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EXTENSIONS OF THE HHT- � METHOD TO DIFFERENTIAL-ALGEBRAIC
EQUATIONS IN MECHANICS
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Abstract. We present second order extensions of the Hilber-Hughes-Taylor- � (HHT- � ) method for systems of
overdetermined differential-algebraic equations (ODAEs) arising, for example, in mechanics. A detailed analysis
of extensions of the HHT- � method is given. In particular a local and global error analysis is presented. Second
order convergence is theoretically demonstrated and practically illustrated by numerical experiments. A new variable
stepsize formula is proposed which preserves the second order of the method.
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1. Introduction. The Hilber-Hughes-Taylor- � (HHT- � ) method [6, 7] and its general-
izations, such as the generalized- � method [3, 4], are widely used in structural and flexible
multibody dynamics. This paper is concerned with extending the HHT- � method to sys-
tems of overdetermined differential-algebraic equations (ODAEs) with index � constraints
and their underlying index � constraints, e.g., to systems in mechanics having holonomic
constraints. An extension of the HHT- � method to index � DAEs, e.g., to systems in mechan-
ics with nonholonomic constraints, is briefly discussed as well. We have found extensions of
the HHT- � method preserving its second order convergence. Our extensions are indirect in
the sense that we make use of the partitioned and additive structures of the ODAEs. Detailed
mathematical proofs of second order convergence of extensions of the HHT- � method to the
systems of ODAEs considered are given. A new variable stepsize formula is proposed which
preserves the second order of the method. Second order convergence of these extensions is
numerically illustrated on two test problems.

For DAEs global error estimates generally do not follow directly from local error esti-
mates. The error propagation mechanism of a method for DAEs is usually more complicated
than for ordinary differential equations (ODEs). In particular, for DAEs one cannot gener-
ally infer a global order of convergence directly from its local error estimates, as an order
reduction may occur due to error propagation [1]. Analysis of the direct extension of the
HHT- � method to linear DAEs was performed in [2]. It was shown that for semi-explicit
index � linear DAEs the direct application of the HHT- � method is inconsistent and suffers
from instabilities, but that it may still converge when applied with constant stepsize, simi-
larly to BDF methods [1]. A first order extension of the HHT- � method to holonomically
constrained mechanical systems was proposed in [12] and is based on projecting the solution
of the underlying ODEs onto the constraints after each step. In [11] the direct application of
the HHT- � method to index � holonomically constrained mechanical systems is considered,
but no convergence result is given. The extensions of the HHT- � method that we present in
this paper have second order convergence without relying on underlying ODEs and they also
directly preserve the underlying index � constraints.

This paper is organized as follows. In Section 2 we describe the original HHT- � method
for second order systems of ODEs and we propose a new variable stepsize formula preserving�
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the second order of the method. In Section 3 we present extensions of the HHT- � method to
systems of ODAEs with index � constraints and underlying index � constraints. In Section 4
we give a detailed analysis of extensions of the HHT- � method to these systems of ODAEs.
In particular, we show existence and uniqueness of the numerical solution, we analyze the
local error of the method, its stability with respect to consistent perturbations in the initial
values, and prove its global second order convergence. In Section 5 we illustrate the second
order convergence of an extended HHT- � method on two test problems. In Section 6 we
propose an extension of the HHT- � method for index � DAEs. A short conclusion is given in
Section 7.

2. The HHT- � method for second order systems of ODEs. Second order systems of
ODEs �
	 	���
������������
	�� are equivalent to� 	 ������� 	 ����������
������������ ��!(2.1)

In mechanics, � represents generalized coordinates, � represents the corresponding velocities,� represents the corresponding accelerations, 
����������"�#�$�&%('*)�+,�-���.����� � where % is the
mass matrix and +,�-���.����� � represents external forces. The HHT- � method for the system of
equations (2.1) can be expressed as an implicit non-standard one-step method�-� ) �"� ) ��� ) �/��021����435���637�"�538�
as follows [6, 7] � ) �9� 3/:<; � 3/: ;�=� �.�.>@?A�4BC�D� 3/: �EBF� ) ���(2.2a) � ) �$�63 :<; �.�.>G?IHJ�D�#3 : H*� ) ���(2.2b) � ) �K�.> : � �.
��-� ) ��� ) �"� ) ��? � 
����L3#�.�734���636�M�(2.2c)

where ; is the stepsize and � )ON �P�L3 :I; . For the HHT- � method (2.2) the coefficients � ��BQ�DH
are chosen according to�SRUT ? >� ��V4WX� BY� �D>G? � �D=Z � H[� >� ? � !
The free coefficient � is a damping parameter. Notice that the notation for � 3 and � ) may
be misleading. These values are not really approximations of ����� 3 � and ���-� ) � respectively,
but of �����L3 : � ; � and ����� ) : � ; � . The coefficient H\� )= ? � is determined such that
the method is of local order � in � when �
3]?^���-�L3 : � ; �,�`_�� ;�= � . When � 3]?^���-�L3 :� ; �A�a_�� ; � , e.g., when � 3b�a�����L3E�K�c
��-�L37���437�"�d38� the method is only of local order> in � for the first step, i.e., � ) ?e���-�L3 :f; �Y�a_�� ;�= � . However, in this situation since� ) ?g���-� ) : � ; �O�\_�� ;�= � the next step ��� = �"� = ��� = � has nevertheless an error estimate in �
of the form � = ?h���-� ) :^; �i�j_�� ;�k � . The HHT- � method is thus self-correcting, explaining
in part its global second order convergence even when �
3 is taken as �#3l��
��-�L35���434�"�d38� . The
HHT- � method is generally applied with constant stepsize in order to keep its second order
accuracy. For � 3 ��m ; � coming from the previous step with stepsize m ; , by changing the stepsize
from m ; to ;\n�om ; , � ) is no more an approximation of local order > to ����� ) : � ; � , i.e., it
does not satisfy � ) ?^����� ) : � ; ���p_�� ;�= � . Hence, without any modification the HHT- �
method reduces to a first order method for all variables. To reestablish global second order
convergence while still allowing stepsize changes using �q35� m ; � from the previous step taken
with stepsize m ; , one can replace the definition of � 3 for the current step by� 3 N �e
���� 3 �.� 3 ��� 3 � : ;m ; �r� 3 ��m ; �s?h
���� 3 �.� 3 ��� 3 ����!(2.3)
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Simply taking � 3 N � � 
��-� ) ��� ) �"� ) � : �D>t? � �.
��-� 3 ��� 3 �"� 3 � analogously to (2.2c) leads to the
expression � ) �u� 3v:w;9x )= 
���� 3 �.� 3 ��� 3 � : )= 
���� ) ��� ) �"� ) �.y which corresponds to the trape-
zoidal rule which has no damping parameter � and is thus not recommended.

3. Extensions of the HHT- � method to ODAEs. We consider semi-explicit index �
DAEs of the form � 	 �$���(3.1a) � 	 �$� :hz �-���.���"{����(3.1b) ���|
��-���.����� ���(3.1c) VF�~}*�������
�M�(3.1d)

where we assume that }5�
�-���.�q� z8� �-���.���"{�� is invertible in the region of interest. In mechanics
(3.1d) represents holonomic constraints, { represents Lagrange multipliers, and z �����.����{��t�?t%U'*)"} �� �����.�q��{ where % is the mass matrix and ?2}q�� �-���.�q�.{ represents reaction forces com-
ing from the constraints [1]. Differentiating (3.1d) once with respect to � , we obtain additional
constraints V]�P}4���������q� : } � �-���.�q�D��!(3.1e)

The whole system of ODAEs (3.1) is of index � . One more differentiation of (3.1e) with
respect to � leads toV��b}4���������.�q� : �8}4� � �-���.�q�D� : } �M� �������q�M�-����� � : } � �-���.�q�M��
����������"�#� :Sz ����������{�����!(3.2)

We will not make a direct use of these additional constraints (3.2) in the numerical scheme
(3.4) below. Nevertheless, it will be useful to consider them in the analysis of the method.
From the constraints (3.2), one more differentiation gives an expression for {�	 ,{ 	 �K�D?2}7� z8� � '*)�� } ����� : �E} ��� �8� : �E} � �M� �-����� � : }7���M� �-��������� � : �E} � � ��
 :Sz �(3.3) : �E}7�M� �-���"
 :hz � : }7� �r
 � : 
E�8� : 
E�5��
 :Sz � :Sz � :hz �E�#�.�
where we have not written explicitly the arguments �-���.�������"{�� for 
�� z �.}���
 � � zd� �D} � , etc.

We propose a new generalization of the HHT- � method for the system (3.1). Although
different in essence our approach is reminiscent of the GGL/stabilized index � formulation
[5]. Here, instead of artificially introducing additional new algebraic variables in (3.1a), we
consider directly the systems of ODAEs (3.1). Given �-�435���637�"�#36� we define the extended
HHT- � method for (3.1) as follows� ) �9�43 :g; �63 : ;�=� ���D>@?h�EBC�.�#3 : �4BF� ) � : ;�=� �.�.>@?A���D�X3 : ��� ) �M�(3.4a) � ) �$�d3 :<; ���D>G?KH*�.�#3 : H*� ) � : ; � �r�t3 : � ) ���(3.4b) � ) �K�D> : � ��
���� ) �.� ) ��� ) ��? � 
��-� 3 ��� 3 �"� 3 ���(3.4c)

where � n��>8�4� is a free coefficient,� 3 N � z ��� 3 �.� 3 ��� 3 ��� � ) N � z ��� ) �.� ) ��� ) ���(3.4d)

and �/3 is not a value {�3 coming from the previous step, but ��3 and � ) are locally determined
by the two sets of constraintsV��^}*��� ) �.� ) �M� Vl�b} � ��� ) �.� ) � : }7� �-� ) ��� ) �.� ) !(3.4e)
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This determination of � 3 and � ) is an important point. The numerical solution �-� ) ��� ) � thus
satisfies both constraints (3.1d)-(3.1e) at each timestep. We propose the simple choice �G��V .
For �X�fV and � �wV the method is an additive combination of the � -stage Lobatto IIIA and
Lobatto IIIB implicit Runge-Kutta coefficients, and is known to be of second order for all
variables [9] (note that it is not the combination of Lobatto IIIA and Lobatto IIIB coefficients
given in [8] since for unconstrained problems the HHT- � method is simply equivalent to the
trapezoidal rule, the � -stage Lobatto IIIA method). To make the method less implicit, one can
replace � ) in (3.4d) by � )XN � z ��� ) � m� ) ��� ) � wherem� ) N ��� 3�:<; � 3 !(3.5)

Another possibility is to take �O�fV and to replace the expression �-�l3 : � ) �"�4� in (3.4b) by
the midpoint approximation � ).� = � z�� � 32: ; � � �43 : � )� ��� ).� =M�
and also with � ) replaced by (3.5). The results given in this paper remain valid with these sim-
plifications under some minor modifications. In particular, second order global convergence
as shown in Theorem 4.5 also holds.

4. Analysis of the extended HHT- � method for ODAEs. First we show existence and
uniqueness of the numerical solution of the extended HHT- � method (3.4).

THEOREM 4.1. Consider the overdetermined system of DAEs (3.1) with initial condi-
tions ��� 3 �"� 3 ��� 3 �Q����� 3 � ; ���"� 3 � ; �M��� 3 � ; ��� depending on ; and satisfying}*���L37���436�Q�e_�� ; k ����} � ���L35�.�438� : }7�
�-�L37���436�.�d3X�e_�� ; = �����#3@?A���-�L3 : � ; �i��_�� ; �M!
Then for V�� ; � ; 3 there exists a unique solution �-� ) ��� ) �"� ) ���/34��� ) � depending on ; to the
system of equations (3.4) in a neighborhood of ���537���635���#37��{q3#�"{�36� where {�3v��{�3#� ; � satisfies}4������� 3 �.� 3 � : �E}4� � �-� 3 ��� 3 �.� 3/: } �M� �-� 3 ��� 3 ���-� 3 �"� 3 �: } � �-� 3 �.� 3 �M��
���� 3 �.� 3 ��� 3 � :Sz ��� 3 �.� 3 �"{ 3 ���i��_�� ; �M!
Moreover, we have the estimates� ) ?K�73X��_�� ; �M��� ) ?��63X�e_�� ; ����� ) ?A�53X�e_�� ; ���(4.1a) �i3G?h{q3v��_�� ; �M��� ) ?h{�3O��_�� ; �M!(4.1b)

REMARK 4.2. Note that the numerical solution ��� ) ��� ) �"� ) ��� 3 �"� ) � is functionnally inde-
pendent of { 3 . The value { 3 only indicates a solution branch to which the numerical solution
is close. Varying slightly {�3 to {q3 :P� with a small perturbation � �\�
�D>8� does not change
the numerical solution �-� ) �"� ) ��� ) ���/37��� ) � .

Proof. The proof of this theorem can be made by application of the implicit function
theorem. We first introduce directly the definition (3.4d) of �X35��� ) into (3.4a) and (3.4b).
Then we also replace partially some expressions for � ) and � ) explicitly in (3.4e). Multiplying
the two equations of (3.4e) by �#� ;�= and >8� ; respectively, we obtain the equivalent system of
equationsVC�~� ) ? � �43 :<; �63 : ;�=� x��.>G?A�4BC�D�#3 : �EBF� ) : �D>@?h�M� z �-�L35���437�"�i38� : � z �-� ) ��� ) �"� ) � yd� �
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194 L. O. JAY AND D. NEGRUTVC�9� ) ? � �63 :<; x��.>G?IHJ�D�#3 : H�� ) : >� z ���L3#�.�435���/36� : >� z ��� ) �.� ) ��� ) � y ���VC�9� ) ? � �D> : � ��
���� ) �.� ) ��� ) ��? � 
��-�L35���434�"�d38�D���VC� �; = } � � ) �.�73 :g; �63 : ;�=� x �D>@?h�EBs�D�#3 : �4BF� ) : �D>G?h�M� z ���L3#�.�737���/36� : � z �-� ) ��� ) ��� ) ��y6�C�VC� >; } � �-� ) ��� ) �: >; }7�#�-� ) ��� ) � � �63 :g; x��.>G?IHJ�D�#3 : H*� ) : >� z ���L3 ���437�"�i3d� : >� z �-� ) ��� ) �"� ) � y � !
Replacing � ) by its expression (3.4c) in the last two equations and then expanding in ; around���L3#�.�734���636� we obtainVF� �; = }*���L37���436� : �; ��} � ���L35�.�438� : }7�#�-�L35���436�.�636�: }7� ���L3#�.�438� � �.>G?A�4BC�D�#3 : �EBC
��-�L37���434���638� : �.>G?A��� z ���L3#�.�435���/36� : � z ���L3#�.�734��� ) �.�: } ��� ���L35�.�438� : �E} � � ���L37���436�.�63 : }7���#�-�L35���436���-�637�"�636� : _�� ; ���VF� >; ��}4����� 3 �.� 3 � : } � �-� 3 ��� 3 �.� 3 � : }4�����-� 3 ��� 3 � : �8}4� � �-� 3 ��� 3 �D� 3�: } �M� ��� 3 �.� 3 �M�r� 3 ��� 3 �: }7� ���L3#�.�438� � �.>G?IHJ�D�#3 : H*
��-�L37�.�737���638� : >� z �-�L35���437�"�i38� : >� z ���L3#�.�435��� ) � �,: _�� ; ��!
By using the hypotheses of the theorem all equations are satisfied at ; ��V by�-� ) �rV5���"� ) �-V#���"� ) �-V#�����/35�rV5�M��� ) �-V#�.� N ���-�435�rV5�M���635�rV5���"�#35�-V#����{q3 �-V#���"{�3 �-V5����!
The Jacobian at ; �bV of the above equations with respect to �-� ) ��� ) ��� ) �"�i35��� ) � is given by������b� _ _ _ __ � _ _ _    � _ _      �D>G?h�M�.% 3 �M% 3      )= % 3 )= % 3

¡£¢¢¢¢¤
where %h3 N �b}7�
���L35�.�438� z8� �-�L35���437��{q38� is invertible. SinceT �D>G?h�M�.% 3 �M% 3)= % 3 )= % 3 W,� T �D>G?h�M�¥�)= )= W]¦g% 3 !
the Jacobian at ; �eV is invertible provided � n�f>E�4� . The conclusion and the estimates (4.1)
now follow by application of the implicit function theorem.

We now consider local error estimates:
THEOREM 4.3. Consider the overdetermined system of DAEs (3.1) with initial condi-

tions �-�437�"�637���#38� at �L3 satisfying}*���L37���436�Q��Vq�§} � ���L3#�.�73d� : }7�
���L37���436�.�63X��V����#3@?A�����L3 : � ; �Q�e_�� ; ���
and let {�3 be such that} ��� ���L35�.�438� : �E} � � ���L3#�.�438�D�63 : }7�M� ���L37���436���-�63#���63d� : }7�
���L35�.�438�M�r
��-�L35���437�"�63d� :vz �-�L3 �.�435�"{�36�.�/�bVq!
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Then for V<� ; � ;�3 the numerical solution ��� ) ��� ) �"� ) � at � ) �¨� 3O:�; to the system of
equations (3.4) satisfies� ) ?��*��� ) �Q��_�� ; k ����� ) ?h���-� ) �i��_�� ; = �M��� ) ?������ ) : � ; �/��_�� ; = ���(4.2)

where ���*���.�M�������.��� is the exact solution to (3.1) at � passing through ��� 3 ��� 3 � at � 3 . If in
addition we assume that �53G?A�����L3 : � ; �i�e_�� ; = �(4.3)

then � ) ?A���-� ) �i��_�� ; k �M!(4.4)

Proof. The Taylor series of the exact solution �-���-�.���"���-�.�.� at � ) �b� 32:g; satisfies���-� ) �i�b� 3�:<; � 3/: ;�=� �r
 3/:Sz�3 � : _�� ; k �M� ����� ) �Q��� 3/:<; ��
 3�:Sz�3 � : _�� ; = ���
where 
E3 N ��
��-�L35���434���638� and z 3 N � z �-�L35���437��{q3E� . We know from Theorem 4.1 that �/3#� ; ��?{q3©��_�� ; � and � ) � ; �ª?g{�3©��_�� ; � . For the numerical solution ��� ) ��� ) � we have by direct
application of the estimates (4.1) in the definition (3.4a)-(3.4b)� ) �b�73 :g; �63 : ;�=� ��
83 :Sz 3E� : _�� ; k ��� � ) ���63 :<; ��
83 :Sz 3E� : _�� ; = ��!
Hence, we obtain � ) ?|�*�-� ) �Q�e_�� ;�k � and � ) ?[����� ) �i��_�� ;�= � . From (2.1) and (3.4c) for � )
we have ���-� ) : � ; �Q��
E3 : �.> : � � ; �r
 � 3 : 
E� 3 �63 : 
E� 3 ��
83 :Sz 3E�.� : _�� ; = �
and � ) ��
E3 : �.> : � � ; �r
 � 3 : 
E� 3 �63 : 
E� 3 ��
83 :Sz 38�.� : _�� ; = �M!
A direct consequence is the estimate � ) ?<���-� ) : � ; �©�«_�� ;�= � . It remains to show (4.4)
when (4.3) holds. The condition � 3 ?A���-� 3/: � ; �i��_�� ;�= � is equivalent to�#3X��
83 :<; � ��
 � 3 : 
4� 3 �63 : 
4� 3 �r
83 :Sz 3E�.� : _�� ; = ��!
The Taylor series of ����� ) � at � 3 satisfies���-� ) �Q���63 :�; ��
83 :©z 36� : ;�=� x 
 � 3 : 
E� 3 �63 : 
E� 3 �r
E3 :hz 38� :Sz � 3 :Sz � 3 �63 :hz8� 3 { 	3 y : _�� ; k �
where {�	3 corresponds to the expression (3.3) evaluated at �-�L3#�.�737���634��{q3E� . Since H[�f>8�4��? �
we get � >� : � � �#3 : � >� ? � � � ) ��
83 : ; � �r
 � 3 : 
E� 3 �63 : 
E� 3 �r
E3 :hz 38��� : _�� ; = �M!
We also have�X3O� z 3 :<;qz8� 3 � 	3 �-V#� : _�� ; = ��� � ) � z 3 :^; � z � 3 :Sz � 3 �d3 :Sz6� 3 � 	 ) �-V5��� : _�� ; = �M!
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Putting all previous estimates together we obtain� ) �$�63 :g; �r
83 :hz 36� : ;�=� � 
 � 3 : 
4� 3 �63 : 
4� 3 �r
83 :Sz 3E� :Sz � 3:hz � 3 �63 :Sz6� 3 �-� 	3 �-V#� : � 	 ) �rV5��� � : _�� ; k ��!
Thus, it remains to show that �2	3 �-V#� : ��	) �rV5�$�u{�	3 . This expression can be obtained by
expanding V�� >; = ��} � ��� ) �.� ) � : }7� ��� ) �.� ) �.� ) �(4.5)

around ��� 3 ��� 3 �"� 3 �"{ 3 � into ; -powers and then letting ;^¬ V . First, we write � ) �(� 3X:b�
with � N � ; �63 :g;�= �7�q��
83 :hz 38� : _�� ;�k �Q��_�� ; � and we expand in ; and �}4����� 3/:<; �.� 3�:g� �7�~}4� 3 : }4��� 3 ;�: }4� � 3 �G: >� x }4����� 3 ; = : �E}4��� � 3 ;��2: }4� �M� 3 � � � � � yi: _�� ; k �M�} � ��� 3/:<; �.� 3�:g� �7�~} � 3 : }4� � 3 ;�: } �M� 3 �G: >� x }4��� � 3 ; = : �8}4� ��� 3 ;��@: } �M�M� 3 � � � � ��y : _�� ; k �M!
Expanding (4.5) in ; -powers, grouping the terms, and letting ;$¬ V we finally obtainVC�,} ����� 3 : �E} ��� � 3 �63 : �E} � �M� 3 �-�637�"�d38� : }7�M�M� 3 �r�d35���637�"�636� : �E} � � 3 ��
83 :Sz 3E�: �E}7��� 3 �-�637��
83 :Sz 3E� : }7� 3 �r
 � 3 : 
E� 3 �63 : 
E� 3 ��
83 :hz 38� :hz � 3 :hz � 3 �636�: }7� 3 z8� 3 �-� 	3 �rV5� : � 	 ) �-V#�.�M!
From (3.3) this leads to the desired result �2	3 �-V#� : ��	) �rV5�t�\{�	3 and therefore � ) ?g����� ) �t�_�� ;�k � .

To analyze the error propagation we introduce the projectors­ �����.����{�� N � z8� �����.����{�����}7�
�������q� z6� �-���.���"{��.� '*) }7�#�-���.�q��� ®,���������"{�� N � � ? ­ ���������"{���!
They have the properties­ ���������"{�� z6� �-���.���"{��i� z8� �����.����{��M� }7�
�����.�q� ­ ����������{��Q�b}7� �������
�M�®,����������{�� z6� ���������"{��i�bV�� }7�
�-���.�q�D®,�-���.���"{��Q��Vq!
Before proving global convergence, we need to study changes in the numerical solution with
respect to perturbations in consistent initial conditions:

THEOREM 4.4. Consider � m�#¯
� m�E¯#� m �
¯4���r°�#¯ �"°�E¯#�±° �
¯4� at �.¯ satisfying the constraints (3.1d)
and (3.1e). Let ²©�5¯ N ��°�5¯X? m�#¯ , ²��E¯ N ��°�8¯t? m�8¯ , ²�� ¯ N �<° �
¯X? m � ¯ , satisfying²©� ¯ �e_�� ; ���³²�� ¯ �e_�� ; ���´²©� ¯ �e_�� ; ���
and let � m�#¯�µ ) � m�E¯�µ ) � m � ¯Mµ ) � and �r°�5¯�µ ) ��°�8¯Mµ ) �±° � ¯Mµ ) � be the corresponding HHT- � solutions
(3.4). Then we have® ¯�µ ) ²©� ¯�µ ) �$® ¯ ²©� ¯G:<; ® ¯ ²�� ¯@: �.>8�7�t?�BC� ; = ® ¯ ²�� ¯: _�� ;s¶ ®�¯4²©�5¯ ¶Q:<; = ¶ ®�¯4²��8¯ ¶Q:<; k ¶ ²��
¯ ¶ ���; ®s¯Mµ ) ²��E¯�µ ) � ; ®�¯4²��E¯ : ��>�?KHJ� ; = ®s¯7²©�
¯: _�� ; = ¶ ®s¯E²©�5¯ ¶Q:<; = ¶ ®�¯4²��E¯ ¶Q:g; k ¶ ²��
¯ ¶ ���; = ²��
¯�µ ) �|_�� ; = ¶ ®s¯4²©�5¯ ¶�:^; = ¶ ®s¯E²��E¯ ¶Q:<; k ¶ ²��
¯ ¶ ���­ ¯�µ ) ²©�5¯�µ ) �|_�� ¶ ®�¯�µ ) ²©�5¯�µ ) ¶ ���­ ¯�µ ) ²��E¯�µ ) �|_�� ¶ ®�¯�µ ) ²©�5¯�µ ) ¶Q:e¶ ®�¯�µ ) ²©�E¯�µ ) ¶ ���
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where ® ¯ N �·®,��� ¯ � m� ¯ �.m { ¯ � , ® ¯�µ ) N �·®,��� ¯Mµ ) � m� ¯�µ ) �Dm { ¯�µ ) � , and m { ¯ �Dm { ¯�µ ) are such that the
constraints (3.2) are satisfied for � m� ¯ � m� ¯ �.m { ¯ � and � m� ¯�µ ) � m� ¯�µ ) �Dm { ¯�µ ) � respectively.

Proof. Let ° {�¯ be such that the constraints (3.2) are satisfied for �r°�5¯
�.°�E¯#� ° {�¯4� and satisfying° {�¯O? m {�¯v�e_�� ; � . By Theorem 4.1 we havem� ¯�µ ) ? m� ¯ �e_�� ; ��� m� ¯�µ ) ? m� ¯ ��_�� ; �M� m � ¯�µ ) ? m � ¯ ��_�� ; ���m� ¯�3 ?�m{ ¯ ��_�� ; �M� m� ¯ ) ?�m{ ¯ ��_�� ; ���°� ¯�µ ) ?h°� ¯ �e_�� ; ����°� ¯�µ ) ?�°� ¯ ��_�� ; �M�§°� ¯�µ ) ?Y° � ¯ ��_�� ; ���°� ¯�3 ? ° { ¯ ��_�� ; �M� °� ¯ ) ? ° { ¯ ��_�� ; ��!
Hence, we also have²©� ¯�µ ) ��_�� ; ���´²©� ¯�µ ) ��_�� ; �M��²�� ¯Mµ ) ��_�� ; ���³²�� ¯�3 �e_�� ; ���³²�� ¯ ) ��_�� ; �M�
where ²©�2¯�3 N � °�2¯�3C? m�2¯�3 , and ²��2¯ )XN � °�2¯ ) ? m��¯ ) . Substracting (3.4abc) for �r°�5¯�µ ) �"°�E¯�µ ) �° �
¯�µ ) � from (3.4abc) for � m�#¯�µ ) � m�E¯�µ ) � m �
¯�µ ) � and linearizing around �-��¯ � m�#¯ � m�E¯#� m � ¯7� we obtain

²��#¯�µ ) �|²©�5¯ :<; ²��E¯ : ;�=� �.�.>G?A�4BC�.²��
¯ : �EBC²��
¯�µ ) �(4.6a) : ;�=� �.�.>G?A�M��� z6�8¸ ¯ ²©� ¯@:Sz � ¸ ¯ ²�� ¯�3 � : �E� zd�8¸ ¯�µ ) ²©� ¯�µ ) :hz � ¸ ¯�µ ) ²©� ¯ ) �.�: _�� ; = ¶ ²©�5¯ ¶ = :g; = ¶ ²��#¯�µ ) ¶ = :g; = ¶ ²���¯�3 ¶ = :<; = ¶ ²��2¯ ) ¶ = �M�²��E¯�µ ) �|²��E¯ :g; �.�D>G?KHJ�.²��
¯ : HJ²©�
¯�µ ) �(4.6b) : ; � � zd�8¸ ¯ ²�� ¯2:Sz � ¸ ¯ ²�� ¯�32:Szd�E¸ ¯�µ ) ²©� ¯Mµ ) :Sz � ¸ ¯�µ ) ²�� ¯ ) �: _�� ;C¶ ²��#¯ ¶ = :<;C¶ ²��#¯�µ ) ¶ = :<;C¶ ²©�2¯�3 ¶ = :<;C¶ ²©�2¯ ) ¶ = �M�²��
¯�µ ) �K�.> : � �*�±
E�8¸ ¯�µ ) ²©�5¯�µ ) : 
E�d¸ ¯�µ ) ²��8¯Mµ ) �ª? � �r
E�8¸ ¯E²©�5¯ : 
E�d¸ ¯4²��E¯E�(4.6c) : _�� ¶ ²©�5¯ ¶ = :e¶ ²©�5¯Mµ ) ¶ = :�¶ ²��8¯ ¶ = :�¶ ²��8¯Mµ ) ¶ = ��|_�� ¶ ²©� ¯q¶Q:e¶ ²©� ¯�µ ) ¶Q:e¶ ²�� ¯
¶Q:�¶ ²©� ¯�µ ) ¶ �M!
From V]�b}��-� ¯�µ ) �"°� ¯Mµ ) �M� V��b}��-� ¯�µ ) � m� ¯�µ ) �M�
we obtain by linearization around ���"¯�µ ) � m�5¯�µ ) �V��^} �8¸ ¯�µ ) ²©� ¯�µ ) : _�� ¶ ²©� ¯�µ ) ¶ = ��!(4.7)

Introducing the expression (4.6a) for ²©�#¯�µ ) we get? >� x"�D>G?h�M�L}7�8¸ ¯�µ ) z6� ¸ ¯ ; = ²���¯�3 : �"}7�8¸ ¯�µ ) z6� ¸ ¯�µ ) ; = ²���¯ ) y(4.8) �^} �8¸ ¯Mµ ) ²©� ¯@:<; } �E¸ ¯�µ ) ²�� ¯: ;�=� �.�.>G?A�4BC�±} �8¸ ¯Mµ ) ²�� ¯@: �4B*} �8¸ ¯�µ ) ²�� ¯�µ ) �: ;�=� �.�.>G?A�M�L} �8¸ ¯�µ ) zd�8¸ ¯ ²�� ¯2: �"} �8¸ ¯Mµ ) z6�8¸ ¯�µ ) ²©� ¯�µ ) �: _�� ; = ¶ ²©�5¯ ¶ = :e¶ ²©�5¯Mµ ) ¶ = :g; = ¶ ²���¯�3 ¶ = :^; = ¶ ²��2¯ ) ¶ = �M!



ETNA
Kent State University 
etna@mcs.kent.edu

198 L. O. JAY AND D. NEGRUT

FromV]�b} � ���.¯�µ ) �"°�#¯�µ ) � : }7�
�-�.¯�µ ) �"°�5¯�µ ) �.°�E¯�µ ) ��V��P} � �-�.¯�µ ) � m�5¯Mµ ) � : }7�
���.¯Mµ ) � m�5¯�µ ) � m�E¯�µ ) �
we obtain by linearization around ���"¯�µ ) � m�5¯Mµ ) � m�8¯Mµ ) �VF�~} � �8¸ ¯�µ ) ²©�5¯�µ ) : }7�M�E¸ ¯�µ ) � m�8¯Mµ ) ��²©�5¯�µ ) � : }7�8¸ ¯�µ ) ²©�E¯�µ )(4.9) : _�� ¶ ²©� ¯Mµ ) ¶ = :�¶ ²�� ¯Mµ ) ¶ = ��!
Introducing the expression for ; ²�� ¯�µ ) from (4.6b) we get? >� x } �8¸ ¯�µ ) z � ¸ ¯7; = ²�� ¯�3�: } �8¸ ¯�µ ) z � ¸ ¯�µ ) ; = ²�� ¯ ) y(4.10) � ; } � �8¸ ¯Mµ ) ²©�5¯�µ ) :g; }7�M�8¸ ¯Mµ ) � m�8¯Mµ ) ��²��#¯�µ ) � :g; }7�8¸ ¯�µ ) ²��E¯:g; = �"�D>G?KH*�L}7�8¸ ¯�µ ) ²©�
¯ : H�}7�8¸ ¯Mµ ) ²��
¯�µ ) �: ;�=� ��}7�E¸ ¯�µ ) z �8¸ ¯4²©�5¯ : }7�8¸ ¯�µ ) z �8¸ ¯�µ ) ²©�5¯�µ ) �: _�� ; = ¶ ²©� ¯q¶ = :g;s¶ ²©� ¯Mµ ) ¶ = :g;s¶ ²�� ¯�µ ) ¶ = :<; = ¶ ²�� ¯�3#¶ = :g; = ¶ ²©� ¯ ) ¶ = �M!
Since by assumption V^�&}*��� ¯ �"°� ¯ � and VP�&}*��� ¯ � m� ¯ � we obtain by linearization around���.¯
� m�5¯4� V��^}7�E¸ ¯E²��#¯ : _�� ¶ ²©�5¯ ¶ = ��!(4.11)

Therefore, we can estimate the term }#�8¸ ¯�µ ) ²©�5¯ in (4.8) by} �8¸ ¯�µ ) ²�� ¯ �P} �8¸ ¯ ²©� ¯G: _�� ;C¶ ²©� ¯q¶ �Q�e_�� ;s¶ ²©� ¯�¶Q:�¶ ²�� ¯
¶ = �M!
We can also estimate the term } �E¸ ¯�µ ) ²�� ¯ in (4.8) and (4.10) by}7�8¸ ¯�µ ) ²��E¯v�b}7�8¸ ¯ ­ ¯4²��E¯ : _�� ;C¶ ²��8¯ ¶ ��!
We also have in (4.8) and (4.10)} �E¸ ¯�µ ) ²�� ¯ �P} �E¸ ¯ ­ ¯ ²�� ¯@: _�� ;s¶ ²�� ¯q¶ ��� } �8¸ ¯�µ ) ²©� ¯�µ ) �^} �8¸ ¯Mµ ) ­ ¯Mµ ) ²�� ¯�µ ) !
For � n�w>8�7� and ; sufficiently small the matrixT �.>G?A���±}7�8¸ ¯�µ ) z6� ¸ ¯¹�"}7�E¸ ¯�µ ) z8� ¸ ¯Mµ )}7�8¸ ¯�µ ) z6� ¸ ¯ }7�8¸ ¯�µ ) z6� ¸ ¯�µ ) W
is invertible and has a bounded inverse. Therefore, from (4.8) and (4.10) we obtain the fol-
lowing estimates for ;�=5¶ ²�� ¯�3 ¶ and ;�=5¶ ²�� ¯ ) ¶ ,; = ¶ ²�� ¯�3 ¶ �|_ � ;s¶ ²©� ¯q¶Q:e¶ ²©� ¯
¶ = :g;s¶ ²©� ¯Mµ ) ¶Q:e¶ ²©� ¯�µ ) ¶ = :g;s¶ ­ ¯ ²�� ¯
¶(4.12a) :<; = ¶ ²��E¯ ¶Q:g;s¶ ²��E¯�µ ) ¶ = :<; = ¶ ­ ¯E²��
¯ ¶Q:<; k ¶ ®�¯E²�� ¯ ¶:<; = ¶ ­ ¯�µ ) ²��
¯�µ ) ¶Q:g; = ¶ ²©�2¯�3 ¶ = :<; = ¶ ²��2¯ ) ¶ = � �; = ¶ ²�� ¯ ) ¶ �|_ � ;s¶ ²©� ¯q¶Q:e¶ ²©� ¯
¶ = :g;s¶ ²©� ¯Mµ ) ¶Q:e¶ ²©� ¯�µ ) ¶ = :g;s¶ ­ ¯ ²�� ¯
¶(4.12b) :<; = ¶ ²�� ¯
¶Q:g;s¶ ²�� ¯�µ ) ¶ = :<; = ¶ ­ ¯ ²�� ¯
¶Q:<; k ¶ ® ¯ ²�� ¯�¶:<; = ¶ ­ ¯�µ ) ²�� ¯�µ ) ¶Q:g; = ¶ ²©� ¯�3 ¶ = :<; = ¶ ²�� ¯ ) ¶ = �s!
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Multiplying (4.6a) and (4.6b) from the left by ® ¯�µ ) and ; ® ¯Mµ ) respectively, using® ¯Mµ ) z � ¸ ¯ ��_�� ; ���"® ¯Mµ ) z � ¸ ¯�µ ) �bV , we get®s¯Mµ ) ²©�5¯Mµ ) �b®�¯7²©�5¯ :<; ®�¯4²��E¯ : ;�=� �.�.>G?A�4BC�D®�¯7²��
¯ : �4BF®�¯�µ ) ²©�
¯�µ ) �(4.13a) : _�� ;s¶ ²©� ¯
¶Q:<; = ¶ ²©� ¯�µ ) ¶Q:<; = ¶ ²�� ¯
¶Q:g; k ¶ ²�� ¯
¶Q:<; k ¶ ²�� ¯�3
¶:g; = ¶ ²©� ¯
¶ = :<; = ¶ ²©� ¯Mµ ) ¶ = :g; = ¶ ²�� ¯�3 ¶ = :<; = ¶ ²�� ¯ ) ¶ = ���; ® ¯�µ ) ²�� ¯�µ ) � ; ® ¯ ²�� ¯G:g; = �.�.>G?IHJ�D® ¯ ²�� ¯@: H*® ¯�µ ) ²©� ¯�µ ) �(4.13b) : _�� ; = ¶ ²�� ¯
¶Q:g; = ¶ ²�� ¯�µ ) ¶Q:g; = ¶ ²©� ¯
¶Q:<; k ¶ ²�� ¯
¶Q:g; k ¶ ²�� ¯�3
¶:g; = ¶ ²©�5¯ ¶ = :<; = ¶ ²©�5¯Mµ ) ¶ = :g; = ¶ ²���¯�3 ¶ = :<; = ¶ ²��2¯ ) ¶ = ��!
Inserting the estimates (4.12) and (4.6c) into (4.13) we obtain® ¯�µ ) ²©� ¯Mµ ) �b® ¯ ²©� ¯@:<; ® ¯ ²�� ¯G: �.>8�4�X?�BC� ; = ® ¯ ²�� ¯(4.14a) : _�� ;s¶ ²©� ¯�¶Q:g; = ¶ ²�� ¯�µ ) ¶Q:<; = ¶ ²�� ¯
¶Q:<; = ¶ ²�� ¯�µ ) ¶Q:g; k ¶ ²©� ¯
¶ ���; ® ¯�µ ) ²�� ¯�µ ) � ; ® ¯ ²�� ¯G:g; = �.>G?IHJ�D® ¯ ²�� ¯(4.14b) : _�� ; = ¶ ²©�5¯ ¶Q:<; = ¶ ²©�5¯�µ ) ¶Q:g; = ¶ ²��E¯ ¶Q:g; = ¶ ²©�E¯�µ ) ¶Q:<; k ¶ ²��
¯ ¶ ��!
From (4.7) we have ­ ¯�µ ) ²©� ¯�µ ) ��_�� ¶ ²©� ¯�µ ) ¶ = ��!
Thus,²©�5¯Mµ ) �$®�¯�µ ) ²��#¯�µ ) : ­ ¯�µ ) ²©�5¯�µ ) ��®�¯�µ ) ²©�5¯�µ ) : _�� ¶ ²©�5¯�µ ) ¶ = ��$®�¯�µ ) ²��#¯�µ ) : _�� ¶ ®s¯Mµ ) ²©�5¯Mµ ) ¶ = �Q��®s¯Mµ ) ²©�5¯Mµ ) : _�� ;s¶ ®�¯�µ ) ²©�5¯�µ ) ¶ �M!(4.15)

Similarly, from (4.11) we have²��#¯v��®s¯5²©�5¯ : _�� ;C¶ ®s¯4²©�5¯ ¶ ��!(4.16)

From (4.9) we have­ ¯�µ ) ²�� ¯�µ ) ��_�� ¶ ²�� ¯�µ ) ¶ª:<;s¶ ²�� ¯�µ ) ¶ �ª�e_�� ¶ ® ¯�µ ) ²©� ¯�µ ) ¶Q:<;C¶ ²©� ¯�µ ) ¶ ��!
Therefore,²�� ¯�µ ) �9® ¯�µ ) ²�� ¯Mµ ) : ­ ¯ ²�� ¯Mµ ) ��® ¯�µ ) ²�� ¯�µ ) : _�� ¶ ²©� ¯�µ ) ¶Q:g;s¶ ²�� ¯�µ ) ¶ ��9® ¯�µ ) ²�� ¯Mµ ) : _�� ¶ ® ¯�µ ) ²©� ¯�µ ) ¶Q:<;C¶ ® ¯�µ ) ²�� ¯�µ ) ¶ ��!(4.17)

Similarly, from V��^} � �-�.¯ ��°�#¯4� : }7�#�-�.¯ �"°�#¯4�.°�E¯ and V]�b} � ���.¯ � m�5¯E� : }7�
���.¯ � m�5¯E� m�E¯ we have²��E¯l��®�¯4²��E¯ : _�� ¶ ®s¯5²©�5¯ ¶Q:g;s¶ ®�¯4²��E¯ ¶ �M!(4.18)

Taking into account the above estimates (4.15)-(4.16)-(4.17)-(4.18) into (4.14) finally leads
to the desired result.

Global convergence of the HHT- � method (3.4) can now be proved:
THEOREM 4.5. Consider the overdetermined system of DAEs (3.1) with initial condi-

tions ���737�"�d38� at �L3 and �#3 satisfying}��-�L37���436�Q��Vq�§} � ���L35�.�438� : }7�
�-�L37���436�.�d3X��Vq�º�#3@?A�����L3 : � ; �Q�e_�� ; ��!
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Then the HHT- � solution �-�5»*���8»���� »q� to the system of equations (3.4) satisfies for V�� ; � ;�3
and �D»�?K� 3 ��¼ ; �P½v�8¼F¾��� » ?����-� » �i��_�� ; = ���³� » ?A���-� » �Q��_�� ; = ����� » ?������ » : � ; �i��_�� ; = �/��¼A¿�>8���
where ���*���.�M�������.��� is the exact solution to (3.1) at � passing through �-�73#���63d� at �L3 and �����.� is
given by (3.1c).

Proof. We consider two neighboring HHT- � approximations �-� ¯MÀ¯ ��� ¯MÀ¯ ��� ¯MÀ¯ � » ¯�ÁF¯MÀ ,��� ¯ À '*)¯ ��� ¯ À '*)¯ ��� ¯ À 'J)¯ � » ¯�ÁF¯MÀ with Â ) �Ã>7�d!�!d!M�.¼ and we denote their difference by ²©� ¯ N �� ¯MÀ¯ ?g� ¯MÀ 'J)¯ , ²©�E¯ N �(� ¯MÀ¯ ?^� ¯MÀ '*)¯ , ²��
¯ N �(� ¯MÀ¯ ?<� ¯MÀ '*)¯ . We assume that ²©�#¯Ä�Å_�� ; � ,²��E¯I�¨_�� ; � , ²��
¯I�¨_�� ; � . These assumptions can be justified by induction, see below.
For Â9�jÂ ) , ²©�5¯MÀ8��²©�E¯MÀ6��²�� ¯MÀ are just the local error (4.2) of the HHT- � method (3.4) with��� ¯MÀ¯MÀ ��� ¯MÀ¯MÀ � being the exact solution passing through �-� ¯MÀ 'J)¯MÀ '*) ��� ¯MÀ 'J)¯MÀ '*) � and ��� ¯MÀ '*)¯MÀ ��� ¯MÀ 'J)¯MÀ ��� ¯MÀ '*)¯MÀ �
being the HHT- � numerical approximation from the same point. The HHT- � approxima-
tions satisfy the constraints (3.1d)-(3.1e) and we get by application of Theorem 4.4 forÂ,��Â ) �d!�!d!��.¼|?^>® ¯�µ ) ²©� ¯�µ ) �9® ¯ ²�� ¯2:<; ® ¯ ²�� ¯G: �.>8�7�t?�BC� ; = ® ¯ ²�� ¯: _�� ;s¶ ®�¯4²©�5¯ ¶Q:<; = ¶ ®�¯4²��8¯ ¶Q:g; k ¶ ®s¯E²��
¯ ¶Q:<; k ¶ ­ ¯E²��
¯ ¶ �M�®�¯�µ ) ²©�E¯�µ ) �9®s¯5²©�E¯ : �D>G?KH*� ; ®�¯4²�� ¯: _�� ;s¶ ®�¯4²©�5¯ ¶Q:<;C¶ ®s¯4²��E¯ ¶Q:<; = ¶ ®�¯4²�� ¯ ¶Q:g; = ¶ ­ ¯E²�� ¯ ¶ ���; ®s¯Mµ ) ²��
¯�µ ) �$_�� ;s¶ ®�¯7²©�5¯ ¶Q:<;C¶ ®s¯E²��E¯ ¶Q:<; = ¶ ®�¯E²�� ¯ ¶Q:g; = ¶ ­ ¯E²�� ¯ ¶ ���; ­ ¯�µ ) ²��
¯�µ ) �$_�� ;s¶ ®�¯7²©�5¯ ¶Q:<;C¶ ®s¯E²��E¯ ¶Q:<; = ¶ ®�¯E²�� ¯ ¶Q:g; = ¶ ­ ¯E²�� ¯ ¶ ��!
Taking a norm of these expressions leads to the estimates���� ¶ ®�¯�µ ) ²©�5¯�µ ) ¶¶ ®s¯�µ ) ²��E¯�µ ) ¶;C¶ ®s¯Mµ ) ²��
¯�µ ) ¶;C¶ ­ ¯�µ ) ²©�
¯�µ ) ¶

¡£¢¢¤ �^% ���� ¶ ®s¯7²��#¯ ¶¶ ®�¯4²��8¯ ¶;s¶ ®�¯E²��
¯ ¶;s¶ ­ ¯E²��
¯ ¶
¡£¢¢¤

with matrix

% N � ���� > : _�� ; � ;©: _�� ; =8� ;CÆ )= ?AB Æ�: _�� ; =8��_�� ; =6�_�� ; � > : _�� ; � Æ >G?KH Æ�: _�� ; � _�� ; �_�� ; � _�� ; � _�� ; � _�� ; �_�� ; � _�� ; � _�� ; � _�� ; �
¡ ¢¢¤ !

Defining the matrix Ç N � ���� >ÈV V VV >¹? Æ >2?KH Æ VV¥V > VV¥V V >
¡ ¢¢¤ �

we can first transform the matrix % by a similarity transformation to the formÉ N � Ç '*) % Ç � ���� > : _�� ; � ;�: _�� ;�= � ; � Æ )= ?�B Æ ? Æ >G?KH Æ � : _�� ;�= �º_�� ;�= �_�� ; � > : _�� ; � _�� ; � _�� ; �_�� ; � _�� ; � _�� ; � _�� ; �_�� ; � _�� ; � _�� ; � _�� ; �
¡ ¢¢¤ !
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For the matrix
É

there is a first linear invariant subspace Ê ) =�ËÅÌsÍ associated to the two
eigenvalues Î ) �Ï> : _�� ; � and Î = �¨> : _�� ; � . This subspace Ê ) = is of the form Ê ) = �
span �-Ð ) : _�� ; �M��Ð = : _�� ; �.� where Ð )�N �«�D>5��Vq�"Vq�"V5�D� R ÌCÍ and Ð = N �o�rVq�d>7��V���V#�D� R ÌsÍ .
For the matrix

É
there is also a second linear invariant subspace Ê k Í Ë�ÌsÍ associated to the

two eigenvalues Î k �bV : _�� ; � and Î Í ��V : _�� ; � . This subspace Ê k Í is of the form Ê k Í �span �-Ð k : _�� ; �M��Ð Í : _�� ; �.� where Ð k N �«�-V���Vq�d>7�"V5�D� R ÌCÍ and Ð Í N �o�rVq�"Vq��V���>8�D� R ÌsÍ .
Therefore, there is a transformation Ê\� � : _�� ; � with inverse Ê9'*)X� � : _�� ; � such thatÉ Ê���Ê�Ñ with Ñ block-diagonal, i.e.,

Ñ N ��Ê '*) É Ê�� ���� > : _�� ; � _�� ; � V V_�� ; � > : _�� ; � V VV V _�� ; ��_�� ; �V V _�� ; ��_�� ; �
¡ ¢¢¤ !

For ���^Òp�^¼ , from Ò ; �g¼ ; �P½v�8¼F¾d� we obtain

%wÓ�� Ç ÊlÑ�ÓvÊ 'J) Ç 'J) � ���� _��D>8�Ô_��.>6�Ô_��.>6� _�� ; �_��D>8�Ô_��.>6�Ô_��.>6� _�� ; �_�� ; ��_�� ; ��_�� ; ��_�� ;�= �_�� ; ��_�� ; ��_�� ; ��_�� ; = �
¡£¢¢¤ �

giving���� ¶ ®s»q²©�7» ¶¶ ®s»q²��8» ¶;C¶ ®C»q²�� » ¶;s¶ ­ » ²�� » ¶
¡ ¢¢¤ � ���� _��D>8�Õ_��.>6�Ô_��.>6� _�� ; �_��D>8�Õ_��.>6�Ô_��.>6� _�� ; �_�� ; ��_�� ; ��_�� ; ��_�� ;�= �_�� ; ��_�� ; ��_�� ; ��_�� ;�= �

¡ ¢¢¤ ���� ¶ ®s» ' Ó ²©�7» ' Ó ¶¶ ®s» ' Ó ²��8» ' Ó ¶;C¶ ®C» ' Ó ²�� » ' Ó ¶;s¶ ­ » ' Ó ²©� » ' Ó ¶
¡ ¢¢¤ !

By Theorem 4.4 we have­ ¯E²©�5¯l�e_�� ¶ ®�¯4²©�5¯ ¶ ��� ­ ¯E²��E¯v�e_�� ¶ ®s¯7²��#¯ ¶Q:�¶ ®s¯7²©�E¯ ¶ ��!
Hence since ²©�#¯v��®s¯5²©�5¯ : ­ ¯E²©�5¯ and ²©�E¯l��®s¯7²©�E¯ : ­ ¯4²��E¯ , we get�� ¶ ²©�7» ¶¶ ²©�8» ¶¶ ²�� » ¶ ¡¤ �P½ �� ¶ ²©�7» ' Ó ¶Q:e¶ ²��8» ' Ó ¶Q:g;s¶ ²�� » ' Ó ¶¶ ²©�7» ' Ó ¶Q:e¶ ²��8» ' Ó ¶Q:g;s¶ ²�� » ' Ó ¶¶ ²©�7» ' Ó ¶Q:e¶ ²��8» ' Ó ¶Q:g;s¶ ²�� » ' Ó ¶ ¡¤ !(4.19)

First, we consider the HHT- � solution using the exact value ���-�.3 : � ; � . We denote it
by � � ¯ � �#¯ � � ¯4� »¯�Á*3 . For Âh�(V we have � 3 �(�73 , �43$�(�63 , and �#3$�(���-�L3 : � ; � . TakingÒ N ��Â ) in (4.19) leads to¶ ²©� » ¶ �<ÖM� ; k � ¶ ²�� » ¶ �^Ö�� ; k � ¶ ²�� » ¶ �^Ö�× ; k !
The assumptions ²©�#¯9�(_�� ; � , ²��8¯$�(_�� ; � , ²©�
¯|�·_�� ; � are thus justified by induction
on Â . Summing up these estimates we obtain¶ �*��� » ��? � » ¶ � »Ø¯ À Á ) ¶ � ¯MÀ» ?�� ¯MÀ 'J)» ¶ �^Ö��8¼ ; k �b½�� ; = �

¶ �����D»
��? �7» ¶ � »Ø¯MÀ.Á ) ¶ � ¯MÀ» ?A� ¯MÀ '*)» ¶ �<Ö � ¼ ; k �^½ �E; = �
¶ ����� » : � ; ��? � » ¶ � »Ø¯ À Á ) ¶ � ¯ À» ?A� ¯ À '*)» ¶ �^Ö�×6¼ ; k �^½2× ; = !



ETNA
Kent State University 
etna@mcs.kent.edu

202 L. O. JAY AND D. NEGRUT

Now, suppose that � 3 satisfies � 3 �Ù����� 3�: � ; � : _�� ; � . We denote the corresponding
HHT- � solution using this approximate value of � 3 by �-� ¯ �"� ¯ ��� ¯ � » ¯MÁ*3 . We want to estimate¶ � » ? � » ¶ , ¶ � » ? � » ¶ , and ¶ � » ? � » ¶ . Using (4.19) for Ò¨�P¼ , since � 3 ���43 and �73O���d3 ,
we simply obtain �� ¶ � » ? � » ¶¶ � » ? � » ¶¶ � »©? � » ¶ ¡¤ �P½ �� ;s¶ �#3G? �#3 ¶;s¶ �#3G? �#3 ¶;s¶ � 3 ? � 3 ¶ ¡¤ ��_�� ; = �
since �#3�? �53O�b�#3�?������L3 : � ; �Q�e_�� ; � . The assumptions � ¯�? � ¯ �e_�� ; � , �E¯�? �5¯l��_�� ; � ,�
¯v? �
¯©�f_�� ; � are also justified by induction on Â . By combining the above estimates we
finally we get the desired result¶ �7»�?��*���D»q� ¶ � ¶ �5»�? � » ¶Q:�¶ � » ?����-�D»q� ¶ ��_�� ; = �M�¶ � » ?������ » � ¶ � ¶ � » ? � » ¶Q:e¶ � » ?A���-� » � ¶ �e_�� ; = �M�¶ � » ?A���-� » : � ; � ¶ � ¶ � » ? � » ¶Q:e¶ � » ?����-� » : � ; � ¶ ��_�� ; = ��!
Remark that the proof of this Theorem remains valid with variable stepsize provided the
values � ¯ are corrected for example by (2.3).
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FIG. 5.1. Global errors ÚLÛ�ÜvÝ�Û4Þàß�Ü
áDÚ.â/Þäãªá , ÚDå"ÜvÝ~å8Þàß�Ü áLÚ.â/Þ�æ�á , ÚDç�ÜlÝ,çEÞ�ß�ÜXè|�
é7áDÚ.â/ÞLê�á for first test
problem at ß Ü©ëhì and the extended HHT- � method Þ�� ë ÝFí6î ì.ï6ð±ñsë í6î òMá . One observes global convergence of
order ó in é .

5. Numerical experiments.

5.1. A first test problem. We consider the following mathematical test problemT �
	)�
	= W � T � )� = W � T �5	)�5	= W � T � ) � = : �4� = � ) : Ð � � ) { ))= � = � = ?h�E� ) � ) � = � = : � = { = ) W �ô Vgõ � ô � =) � = ?^>Kõ � ô Vgõ � ô �4� ) � = � ) : � =) � = õ !
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FIG. 5.2. Global errors ÚLÛ�ÜvÝ�Û7Þàß�Ü
áLÚ â Þ�ãªá , ÚDå�ÜlÝ�å8Þ�ß�Ü
áLÚ â Þäæ�á , ÚDçdÜlÝ,çEÞ�ß�ÜXè|�
é7áLÚ â ÞDê�á for first test
problem at ß-Ü ë�ì and the extended HHT- � method Þä� ë ÝFí6î ì.ï6ðrñCë í6î òMá with modification (3.5). One observes
global convergence of order ó in é .
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FIG. 5.3. Global errors ÚLÛMÜvÝ�Û4Þ�ß�Ü
áLÚ.â/Þäãªá , ÚDå"ÜOÝ,å8Þàß�Ü áLÚ.â/Þ�æ�á , ÚDç�Ü�Þ�é Ü7ö�÷ á�Ý�ç4Þàß�ÜXè$�
é Ü7ö�÷ áDÚ.â/ÞLê�á
for first test problem at ß ÜOë�ì and the extended HHT- � method Þä� ë ÝFí6î ì.ï6ðrñCë í6î òMá with variable stepsize and
unmodified ç Ü . One observes global convergence of order ì in é .

Notice that these equations are nonlinear in { ) . Consistent initial conditions at �.3,�·V
are given byT � ) �rV5�� = �rV5� W,� T >> Wv� T � ) �-V#�� = �-V#� W~� T >?t� WX� ô { ) �rV5� õ � ô > õ !
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The exact solution to this system of DAEs is given byT � ) ���.�� = ���.� W,� T Ð �Ð5' = � WO� T � ) �-�.�� = �-�.� W~� T Ð �?t�7Ð5' = � Wv� ô { ) ���.�9õ � ô Ð5' � õ !
We have applied the extended HHT- � method (3.4) with parameters � ��?@Vq!�>6ø and �@��Vq! �
for various stepsize ; . We observe global convergence of order � at �~�ù> in Fig. 5.1 as
expected from Theorem 4.5. In Fig. 5.2 we have repeated the same numerical experiment
by simply replacing � ) in � ) with (3.5). We still observe global convergence of order � . In
Fig. 5.3 we have applied the HHT- � method with variable stepsize alternating between ; �E�
and � ; �4� . We have plotted in Fig. 5.3 the error versus the average stepsize ; �4� . We observe a
reduction to convergence of order one as expected from the remarks in Section 2. To reestab-
lish second order convergence for variable stepsize we have made use of the modification
(2.3) for � » , i.e., �#» N ��
��-�D»��.�7»��"�6»q� : ; »; » '*) �-� »J� ; » 'J) ��?h
����D»����7»����8»q�.�M!
We have applied again the HHT- � method with variable stepsize alternating between ; �E�
and � ; �4� using this modification. This time we observe second order global convergence in
Fig. 5.4.
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FIG. 5.4. Global errors ÚLÛ Ü Ý�Û7Þàß Ü áLÚ â Þ�ãªá , ÚDå Ü Ý,å8Þàß Ü áLÚ â Þ�æ�á , ÚDç Ü Þ�é Ü4ö�÷ á�Ý�ç4Þàß Ü è9�
é Ü7ö�÷ áLÚ â ÞLê�á
for first test problem at ß ÜlëKì and the extended HHT- � method Þä� ë ÝFí6î ì.ï6ð±ñFë í6î òMá with variable stepsize and
modified ç�Ü (2.3). One observes global convergence of order ó in é .

5.2. A pendulum model. The pendulum model in Fig. 5.5 was used to carry out a
second set of numerical experiments. Using the notation �7úF��� 	ú ( ûs�f>5�"�q��� ), the constrained
equations of motion associated with this model are�� Ò[�5	)Ò[�5	=Ó�ü�ýk �#	k

¡¤ � �� V?GÒ$}?@ÖM� k ?hÂ�þ�x-� k ? k"ÿ= y
¡¤ ? �� > VV >������� �-� k �´? ���	�
� �-� k �

¡¤ T { ){ = W �
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FIG. 5.5. Pendulum model.

while the constraint equations at the position and velocity levels areT VV W � T � ) ? ������� ��� k �� = ? ������� ��� k � W � T VV W � T � ) : ���
��� �-� k �.� k� = ? ���	�
� �-� k �.� k W !
The parameters associated with this model are as follows: mass ÒÏ��ø , length

� �e� , spring
stiffness ÂA�(�5V7V5V , damping coefficient Ö,�¨>6V7V , gravitational acceleration }����q! �q> . All
units used herein are SI units. The evolution of the pendulum angle � k ��� on the time
interval � V�� Z�� is shown in Fig. 5.6.

In the numerical experiments, the pendulum is started from an initial position that cor-
responds to � k �Å���C�4� , and � k � >6V . A reference solution was generated by applying an
explicit Runge-Kutta method of order 4 (RK4) with a small constant stepsize ; ��Vq! V7V5V7Vq> .
The explicit integrator RK4 was used in conjunction with an equivalent underlying ODE
problem that provided directly the time evolution of � k� 	k ��� k � Z Ò � =� � 	k : ÖM� k : Â©þ � � k ? ���� � : Ò$} ������� ��� k �Q��Vq!
Figs. 5.7 and 5.8 support the convergence results obtained in Theorem 4.5. The global error
in � k and � k at time �|�u� is plotted in these figures versus a series of stepsize used for
integration. The plots confirm that the global errors Æ � k ¸ » ?e� k �-� » � Æ and Æ � k ¸ » ?e� k �-� » � Æ
associated with the extended HHT- � method (3.4) are of order two. Note that Figs. 5.7
and 5.8 report results for � ��Vq�"�2��V and � ��?@Vq! �q���/��V respectively.

6. Extension of the HHT- � method to DAEs with index � constraints. Consider
semi-explicit index � DAEs of the form� 	 �$���(6.1a)
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FIG. 5.6. Time evolution of pendulum angle Û	� .� 	 �~� :Sz �-���.���������2���(6.1b) �Q�9
��-���.����� ���(6.1c) VC�9ÂJ�����.���"�#�M�(6.1d)

where we assume Â � ���������"�#� z�� �-���.���������2� is invertible in the region of interest. We can con-
sider for example ÂJ�����.���"�#�@��}7�������.�q� : } � �������
�.� from (3.1e) and z �����.���"���
���t� z ���������
���
from (3.1b). We propose a generalization of HHT- � methods for the system (6.1) similar to
(3.4), � ) �~� 3/:g; � 3/: ; =� �.�.>@?h�EBC�.� 3/: �EBC� ) � : ; =� � )�� = �� ) �9�63 :<; ���D>G?KH*�.�53 : H*� ) � :<; � ).� = �� ) �I�.> : � �.
��-� ) ��� ) �"� ) ��? � 
��-�L35���434���638���
where � )�� = � z �
�L3 : ; � ���43 : ; � �637� >� �-�63 : � ) �M��� )�� = � !
The algebraic variable � )�� = is determined by the constraintV���Â*��� ) �.� ) ��� ) �M!
Hence, the numerical solution satisfies the constraint (6.1d) at each timestep. By replacing
the expression for � ) explicitly in this equation, we obtain equivalentlyV�� >; Â*�-� ) ��� ) ���63 :<; x��.>G?KHJ�D�#3 : H*� ) � :<; � )�� = y !
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FIG. 5.7. Global errors � Û��! Ü Ý©Û��dÞàß�Ü á"��Þäãªá , � å
�! Ü Ý©å!��Þ�ß�Ü
á"��Þ�æ�á at ß�Ü ë ó for a simple pendulum and the
extended HHT- � method Þ�� ë í ð±ñJë íMá . One observes global convergence of order ó in é .

Existence and uniqueness of the numerical solution ��� ) ��� ) �"� ) ��� )�� = � is ensured and can be
shown by application of the implicit function theorem. When Â*����������� � is linear in � andz �����.���"���
��� is linear in � we obtain a linear equation for � )�� = . However, since generallyÂ*����������� � or 
����������"�#� are nonlinear in � , we generally have a system of nonlinear equations
to solve in terms of � ) . If Â*���������"�#� and 
������.���"�#� are linear in � and � , and if z ���������"���
��� is
linear in � , we obtain a system of linear equations for ��� ) ��� ) ��� ) �#� ).� = � . Global second order
convergence of the new extended HHT- � method can be proved in a similar way as for (3.1).

7. Conclusion. In this paper we have presented second order extensions of the HHT- �
method for systems of ODAEs with index � and index � constraints arising for example in
mechanics. We have given detailed mathematical proofs of convergence of extensions of the
HHT- � method for semi-explicit ODAEs with index � constraints and underlying index �
constraints. We have taken into account the structure of the equations to extend the HHT-� method to DAEs in order to keep its second order accuracy. We have also proposed an
elementary way to preserve the second order of the HHT- � method when using variable step-
size, a technique which is also relevant for the HHT- � method when applied to ODEs. The
HHT- � method and its extensions to DAEs is relatively simple to express and to implement.
However, its analysis in the context of DAEs was found to be surprisingly difficult.

After the submission of this manuscript, we learned about a similar extension of the
generalized- � method found independently by Lunk and Simeon [10]. They consider prob-
lems of the form (3.1) with z ���������"{�� linear in { , whereas in our paper z �-���.���"{�� may be
nonlinear. Their extension is slightly different, when z ����������{��$� z �������
��{ they replace in
(3.4a) the term �.>i?I�M�.�X3 : ��� ) �f�.>i?I�M� z �-�L35���436�.�i3 : � z ��� ) �.� ) �D� ) by �.�D>/?I�M� z �-�L35���436� :� z ��� ) �.� ) �.�.� 3 .
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FIG. 5.8. Global errors � Û	�! Ü Ý�Û��dÞ�ß�Ü á���Þ�ãªá , � å!�! Ü Ý©å!�6Þàß�Ü á"�MÞäæ�á at ß�Ü ë ó for a simple pendulum and the
extended HHT- � method Þä� ë ÝFí6î ò ð�ñJë íMá One observes global convergence of order ó in é .
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