OPEN PROBLEMS IN CONSTRUCTIVE FUNCTION THEORY^∗

L. BARATCHART^†, A. MARTÍNEZ-FINKELSHTEIN^‡, D. JIMENEZ^§, D. S. LUBINSKY^§, H. N. MHASKAR^¶, I. PRITSKER^‖, M. PUTINAR^{∗∗}, N. STYLIANOPOULOS^{††}, V. TOTIK^{‡‡}, P. VARJU^{‡‡}, AND Y. XU^×

Dedicated to Ed Saff on the occasion of his 60th birthday

Abstract. A number of open problems on constructive function theory are presented. These were submitted by participants of Constructive Function Theory Tech-04.

Key words. constructive function theory, potential theory, orthogonal polynomials, quadrature formulae, integer polynomials

AMS subject classifications. 41A17, 41A21, 41A55, 41A99, 42C15

1. Introduction. A number of open problems posed at Constructive Functions Tech-04 are presented below together with recent progress in solving them. Many involve potential theory and its applications to weighted approximation, number theory, and numerical integration on the sphere. Equally many are related to the theory of orthogonal polynomials and their relatives: Bergman and Sobolev polynomials, entropy of orthogonal polynomials, and Heine-Stieltjes polynomials. The list of problems grew out of a problem session held at Constructive Functions Tech-04. At the end of each section, the contributing author is mentioned in parenthesis.

2. Asymptotic Discretization of a Potential. Let μ be compactly supported probability measure in the open unit ball B_n of R^n , and P_μ its Newtonian potential (logarithmic if n = 2). Assume that the support of μ is a smooth n − 1 submanifold with boundary on which μ has smooth nonvanishing density with respect to Lebesgue measure. Let μ_N be a discrete probability measure whose support consists of at most N points x^N_1 , . . . , x^N_m, m ≤ N, x^N_j ∈ B_n, and whose potential P_{μN} minimizes sup ‖x‖=1 |p_μ(x) − p_{μN} (x)| among all such measures. Is it true that the counting measure of the x^N_j , namely the discrete probability measure with equal mass at each x^N_j , converges weak-*, as N goes to infinity, to the Green equilibrium distribution of supp μ with respect to the unit ball of R^n ?

∗Received June 1, 2005. Accepted for publication December 1, 2005. Recommended by D. Lubinsky. †INRIA, BP 93, 06902 Sophia-Antipolis Cedex, France (Laurent.Baratchart@sophia.inria.fr). ‡University of Almería and Instituto Carlos I de Física Teórica y Computacional, Granada University, Spain (andrei@ual.es).

§School of Mathematics, Georgia Institute of Technology, Atlanta, GA 30332-0160 (djimenez, lubinsky@math.gatech.edu).

¶Department of Mathematics, California, State University, Los Angeles, California, 90032 (hmhaska@calstatela.edu).

‖Department of Mathematics, 401 Mathematical Sciences, Oklahoma State University, Stillwater, OK 74078- 1058 (igor@math.okstate.edu).

∗∗Department of Mathematics, University of California, Santa Barbara, CA 93106 (mputinar@math.ucsb.edu).

††University of Cyprus, Cyprus (nikos@ucy.ac.cy).

‡‡University of South Florida, Tampa/University of Szeged, Hungary (totik@math.usf.edu,

ppvarju@math.u-szeged.hu).

×Department of Mathematics, University of Oregon, Eugene, Oregon 97403-1222 (yuan@uoregon.edu). 511

(Baratchart)

3. Heine-Stieltjes Polynomials. Let P_n stand for the class of all algebraic polynomials of degree at most n ∈ N. The generalized Lamé differential equation (in algebraic form) is

(3.1) A(x)E^{′′}(x) + B(x)E^′(x) + C(x)E(x) = 0 ,

where A, B are polynomials of degree p + 1, p, respectively, and C ∈ P_{p−1}. The case p = 1 corresponds to the hypergeometric differential equation, and p = 2, to the Heun’s equation; see [31]. Heine [14] proved that for every N ∈ N there exist at most σ(N) = ( N + p − 1 N )

different polynomials C in (3.1) such that this equation admits a polynomial solution y_N ∈ P_N . These coefficients C are called Van Vleck polynomials, and the corresponding polynomial solutions E are known as Heine-Stieltjes polynomials. Moreover, Szegő [36, §6.8] cites this result saying that “Heine asserts that, in general, there are exactly σ(N) determinations of C of this kind”.

QUESTION 3.1. If you are lucky enough to be able to read XIX century style German, try [14]. Heine uses some complicated arguments about the number of solutions of a system of nonlinear equations. As far as I know, there is no modern proof of Heine’s result. Also, is it possible to characterize the exceptional cases when the number of different Van Vleck polynomials is strictly less than σ(N)?

Assume that the coefficients of (3.1) depend on the parameter N, and we are interested in the asymptotic zero distribution of the Heine-Stieltjes polynomials {y_N } as N → ∞; see [19] for some results in this sense. One way we may proceed is to reduce (3.1) to the Riccati form, rewriting it in terms of h_N = y^′_N /y_N :

A_N (z) ( h^2_N (z) + h^′_N (z) ) + B_N (z)h_N (z) + C_N (z) = 0 .

Observing that h_N /N is the Cauchy transform of the unit zero counting measure of y_N ’s, and assuming that A_N , B_N /N and C_N /N^2 are uniformly bounded, we may take limits along appropriate subsequences in order to find an expression for the Cauchy transform ^μ(z) = ∫ 1 z − t dμ(t) of the limit distribution μ. In general it will have the form

(3.2) ^μ(z)^2 = r(z) ,

where r is an analytic function. This expression is valid in every connected component of C \ supp(μ), where r must be holomorphic.

QUESTION 3.2. Provided we have obtained that

^μ(z)^2 = 1 z^2 − 1

in every connected component of C \ supp(μ), is it true that necessarily μ is the equilibrium measure of [−1, 1]?

QUESTION 3.3. More generally, if we know that μ is a positive unit Borel measure compactly supported on C , and that r is a rational function (the same in every connected component of C \ supp(μ)), does equation (3.2) determine uniquely μ? Is it true that in this case supp(μ) does not have interior points in C ?

If the answer to this question is “yes”, the support of μ must be a union of trajectories of the quadratic differential r(z)dz^2. In the case when A_N and B_N do not depend on N these trajectories are characterized by their minimum capacity in the class of all cuts of the plane making √ r single-valued, i.e. by a min-max property of the logarithmic energy; see [33].

QUESTION 3.4. Is there an electrostatic model for the zeros of Heine-Stieltjes polynomials, describing their location in terms of a min-max property of the corresponding energy?

The answer is “yes”, for instance, for the classical Jacobi polynomials, but the situation is not clear in general. (Martínez-Finkelshtein)

4. Non-Standard Orthogonal Polynomials. Let μ_0 and μ_1 be two Borel measures on C such that at least one of them has an infinite number of points of increase. Monic Sobolev orthogonal polynomials Q_n are those minimizing the norm

‖q‖^2 = ‖q‖^2_L2_{(μ0 )} + ‖q^′‖^2_L2_{(μ1 )} ,

(where prime denotes derivative) in the class of all monic polynomials of degree n. If μ_1 is a discrete measure, polynomials Q_n are known as discrete Sobolev, otherwise they are continuous. Their asymptotic properties have been studied by several authors; see e.g. [17] for the discrete case, and [16, 20, 21] for the continuous. Nevertheless, many open questions still remain, among which my favorites are:

QUESTION 4.1. Is there any matrix Riemann-Hilbert characterization of this kind of orthogonality?

QUESTION 4.2. What is the strong asymptotics of {Q_n} if μ_1, μ_2 are absolutely continuous measures from the Szegő class with disjoint or at least non-coincident supports? For the n-th root asymptotics, see [12], and for zero location, [9].

The balanced monic Sobolev orthogonal polynomials minimize the norm depending on their degree,

‖q‖^2_n = ‖q‖^2_L2_{(μ0)} + ‖ ‖ ‖ q^′ n ‖ ‖ ‖ 2 L^2(μ_1 ) , in the class of all monic polynomials of degree n. For a narrow class of measures (absolutely continuous on [−1, 1] and satisfying a certain algebraic relation) it have been proved in [1] that Q_n’s behave as the standard polynomials orthogonal with respect to the “combined” measure dμ^∗(x) = ( μ^′_0(x) + μ^′_1(x) 1 − x^2 ) dx , x ∈ (−1, 1) .

QUESTION 4.3. Is this result valid under in a more general situation? Finally, let γ be a Jordan arc or curve (say, an interval), and φ a function holomorphic in a neighborhood of γ. In some cases it is possible to prove the existence and uniqueness (up to normalization) of a sequence of polynomials P_n, deg P_n = n, such that ∫ γ P_n(z)φ^k(z)w(z) dz = 0, k = 0, 1, . . . , n − 1.

QUESTION 4.4. Is it possible to characterize polynomials P_n in terms of a matrix Riemann-Hilbert problem?

Observe that orthogonality with respect to powers z^k is naturally connected with the Cauchy integral, and this in its turn, has a nice Riemann-Hilbert problem associated via Sokhotski-Plemelj formulas. A related question is: is there any other kernel with a nice jump condition associated? (Martínez-Finkelshtein)

5. Entropy of Orthogonal Polynomials. Assume that {p_n} is a sequence of orthonormal polynomials with respect to a unit positive weight ω on R. The Boltzmann-Shannon entropy of these polynomials is defined as

E_n^{def}= − ∫ p^2_n(x) log ( p^2_n(x) ) ω(x)dx . There are two mathematical problems of absolutely different nature related with these quantities:

(i) Explicit formula or at least a stable numerical algorithm for computation of E_n for any reasonable n ∈ N;

(ii) The asymptotic analysis of E_n as n → ∞.

Regarding (i), general explicit formulas for E_n have been obtained for the Gegenbauer polynomials with index λ = 0 (Chebyshev), λ = 1 (Chebyshev of the second kind) and λ = 2 only. In particular, it has been shown in [8, 43] that for Chebyshev polynomials, E_n = log(2) − 1, for all n ∈ N. Moreover, as it follows from [2], for the unit weight ω on [−1, 1], log(2) − 1 is the asymptotically maximum value that E_n can achieve.

QUESTION 5.1. Does the property E_n ≡ const characterize the family of Chebyshev polynomials? The answer is “yes” in the Bernstein-Szegő class (see [2]), but what about, say the whole Szegő class?

QUESTION 5.2. Is there any other family of polynomials for which E_n has a compact closed expression?

In [4] a stable algorithm for computing E_n for a unit weight ω on [−1, 1] has been found. It uses the coefficients of the three-terms recurrent relation for the p_n’s as the only input, in the spirit of the well-known procedure for the computation of the gaussian quadratures.

QUESTION 5.3. Is it possible to extend this method (or to find an alternative one) for the case of the unbounded interval of orthogonality?

Problem (ii) is closely related to the strong (or at least, L^{2+ϵ}) asymptotics of the polynomials. In [18] it was shown that under rather general conditions,

(5.1) E_n = ∫_{an} a_{−n} log ω(x) √ (a_n − x)(x − a_{−n}) dx (1 + o(1)) , n → ∞ , where a_{±n} are the well-known Mhaskar-Rakhmanov-Saff numbers.

QUESTION 5.4. The Pollaczek polynomials p_n(x; λ, a, b) are orthogonal on [−1, 1] with respect to the unit weight ω(x; λ, a, b) = 2^{2λ} (λ + a) 2π Γ(2λ)

(1 − x^2)^{λ−1/2} e^{(2 arccos x−π)} ax+b √_{1−x2} | | | |Γ(λ + i ax + b √ 1 − x^2 ) | | | | 2 . They also satisfy the three-term recurrence relation x p_n(x; λ, a, b) = a_{n+1} p_{n+1}(x; λ, a, b) + b_n p_n(x; λ, a, b) + a_n p_{n−1}(x; λ, a, b) , with

a_n = 1 2 √ n(n + 2λ − 1) (n + λ + a)(n + λ + a − 1) , b_n = − b n + λ + a . As it follows from [2], for these polynomials E_n diverges. However, they do not satisfy the conditions of [18]. Is formula (5.1) still valid?

If μ and ν are two Borel (generally speaking, real signed) measures on C , we denote by I[ν, μ] = − ∫∫ ln |z − t| dν(t) dμ(z) their mutual energy. With each polynomial

p_n(z) = γ_n n∏ j=1 ( z − ζ^{(n)}_j )

we can associate naturally two probability measures:

λ_n = 1 n n∑ j=1 δ_ζ(n)_j and dν_n(x) = p^2_n(x) dμ(x) .

Both measures are standard objects of study in the analytic theory of orthogonal polynomials. For instance, the normalized zero counting measure λ_n is closely connected with the n-th root asymptotics of p_n, and as was shown by Rakhmanov in his pioneering work [30], ν_n is associated with the behavior of the ratio p_{n+1}/p_n as n → ∞.

A nice link between the entropy and the logarithmic potential theory is established by the following identity: if γ_n > 0 is the leading coefficient of p_n, then

(5.2) E_n = −2 log(γ_n) + 2n I[λ_n, ν_n] .

Hence, if we know the asymptotic behavior of the entropy, it gives us information about the mutual energy I[λ_n, ν_n], and viceversa.

Assume that ω is a weight on [−1, 1], strictly positive a. e. on the interval. Then both λ_n and ν_n tend (in a weak-star sense) to the equilibrium measure of the interval, μ, and it is not surprising at all to find out that I[λ_n, ν_n] → I[μ, μ] = log(2). But what about the next term of the asymptotics of the energy, does it depend on the weight ω? From the results of [2] it follows that for a large subset of the Szegő class (for instance, for weights satisfying that

sup_n

∫_1 −1 ( p^2_n(x) )_{1+ε} ω(x) dx < ∞ for a ε > 0), we have

(5.3) I[λ_n, ν_n] = log(2) − 1 2n + o ( 1 n ) , n → ∞ .

QUESTION 5.5. What is the explanation of this “universal” behavior of the second term? Is the constant 1/2 appearing there the logarithmic capacity of the support of the measure of orthogonality? Is there any direct proof of (5.3) which does not use (5.2)? Is (5.3) still valid in a larger class of weights ω?

Finally, if p_n is now a sequence of polynomials orthonormal with respect to a varying weight, ∫ Δ p_n(x)p_k (x)ω^n(x) dx = δ_{nk} , k = 0, 1, . . . , n , the asymptotic behavior or E_n is described in terms of the equilibrium measure in the external field Q(x) = − log(ω(x)): if K is its support, and μ_K is the Robin distribution on K, then

(5.4) E_n = −2n ∫ Δ Q dμ_K + o(n) , n → ∞ . This formula was established in [3] only for the case when ω is the Jacobi or Laguerre weight.

QUESTION 5.6. Is this result valid in a more general setting, say when K is an interval? We note that after the conference, there has been some progress in the study of the asymptotic behavior of the entropy in the case when the weight does not satisfy the Szegő condition (Question 5.4). According to [22], formula (5.1) is valid also for Pollaczek polynomials p_n(x; λ, a, 0) with a ≥ 0 and λ ≥ 1; see notation in the statement of Question 5.4. Moreover, for these polynomials the following asymptotic behavior for the mutual energy I[λ_n, ν_n] holds:

I[λ_n, ν_n] = log(2) − 1 − 2a 2n + o ( 1 n ) , n → ∞ . Obviously, for a = 0 we recover (5.3). Since p_n(x; λ, 0, 0) are just the well-known Gegenbauer polynomials, a natural addendum to Question 5.5 is: does the asymptotic behavior (5.3) characterize the class of weights on [−1, 1] satisfying the Szegő condition? (Martínez-Finkelshtein)

6. Minimizing Multiplier Polynomials. In some investigations of Padé approximation, the following problem arises: let Q be a given polynomial of degree n, and |z| < 1. Find a polynomial S of degree n that minimizes

Λ_n (Q; z) = max_{|t|=1} |QS| (t) |QS| (z) over all polynomials S of degree ≤ n. That is,

Λ_n (Q; z) = inf_{deg(S)≤n} max_{|t|=1} |QS| (t) |QS| (z) . If Q (z) = n∏ j=1 (z − z_j ) , then it is easy to see that

Λ_n (Q; z) ≤ n∏ j=1 Λ_1 (ℓ_j ; z) ,

where for each j,

ℓ_j (t) = t − z_j .

QUESTION 6.1. (I) Compute Λ_1 (ℓ; z), where ℓ (t) = t − a is a linear function. (II) Ultimately, one would like to estimate quantities such as meas {z : |z| ≤ 1 and Λ_n (Q; z) ≥ r} , where meas denotes planar Lebesgue measure and r > 0.

Even part (I) of this problem is less trivial than it seems.

The following estimate for Λ_1 (ℓ; z) was proved by David Jimenez, a graduate student in the School of Mathematics, Georgia Institute of Technology.

THEOREM 6.1. Let ℓ (t) = t − a. Then for |z| ≤ 1, (a) Λ_1 (ℓ; z) ≤ 1 + |a| |z − a| . (b) 1 + |a| 2 |z − a| ≤ Λ_1 (ℓ; z) ≤ 1 + |a| |z − a| Proof. (a) Firstly,

Λ_1 (ℓ; z) ≤ max_{|t|=1} |t − a| |z − a| ≤ 1 + |a| |z − a| . (b) Note that for each b ∈ C , |t − b| ≥ √ 1 + |b|^2

for at least half of all t on the unit circle. (If b = 0, then it hold for all t. If b ≠ 0, it holds as long as the triangle with vertices b, t and 0 is obtuse.) Therefore, for at least two points t on the unit circle, |t − b| |t − a| ≥ √ 1 + |b|^2 √ 1 + |a|^2. So

Λ_1 (ℓ; z) ≥ inf_{b∈C} √ 1 + |b|^2 √ 1 + |a|^2 |z − b| |z − a| . Here √ 1 + |b|^2 ≥ 1 √ 2 (1 + |b|) ≥ 1 √ 2 |z − b| . So

Λ_1 (ℓ; z) ≥ 1 √ 2 √ 1 + |a|^2 |z − a| ≥ 1 + |a| 2 |z − a| . (Lubinsky)

7. Quadrature Formulae and Weighted Approximation. It is well known [24, 32] that under suitable conditions on W (x) = exp(−Q(x)), there exists, for every integer n ≥ 1, a unique probability measure μ_{W,n}, supported on [−1, 1] that maximizes ∫ ∫ log |W (a_nx)W (a_nt)(x − t)| dν(x)dν(t) among all compactly supported probability measures ν supported on R, where a_u is defined by u = 2 π ∫_1 0 a_utQ^′(a_ut) dt √ 1 − t^2 , u > 0. It will be interesting to prove the following analogue of a theorem of Erdős, Kroó, and Szabados [10].

QUESTION 7.1. Let x_{k,n} be distinct points on R, W be a weight function such that the measures μ_{W,n} are supported on [−1, 1]. The following are equivalent. (a) To every f with W f ∈ C_0(R) and ϵ > 0, there exists a sequence of polynomials r_n ∈ Π_{n(1+ϵ)} such that r_n(x_{k,n}) = f(x_{k,n}) for k = 1, · · · , n, and ‖(f − r_n)W ‖_{∞,R} → 0 as n → ∞. (b) We have

(7.1) lim sup_{n→∞} #{k : x_{k,n}/a_n ∈ I_n} nμ_{W,n}(I_n) ≤ 1 for every sequence of intervals I_n ⊆ [−1, 1] for which lim_{n→∞} nμ_{W,n}(I_n) → ∞, and (7.2) lim inf_{n→∞} nμ_{W,n}([x_{k+1,n}/a_n, x_{k,n}/a_n]) > 0, 1 ≤ k ≤ n. It is worth mentioning here that the location and distribution of node systems {x_{k,n}} that provide a “good” interpolation process has been studied by Szabados [35], Damelin [7], and Vertesi [39, 37].

QUESTION 7.2. Let q ≥ 1 be an integer, S^q be the unit sphere embedded in the Euclidean space R^{q+1} , and μ be the volume element of S^q. We are interested in quadrature formulas of the form ∑ ξ∈C w_ξ f(ξ) ≈ ∫ S^q f(x)dμ(x), where C is a finite set of points on S^q, w_ξ are positive numbers, and the formula is required to be exact for spherical polynomials of degree as high as possible. The highest degree of polynomials for which the formula is exact will be called the order of the formula. The formula will be called interpolatory if P is any spherical polynomial of degree at most |C|, and P (ξ) = 0 for each ξ ∈ C, then P ≡ 0. Numerical experiments in [23] suggest that if C is the Saff-Kuijlaars system then one obtains quadrature formulas of nearly the highest order. The questions are: (1) If C is an extremal system of points with respect to some energy problem, does there exists an interpolatory quadrature formula based at these points? (2) If an interpolatory quadrature formula exists, then is it necessarily based on the extremal points for some discretized energy problem? In this connection, it is noteworthy that Prestin and Roşca [27] have recently obtained interpolatory quadrature formulas, some of which can be thought of as based on a set of tensor product Fekete points with respect to a suitable energy functional. (Mhaskar)

8. Distribution of Primes and a Weighted Energy Problem. Let π(x) be the number of primes not exceeding x. The celebrated Prime Number Theorem (PNT), suggested by Legendre and Gauss, states that π(x) ∼ x log x as x → ∞. Chebyshev [5] made the first important step towards the PNT in 1852, by proving the bounds

0.921 x log x ≤ π(x) ≤ 1.106 x log x as x → ∞. Hadamard and de la Vallée Poussin independently proved the Prime Number Theorem in 1896, via establishing that ζ(s) does not have zeros on the line {1+it, t ∈ R}. From a different perspective, Gelfond and Schnirelman (see [5, pp. 285–288]) proposed an interesting “elementary” method aimed at producing the PNT with a good error term, in 1936. It used polynomials with integer coefficients and the Chebyshev function ψ(x) = log lcm(1, . . . , x), x ∈ N, together with the well known fact that the PNT is equivalent to ψ(x) ∼ x as x → +∞; see [15]. Later work showed that the original Gelfond-Schnirelman method cannot give a proof of the PNT [25, Ch. 10]. However, Nair [26] and Chudnovsky [6] found a generalization based on an equivalent form of the Prime Number Theorem [15]

(8.1) ∫_x 1 ψ(t) dt ∼ x^2 2 as x → +∞. Using the following weighted version of Vandermonde determinant

V^w_n (x_1, . . . , x_n) := n∏ i=1 w^{n−1}(x_i) ∏ 1≤i<j≤n (x_i − x_j ),

where x_i ∈ [0, 1] and w(x) = (x(1 − x))^{α1} , α_1 > 0, they obtained the bound

(8.2) ∫_x 1 ψ(t) dt ≥ 0.99035 x^2 2 as x → +∞, produced by the optimal choice α_1 ≈ 0.195. We developed the ideas of [26] and [6], and established a connection with the weighted capacity c_w (cf. [32]) of [0, 1] corresponding to the weight w of the form

(8.3) w(x) = k∏ i=1 |Q_{mi} (x)|^{αi} , α_i > 0, i = 1, . . . , k, where Q_{mi} is a polynomial with integer coefficients of degree at most m_i. For α := ∑_k i=1 α_im_i, we proved [28] that

(8.4) ∫_x 1 ψ(t) dt ≥ −2 log c_w 4α + 3 x^2 2 + O(x log^2 x) as x → +∞.

In particular, if w(x) = x^{α1} (1−x)^{α2} , x ∈ [0, 1], α_1 = α_2 = 0.195, then c_w ≈ 0.1045575588 and (8.2) holds true.

It is natural to try improving the bound (8.2) by choosing a weight with a proper combination of factors Q_{mi} (x) and exponents α_i. The most interesting question is, of course, whether one can find a weight w(x) of the form (8.3) such that −2 log c_w 4α + 3

= 1?

It turns out this is impossible to achieve for any fixed weight of the type (8.3). The reason for such a conclusion transpires from the error term in (8.4), which is “too good.” Indeed, it is known from Littlewood’s theorem that the difference ∫_x 1 ψ(t) dt − x^2/2 takes both positive and negative values of the amplitude cx^{3/2}, c > 0, infinitely often as x → +∞. This is conveniently written in the notation ∫_x 1 ψ(t) dt − x^2 2 = Ω_±(x^{3/2}) as x → +∞;

cf. [15, pp. 91–92]. Hence the correct error term should be of the order O(x^{3/2}). Relating this to (8.1) and (8.4), we obtain in such an indirect way that

(8.5) B(w) :=

−2 log c_w 4α + 3 < 1. We should also note that if the Riemann hypothesis is true, then ∫_x 1 ψ(t) dt − x^2 2 = O(x^{3/2}) as x → +∞;

see Theorem 30 in [15, p. 83]. It would be very interesting to find a direct potential theoretic argument explaining (8.5). Although (8.4) cannot provide a proof of the PNT for a fixed weight w, this does not preclude the possibility that such a proof can be obtained by finding a sequence of weights w_n with B(w_n) → 1, as n → ∞. Thus one needs an insight into the nature of such factors, to address the following problem.

QUESTION 8.1. For w(x) as in (8.3) and α = ∑_k i=1 α_im_i, find

(8.6) B := sup_w

−2 log c_w 4α + 3 . If B = 1 then find a sequence of weights that gives this value. If B < 1 then investigate whether B is attained for a weight of the form (8.3).

A solution of the minimum weighted energy problem for weights (8.3) with real zeros is given in our paper [28]. Arbitrary weights (8.3) with complex zeros are considered in [29]. These papers also contain more background material. (Pritsker)

9. Positivity of the Defining Equation of a Disjoint Union of Disks. QUESTION 9.1. Let D(a_i, r_i), 1 ≤ i ≤ n, be a finite collection of disjoint open disks in the complex plane. Let Q(z, w) = ∏_n i=1[(z − a_i)(w − a_i) − r^2_i ] be the polarized form of the defining function of the union. Prove by elementary means that the matrix (−Q(a_i, a_j ))^n_{i,j=1} is positive semi-definite.

For a more elaborated proof and the relevance of this question, see [13]. (Putinar)

10. A Conjecture on the Strong Asymptotics of Bergman Orthogonal Polynomials. Let G be a bounded simply-connected domain in the complex plane C, whose boundary L := ∂G is a Jordan curve and let {P_n}^∞_{n=0} denote the sequence of Bergman polynomials of G. This is defined as the sequence P_n(z) = γ_nz^n + · · · , γ_n > 0, n = 0, 1, 2, . . . , of polynomials that are orthonormal with respect to the inner product (f, g) := ∫ G f(z)g(z)dm(z), where dm stands for the 2-dimensional Lebesgue measure. Also, let Ω := C \ G denote the exterior (in C ) of G. Then, the exterior conformal map Φ associated with G is the conformal map Φ : Ω → Δ := {w : |w| > 1}, normalised so that Φ(z) = cz + O(1), z → ∞, c > 0. The constant cap L = 1/c, is called the (logarithmic) capacity of L.

With respect to the strong asymptotics of the leading coefficient γ_n and of P_n(z), for z ∈ Ω, we consider the following two formulas:

γ_n = √ n + 1 π 1 cap L^{n+1} {1 + α_n}, and P_n(z) = √ n + 1 π Φ^′(z)Φ^n(z) {1 + β_n}, z ∈ Ω.

If the boundary L of G is an analytic Jordan curve, then a result due to T. Carleman gives respectively,

α_n = O(ρ^{2n}) and β = O(ρ^n), n → ∞,

for some ρ < 1; see e.g. [11, pp. 12–13]. In the case where L is smooth, typically L ∈ C(p + 1, s), where p + 1 ∈ N and p + s >^1_2 , then a result of P.K. Suetin (see [34, Thms 1.1 and 1.2]) gives,

α_n = O ( 1 n^{2(p+s)} ) and β_n = O ( log n n^{p+s} ) , n → ∞. Apart from the above very important results, we haven’t been able to find, in the relevant literature, any similar result concerning the behaviour of the two sequences {α_n} and {β_n}, associated with more general Jordan curves.

Accordingly, our conjecture is concerned with boundary curves that encountered very frequently in the applications, namely with piecewise analytic Jordan curves. It is based on certain theoretical results and strong numerical evidence and can be stated as follows.

CONJECTURE 10.1. Assume that the boundary L of G is a piecewise analytic Jordan curve without cusps. Then,

γ_n = √ n + 1 π 1 cap L^{n+1} {1 + O ( 1 n^2 ) }, n → ∞, and P_n(z) = √ n + 1 π Φ^′(z)Φ^n(z) {1 + O ( 1 n ) }, z ∈ Ω, n → ∞. (Stylianopoulos)

11. Weighted Polynomial Approximation and Equilibrium Measures. Let w = e^{−Q} be a weight on [−1, 1], μ_w the associated equilibrium measure and v its density (wherever exists) with respect to linear measure. A. B. J. Kuijlaars showed that if v(t) ∼ |t|^{−a} with some a > 0 and if w^nP_n → f uniformly on [−1, 1] with some sequence {P_n} of polynomials of degree n = 1, 2, . . ., then f must vanish at 0. Show this if only v(t) ≥ c|t|^{−a} is true.

Since the conference there has been some progress: My student Péter Varjú has proved a theorem that includes the solution as a special case [38]. Call a measure μ smooth on the interval (a, b) if for every ε > 0 there is a δ > 0 such that for any two adjacent subintervals I, J ⊆ (a, b) of equal length smaller than δ we have 1 1 + ε ≤ μ(I) μ(J) ≤ 1 + ε.

THEOREM 11.1. If w^nP_n → f uniformly on [−1, 1] with some sequence {P_n} of polynomials of degree n = 1, 2, . . . and f(0) ≠ 0, then μ_w is smooth on some interval around 0. This rules out a v(t) ≥ c|t|^{−a} behavior for the density (as well as a v(t) ≤ c|t|^a behavior) if approximation is possible for a function that is not zero at 0. Based on these, it is easy to construct a w such that v is positive at all x ∈ [−1, 1], but no nonzero function can be uniformly approximated by w^nP_n.

The converse is also true under some mild additional conditions (without any additional condition the converse is not true). To this end call a measure μ doubling on the interval [a, b], if there is a constant M such that for any two adjacent subintervals I, J of [a, b] of equal length we have 1 M ≤ μ(I) μ(J) ≤ M. We say that μ has a positive lower bound on the interval (a, b) if there is a c > 0 such that dμ(t)/dt ≥ c on (a, b). THEOREM 11.2. Suppose that μ_w is smooth on some interval (−δ, δ), and either of the following two conditions is true:

a) supp(μ_w) can be written as the union of finitely many intervals J_k, and the restriction of μ_w to each J_k is a doubling measure on J_k, b) μ_w has a positive lower bound in (−δ, δ).

Then any continuous f that vanishes outside (−δ, δ) is the uniform limit of some sequence of weighted polynomials w^nP_n.

For the proofs of these theorems, see [38]. (Totik)

12. Generalized Translation Operator on the Simplex. The generalized translation operator, T^κ_θ , for the weight function

W_κ(x) = x^{κ1}_1 · · · x^{κd}_d (1 − |x|_1)^{κd} , |x|_1 = (1 − x_1 − · · · − x_d),

on the simplex T^d = {x : x_1 ≥ 0, . . . , x_d ≥ 0, 1 − |x|_1 ≥ 0} is defined in [41]. For f ∈ L^2(W_κ, T^d), the operator T^κ_θ has the orthogonal expansion T^κ_θ f(x) ∼ ∞∑ k=0 P^{(λ−1/2,−1/2)} k (cos 2θ) P^{(λ−1/2,−1/2)} k (1) proj_n f(x), where λ = ∑_{d+1} i=1 κ_i +(d−1)/2 and proj_n denotes the projection operator from L^2(W_κ, T^d) onto Π^d_n, the space of polynomials of degree at most n in d variables. This operator is used to define a modulus of smoothness in [41], which leads to a characterization of the weighted best approximation by polynomials (the direct and the inverse theorems) on T^d [42].

The operator T^κ_θ is associated with a corresponding one for the weight function

U_κ(x) := |x_1|^{2κ1} . . . |x_d|^{2κd} (1 − ‖x‖^2)^{κd+1−1/2}

on the unit ball B^d = {x ∈ R^d : ‖x‖^2 ≤ 1}, which in turn is associated to the weighted spherical means for the weight function h^2_κ(x) = ∏_{d+1} i=1 |x_i|^{2κi} on the unit sphere S^d [40].

In the case of the classical weight function U_μ(x) = (1 − ‖x‖^2)^{μ−1/2} on the unit ball, an integral formula is found for the generalized translation operator [42]. The formula takes the form

T^μ_θ f(x) = A_μ ∫ B^d f ( cos θx + sin θ sD(x)U^T (x) ) (1 − ‖s‖^2)^{μ−1}ds, where D(x) = diag{ √ 1 − ‖x‖^2, 1, . . . , 1} is a diagonal matrix, U(x) is a unitary matrix whose first column is x/‖x‖ and A_μ is a constant (s ∈ R^d is taken as a row vector). For d = 1, this becomes the classical generalized translation operator T_sf(t) = b_{λ−1/2} ∫_1 −1 f ( st + u √ 1 − s^2 √ 1 − t^2 ) (1 − u^2)^{λ−1}du

for the weight function w_λ(t) = (1 − t^2)^{λ−1/2} on [−1, 1].

The open question calls for an integral formula for the generalized translation operator with respect to the weight function W_κ on the simplex. The definition of T^κ_θ is given implicitly by an integral relation in [41], relying on the intertwining operator V_κ of Dunkl’s operators for h^2_κ(x) given above. For this h_κ, the operator V_κ is an explicit integral transform, which suggests that an integral formula for T^κ_θ should exist. (Xu)

REFERENCES

[1] M. ALFARO, A. MARTÍNEZ-FINKELSHTEIN, AND M. L. REZOLA, Asymptotic properties of balanced extremal Sobolev polynomials: coherent case, J. Approx. Theory, 100 (1999), pp. 44–59.

[2] B. BECKERMANN, A. MARTÍNEZ-FINKELSHTEIN, E. A. RAKHMANOV, AND F. WIELONSKY, Asymptotic upper bounds for the entropy of orthogonal polynomials in the Szegő class, J. Math. Physics,45 (2004), pp. 4239–4254.

[3] V. BUYAROV, J. S. DEHESA, A. MARTÍNEZ-FINKELSHTEIN, AND E. B. SAFF, Asymptotics of the information entropy for Jacobi and Laguerre polynomials with varying weights, J. Approx. Theory, 99 (1999), pp. 153–166.

[4] V. BUYAROV, J. S. DEHESA, A. MARTÍNEZ-FINKELSHTEIN, AND J. SÁNCHEZ-LARA, Computation of the entropy of polynomials orthogonal on an interval, SIAM J. Sci. Comput., 26 (2004), pp. 488–509.

[5] P. L. CHEBYSHEV, Collected Works, Vol. 1, (in Russian), Akad. Nauk SSSR, Moscow, 1944. [6] G. V. CHUDNOVSKY, Number theoretic applications of polynomials with rational coefficients defined by extremality conditions, Arithmetic and Geometry, Vol. I, M. Artin and J. Tate, eds., Birkhäuser, Boston, 1983, pp. 61-105.

[7] S. B. DAMELIN, The asymptotic distribution of general interpolation arrays for exponential weights, Electron. Trans. Numer. Anal., 13 (2002), pp. 12–21,

http://etna.math.kent.edu/vol.13.2002/pp12-21.dir/pp12-21.html.

[8] J. S. DEHESA, W. VAN ASSCHE, AND R. J. YÁÑEZ, Information entropy of classical orthogonal polynomials and their application to the harmonic oscillator and Coulomb potentials, Methods Appl. Anal., 4 (1997), pp. 91–110.

524 L. BARATCHART et al.

[9] A. DURAN AND E. B. SAFF, Zero location for nonstandard orthogonal polynomials, J. Approx. Theory, 113 (2001), pp. 127–141.

[10] P. ERDŐS, A. KROÓ, AND J. SZABADOS, On convergent interpolatory polynomials, J. Approx. Theory, 58 (1989), pp. 232–241.

[11] D. GAIER, Lectures on Complex Approximation, translated from German by Renate McLaughlin, Birkhäuser Boston Inc., Boston, MA, 1987.

[12] W. GAUTSCHI AND A. B. J. KUIJLAARS, Zeros and critical points of Sobolev orthogonal polynomials, J.

Approx. Theory, 91 (1997), pp. 117–137.

[13] B. GUSTAFSSON AND M. PUTINAR, Linear analysis of quadrature domains. IV, in Quadrature domains and their applications, Oper. Theory Adv. Appl., 156, Birkhäuser, Basel, 2005, pp. 173–194.

[14] E. HEINE, Handbuch der Kugelfunctionen, Vol. II, 2nd edition, G. Reimer, ed., Berlin, 1878. [15] A. E. INGHAM, The Distribution of Prime Numbers, Cambridge University Press, London, 1932. [16] G. LÓPEZ AND H. PIJEIRA, Zero location and nth root asymptotics of Sobolev orthogonal polynomials, J.

Approx. Theory, 99 (1999), pp. 30–43.

[17] G. LÓPEZ, F. MARCELLÁN, AND W. VAN ASSCHE, Relative asymptotics for polynomials orthogonal with respect to a discrete Sobolev inner product, Constr. Approx., 11 (1995), pp. 107–137.

[18] E. LEVIN AND D. S. LUBINSKY, Asymptotics for entropy integrals associated with exponential weights, J.

Comput. Appl. Math., 156 (2003), pp. 265–283.

[19] A. MARTÍNEZ-FINKELSHTEI AND E.B. SAFF, Asymptotic properties of Heine-Stieltjes and Van Vleck polynomials, J. Approx. Theory, 118 (2002), pp. 131–151.

[20] A. MARTÍNEZ-FINKELSHTEIN, Bernstein-Szegő’s theorem for Sobolev orthogonal polynomials, Constr.

Approx., 16 (2000), pp. 73–84.

[21] A. MARTÍNEZ-FINKELSHTEIN, Analytic aspects of Sobolev orthogonal polynomials revisited, J. Comput.

Appl. Math., 127 (2001), pp. 255–266.

[22] A. MARTÍNEZ-FINKELSHTEIN, AND J. SÁNCHEZ-LARA, Shannon entropy of symmetric Pollaczek polynomials, preprint math.CA/0504250, 2005.

[23] H. N. MHASKAR, F. J. NARCOWICH, AND J. D. WARD, On the representation of band-dominant functions on the sphere using finitely many bits, Adv. Comput. Math., 21 (2004), pp. 127–146...

[24] H. N. MHASKAR AND E. B. SAFF, Where does the sup norm of a weighted polynomial live? (A generalization of incomplete polynomials), Constr. Approx., 1 (1985), pp. 71–91.

[25] H. L. MONTGOMERY, Ten Lectures on the Interface Between Analytic Number Theory and Harmonic Analysis, CBMS, Vol. 84, Amer. Math. Soc., Providence, RI, 1994.

[26] M. NAIR, A new method in elementary prime number theory, J. London Math. Soc., 25 (1982), pp. 385-391. [27] J. PRESTIN AND D. ROŞCA, On some cubature formulas on the sphere, 2005, J. Approx. Theory, to appear. [28] I. E. PRITSKER, The Gelfond-Schnirelman method in prime number theory, Canad. J. Math., 57 (2005), pp. 1080–1101.

[29] I. E. PRITSKER, Distribution of primes and a weighted energy problem, Electr. Trans. Numer. Anal., 25 (2006), pp. 259–277,

http://etna.math.kent.edu/vol.25.2006/pp259-277.dir/pp259-277.html.

[30] E. A. RAKHMANOV, On the asymptotics of the ratio of orthogonal polynomials, Math. USSR Sb., 32 (1977), pp. 199–213.

[31] A. RONVEAUX, Heun’s differential equations, The Clarendon Press Oxford University Press, New York, 1995.

[32] E. B. SAFF AND V. TOTIK, Logarithmic Potentials with External Fields, Springer-Verlag, Berlin, 1997. [33] H. STAHL, Extremal domains associated with an analytic function. I, II, Complex Var. Theory Appl., 4 (1985) pp. 311–324, pp. 325–338.

[34] P. K. SUETIN, Polynomials orthogonal over a region and Bieberbach polynomials, in Proceedings of the Steklov Institute of Mathematics, No. 100 (1971), translated from Russian by R. P. Boas, Amer. Math. Soc., Providence, RI, 1974.

[35] J. SZABADOS, Where are the nodes of ”good” interpolation polynomials on the real line?, J. Approx.

Theory, 103 (2000), pp. 357–359.

[36] G. SZEGŐ, Orthogonal Polynomials, Amer. Math. Soc. Colloq. Publ., Vol. 23, Amer. Math. Soc., Providence, RI, 4th edition, 1975.

[37] L. SZILI AND P. VÉRTESI, An Erdős-type convergence process in weighted interpolation, II, Exponential weights on [−1, 1], Acta Math. Hungar., 98 (2003), pp. 129–162.

[38] P. VARJÚ AND V. TOTIK, Smooth equilibrium measures and approximation, 2005, Adv. Math., to appear. [39] P. VÉRTESI, An Erdős-type convergence process in weighted interpolation, I, Freud-type weights, Acta Math. Hungar., 91 (2001), pp. 195–215.

[40] Y. XU, Weighted approximation of functions on the unit sphere, Const. Approx., 21 (2005), pp. 1–28. [41] Y. XU, Almost Everywhere Convergence of orthogonal expansion of several variables, Const. Approx., 22 (2005), pp. 67–93.

[42] Y. XU, Generalized translation operator and approximation in several variables, J. Comp. Appl. Math.,

178 (2005), pp 489–512.

[43] R. J. YÁÑEZ, W. VAN ASSCHE, AND J. S. DEHESA, Position and momentum information entropies of the D-dimensional harmonic oscillator and hydrogen atom, Physical Rev. A, 50 (1994), pp. 3065–3079.