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A NOTE ON THE SHARPNESS OF THE REMEZ-TYPE INEQUALITY FOR
HOMOGENEOUS POLYNOMIALS ON THE SPHERE*

M. YATTSELEV'

Dedicated to Ed Saff on the occasion of his 60th birthday

Abstract. Remez-type inequalities provide upper bounds for the uniform norms of polynomials p on given
compact sets K, provided that [p(x)| < 1 for every x € K \ E, where E is a subset of K of small measure. In this
note we obtain an asymptotically sharp Remez-type inequality for homogeneous polynomials on the unit sphere in
R4,
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1. Introduction. For any d,n € N define the space of homogeneous polynomials as

Hff = Z ax®, ax €R, x € R? 3

[k|1=n

where | - |y stands for the £;-norm of k € Z4.
Denote by

Al sa-1

R"”“”::S“p{|mus¢4\E

:he HY, EC 8471, s4.1(E) < 5d—1} ,

where S9! := {x € R? : |x| = 1} is the unit sphere in R? (with respect to the usual £5-
norm, | - |), || ||k := maxxex |f(x)| for any continuous function f on an arbitrary compact
set K, and s4_1 (-) stands for the Lebesgue surface measure in R?.

The classical inequality of Remez [4] (see also [2]) was generalized in numerous ways
during the past decades. In particular, in the recent paper by A. Krod, E. B. Saff, and the
author [3] a result for homogeneous polynomials on star-like domains was obtained. Roughly
speaking, a simply connected compact set K in R? is a star-like a-smooth (0 < a < 2)
domain if its boundary is given by an even mapping of S?~! which is Lipschitz continuous
of order . Then, by the result mentioned above, for any 0 < § < 1/2 and any h € HZ such
that

sqa-1 ({x €OK : |h(x)| > 1}) < 6?71

we have
1
loglhllx < c(K)pa(9)
where
0%, 0<axl1
@a(8) :=¢ dlogs, a=1
d, l<a<2.
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For instance, in the case of the unit sphere, it follows that
1 d—1
= log Rn,a(8) < (S5,
n

The goal of this note is to obtain asymptotically sharp expression for the constant ¢(S%~1) in
the previous inequality.
THEOREM 1.1. Let {6, }52, be a sequence of positive numbers tending to zero such that

lim nd, = c©
n—oo

and T'(+) stand for the Gamma function. Then for any integer d > 2 we have

im log Ry, a(0)

1.1 | =
( ) n1—>oo ndn d>
where

1 (d=1_(d-1)\\""“"V

In particular, in the case of the unit circle we obtain
COROLLARY 1.2. Let {6,}52, be as above. Then

. logRn2(6,) 1
am s T 1

2. Proofs. The proof of Theorem 1.1 explores a connection between the restriction of
H? to the unit sphere in R?, H2(S'), and P, (T), the space of complex polynomials of
degree at most 2n restricted to the unit circle. Namely, for any h(z,y) € H2(S'), there
exists q(z) € P, (T) such that

|h(z,y)| = lq(2)|, forany z==z+iye€T.

It will allow us to use the known Remez inequality for polynomials in Ps,, (T). The following
result that we shall apply later is due to V. Andrievskii and can be found in [1].
THEOREM 2.1. Letn € N, § > 0, and q € P, (T) be such that

s1{z€T: |¢(z)| > 1} <.

Then

1 +sin(6/4)\"
llallr < (W) -

This estimate is sharp in the asymptotic sense. Namely, let {q,} be a sequence of normalized
Fekete polynomials for the set

Co={z=¢€“€T: ¢ €[-m—5/2N[6/2,7]},
where normalization means that ||qy||cs = 1. Then

) 1+ sin(6/4)
1/n —
nh—>ngo l2n(1)] cos(d/4)
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Next we shall need an auxiliary lemma which will reduce the problem to the two-
dimensional case.

Let ST! == {x = (z1,...,24) € R¥ : |x| =1, x4 > 0} denote the upper half-
sphere. Any two-dimensional plane containing the line {z; = --- = x4-1 = 0} can be
described as follows:

Ly={y-u+pB-eq: 7,8 €R},

where ¢ € T?2 := [0, 7] x[-7/2,7/2]%3,e4 := (0,...,0,1) € R jandu = (uq,...,uq 1) €
S=2 which can be represented in the spherical coordmates of R4~ as (1, ¢) or (— ,¢)

LEMMA 2.2. Let € > 0 and d € N be fixed. Further, let E C Sd ' be such that e, €E
and sq_1(E) = €1, Then

2.1 inf {31 (Lgﬂ E) c g€ Td*2} < 2=y e 4 o(e), as €—0,

where kg is defined by (1.2).
Proof. Define a projection Py : R? — R?~! by the rule

Pi(z1,...,24-1,%4) := (T1,. .., Td—1).
For any r > 0 denote by
A, :=P/Y(BI ) nsdt

a spherical cap around point e, on the unit sphere which is the preimage of the ball B¢~1
under the projection Py, where B! := {x € R¥"! : |x| < r}. Let r(€) be chosen in such
a way that sq_1 (A,(¢)) = €~ 1. Denote by

Ez={pel-11]: (p,9) € Pu(BE)},

where (p, ) € R x T?~2 are spherical coordinates in R4,
First we are going to show that

(2.2) inf {31 (Laﬂ E) t g€ Td_2} < 2arcsin(r(e)).
Suppose (2.2) is false, i.e., for any ¢ € T?~2 we have that
81 (L$ N E) > 2arcsin(r(e)).

The last claim can be restated as
r(€)
/ -\ / 1 - / V1-p2

which can be written in the following form

forall ¢ € T92,

dp

dp /
- -~ > ————N
/Ez\[T(f)aT(f)] V1=p*  Jir@rone; V1 - p?

(2.3) forall ¢ € T92.

Since

p1 = %2 > |p|4=?

By\[~ r(e) r(e)] [ () r(e)]\E =
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inequality (2.3) implies that

d—2 d—2
B \[-r(e),r(e)] V1—p EZ\[—r(e),r(e)] \/ 1-
/ Ip dp
[~r(e)m()\E; \/1—— [—r(e)m(O\E5

|d2

and consequently

d—2 r(e) d—2
el |

el

p >
By /1— —r(e) V1 —
for all ¢ € T?2. Then

~1/2

d—1
(A1 — _ _ 2 _ — lp|* 2 —
=s4_1(E) = /Pd(E) (1 ;ack) dx = /TH J(9) /}% dep dg

—1/2
r(e) d—2 d—1
> / J(a)/ P i = (1 Zx2) dx
s - - k
Td-2 —r(e) V1 — p? B! —
= 8d-1 (A’I"(E)) = ed_la

where |p|¢=2J(#) is the Jacobian of the spherical transformation in R?~!. Thus, we have
obtained a contradiction.
Now, to prove (2.1) we need to get an upper estimate for r(¢). Since

paer (BI)) < sa (Ano) < (147202 (BY)

we have

1t oet1) = gy (BE1) = oy (BEY) r1(0) = & (ﬁ)d

2 KRq

where pg_1(-) stands for the usual Lebesgue measure in R?~!. From the above we obtain
that

r(e) = 21/(‘1_1)@6 + o(e),

which completes the proof. O

Proof of Theorem 1.1. We start by showing the upper estimate for the limit in (1.1). Let
h € Hland E C S4 ! with s4_1(E) < §4=1. Without loss of generality we may assume
that ||h||ga-1\z = 1 and h attains maximum of its modulus at e; € E. Then the auxiliary
lemma ensures that there exists a one-dimensional sphere S' which goes through the e with
the property

51 (ENS') < 4k46, + 0(6n),
where 0(d,,) is understood in the following sense

lim o(d,) -0, =

n—oo
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Since h restricted to S! is a homogeneous polynomial of two variables, problem can be
reduced to the two-dimensional case.

The unit sphere in R? can be viewed as the unit circle T in the complex plane C, which
allows us to establish a relationship between homogeneous polynomials on S' and polyno-
mials with complex coefficients on T.

n

- —_— 2Z2+1\ (2-1\"7  qu(z?
e =S = 3n (50) (5) -4
=0 i=0

where z = z + iy and gp, € P,(T). Moreover

|h(z,9)| = |gn(2?)|, z==z+iy € T.
Which, in particular, means
|h(cos ¢, sin ¢)| = |h(cos(m + ¢),sin(m + ¢))| = |qn (€**?)]
for any ¢ € [0, 7]. Since

si{z=z+iy€T: |h(z,y)| > 1} =2m {¢ € [0,7] : |h(cos ¢,sin ¢)| > 1}
< 4kabn + 0(0),

we obtain

s1{z€T: |gn(z)| > 1} = {¢ € [0,27] : |‘1h (ei¢)| > 1}
=2 {¢ €[0,n]: |qh (e2i¢)| > 1} < 4K40, + 0(6n)-

Thus we can apply Theorem 2.1, which yields

1 + sin(kady + 0(d,)) > " _

= 1 = <
[|h]lsa-1 = ||kl = llgnllr < ( c0s(kqdn + 0(6,))

The last inequality implies
1
- log Ry,a(0n) < log (1 + sin(kqdy + 0(dr))) — log cos(kqdn + 0(0y)) = Kadn + 0(dr),

which gives us the desired upper bound for the limit in (1.1).
Now we turn our attention to the lower estimate. For 0 < € < 1 consider the n-th
Chebyshev polynomials for the interval [-1 4+ €,1 — €], i.e.

T30 =T (1 ).

where Ty, (z) = {(z + V22 — 1)" + (z — V22 — 1)} /2 is the classical n-th Chebyshev
polynomial. It satisfies

() |Te(z)| < 1lforz € [-1+€,1—¢;
(i) maxgeq1 75| = (T3] = [T (7))
Due to the symmetry of [—1 + €, 1 — €] we can write 7<(z) in the next form:

ko [Ty (2 = 5),  n=2m;

Ty (x) =
" kan;.nzl(xz—t?), n=2m+ 1.
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This leads to the following homogeneous polynomials of degree n:
) kn TGy (A=tD)ay -5t +---+23_y)), n =2m;
Pt = knza [Tey (L—t)zy =3 (e +---+23_)), n=2m+1;
which enjoys the property
he ()| ga-1 = Ty (2a),
and consequently
Ihzllsa-r = [T (1)]-
Then the exceptional set E, (i.e. E, := {x € S 1 : |h¢(x)| > 1}) can be described as
E.={x€ 8" t|z4| >1—¢}.

Thus, E, = Pd—1 ( Bf(_é)l) , where P, is the orthogonal projection from Lemma 2.2 and
r(€) = \/€(2 + €). We choose € in such a way that s4_1(E.) = §4~1. As was shown before

2€(6p) + €2(0n) = Kgdn + 0(dy),

(=)

1 20 + 20\ 1. 1
2log<1—e(5n)+ (1= e(6.)? )*Elogé

= %log% +V/2€(6n) + €(6n) + 0 (\/6(5"))

1 1
E IOg 5 + :‘id(sn + O((Sn)

where k4 is defined by (1.2). So, we get

h:l(én)

1 1 1
108 Rna(6n) > — 10g| ‘ = log

We complete the proof by dividing the both sides of the inequality above by §,, and taking
the limit when n — oc. d
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