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MORE EXAMPLES ON GENERAL ORDER MULTIVARIATE PADÉ
APPROXIMANTS FOR PSEUDO-MULTIVARIATE FUNCTIONS
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�
Dedicated to Ed Saff on the occasion of his 60th birthday

Abstract. Although general order multivariate Padé approximants have been introduced some decades ago, very
few explicit formulas have been given so far. We show in this paper that, for any given pseudo-multivariate function,
we can compute its �������
	 general order multivariate Padé approximant for some given index sets ����� with the
usage of Maple or other software. Examples include a multivariate form of the sine function� ��
�����	�����
�����	 ����� �! #" ��$&%!	 ��'(� 
*) � ��) ���+,��-*�/.�	*��%!	�0 �
a multivariate form of the logarithm function 1 ��
�����	#� ���'(�32�4 
 � � �-5�6. �
a multivariate form of the inverse tangent function7 �8
�����	#�9�8
�����	 ����� �: ;" �<$&%!	 ��'(� 
*) � ��) �+=��-*�6.>	(��% �
and many others.
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1. Introduction. Multivariate Padé approximants have been extensively investigated in
the past few decades. The existence, uniqueness and non-uniqueness for homogeneous and
general order multivariate Padé approximants and some convergence theorems have been es-
tablished [3], [4], [5]. Despite all these activities, there are very few explicit constructions of
multivariate Padé approximants. By using the residue theorem and the functional equation
method, several researchers have successfully constructed multivariate Padé approximants to
some functions which satisfy functional equations [2], [11], [12], [13]. Unfortunately, not
many functions satisfy those functional equations. Besides, because the index sets for the
numerator and denominator polynomials can not be chosen freely, most numerators of the
approximants look complicated. In Cuyt-Tan-Zhou [7], we explicitly construct multivariate
Padé approximants to so-called pseudo-multivariate functions, by using the Padé approxi-
mants of particular univariate functions which, in most of the cases, are the univariate pro-
jections of the pseudo-multivariate functions obtained by letting all but one variable be zero.
Examples given in [7] are the general order multivariate Padé approximants for the multivari-
ate form of the exponential function?A@�BDCFE;G�H IJK�L M!N=O B K E M@�PRQ9STGVU C
W
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the multivariate form of the X�Y exponential function (see also [1], [12])?[Z&@<B\C!E]G^H IJK<L M!N=O B K E M_ PRQ9S*` Z U C a X a�bdc*C
the Appell function (see also [6], [9])egfh@<i�Cjc(Cjc(k!l5k!B\CFE;G&H IJK<L M!N=O @�i]G K�m�M B K E M@�ljG K�m�M Cnl
boipbrq;C
and the multivariate form of the partial theta function (see also [12], [8], [1])s,Zg@�B\C!E]GhH IJK<L M!N=O XTt K8m�M!u t K8m�M!m f u�v:w B K E M C a X a]xyc(z
Our aim in this paper is to show that, by using Theorem 2.1 in [7] and Maple, we can compute
the

@�{dC:|}G
general order multivariate Padé approximant to any given pseudo-multivariate

function for
{dC:|~C!?

defined in Theorem 2.1 in [7] (and stated as Theorem 1.3 in this paper).
DEFINITION 1.1. Let e�@�BDCFE;G���H J

t K<L M!u��5�]� l K�M B
K E M C�l K�M����

be a formal power series, and let
{dC!|~C:?

be index sets in �d��� H � w z The (
{dC!|

) general
order multivariate Padé approximant to

e�@�BDCFE;G
on the set

?
is a rational function_ {��V|�`���@�BDCFE;G���H�� @<B\CFE;G� @<B\CFE;G

where the polynomials � @<B\CFE;G���H J
t K�L M!u��(� i K�M B

K E M Cyi K�M��~� C
� @�BDCFE;G���H J

t K<L M!u��*�~� K�M B
K E M C � K�M ��� C

are such that @�e � Y � Gj@�B\C!E;GhH J
t K<L M!u��5� �!� �/� K�M B

K E M C � K�M/���(1.1)

and
?

satisfying the inclusion property@�P�C�S�G � ?�Chq��r���oP:C;q��r ¡�nS¢H=£¤@��RC! �G � ?�z(1.2)

DEFINITION 1.2. A multivariate function
e�@<B\CFE;G

is said to be pseudo-multivariate if
the coefficients of its formal power serieser@�BDCFE;G�H IJK<L M!N=O l K�M B K E M
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satisfy l K�M Ho¥¦@�P=Q}S�GRC§P�C�S¨HAq#Cjc(Cj©j©>©VC
where

¥
@��#G
is a certain function of

�Rz
Please see [7] for more details on definitions of the (

{dC!|
) general order multivariate

Padé approximant to
e�@<B\C!E]G

on the set
?�C

which is slightly different from the one given in
earlier papers, and the pseudo-multivariate functions.

THEOREM 1.3. (Theorem 2.1 in [7]) Leter@<B\CFE;Gª��H«IJ¬ N=O ¥­@��;G JK8m�M!N ¬ B K E M
be a pseudo-multivariate function. For ® CF¯ � � , let°�± L ²X ± L ² @�³TGª��Hµ´ ±M!N=OD¶ M ³ M´ ²M!N,O\· M ³ M C · O H¸c(1.3)

be the
@ ® CF¯\G Padé approximant of the function¹ @<³�G���H IJ¬ N=O ¥
@��;G;³ ¬ C

let º HA»�¼¾½R¿ ® CF¯gÀ(C and let|Á�TH¸¿T@<P:C�S�G��(q��ÂP�C�S��Â¯gÀTC
(1.4) {Ã�TH¸¿T@<P:C�S�G��(q��ÂP�C�S�� º À^Ä�¿T@�P�C�STGª�(q��ÅPRQ9S�� ® QÆ¯gÀ(C
(1.5) ?Ç�TH¸¿T@<P:C�S�G��(q��ÂP=Q}Sp� ® QÆ¯&C&P�C�S�Èrq]À
(1.6)

be index sets in � w . Then the (
{dC!|

) general order multivariate Padé approximant to
e�@�B\C!E;G

on the index set
?

is _ {��3|�`���@�BDCFE;G�Hµ� @�BDCFE;G� @�BDCFE;G C
where � @�BDCFE;G���H X ± L ² @<B�G X ± L ² @<E;GRC(1.7)

and

� @�BDCFE;G ��H B °�± L ² @�B�G X ± L ² @<E]G Y E X ± L ² @�BRG °�± L ² @�E;GB Y EH ±J K8N=O
ÉÊ\Ë&Ì Í�Î K<L ²(ÏJM!N=O ¶ K · M�Ð B K E M QÆB K<Ñ f E M!m f Q�©j©j©�QÒB M E K�Ó

Y ²JM!N Ë&Ì Í�Î K�L ²(Ï!m f ¶ K · M�Ð B K8m f E MVÑ f QÆB K8m,w E MVÑRw QA©>©j©�QÆB MVÑ f E K8m f ÓVÔÕ z(1.8)
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The proof of this theorem in [7] uses the fact that if
BnÖHAERC

er@�BDCFE;GhH B ¹ @<B�G Y E ¹ @<E]GB Y E C
and if

B�HAE�C
er@�BDCFBRG�H �� B @�B ¹ @�B�G:GhH �� E @<E ¹ @�E]G!G�HAer@<E�C!E;GRz

REMARK 1.4. It is easy to see that � @<BDCFE;G#� � @�B\C!E]G is irreducible, as ° ± L ² @<³�G#� X ± L ² @�³TG
is irreducible.

2. More Explicit Constructions. The importance of finding more explicit formulas of
multivariate Padé approximants to some given functions is obvious as very few of them are
known so far. For any given pseudo-multivariate function, we can compute its

@�{dC!|}G
gen-

eral order multivariate Padé approximant on the set
?

for given ® CF¯&C where
{dC!|�C!?

, and® C!¯ are defined in Theorem 1.3. For some pseudo-multivariate functions whose one variable
projection functions have general explicit formulas of Padé approximants, like the ones given
in [7], we can use Theorem 1.3 to write their general order multivariate Padé approximants.
For those pseudo-multivariate functions whose one variable projection functions don’t have
general explicit formulas of Padé approximants, we can use Maple or other software to com-
pute the

@�{dC!|9G
general order multivariate Padé approximant on the set

?pz
In what follows

we present an example of a short procedure in Maple, called mpa, to compute the
@�{dC!|}G

general order multivariate Padé approximant for two variable pseudo-multivariate functions.
In the procedure mpa( × C!B\C ® C!¯ ), × is the one variable projection function of the pseudo-

multivariate function
e

,
B

is the variable of × , ® and
¯

are non-negative integers. It computes
the

@�{dC!|}G
general order multivariate Padé approximant to

e�@<B\C!E]G
on the set

?
, where{dC!|

, and
?

are defined in Theorem 1.3.b
with(numapprox):b
mpa:=proc(f,x,m,n)b
local g,px,py,qx,qy,PP,QQ,PQ;b
g:=pade(f,x,[m,n]);b
px:=numer(g); qx:=denom(g);b
py:=subs(x=y,px); qy:=subs(x=y,qx);b
PP:=simplify((x*px*qy-y*qx*py)/(x-y));b
QQ:=simplify(qx*qy);b
PQ:=simplify(PP/QQ);b
return (PQ);b
end proc:

EXAMPLE 2.1. The functionØ @�B\C!E]GhHÙ@�B�QÒE;GÙIJK<L M!N=O @ Y c�G K�m�M B w!K E w�M@�ÚÛ@�P=Q}S�G\Q�c�GVU
is a pseudo-multivariate function with¹ @<³�GgHÃIJ²¾N=O @ Y c�G ² ³ w:²¾m f@�Ú¾¯�QÜc�G�U H�Ý!Þ�ß�³àz
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Running mpa
@<ÝFÞ8ß\@�BRG3C!B\C!á#C:Ú(G

in Maple gives

Y cjâTq¾B�ã�QÂä5BàãVE w Q�cjâTq¾B w E�Qoä�B w E]ã Y c�Ú¾q*B¨QAc>â(q¾BàE w Y c�Ú*q*q*E
QAc>â(q¾E]ãá[@<Ú¾q[QÆB w G=@�Ú*q�QÆE w G C
which is the

@�{dC:|}G
general order multivariate Padé approximant to the function

Ø @<B\C!E]G
on

the set
?�C

with |§H¸¿T@�P�C�STGª�(q��ÅP�C�Sp�rÚ]À(C{åH¸¿T@�P�C�STGª�(q��ÅP�C�Sp�oá#C¡P=Q}Sp�ræ]À(C?çH¸¿T@�P�C�STGª�(q��ÅP,Q}Sp�oæ�ÀTz
EXAMPLE 2.2. A multivariate form of the logarithm series isè[@<B\C!E]GhH JK�mRMVé f B K E MPRQ9S z

It is a pseudo-multivariate function with¹ @<³�G&H IJ²¾N,O ³ ²¾m
f¯pQAc HAê�ß/@!c Y ³�G�z

Running mpa(
ê8ß­@!c Y ³�G�C!³àC!á#Cjc ) gives

Y Y â(Bàã�QÅá¾BàãjE Y Ú5â(B w Q�cjâ(B w E/QÆá*B w E w QÅë*ì*Bì�@<á*B Y â�G=@<á*E Y âTGY ë*ì¾BàE­QÜcjâ(B#E w QÆá*E�ãjB Y â*E]ã Y Ú¾â*E w QÆë(ì¾Eì[@�á¾B Y âTGR@�á¾E Y â�G C
which is the

@�{dC:|}G
general order multivariate Padé approximant to the function

è�@<B\C!E]G
on

the set
?�C

with |§H¸¿T@�P�C�STGª�(q��ÅP�C�Sp�yc*À(C{åH¸¿T@�P�C�STGª�(q��ÅP�C�Sp�oá#C¡P=Q}Sp�Ââ#À(C?çH¸¿T@�P�C�STGª�(q��ÅP,Q}Sp�Åâ;ÀTz
EXAMPLE 2.3. The functionío@�BDCFE;GhH IJK<L M!N=O @ Y c�G K�mRM cÛ©já¦©*©>©j©¾©*@�ÚÛ@�P=Q}S�G Y c�G@�PRQ9S�G3U B K E M C[a Bga3C�a E,a�x cÚ

is a pseudo-multivariate function with¹ @�³TG&H IJ²¾N=O @ Y c�G ² cÛ©já¦©�æ­©¾©>©j©¾©T@�Ú¾¯ Y c�G¯&U ³ ²
Hdî c^QÅÚ*³;C[a ³�aTx cÚ z
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Similarly, mpa
@ º�X�ï @ðc^QÂÚ¾³�G�C!³àC!á;C�Ú*G gives the

@�{dC:|}G
general order multivariate Padé ap-

proximant � @<B\C!E]Gà� � @�BDCFE;G to
í¢@<B\C!E]G

on the index set
?

for
a BgaVC�a E,a�xyc��*Ú]C

where� @�B\CFE;GhH�â*B ã QÆñ*B ã E/QÅá¾B ã E w QÆá(ì¾B w Qoä5ì*B w E¦QÅá(æ5B w E w QÅá¾B w E ãQ
â(ñ*B6QAc�Ú¾q¾BàE­Qoä5ì¾BàE w QÆñ*B#E ã QÆâ(ñ¾E¦QÆá(ì¾E w QÒâ(E ã Q�c>ì#C
and � @�B\C!E]G^H Ð â
QÆñ*B¢QÆá*B w Ó Ð â
QÆñ*E¦QÅá¾E w Ó C
with the same

{dC!|~C:?
as given in Example 2.1.

EXAMPLE 2.4. The functionsn@�B\C!E;GhHç@<B¢QÒE;G IJK<L M!N=O @ Y c�G K�mRM B w:K E wðMÚ�@�PRQ9S�G\Q�c
is a pseudo-multivariate function with¹ @<³�GhH IJ²*N=O @ Y c�G ² ³ w!²*m

fÚ¾¯�Q�c Hrò�¼¾ß Ñ f B\z
Then we can use mpa

@�¼*ó:ôVò:¼*ß,@�B�GVCFBDC ® CF¯\G to compute the
@�{dC!|}G

general order multivariate
Padé approximant to

s6@<B\C!E]G
on the index set

?
for any given positive integers ® CF¯&z

EXAMPLE 2.5. The functionõÇ@�B\C!E;GhHç@<B¢QÒE;GöIJK<L M!N=O cÛ©�á¦©¾©j©>©¾©(@�ÚÛ@�P=Q}S�G Y c�GÚ K8m�M @�ÚÛ@�PRQ9STGDQAc�G=@�P=Q}S�G3U B w:K E wðM
is a pseudo-multivariate function with¹ @�³TG&H÷IJ²¾N f cÛ©já¦©�æ­©¾©>©j©(©*@�Ú¾¯ Y c�GÚ ² @�Ú5¯pQAc�GT¯&U B w:²¾m f HÜÝFÞ8ß Ñ f B Y BDz
Then we can use mpa

@�¼¾ó�ôjÝ!Þ8ß,@�B�G Y BDCFBDC ® CF¯\G to compute the
@�{dC!|9G

general order multi-
variate Padé approximant to

õÅ@�B\C!E;G
on the index set

?
for any given positive integers ® C!¯&z

For some pseudo-multivariate series, we might not be able to have the explicit functions
for the sum of their projection series of one variable. In this case, we can use Maple to write
the partial sum up to the degree of ® QÂ¯øQyc

in the variable, and compute the
@ ® C!¯\G Padé

approximant to the partial sum and then use mpa
@ × CFBDC ® CF¯\G to compute the

@�{dC:|}G
general

order multivariate Padé approximant to the multivariate series on the index set
?

for any
given positive integers ® C!¯&z

EXAMPLE 2.6. The functioneo@<B\C!E]G^H IJK<L M!N=O B K E M@�PRQ9S�G3U5Q�@<PRQ9STG ã Q�c
is a pseudo-multivariate function with¹ @�³TG&H�IJ²¾N=O ³ ²¯&U�QÒ¯ ã Q�c z
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First, we write a short procedure Sn(n,x) to write the sum of the first
¯

terms of the series in¹ @�³TGª�
b

Sn:=proc(n,x)b
local i,s;b
s:=0;b
for i from 0 to n do:b
s:=s+xˆi/(factorial(i)+iˆ3+1); od;b
return (s);b
end proc:

Then running mpa
@
Sn
@<ì;C!B�GVCFB\C:á;C�Ú*G

gives the the
@�{dC!|}G

general order multivariate
Padé approximant � @�BDCFE;G#� � @�B\C!E;G to

í�@�BDCFE;G
on the index set

?�C
where� @�BDCFE;GhH Y á#c>ñTÚ¾ì(Ú;c>ë*â(á*ñ(á;cjá*B ã Qoä5ëTæ*Ú*æ*á¾â]ä5á*ì(á(Ú*q¾B ã E¦QÜc>á(ì*q*ì(ë*ñ�ä5ë*ñ#c>q�ä�B ã E wY c�ä¾á¾âTáTä5ñ#c>ë(ñ(æ¾ñ(á¾á¾B w E Y æTä5ë(æ*ë*q(á¾â#c�æ¾q(á(æ*ä5B w Q�c>q¾âTá*qTæ]c>ì(á*ë�ä5á¾âTá5B w E wQ¨c>á(ì*q(ì*ë*ñ�ä5ë(ñ;c>q�ä�E ã B w Y c�ñTä¾Ú*ì;c�ë*ñ¾âTá;c�á*ñ*ë(ñ5B#EÛQÆñ�ä*ä¾ñ¾â(ë*âTÚ;c�æ¾q(ñTä¾ä5â¾BQ�ä5ëTæ*Ú(æ¾á¾â]ä5á(ì*á(Ú*q5E ã B Y c�ä¾á¾â(á�ä5ñ#c>ë*ñTæ¾ñ(á*á5BàE w Y æ(ä¾ë(æ*ë*q*á*â#c�æ¾q*áTæ(ä�E wQ¦Ú]c�q*ìTÚ¾q*q#c>qTæ¾á;c�ë¾á(Ú]c Y á;c�ñ(Ú*ì(Ú]c�ë¾âTá*ñ*á#c>á*E ã QÅñTä(ä5ñ¾âTë¾â�Ú]c�æ*q*ñ�ä*ä�â(EàC

and� @�B\CFE;G�H¸c*c�Ú*Ú Ð Y c�ë*á�ä5ì;c�ëªQÆâ(ñ*â#c>ì(q¾B/QÆñTÚ¾ñ*â#cjB wVÓ Ð Y c>ë(áTä5ì#c>ë�QÒâTñ¾â#c�ì*q*E�QÅñ(Ú*ñ¾âàcjE w3Ó C
with the same

{dC:|~C!?
as given in Example 2.1. We can use mpa

@
Sn
@ ® Qø¯
Q9c(CFB�GVCFBDC ® ,

¯\G
to compute the

@�{dC!|}G
general order multivariate Padé approximant to

e�@�BDCFE;G
on the index

set
?

for any given positive integers ® C!¯&z
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