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PIECEWISE BILINEAR PRECONDITIONING OF
HIGH-ORDER FINITE ELEMENT METHODS*

SANG DONG KIMT

Abstract. Bounds on eigenvalues which are independent of both degrees of high-order elements and mesh sizes
are shown for the system preconditioned by bilinear elements for high-order finite element discretizations applied to
a model uniformly elliptic operator.
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1. Introduction. High-order finite element methods for discretizing a second-order uni-
formly elliptic partial differential equation lead to a linear equation Ly2U = F' which re-
quires efficient iterative methods, such as Schwarz-based methods (see [5, 14, 17]), precon-
ditioning methods related to multilevel methods, multigrid methods (see [6, 7, 8]), etc. This
is because such linear systems have large condition numbers which depend on the order of
the elements used and the mesh spacing. In particular, an algebraic multigrid (AMG) method
is useful in the case of irregular grids. However it was reported that a direct application of
AMG to LN2U = F'is not so efficient; see [8, 16]. The convergence factor degrades rapidly
as the order of the elements is increased. For the case of Stokes and elasticity equations, the
complexity from the high-order finite element discretizations for AMG is even worse than
that of a simple elliptic partial differential equation.

In [6] and [8], a preconditioner constructed by using the Legendre-Gauss-Lobatto quadra-
ture points in each cell as mesh points for a bilinear discretization. The finite element pre-
conditioning can be approximately inverted by one AMG V-cycle. This approach has several
advantages, including the possibility to avoid assembly of the high-order stiffness matrix. Nu-
merical results show that this preconditioning is very effective, especially when accelerated
by a conjugate gradient method. It also has the advantage of a straightforward matrix-free
implementation for the fine grid high-order element matrix. In this paper, it is proven that
the preconditioning yields a preconditioned system with condition number bounded indepen-
dently of the mesh space and the polynomial order of the spectral elements.

In order to show that such a bilinear preconditioning is effective, we will consider a
uniformly elliptic boundary value problem, like

(1.1 Lyu:=-V-p(x,y)Vu+g(z,y)u in Q= (-1,1)x (-1,1)
with boundary conditions
(1.2) u=0 on I'p, n-Vu=0 on Ty

where I' = T'p U 'y with a nonempty I'p. Further, we assume that p(z,y) is a strictly
positive function and ¢(z,y) is a nonnegative smooth bounded function on 2. The piece-
wise bilinear finite element preconditioner will be constructed by another uniformly elliptic
boundary operator B, like

Bv:=-V-Vv+2v in Q=(-1,1)x(=1,1)
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with the same boundary (1.2). This operator B yields a matrix §h2 to reduce the condition
number of a matrix L2 induced by high-order elements applied to (1.1)

For convenience, we assume throughout this paper that the Dirichlet part of the boundary
I'is

(1.3) I'p={-1} x [-1,1]U[-1,1] x {-1}.

The main object of this article is to prove that the eigenvalues of (Ehg)*li n2 are inde-
pendent of the degrees of high-order elements and the mesh sizes. As a result the condition
numbers of the preconditioned systems are fixed and small, so that the complexity is no
longer a problem when the AMG algorithm is applied. This allow one to employ multigrid
algorithms for solving problems like (1.1) with high-order element discretizations, which
guarantees convergence of the strategy of preconditioning the high-order matrix with a bi-
linear or trilinear matrix based on Legendre-Gauss-Lobatto quadrature nodes well suited to
a solution by multigird methods. For a single spectral element, this kind of preconditioning
was analyzed for Legendre spectral collocation methods in [3, 12, 13, 15], for example.

The goal of this paper can be achieved by extending the results of [12] to high-order
elements and by applying H', L, estimates in [18] of a local interpolation operator Z. Nt 1O
a global interpolation operator I]’(,t‘. Further, we note that such an H' semi-norm estimate
of the local interpolation operatorjdeﬁned on a space of piecewise linear functions can be
extended to the space of H' by modifying the relevant results in [1]. We also note that the
discussions here can be extended to singular value results for general elliptic operators which
are not positive definite. For this, one should refer to [12].

This paper is organized as follows. In the next Section, we recall some known results
on piecewise polynomial bases, interpolation operators, etc. In Section 3, we extend the
results in [12] and [ 18] which lead to one and two dimensional preconditioning results for the
constant coefficients case in Section 4. The variable coefficients case is dealt with in Section 5
using the tensor representation that appeared in [4]. In Section 6, we provide some numerical
results which support the theories developed. Finally, we mention some conclusions in the
last Section.

2. Preliminary. With the direction notation ¢ = z or y, we assume that M? and N; are

natural numbers. Let {t‘k},]c‘/lzi0 be the knots in the interval I = [—1, 1] such that
1=ty <t1 <---<tpr_q <tpr:=1.

Let {n }QZ o and {wk}i\z o be the Legendre-Gauss-Lobatto (=:LGL) points in I arranged by
—l=imo <m <o <nntog <7np =1

and its corresponding LGL weights respectively. Here M? denotes the number of subinter-
vals of I = [—1,1] and N, Jt denotes the number of LGL points on a j** subinterval by a

translation of I By the translation from I to a j** subinterval I; = [tj—1,t;] we denote

G:={¢& k}] N k o as the k*"— LGL points in each subinterval I} for j = 1,2,--- , M" and
enumerate them as

2.1 0= b1 <&y < <& Ny <t =6 e
J J
where
ht 1
G =5+ 5t +t), hj=ti—tia
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and the corresponding LGL weights {p’ k}gio are given by

t h.); L t
(22) Pjk = ?wka J = 172a"' aM .

With €f\/ﬂ+1,o := t, note that in (2.1) and (2.2)

(2.3) §§71,N} = 5;,0, p;'fl,N} = P;,Oa j=2, , M'+1.

Let Py, be the space of all polynomials pg(t) defined on I whose degrees are less than
or equal to k and let PJ’(” be the subspace of C[—1, 1] consisting of piecewise polynomials
2

of degree less than or equal to IV ]t in I;. The basis for 73]’(” is given by a piecewise La-
. . Mt,N?—l ’ t t_
grange polynomial basis {¢(j71)N;+k)}j:1,kJ:1 U{¢o} U {¢MtN;. }Jﬂil and {¢jN;. }]AL !
with respect to G which satisfy
$u(&v) = Op,v, where p = (j — 1)Ngt +kov=_(i— I)N]t +4q
90(€x) = Go.u 4= 0,1+, N,
¢MtN;(£u) = 6MtNJ?“u7 m= (Mt - I)N]ta o JMtN;J

and
Gint (€u) = Ojnt > = 1,2, - MU =1, (j - 1)N; < p < (§+1)N}

where k = 1,2,--- ,Nj —1,¢q = 0,1,--- ,N} and 4,j = 1,---M" and § denotes the
Kronecker delta function. Even though this Lagrangian basis is actually rather easy to work
with providing preconditioning results, one may prefer another basis {¢,(¢)}. The change
of basis may be accomplished algebraically by use of the matrix G given by G, = ¢, (€,).
Then if H is any matrix representation of an operator H : ’PJI(H - ’Pﬁ” given in terms of the

representations via the {(,, } basis then the matrix representation H of H in the Lagrangian
basis {¢,} is given by H = GHG 1. Hence it may be enough for us to use the above
piecewise Lagrangian basis functions in this paper. For two dimensional high-order space, let

[PR)? =Py ® PRy,
J J
whose basis functions are given by tensor products of one dimensional piecewise Lagrange
polynomials. Let Vur: be the space of all piecewise Lagrange linear functions ¢ (z) with
respect to {nk}kN; o on I. Define VJ’(” as the space of all piecewise Lagrange linear functions

t

M',N! . . . N
{'gb; 1 ()} =1 Lo With respect to G. For two dimensional piecewise linear space, let
h12 h h
[VN]" == Vs © YNy
whose basis functions are given by tensor products of one dimensional piecewise Lagrange

linear functions.
Define two interpolation operators Zy¢ : C[—1,1] = Pyt (I) such that

(IN;U)(W) =u(n), u€C[-1,1]
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and Z%, : C[-1,1] = P&, (I) such that
J J
h £\ (et
(IN;U)( j,k) = o j,k)a v e C[-1,1].

Define a discrete inner product (u,v) 5y on C[—1,1] x C[-1,1] as

Mt N;—l
(u,v)N = z Z w(€S )o(ES 1) P5 sk + U(ﬁf\/p,N;)v(&/p,N;)P%t,N;

j=1 k=0

and its corresponding norm is given by
1
lullv = (u,u)%, for weC[-1,1].

Finally, the notation a ~ b for any two real quantities a and b means by that there are
two positive constants which do not depend on mesh sizes and degrees of polynomials such
that 0 < ¢ < 7 < C < oco. Using this notation, the LGL numerical quadrature rule for a
polynomial of degree 2N Jt (see [1], for example) can be compared as

1 N;
(2.4) / At dt ~ Z 2wy, forall fe€ Pyt
-1 k=0
The notation (U, V') stands for 3~ uv; for any two vectors U = (u1,--- ,uq)T and V =

(v1,--+ ,v4)T where the superscript T denotes the transpose of a vector. The standard spaces

H'! and L? will be used.

3. Basic estimates. In this section, we will discuss some estimates of global interpola-
tion operator Z%, in terms of H' and L? norms. For ¢ € [—1,1] and s; € [t; 1,t;] and a
J
function u € H', let
¢

R 1
3.1) vi (1) = u(se) = u(gjt + 5t + tj)).

Then for k = 0,1,--- , N} we have

ht
GD (Tngoy)me) = vi(me) = u( e + 50651 +1)) = u(h) = (Ter) €),

which yields
(Znev)(t) = (If{,;u)(st).

Also, we have

2 = ht ! 2 2 ! 2
, M 2,
63 i = 2[5 [P g [ oral

and

Myt

hG A 2 !
64 Zgult =3[ [ (@@ as gz [ 1@y P ).

j=1 J
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where || - ||1 denotes the standard Sobolev H! norm. From now on, we will use | - |1 as the
Sobolev H! seminorm and || - || as the usual L? norm. In order to discuss the piecewise linear

finite elements preconditioner, it may be required to analyze the relations between Z pt d; and giA)
J

in the sense of H'— and L2 — norm. For this purpose, we recall the following lemma (see [1],
[18, Lemma 7.2]) which can be also extended to higher dimensions; see in [ 18, Theorem 7.3].
We remark that the similar estimates with Chebyshev weight and Chebyshev-Gauss-Lobatto
points are found in [1] and [11].

LEMMA 3.1. It follows that for all v € VN;

(3.5) [v|y ~ |IN;1)|1, and ||IN;1)|| ~ ||v]]-

Note that the result |IN; v]y < C|v|; in (3.5) can be verified for any functionv € H'(I)
by modifying Theorem 1.7, Corollary 1.9 in Chapter II and Corollary 1.16, Theorem 1.19 in
Chapter III with usages of Theorem 1.15, Lemma 1.18 and Proposition 1.17 in Chapter III
therein in [1] where ||INJ@’U||1 < C||v|}1 is found. For reader’s convenience, we include the
statement here.

PROPOSITION 3.2. For allv € H'(I), there is a positive constant C such that

|Znevl < Clols.

Now the extension of Lemma 3.1 to the global interpolation operator IJ’(” can be done
J

easily by combining (3.3), (3.4) with Lemma 3.1. Here we state it as theorem.
THEOREM 3.3. Forallu € V¥,
2

| Zhvsul ~ Juls

LEMMA 3.4. For f € Pr,[—1,1], it follows that
J

A1~ ANl

Proof. First note that f (t) is a polynomial of degree N; Y on [tj_1,t;]. Then applying
(2.4) on the interval [t; 1, t;] and using (2.3) yield

112 = 2 / (t)2 at

tio1
t
Mt N;

(3.6) ~ DD &I o

j=1 k=0

Mt N;—l Mt_1

= Z Z |f(§§,k)|2pj,k + [ (Ehye Nt)| Pire Nt T Z £ (& JN )l P;,N;
j=1

j=1 k=0
~{f Hv =111

In the last equivalence in (3.6), the observations (2.3) were used. [
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THEOREM 3.5. Forallu € Vht, we have

3.) lull ~ [ Zgull,  and lull ~ [|Zysulx-

Proof. Since I, u € Pr,[—1,1], Lemma 3.4 yields ||Z%,ul| ~ ||Z%,u||5. Hence for
J 2 J J
the proof of (3.7) it is enough to show that for u € Vﬁn
2

(3.8) lll ~ ([Z2sul -

Using (3.1) and (3.2) for functions v; € VN; andu € V]'(,j > we have

Mt Mt Nt
h.
GOl = Lol 2 ’||INtv]||N—ZZ L) (€D
j=1 7j=1 k=0

Since (see [12, Theorem 3.1])
lojll ~ I Znsvjlln,  forall wj € Vyr,

it follows that, using (3.9),

Mt Nj
ull ~ 32 37| )€
j=1 k=0
Therefore, it is enough to show
Mt Nj
(3.10) S S| @€ ol ~ IThsullz
j=1 k=0

Actually, because of (2.3) we can rewrite the left term of (3.10) as

Mt Nt Mt Nt—l )
>3t £k\pk—22\zﬁvm (&) o+ || o
7=1 k=0
Mt-1
+ Z ‘ IJ}(N“ ‘th) PNt
7j=1
Mt -1 9
= |1 Zhull3 + Z\I}’wu | A
Mt
= IZhgully + 3| )] )
j=2

Then one may see that (3.10) holds. These arguments complete the proof of (3.8) and conse-
quently (3.7). 0



ETNA

Kent State University
etna@mcs.kent.edu

234 S.D. KIM

4. Case of constant coefficients: 1D and 2D. First, we discuss the one dimensional
case. For convenience, let M := M? and N; := N; for the one dimensional case only.
Consider two uniformly positive definite elliptic operators defined in I = (—1, 1) such that

4.1) Lu=—(a1v') +asu, in I, u(-1)=4'(1)=0
and
4.2) Bu=—(b1v") +byv, in I, ov(-1)=2'(1)=0

where a7, by are positive constants and as, by are nonnegative constants, leading to two bi-
linear forms on V x V, where V := {u € H(I), wu(-1) =4/(1) =0},

1 1
Ii(u,v) = / a1u'v' +azuvdt and by (u,v) = / biu'v' + byuv dt.
—1

-1

For the high-order and piecewise linear approximations to (4.1) and (4.2), let

Py ={ve PR, v(-1)=v'(1)=0},
Vﬁ,’jm ={ue V]'(,j, u(—1) = /(1) = 0}

whose suitable basis functions {¢,, ZZI and {¢, }9_,, respectively, can be given, with
(4.3) d := dim(Py™) = dim(Vy™).
Then the stiffness matrix L ~ with high-order elements based on G of (4.1) is given by

EN(/J,,I/):ll((ﬁH,(]S,,), /J’aV:]-a27"'ada

and the stiffness matrix Eh associated with piecewise linear elements based on G correspond-
ing to (4.2) is given by

gh(ﬂa’/):bl('lﬁmwu): l,L,I/Zl,Z,"',d.

Denote My and M, by mass matrices with respect to {¢,, Zzl and {wu}zzl, respectively.
Thatis, p,v =1,2,--- ,d,

My (p,v) = ($ur &)y Mu(pt,v) = (1)

Since all the stiffness and mass matrices are symmetric and positive definite, the precon-
ditioned matrix below also has all positive real eigenvalues.
THEOREM 4.1. For every U = (uy,us,--- ,uq)’, we have

(BLU,U) ~ (LyU,U), and (MyU,U) ~ (MyU,U).

Hence, the preconditioned matrix B;IL ~ has all positive real eigenvalues {/\u};‘f:1 inde-
pendent of mesh sizes h; and degrees N; of polynomials. That is, there is absolute positive
constants ¢ and C' such that

0<c< A <0 <o0.
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Proof. Let u(t) € Vﬁ,’jm be represented as u(t) = 22:1 u, Yy (t). Then its piecewise

polynomial interpolation can be written as (I}{,ju)(t) = ZZ=1 U@y (t). The definitions of

bilinear forms yield that
(LNU,U) = W(Z,u, I, u) ~ [1ZR,ulli,  (BNU,U) = bi(u,u) ~ |lull7,
and
(MyU,U) = (T, u, T u) = | Thull’, and - (MaU,U) = (u,u) = [lul®
Then using Theorem 3.3 and 3.5 completes the proofs. O

For actual computations, the bilinear form I1(Zf, u, Z} v) and (Zf u, Iy v) will be

calculated at LGL points. Define two matrices L ~ and M, N as

Ly (pv) = lin(duwd0), My(n,v) = (S 0l
where
lin(u,v) = a1 (u',v") N + az(u,v)N.
Note that M, ~ is the diagonal matrix which consists of LGL weights, that is
My = diag(p} 1)
and employing (2.4) leads to
(4.4) (LNU,U) ~ (LyU,U), and (MyU,U) ~ (MyU,U)

and these matrices Ly and M N are symmetric and positive definite.

COROLLARY 4.2. The preconditioned matrix B;IL N has all positive real eigenvalues
{)‘N}zzl independent of mesh sizes h; and degrees N of polynomials. That is, there are
absolute positive constants ¢ and C such that

0<c< A <0< o

Proof. Let U = (uy,us,--- ,uq)T be any nonzero vector. Since

(LNU,U)  (LnU,U) (LnU,U)

(BuU,U) — (InU,U) (BAU,U)’

using the min-max theorem, Theorem 4.1 and (4.4) we have the conclusion. This argument
completes the proof because all involved matrices are symmetric and positive definite. O

We now turn to the two dimensional case. For this, we consider the model elliptic oper-
ator L such that

Lu = —[ugy + uyy] +2u, u=0 on I'p, n-Vu=0 on Ty,
where I' p is the boundary described in (1.3), which leads to the bilinear form

4.5) I(u,v) = (Vu, Vo) + 2(u,v), for wu,v € HH(Q),
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where
Hp(Q):={ue H(Q)|u=0 on Tp}.
Let

h’7 -—_ h7 h"
[P =PRI @ PR, R = VR @ VAT

Let us order the LGL points by horizontal lines and we list all LGL points {Z P}(li::]_ as
EP:(g;“fy); where P=/,L+d(1/—1)7 M7V:1727"'7d7

where d is defined in (4.3). Accordingly, we order the basis vectors ® p(z,y) € [Ph™]? and
Up(x,y) € [ij(,’m]2 in the same order. Let L%, and B;, be the stiffness matrices induced
by (4.5) on the space [Pp™]2 and [VI™]2, respectively. From now on, assume that

ai:bizl, i=1,2

in the operators L, and B; in (4.1) and 4. 2) Then using the one dimensional stiffness
matrices L Nt Bht and mass matrices M, Nt M, ht» We have

(4.6) L2 = Myy ® Iy + Lyy ® My,

(4.7 Bs, = J\//Th? ® Bjs + Ehg ® Mps.
LEMMA 4.3. For every vector U = (uq,--- ,ug2)T, we have
(4.8) ((J’\ZN;, ® Lns)U, U) ~ ((7\4\,1;; ® Bhs)U, U)

and
4.9) ((EN;,; ® My:)U, U) ~ ((Eh;} ® Mys)U, U).

Proof. First note that all the matrices here are symmetric and positive definite. Hence it is
enough to estimate (4.8) and (4.9) in terms of eigenvalues. Now because of Theorem 4.1 the
conclusions (4.8) and (4.9) can be verified by following Lemma 5.4 in [12]. The details are
as follows: Let U' = (uq,us,--- ,uq)? and V1 = (v1,v2,--- ,v4)T. Theorem 4.1 implies
that

4100 (IjiU'UY) ~ (B U, UY), (M V1, V1) ~ (M V2, VY), where t = z,y.
Now consider eigenvalue problems
(4.11) EN;UIZK,E;I;UI, and ]/W\N;VI ZAJ/\J\h;,Vl.

From (4.10) we know that k and A are uniformly bounded in terms of mesh sizes hf, h;".’ and
degrees N7, N Jy . Note that each in (4.11) has a complete set of eigenvectors U ; and V!,
p,v =1,---  d. Therefore the vectors and eigenvalues

Zyw =ULoV), Xu=V, QUL Au=r\
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are complete set of eigenvectors and eigenvalues of the eigenvalue problem
(M\N;‘ ® ENJ”)U = A(Z/M\hy ® Ehm)U, and (ZN;‘ ® J/M\NJE)U = A(Ehy & M\hz)U

Hence one can see the uniform bounds of eigenvalues A ,,, because of the uniform bounds of
% and X in terms of mesh sizes h?, h¥ and degrees N7, NY. [

PROPOSITION 4.4. For every U = (uy, - -+ ,uq2)T, it follows that
(B:,U,U) ~ (LU, U).

Hence the eigenvalues of (égZ)_lij‘VZ are all positive and bounded. The bounds are inde-
pendent of the mesh sizes h7, h;{ and the degrees N7, N]?,J of polynomials.

Proof. Tt follows from Lemma 4.3 with (4.6) and (4.7). 0 R

For actual computations of (4.5), that is, for computations of L%,,, we use LGL quadra-
ture formula. For this, consider

In(u,v) = (Vu, Vo) § + (u,v) N,
which can be written as, for u,v € [P1™]?
In(u,v) = VT(MN;:‘ ®Lys +Lyy ® My:)U

where the vectors U = (u1,--- ,ug2)T and V = (vy,--- ,v42)7

of

are vector representations

d? d?
u(z,y) = 3 updp(z,y) and u(z,y) =Y vp@p(z,y).
P=1 P=1

Now we will use the matrix 1322 in (4.7) as the preconditioner for
L3:U=F
where

(4.12) 1}y:ﬂ@®iw+iw®ﬂﬁ.

Then we can show that the eigenvalues of (Ezg)_liﬁw are bounded well in terms of
mesh sizes hf, hY and degrees N7, N7.
LEMMA 4.5. For every vector U = (u1,--- ,ug2)?, we have

(Myy @ L )U,U) ~ (Myy ® By )U,U)
and
(Ly @ Myz)U,U) ~ ((Bpy ® Mig)U, U).
Proof. Recall that A ® B is symmetric and positive definite if the matrices A and B are
symmetric, positive definite. Note that

(Myy @ Lyz)U,U) (M ® Lv)U,U) (Myy © Lns)U, U)
(Myy ® Bua)U,U) — (Myy @ Lyz)U,U) (Myy @ Bpa)U,U)
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and

(L @ Myz)U,U)  (Lny ® Mw;)U,U) (Lyy @ Mus)U,U)

((Byy ® Mi)U,U)  (Ly ® Mup)U,U) ((Byy ® Mag)U,U) -

Therefore, due to min-max theorem and Lemma 4.3, it is enough to show that

(Myy 9 Lnp)U,U) - (Ly ® Minp)U,U)
— = , an = —
((MNJy by LN]““)Ua U) ((LNJy ® MNJE)U: U)

are bounded independently of degrees N7, NV. ]y and mesh sizes h, h?. Due to (4.4), this can
be done by following the similar arguments of Lemma 4.3. These arguments complete the
proof. [0

THEOREM 4.6. For every vector U = (uq,--- ,ug2)?, it follows that

(4.13) (B;:U,U) ~ (LU, U).

Hence the eigenvalues of (Biz)_lzf\m are all positive and bounded. The bounds are inde-
pendent of the mesh sizes h7, h?; and the degrees N7 N]y.
Proof. It comes from (4.12) and (4.7) and Lemma 4.5 0

5. Case of variable coefficients: 2D. Consider the bilinear form corresponding to (1.1)
and (1.2) as

D o) = (p(@,y) Ve, Vo) + (glz,y)u,v) for u,v e Hh(Q).

Let us denote D ¢t by the differentiation matrix at LGL points (see [4] for example) and
diagonal matrices P and () by

P := diag(pa = puv), @ = diag(ga == quv), a=p+dv—1)

occurred from the expansions of the p(x,y) and ¢(z,y) in terms of 2D Lagrangian basis

functions such that p(.’L‘, y) = Z DPuv ¢u (.Z‘) o (y) and (I(a"a y) = Z quv ¢u (.Z')(ﬁ,, (y)’ respec-
tively. Then we will use the tensor representation for the approximations to (5.1) on the space
[P]f\bfm]2 given by (see detailed discussions in [4])

Ly = (Eny ® 5%})WJI\?(EN;’ ® f)Nf) + (f);{r].y ® ENf)WJI\?(ﬁN]’.’ ® Eng) + wR
where E N is the identity matrix of order d
Wj\g, = S(Z\’ZIN; ® MN;:), where S =Por Q.

Note that the matrix Wﬁ, is diagonal whose elements are positive because the matrices
S(= P, Q) and (Myy ® Mn¢) are diagonal with positive elements. Further, if the ma-
J

trix P is the identity and the matrix @ is 2F, then the matrix L n2 is the same as z;,z in
(4.12) with

Ly: = D}(,;MN;DN;, t=u=x,y.
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LEMMA 5.1. For any vector U = (uy, - -+ ,uq2)T, it follows that
(5:2)(Eny ® Die )W (Eny @ Dng) ~ (Ewy @ Die)(Myy ® Mz )(Eny @ D)
@Wﬁﬁ®Ewﬁ%@w®Ew*45@®EwXﬁw®MMX@w®Ew)
(5.4) Wy ~2(Myy @ M),
where the matrix equivalence A ~ B should be understood as

(AU,U) ~ (BU,U).

Proof. Note that the variable coefficients p(z,y) and ¢(z, y) are positive bounded func-
tions and the matrices WN,,s and (M Ny ® M Nz) are diagonal with positive elements. Hence
for any vector U it follows 1mmed1ate1y that

(5.5) (Wﬂu0~«MW®MWWﬂ) where S =P, Q
This argument complete (5.4). LetV = (E Ny ® D nz)U. Since
((Bny © D) WE(Eny © Dyp)U,U) = (WEV, V),

we have the conclusion (5.2) with help of (5.5). The similar arguments complete (5.3). 0 The
main goal of this section is to show that the eigenvalues of the preconditioned matrix

(Bf2)"'La

are real and bounded as follows.
THEOREM 5.2. For any vector U = (uy,--- ,uq)T, we have

(B;>U,U) ~ (Ln=U, ).

In the sense of eigenvalues, it follows that all eigenvalues of the matrix (ﬁs )_1Z N2 are real
positive and bounded. The bounds are independent of the mesh sizes hj, hy and the degrees
N7, Ny of piecewise polynomials.

Proof. Note that

(Eny ® EJTV;)(MN; ® Mnz)(Eny ® Dnz) = Myy ® Ly
and
(13%}4 ® EN]’“P)(MNJ%’ ® MN;)(ﬁN} ® Ene) = EN; ® MN]’?‘-
Therefore, using Lemma 5.1 one may see that
(Ln2U,U) ~ (L3-U,U).
From Theorem 4.6,
(L3=U,U) ~ (B3U,U).

These arguments complete the proof. 00
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6. Computational results. Because there are numerical results reported already in [6]
and [8], we discuss a few numerical experiments for one dimensional problems. Consider

(6.1) Lu=—(p(z)v')" +q(z)u, z€(0,1)
with boundary conditions u(0) = u(1) = 0. Let us take the preconditioner operator B as
(6.2) Bu=—-u"+~u, z€(0,1)

with the same homogeneous Dirichlet boundary conditions where -y will be chosen later. In
the following numeric tests, the uniform mesh size h = hj and uniform degree N = N’ for
3 =1,--+, M7 are used.

EXAMPLE 6.1. With a chosen p(z) = 1 + 22 and g(z) = €® in (6.1), we discuss the
optimal preconditioning operator (6.2) by considering several v. We will take v = k£ x 0.1
where k is an integer between —5 and 8. The Fig. 6.1 shows that the condition number of the
preconditioned matrix B,:lL ~ becomes small relatively if we choose -y near 0 among other
v’s. These phenomena were pointed out in [9] if (6.1) is discretized by a finite difference
scheme, that is to say, v may be chosen by considering the advection coefficient in (6.1).
Hence one may choose v = 0 in this case.

EXAMPLE 6.2. Stimulated by the numerical results in Example 6.1, we will take y = 0
for the preconditioner operator B while p(z) = g(z) = 1 in (6.1) are taken. The condi-
tion numbers of the matrix Ly are shown in Fig. 6.2 for various mesh sizes and degrees of
polynomials. Then we enumerate condition numbers of the preconditioned matrix B;l Ly in
Fig. 6.2 also, which shows that the condition numbers can be fixed for mesh sizes and degrees
of polynomials. We point out that the condition numbers grow as h~2 for a fixed degree of
polynomial and O(N3) for a fixed mesh size. These also can be proven in a standard finite
element theory and in spectral methods; see [1]. These phenomena are depicted in Fig. 6.3.

7. Conclusion. As we have shown that the condition numbers of the preconditioned
systems are well bounded, it is possible to use AMG algorithms without increasing com-
plexity for solving elliptic boundary value problems with high-order discretizations based on
LGL quadrature nodes. As an immediate application, one may apply the techniques here
to a first-order system of least-squares for an elliptic problem whose systems are found in
[2], combining the results here and in [12] (for example, one may refer to [10]). In order to
avoid the non-nested property of irregular LGL nodes occurring in the multigrid method, one
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may use Chebyshev-Gauss-Lobatto nodes for discretizations which has a nested property in
communications at each level. This case will be dealt in a forthcoming paper.
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