { |z⟩ | z ∈ C }, where |z⟩ = √ Γ(2m − α) ∞∑ n=0 z^n √ n! Γ(n + 2m − α) |n⟩ is a system of coherent states in H such that ⟨z|z⟩ =_0F_1(2m − α; |z|^2) a_m|z⟩ = z|z⟩ and ∫ C dμ(z) |z⟩⟨z| = I where dμ(z) = 2r^{2m−α} πΓ(2m − α) K α+1_{2 −m}(2r) dr dθ and z = re^{iθ}. (4.3)

Proof. [3] By denoting t = −^{r2}_α and using the integration by parts we get −1 πα ∫ C d(Re z) d(Im z)|z⟩⟨z| = −1 πα ∑ n,n^′ (∫_∞ 0 e^{r2α} r^{n+n′ +1} √ n! n^′! (−α)^{n+n′} dr ∫_{2π} 0 e^{i(n−n′)θ}dθ ) |n⟩⟨n^′|

= −2 α ∑ n (∫_∞ 0 e^{r2α} 1 n! ( r^2 −α )_n r dr ) |n⟩⟨n|= ∑ n (∫_∞ 0 e^{−t} t^n n! dt ) |n⟩⟨n|= ∑ n |n⟩⟨n| = I. Denoting dμ = μ(r) dr dθ we get ∫ C dμ(z) |z⟩⟨z| = ∞∑ n=0 2πΓ(2m − α) n! Γ(n + 2m − α) (∫_∞ 0 r^{2n}μ(r) dr ) |n⟩⟨n|

54 N. COTFAS

and hence, we must have the relation (Mellin transformation) 2πΓ(2m − α) ∫_∞ 0 r^{2n}μ(r) dr = Γ(n + 1) Γ(n + 2m − α).

(4.4)

The formula [4] ∫_∞ 0 2x^{η+ξ} K_{η−ξ}(2 √ x) x^{n−1}dx = Γ(2η + n) Γ(2ξ + n)

for x = r^2, η =^1_2 , ξ = m −^α_2 becomes 4 ∫_∞ 0 r^{2n}K α+1_{2 −m}(2r) r^{2m−α} dr = Γ(n + 1)Γ(n + 2m − α).

(4.5)

The relations (4.4) and (4.5) lead to (4.3).

Acknowledgements. This work was supported by the grant CERES 4-192.

REFERENCES

[1] Y. ALHASSID, F. GÜRSEY AND F. IACHELLO, Group theory approach to scattering, Ann. Phys., 148 (1983), pp. 346–380.

[2] N. M. ATAKISHIYEV, Construction of the dynamical symmetry group of the relativistic harmonic oscillator by the Infeld-Hull factorization method, in Group Theoretical Methods in Physics, M. Serdaroglu and E. Inonu, eds., Lecture Notes in Physics, 180, Springer-Verlag, 1983, pp. 393–396; Ibid. Theor. Math. Phys., 56 (1984), pp. 563-572.

[3] A. O. BARUT AND L. GIRARDELLO, New ”coherent” states associated with non-compact groups, Commun.

Math. Phys., 21 (1971), pp. 41–55.

[4] BATEMAN PROJECT, Integral transformations, vol. I, Erdelyi, ed., McGraw-Hill, New York, 1954, p. 349. [5] J. BECKERS AND N. DEBERGH, On generalized coherent states with maximal symmetry for the harmonic oscillator, J. Math. Phys., 30 (1989), pp. 1732–1738.

[6] F. COOPER, A. KHARE AND U. SUKHATME, Supersymmetry and quantum mechanics, Phys. Rep., 251 (1995), pp. 267–385.

[7] N. COTFAS, Shape invariance, raising and lowering operators in hypergeometric type equations, J. Phys. A, 35 (2002), pp. 9355-9365.

[8] N. COTFAS, Systems of orthogonal polynomials defined by hypergeometric type equations with application to quantum mechanics, Cent. Eur. J. Phys., 2 (2004), pp. 456–466.

[9] N. COTFAS, http://fpcm5.fizica.unibuc.ro/~ncotfas.

[10] L. INFELD AND T. E. HULL, The factorization method, Rev. Mod. Phys., 23 (1951), pp. 21–68. [11] M. A. JAFARIZADEH AND H. FAKHRI, Parasupersymmetry and shape invariance in differential equations of mathematical physics and quantum mechanics, Ann. Phys., 262 (1998), pp. 260–276.

[12] M. A. JAFARIZADEH AND H. FAKHRI, The embedding of parasupersymmetry and dynamical symmetry into GL(2, c) group, Ann. Phys., 266 (1998), pp. 178–206.

[13] E. D. KAGRAMANOV, R. M. MIR-KASIMOV, AND SH. M. NAGIYEV, The covariant linear oscillator and generalized realization of the dynamical SU(1, 1) symmetry algebra, J. Math. Phys., 31 (1990), pp. 1733- 1738.

[14] A. F. NIKIFOROV, S. K. SUSLOV AND V. B. UVAROV, Classical Orthogonal Polynomials of a Discrete Variable, Springer, Berlin, 1991.

[15] B. G. WYBOURNE, Classical Groups for Physicists, Wiley, New York, 1974.