ANALYSIS OF THE A, V − A − ψ POTENTIAL FORMULATION FOR THE EDDY CURRENT PROBLEM IN A BOUNDED DOMAIN^∗

RAMIRO ACEVEDO^† AND RODOLFO RODRÍGUEZ^‡

Abstract. The aim of this paper is to provide a mathematical analysis of the well-known A, V − A − ψ potential formulation for the eddy current problem. The resulting variational problem is proved to be well posed and error estimates are settled for a numerical method based on standard nodal finite elements.

Key words. eddy currents, potential formulation, well-posedness, finite elements, error estimates

AMS subject classifications. 78M10, 65N30

1. Introduction. The mathematical and numerical analysis of Maxwell’s equations has experienced important developments in different areas of applied mathematics and engineering during the last thirty years. We refer the reader to the books by Bossavit [17], Monk [29] and Silvester and Ferrari [32], as a representative sampling of text books devoted to numerical solution of electromagnetic problems.

Among the numerical methods found in the literature to approximate Maxwell’s equations, the finite element method is the most extended. See for instance [13] for a survey on this subject including a large list of references. Nowadays, it is the basis of several commercial codes such us Ansys, Femlab, Flux, Magnet, MSC/Emas, Opera, etc. We refer the reader to [33] for a description of most of these codes and further references.

The eddy current problem is obtained from Maxwell’s equations by assuming that all fields are harmonic and the frequency is low enough as to neglect the electric displacement in Ampère’s Law. Such a situation happens, for instance, in problems related to electric machines working at power frequencies and in non-destructive materials testing.

In most practical situations, it is necessary to solve the electromagnetic problem in a bounded domain which contains conducting and non-conducting material (dielectrics), the equations in these two parts being typically of different kind. Moreover, the treatment of multiply connected conductors or dielectrics in three-dimensional domains presents special difficulties. The choice of the unknowns in each subdomain is a crucial point for analysis of the problem in domains with a general topology.

An important number of formulations and finite element methods for solving the eddy current problem in three-dimensional bounded domains can be found in the literature. There is a group of papers devoted to solving the problem in terms of certain scalar and vector potentials [1, 2, 14, 15, 26, 30, 31] and another group using formulations in terms of the magnetic field [4, 6, 7, 9, 10, 12, 34] or the electric field [3, 11, 27].

A thorough mathematical analysis of the formulations in terms of the magnetic or the electric field has been recently performed. This is not the case, however, for formulations in terms of scalar and vector potentials. Indeed, in spite of the fact that the latter are the most frequently used in applications, there are only a very small number of papers dealing with their mathematical analysis. Among them, we mention a paper by Alonso et al. [5], where

∗Received August 30, 2006. Accepted for publication January 22, 2007. Recommended by O. Widlund. †Departamento de Ingeniería Matemática, Universidad de Concepción, Casilla 160-C, Concepción, Chile (racevedo@ing-mat.udec.cl). Permanent address: Departamento de Matemáticas, Universidad del Cauca, Popayán, Colombia. The research of this author was partially supported by MECESUP UCO0406 (Chile) and Universidad del Cauca (Colombia).

‡GI^2MA, Departamento de Ingeniería Matemática, Universidad de Concepción, Casilla 160-C, Concepción, Chile (rodolfo@ing-mat.udec.cl). The research of this author was partially supported by FONDAP in Applied Mathematics (Chile). 270

the well-posedness of some of these formulations is analyzed, and another one by Bíró and Valli [16] with the analysis of one such formulation in a general topological setting.

Different potentials have been used for the eddy current problem: a vector potential A for the magnetic field, a scalar potential V for the electric field in the conducting domain, a scalar magnetic potential ψ in dielectric domains, etc. A hierarchy of formulations involving these potentials has been discussed by Bíró and Preis [15]. In particular, they conclude that the so-called A, V −A−ψ formulation, which involves all of them, is the most convenient in terms of computer cost. Numerical experiments illustrating the performance of this approach are also reported in this reference.

The aim of this paper is to provide a rigorous mathematical analysis of this formulation. Under rather general topological conditions, we prove that it leads to a well-posed problem, which can be numerically approximated by standard nodal finite elements. We also prove error estimates for the resulting numerical method. These estimates are valid as long as the three potentials are sufficiently smooth.

The smoothness of the scalar potentials V and ψ only relies on that of the original physical variables of the problem: the magnetic and the electric fields. However, the smoothness of the vector potential A also depends on the geometry of the domain chosen to define this non-physical variable. In principle this domain can be chosen freely, as far as it contains the conductors and the source currents. However, when it is chosen so that its connected components are either convex polyhedra or simply connected domains with smooth boundaries, the smoothness of A is mainly determined by the regularity of another physical variable: the magnetic induction field.

Because of this, we make such a choice for the domain of A, which is not restrictive in practice. However, it is convenient to choose it as small as possible, because the magnetic field is written in terms of the more economical scalar potential ψ outside this domain. Thus, in the applications, the domain of A typically consists of a union of disjoint boxes, as small as possible, containing the current source and the conductors.

The outline of the paper is as follows: We introduce the eddy current problem and discuss the topological setting in Section 2. The A, V − A − ψ potential formulation is introduced in Section 3. The corresponding variational problem is obtained in Section 4, where we also prove its well-posedness. Finally, in Section 5, we prove error estimates for a standard finite element method to solve the problem numerically. We also discuss in this section the convenience of choosing a domain with convex connected components for the vector potential.

2. Eddy current problem. We consider a standard eddy current problem: to determine the electromagnetic fields induced in a three-dimensional conducting domain Ω_C by a given source current density J_d. We assume that the support of J_d is compact and disjoint with Ω_C. The eddy current problem is in principle posed in the whole space. However, we restrict it to a bounded domain Ω containing both, Ω_C and the support of J_d, such that adequate boundary conditions can be imposed on its boundary. To this aim, we choose the geometry of Ω as simple as possible (e.g., simply connected with a connected boundary). See Fig. 2.1 for a two-dimensional sketch.

Let Ω_C ⊂ R^3 be an open and bounded set with boundary Γ_C. Let Ω ⊂ R^3 be a simply connected bounded domain with a connected boundary Γ, such that Ω_C ⊂ Ω. We suppose that both, Ω and Ω_C, are either Lipschitz polyhedra or domains with C^{1,1} boundaries. We denote by n and n_C the outward unit normal vectors to Ω and Ω_C, respectively, and by Ω_D := Ω \ Ω_C the subdomain of Ω occupied by dielectric material, which includes the support of the source current; see Fig. 2.1. We will use standard notation for Sobolev spaces and norms.

Ω n Γ Γ_C Ω_C

n_C

Ω_D supp J_d

FIG. 2.1. Two-dimensional sketch of the domain.

The eddy current problem reads as follows: Find E ∈ H(curl; Ω_C) and H ∈ H(curl; Ω) such that:

curl H = σE in Ω_C,

(2.1) iωμH + curl E = 0 in Ω_C,

(2.2) curl H = J_d in Ω_D,

(2.3) div(μH) = 0 in Ω,

(2.4) H × n = f_d on Γ.

(2.5)

The unknowns E and H are the magnetic and electric fields, respectively. The magnetic permeability μ and the conductivity σ are bounded functions satisfying:

0 < μ_{min} ≤ μ ≤ μ_{max} in Ω, 0 < σ_{min} ≤ σ ≤ σ_{max} in Ω_C.

Let us remark that the magnetic field has to satisfy the following coupling conditions:

H|_{ΩC} × n_C = H|_{ΩD} × n_C on Γ_C, (μH)|_{ΩC} · n_C = (μH)|_{ΩD} · n_C on Γ_C.

In fact, the latter is a consequence of (2.4), whereas the former follows from the fact that H must belong to H(curl; Ω).

The data of the problem are the source current density J_d ∈ L^2(Ω)^3, for which we assume

supp J_d ⊂ Ω_D and div J_d = 0 in Ω_D,

and the tangential trace of the magnetic field f_d. Precise assumptions on f_d will be made in Section 4 below; they essentially mean that f_d has to be the tangential trace of a curl-free vector field (recall that curl H vanishes in the neighborhood of Γ).

Equations (2.1)–(2.5) are enough to determine E and H only if the topology of the conducting domain Ω_C is trivial. Otherwise, additional constraints must be imposed. To do this, we reduce our analysis to domains satisfying a standard topological assumption; see for instance Amrouche et al. [8]. We assume that there exists m_D connected open surfaces Σ_k (so called “cuts”) contained in Ω_D, such that:

(i) each surface Σ_k is an open part of a smooth manifold, (ii) the boundary of each Σ_k is contained in Γ_C, (iii) the intersection Σ_i ∩ Σ_j is empty for i ≠ j, (iv) the open set ^Ω_D := Ω_D \ ⋃ k Σ_k is pseudo-Lipschitz and simply connected.

Under this assumption, since Γ is connected, the space of harmonic fields

H_μ(Γ, Γ_C) := { v ∈ L^2(Ω_D)^3 : curl v = 0 in Ω_D, div(μv) = 0 in Ω_D, v × n = 0 on Γ and μv · n_C = 0 on Γ_C } satisfies dim H_μ(Γ, Γ_C) = m_D; see, for instance Fernandez and Gilardi [24, Proposition 5.6]. A basis for this space is given by {grad φ_j }^{mD}_{j=1}, where each φ_j ∈ H^1_Γ(Ω_D \ Σ_j ) is the solution of the following elliptic problem:

[[φ_j ]]_{Σj} = 1, ∫ Ω_D\Σ_j

μ grad φ_j · grad χ = 0 ∀χ ∈ H^1_Γ(Ω_D).

In the expression above [[ · ]]_{Σj} denotes the jump across Σ_j . Here and thereafter the subscript Γ in H^1_Γ(·) refers to function in H^1(·) with a vanishing trace on Γ.

Notice that although in principle grad φ_j ∈ L^2(Ω_D \ Σ_j ), the last equation implies that μ grad φ_j is a divergence-free function in the whole Ω_D (not only in Ω_D \ Σ_j ). Moreover, since the jump [[φ_j ]]_{Σj} is constant, grad φ_j has also a vanishing curl in the whole Ω_D (and not only in Ω_D \ Σ_j , again). Thus, grad φ_j ∈ H_μ(Γ, Γ_C).

To determine a unique solution of the eddy current problem (2.1)–(2.5), it is enough to add the following constraints (see Alonso et al. [5]):

(2.6) ∫ Ω_D iωμH · grad φ_j + ∫ Γ_C

(E × n_C) · grad φ_j = 0, j = 1, . . . , m_D.

Let us remark that the second integral above has a weak sense for E ∈ H(curl; Ω_C) and grad φ_j ∈ H(curl; Ω_D), as was shown by Buffa and Ciarlet [18, 19] for Lipschitz polyhedra and by Buffa et al. [20] for arbitrary Lipschitz domains; see Section 4 below for a precise definition.

3. The A, V − A − ψ potential formulation. In this section we recall a classical formulation of the eddy current problem in terms of three potentials, A, V and ψ, which was introduced by Leonard and Rodger [28]. We refer to Bíró and Preis [15] for a detailed discussion, which includes numerical tests showing the efficiency of this approach.

First, we introduce a magnetic vector potential A defined in a subdomain Ω_A of Ω, which contains the conducting domain and the support of the source current. This subdomain does not need to be connected, but each of its connected components will be chosen either convex or simply connected with a smooth boundary. The reason for such a choice will be discussed in Section 5 below. On the other hand, for the sake of discretization, it is convenient to choose a polyhedral domain Ω_A; moreover, outside Ω_A, we will use a scalar potential, which will consequently require much less degrees of freedom for its discretization. Because of this, Ω_A will be chosen as small as possible, but with convex polyhedral connected components containing Ω_C and supp J_d; see Fig. 3.1.

supp J_d Ω^2_A

Ω

Ω^1_A

Ω_C

Ω_ψ n_A n_A Γ_A Γ_A

FIG. 3.1. Two-dimensional sketch of the domains for the different potentials.

Let Ω_A ⊂ R^3 be an open set satisfying (3.1) Ω_C ∪ supp J_d ⊂ Ω_A and Ω_A ⊂ Ω. We denote by Ω^j_A, j = 1, . . . , m_A, the connected components of Ω_A. We assume that each Ω^j_A is either a convex polyhedron or a simply connected domain with a C^{1,1} boundary, and that Ω^j_A are mutually disjoint. We denote by Γ_A the boundary of Ω_A and by n_A its outward unit normal vector; see Fig. 3.1.

As a consequence of [25, Theorem I.3.5.], equation (2.4) implies that there exist unique A_j ∈ H(curl; Ω^j_A) such that μH = curl A_j in Ω^j_A,

(3.2) div A_j = 0 in Ω^j_A,

(3.3) A_j · n_A = 0 on ∂Ω^j_A.

(3.4) Thus, if we define A : Ω_A −→ C by A|_Ωj_A := A_j , j = 1, . . . , m_A, then A belongs to the space X := H_0(div; Ω_A) ∩ H(curl; Ω_A), whose natural norm is ‖Z‖_X := ( ‖Z‖^2_{0,ΩA} + ‖div Z‖^2_{0,ΩA} + ‖curl Z‖^2_{0,ΩA}

) 1_2 . Next, according to Bíró and Preis [15] (see also Bíró [14] and Bíró and Valli [16]) we introduce an electric scalar potential V ∈ H^1(Ω_C), such that (3.5) E = −iωA − iω grad V in Ω_C.

Let us remark that (2.6) is a necessary condition for a global potential V to exist; see [5] and the formal argument at the end of this section. Notice that, from (2.1), div (−iωσA − iωσ grad V ) = 0 in Ω_C.

Moreover, since H ∈ H(curl; Ω), (2.1) and (2.3) also imply that

(iωσA + iωσ grad V ) · n_C = 0 on Γ_C.

These last two equations will be also collected in the potential formulation.

Equation (3.5) determines the electric potential V on each connected component of Ω_C up to an additive constant. Thus, if Ω_C has m_C connected components Ω^j_C, then the natural space for V is

M :=

m_C∏

j=1 H^1(Ω^j_C)/C ,

endowed with the norm ‖grad V ‖_{0,ΩC} .

Finally, a magnetic scalar potential ψ is defined in

Ω_ψ := Ω \ Ω_A

(see Fig. 3.1). To do this, notice that since Ω_A is a disjoint union of convex sets with Ω_A ⊂ Ω and Ω is simply connected, it turns out that Ω_ψ is simply connected too. Therefore, from (2.3) and (3.1) we know that there exists ψ ∈ H^1(Ω_ψ ) (unique up to an additive constant) such that

H = ω grad ψ in Ω_ψ.

Thus, we are lead to the following formulation of problem (2.1)–(2.6) in terms of the potentials A ∈ X , V ∈ M and ψ ∈ H^1(Ω_ψ)/C :

curl ( 1 μ curl A ) + iωσA + iωσ grad V = 0 in Ω_C,

(3.6)

div (−iωσA − iωσ grad V ) = 0 in Ω_C,

(3.7)

curl ( 1 μ curl A ) = J_d in Ω_A \ Ω_C,

(3.8) ( 1 μ curl A )| | Ω_C

× n_C − ( 1 μ curl A )| | Ω_A\Ω_C

× n_C = 0 on Γ_C,

(3.9)

div (μ grad ψ) = 0 in Ω_ψ,

(3.10) div A = 0 in Ω_A,

(3.11) A · n_A = 0 on Γ_A,

(3.12) ω grad ψ × n = f_d on Γ,

(3.13) 1 μ curl A · n_A − ω grad ψ · n_A = 0 on Γ_A,

(3.14) 1 μ curl A × n_A − ω grad ψ × n_A = 0 on Γ_A,

(3.15)

(iωσA + iωσ grad V ) · n_C = 0 on Γ_C.

(3.16)

Let us remark that (3.9) and (3.15) are consequences of the fact that H ∈ H(curl; Ω), whereas (3.14) follows from the fact that μH ∈ H(div; Ω), which in its turn is a consequence of (2.4)

To end this section we show that any solution of the above equations yields a solution of the eddy current problem (2.1)–(2.6). In fact, let (A, V, ψ) ∈ X ×M×H^1(Ω_ψ)/C satisfying (3.6)–(3.16). Let

(3.17) H := 1 μ curl A in Ω_A,

ω grad ψ in Ω_ψ,

and E be defined by (3.5). It is immediate to show that H ∈ H(curl; Ω), E ∈ H(curl; Ω_C), and they satisfy (2.1)–(2.5). There only remains to prove that (2.6) also holds true. To do this, notice that (2.4) implies that there exists a vector potential B ∈ H(curl; Ω) such that

(3.18) μH = curl B in Ω.

Taking into account that the sets Ω^j_A are simply connected and mutually disjoint, from (3.17) there follows that there exists ξ ∈ H^1(Ω_A) such that

A = B + grad ξ in Ω_A.

Consequently, if we define ~V := V + ξ|_{ΩC} , we obtain from (3.5) that

(3.19) E = −iω(B + grad ~V ) in Ω_C.

Equations (3.18) and (3.19) fall in the framework analyzed by Alonso et al. [5, Section 6 (ii)], where it is shown that (2.6) holds true. This can be formally verified by using (3.17), the fact that grad φ_j ∈ H_μ(Γ, Γ_C) and (3.19), as follows: ∫ Ω_D iωμH · grad φ_j = ∫ Ω_D

iω curl B · grad φ_j = iω ∫ Γ_C

(B × n_C) · grad φ_j = − ∫ Γ_C

(E × n_C) · grad φ_j − iω ∫ Γ_C

(grad ~V × n_C) · grad φ_j = − ∫ Γ_C

(E × n_C) · grad φ_j ,

where for the last equality we have used that ∫ Γ_C

(grad ~V × n_C) · grad φ_j = ∫ Ω_D

grad ~V^∗ · curl (grad φ_j ) − ∫ Ω_D

curl(grad ~V^∗) · grad φ_j = 0,

with ~V^∗ ∈ H^1(Ω) being an extension of ~V to the whole Ω.

4. Variational formulation. Existence and uniqueness of solution. The aim of this section is to give a variational formulation of problem (3.6)–(3.16) and to prove its wellposedness.

First, we recall some results settled in [20] for Lipschitz domains. We write these results for Ω_A, as will be used in the sequel. The tangential trace operator γ_τ (u) := u|_{ΓA} × n_A is a bounded linear operator from H(curl; Ω_A) onto H^{− 12} (div_Γ; Γ_A). The tangential projection π_τ (v) := n_A × (v|_{ΓA} × n_A) is a bounded linear operator from H(curl; Ω_A) onto

H^{− 12} (curl_Γ; Γ_A). Thus, the duality pairing between H^{− 12} (div_Γ; Γ_A) and H^{− 12} (curl_Γ; Γ_A) is well defined by

⟨γ_τ (u), π_τ (v)⟩_{ΓA} := ∫ Ω_A curl u · v − ∫ Ω_A

u · curl v ∀u, v ∈ H(curl; Ω_A).

For any w ∈ H(curl; Ω_ψ), its tangential trace on Γ_A also belongs to H^{− 12} (div_Γ; Γ_A) and, consequently, ⟨w × n_A, π_τ (v)⟩_{ΓA} is also well defined.

To obtain a variational formulation of problem (3.6)–(3.16), notice that by virtue of (3.6), (3.8) and (3.9) we have that^1_μ curl A ∈ H(curl; Ω_A), and for all Z ∈ X ∫ Ω_A

curl ( 1 μ curl A ) · Z̄ = −iω ∫ Ω_C

σ (A + grad V ) · Z̄ + ∫ Ω_A J_d · Z̄.

Integrating by parts the left-hand side above and using (3.11) and (3.15), there follows ∫ Ω_A 1 μ [ curl A · curl Z̄ + (div A) ( div Z̄ )] + iω ∫ Ω_C σA · Z̄ (4.1) +iω ∫ Ω_C

σ grad V · Z̄ − ω ⟨grad ψ × n_A, π_τ (Z)⟩_{ΓA} = ∫ Ω_A J_d · Z̄.

On the other hand, from (3.7), by integrating by parts and using (3.16) we have for all U ∈ H^1(Ω_C)

(4.2) iω ∫ Ω_C σA · grad Ū + iω ∫ Ω_C

σ grad V · grad Ū = 0.

Finally, for any φ ∈ H^1_Γ(Ω_ψ), from (3.10), by integrating by parts and using (3.14), we obtain ω ∫ Ω_ψ

μ grad ψ · grad φ̄ + ∫ Γ_A

curl A · n_A φ̄ = 0,

where the last integral must be understood as the duality pairing between H^{− 12} (Γ_A) and H^{12} (Γ_A). Now, let φ^∗ ∈ H^1(Ω) be an extension of φ to the whole Ω. Hence, ∫ Γ_A

curl A · n_A φ̄ = ∫ Ω_A

curl A · grad φ̄^∗ = ⟨ grad φ̄ × n_A, π_τ (Ā) ⟩ Γ_A .

Therefore, we obtain

(4.3) ω ∫ Ω_ψ

μ grad ψ · grad φ̄ + ⟨ grad φ̄ × n_A, π_τ (Ā) ⟩ Γ_A = 0.

Equations (4.1)–(4.3) together with the essential condition (3.13), provide the following variational formulation of problem (3.6)–(3.16):

Find A ∈ X , V ∈ M and ψ ∈ H^1(Ω_ψ)/C such that:

ω grad ψ × n = f_d in H^{− 12} (div_Γ; Γ),

(4.4) ∫ Ω_A 1 μ [ curl A · curl Z̄ + (div A) ( div Z̄ )] + iω ∫ Ω_C σA · Z̄ (4.5) + iω ∫ Ω_C

σ grad V · Z̄ − ω ⟨grad ψ × n_A, π_τ (Z)⟩_{ΓA} = ∫ Ω_A

J_d · Z̄ ∀Z ∈ X , iω ∫ Ω_C σA · grad Ū + iω ∫ Ω_C

σ grad V · grad Ū = 0 ∀U ∈ M,

(4.6)

ω ∫ Ω_ψ

μ grad ψ · grad φ̄ + ⟨ grad φ̄ × n_A, π_τ (Ā) ⟩ Γ_A = 0 ∀φ ∈ H 1 Γ(Ω_ψ).

(4.7)

Our next goal is to prove that this variational problem has a unique solution. For this purpose, first of all notice that (4.4) can be satisfied only if f_d is the tangential trace on Γ of a gradient. Thus, this additional hypothesis turns out necessary for the problem to have a solution. So, we make the following assumption:

(4.8) ∃η ∈ H^1(Ω_ψ) : f_d = grad η × n in H^{− 12} (div_Γ; Γ).

Now, let A be the bilinear form defined on X × M × H^1(Ω_ψ )/C by A ((A, V, ψ), (Z, U, φ)) := ∫ Ω_A 1 μ [ curl A · curl Z̄ + (div A) ( div Z̄ )] + ω^2 ∫ Ω_ψ

μ grad ψ · grad φ̄ + iω ∫ Ω_C

σ (A + grad V ) · (¯ Z + grad Ū ) − ω ⟨grad ψ × n_A, π_τ (Z)⟩_{ΓA} + ω ⟨ grad φ̄ × n_A, π_τ (Ā) ⟩ Γ_A .

Clearly, (4.4)–(4.7) can be equivalently written as follows:

Find (A, V, ψ) ∈ X × M × H^1(Ω_ψ)/C such that:

ω grad ψ × n = f_d in H^{− 12} (div_Γ; Γ),

(4.9) A ((A, V, ψ), (Z, U, φ)) = ∫ Ω_A J_d · Z̄ ∀(Z, U, φ) ∈ X × M × H^1_Γ(Ω_ψ). (4.10)

THEOREM 4.1. Under assumption (4.8), the variational problem (4.9)–(4.10) has a unique solution.

Proof. It is enough to show that A is elliptic, since, in such a case, the theorem follows from Lax-Milgram’s Lemma.

To prove the ellipticity, for (Z, U, φ) ∈ X × M × H^1(Ω_ψ)/C we write A ((Z, U, φ), (Z, U, φ)) = ∫ Ω_A 1 μ ( |curl Z|^2 + |div Z|^2 ) + ω^2 ∫ Ω_ψ

μ |grad φ|^2 + iω {∫ Ω_C σ ( |Z|^2 + |grad U|^2 ) + 2 ∫ Ω_C

σ Re(grad U · Z̄)

+ 2 Im ⟨ grad φ̄ × n_A, π_τ (Z̄) ⟩ Γ_A } . Thus,

|A ((Z, U, φ), (Z, U, φ))|^2 = (a + ω^2b)^2 + ω^2(c + 2d)^2,

where

a := ∫ Ω_A 1 μ ( |curl Z|^2 + |div Z|^2 ) , b := ∫ Ω_ψ

μ |grad φ|^2 ,

c := ∫ Ω_C σ ( |Z|^2 + |grad U|^2 ) , d := e + f, with

e := ∫ Ω_C

σ Re(grad U · Z̄) and f := Im ⟨ grad φ̄ × n_A, π_τ (Z̄) ⟩ Γ_A .

Next, we proceed as in [16] and use the elementary inequality (c + 2d)^2 ≥ ρc^2 − 8ρd^2 ∀c, d ∈ R, ∀ρ ∈ (0, 1/2], to obtain

|A ((Z, U, φ), (Z, U, φ))|^2 ≥ a^2 + ω^4b^2 + ω^2(ρc^2 − 8ρd^2) ∀ρ ∈ (0, 1/2].

Now, since^1 a ≥ K μ_{max}

‖Z‖^2_X and b ≥ μ_{min} ‖grad φ‖^2_{0,Ωψ} ,

with K > 0 independent of Z, we have |A ((Z, U, φ), (Z, U, φ))|^2 ≥ K^2 μ^2_{max}

‖Z‖^4_X + ω^4μ^2_{min} ‖grad φ‖^4_{0,Ωψ}

+ ω^2ρ (∫ Ω_C

σ |grad U|^2

)_2

− 16ω^2ρ(e^2 + f^2).

To estimate the last term in the right-hand side above, notice first that, for all ε > 0,

e^2 ≤ (∫ Ω_C | |σ grad U · Z̄ | | )_2 ≤ ε 2 (∫ Ω_C

σ |grad U|^2

)_2 + 1 2ε (∫ Ω_C σ |Z|^2 )_2 . 1For the first inequality, see, for instance, [25, Lemma I.3.6].

On the other hand, ∃C > 0 independent of φ and Z such that

f^2 ≤ ‖grad φ̄ × n_A‖^2_{H−} 1_{2 (divΓ;ΓA)} ‖ π_τ (Z̄) ‖_2 H^{− 12} (curl_Γ;Γ_A) ≤ C ( ‖grad φ‖^4_{0,Ωψ} + ‖Z‖^4_X ) . Therefore, by combining the last three inequalities and taking ε and ρ small enough, we obtain that ∃α > 0 such that, ∀(Z, U, φ) ∈ X × M × H^1(Ω_ψ )/C , |A ((Z, U, φ), (Z, U, φ))|^2 ≥ α ( ‖Z‖^4_X + ‖grad U‖^4_{0,ΩC} + ‖grad φ‖^4_{0,ψ} ) , which allows us to conclude the ellipticity of A .

To end this section, we prove that the unique solution of the variational problem (4.9)– (4.10) is actually a solution of the strong form of the problem given by equations (3.6)–(3.16).

THEOREM 4.2. The solution (A, V, ψ) of (4.9)–(4.10) satisfies (3.6)–(3.16). Proof. First, let ξ ∈ H^1(Ω_A) be a solution of the compatible Neumann problem Δξ = div A in Ω_A, ∂ξ/∂n_A = 0 on Γ_A. By testing (4.5) with Z = grad ξ ∈ X , we obtain (3.11) by using (4.6) (since ξ|_{ΩC} ∈ M) and ⟨grad ψ × n_A, π_τ (grad ξ)⟩_{ΓA} = 0 (which is a consequence of the definition of the duality pairing).

Second, by testing (4.5)–(4.7) with smooth functions supported in adequate domains and proceeding in the standard way, it is easy to verify equations (3.6)–(3.10), (3.14) and (3.16). Since (3.12) is imposed in the definition of the space X and (3.13) coincides with (4.9), there only remains to prove (3.15) in H^{− 12} (div_Γ; Γ_A); namely, that for all ζ ∈ H(curl; Ω_A),

(4.11) ⟨ 1 μ curl A × n_A, π_τ (ζ) ⟩ Γ_A

− ⟨grad ψ × n_A, π_τ (ζ)⟩_{ΓA} = 0.

To do this, notice first that by substituting (3.11) in (4.5), integrating by parts and having into account (3.6) and (3.8), we obtain ⟨ 1 μ curl A × n_A, π_τ (Z) ⟩ Γ_A − ⟨grad ψ × n_A, π_τ (Z)⟩_{ΓA} = 0 ∀Z ∈ X . Next, for ζ ∈ H(curl; Ω_A), let φ be a solution of the following auxiliary problem:

φ ∈ H^1(Ω_A)/C : ∫ Ω_A

grad φ · grad χ̄ = ∫ Ω_A

ζ · grad χ̄ ∀χ ∈ H^1(Ω_A)/C .

Hence, div(ζ − grad φ) = 0 in Ω_A and (ζ − grad φ) · n_A = 0 on Γ_A. Consequently, Z := ζ − grad φ ∈ X , and using it as a test function in the equation above, we obtain ⟨ 1 μ curl A × n_A, π_τ (ζ − grad φ) ⟩ Γ_A

− ⟨grad ψ × n_A, π_τ (ζ − grad φ)⟩_{ΓA} = 0.

Now, from (3.6) and (3.8), we have ⟨ 1 μ curl A × n_A, π_τ (grad φ) ⟩ Γ_A = ∫ Ω_A

curl ( 1 μ curl A ) · grad φ̄ = − ∫ Ω_C (iωσA + iωσ grad V ) · grad φ̄ + ∫ Ω_A

J_d · grad φ̄

= 0, where, for the last step, we have used integration by parts, (3.7), (3.16), the assumption that J_d is divergence-free and (3.1).

Thus, using again that ⟨grad ψ × n_A, π_τ (grad φ)⟩_{ΓA} vanishes, (4.11) follows from the last two equations, and we conclude the proof.

5. Numerical approximation. In this section we describe and analyze a finite element method to approximate the solution of problem (4.9)–(4.10). To do this, first notice that (4.9) implies that the surface gradient of ψ can be written as follows:

∇_Γψ := n × (∇ψ × n) = 1 ω n × f_d. Therefore, if we take an arbitrary but fixed point x_0 ∈ Γ and if the data f_d is sufficiently smooth (for instance, it is enough that f_d ∈ H^{12 +δ}(Γ)^3 with δ > 0), then we can compute in advance the values of ψ on Γ as follows: ψ(x) = ∫ α(x) ∇_Γψ · t_{α(x)} = 1 ω ∫ α(x) n × f_d · t_{α(x)}, where α(x) is any simple curve lying on Γ and joining x_0 with x, and t_{α(x)} is its unit tangent vector. Notice that the computed value of ψ(x) is independent of the particular curve α(x). Thus, if we define

(5.1) g_d(x) := 1 ω ∫ α(x) n × f_d · t_{α(x)}, then problem (4.9)–(4.10) is equivalent to the following one:

Find (A, V, ψ) ∈ X × M × H^1(Ω_ψ) such that:

ψ = g_d on Γ,

(5.2) A ((A, V, ψ), (Z, U, φ)) = ∫ Ω_A

J_d · Z̄ ∀(Z, U, φ) ∈ X × M × H^1_Γ(Ω_ψ ).

(5.3)

To obtain a discrete formulation of this problem, we further assume that all the domains are Lipschitz polyhedra. Let {T_h} be a family of tetrahedral meshes of Ω such that, for each mesh, all the elements T ∈ T_h are completely included in one of the three subdomains Ω_A, Ω_C or Ω_ψ.

Consider the following finite element spaces:

X_h := { Z_h ∈ X : Z_h|_T ∈ P^3_m ∀T ∈ T_h : T ⊂ Ω_A } , M_h := { U_h ∈ M : U_h|_T ∈ P_m ∀T ∈ T_h : T ⊂ Ω_C } , Q_h := { φ_h ∈ H^1(Ω_ψ ) : φ_h|_T ∈ P_m ∀T ∈ T_h : T ⊂ Ω_ψ } , Q_{Γ,h} := {φ_h ∈ Q_h : φ_h|_Γ = 0} ,

where P_m, m ≥ 1, is the set of polynomials of degree not greater than m.

For the boundary condition, we choose the following discrete approximation of g_d:

(5.4) g_{d,h} := Π^Γ_h g_d,

where Π^Γ_h is the Lagrange interpolant on the triangular mesh on Γ which consists of the faces of tetrahedra of T ∈ T_h lying on Γ, that we denote T^Γ_h . Notice that the definition of g_{d,h} makes sense because g_d, as defined by (5.1), is continuous. Let us remark that g_{d,h} is completely determined by its values at the vertices of the triangulation T^Γ_h , which can be conveniently computed from the data f_d by means of (5.1), with α(x) being a curve formed by edges of T^Γ_h .

Thus, we are lead to the following discrete problem:

Find (A_h, V_h, ψ_h) ∈ X_h × M_h × Q_h such that:

ψ_h = g_{d,h} on Γ,

(5.5)

A ((A_h, V_h, ψ_h), (Z_h, U_h, φ_h)) = ∫ Ω_A

J_d · Z̄_h

(5.6) ∀(Z_h, U_h, φ_h) ∈ X_h × M_h × Q_{Γ,h}.

The existence and uniqueness of the solution of this discrete problem is again an immediate consequence of the ellipticity of A , proved in the proof of Theorem 4.2, and Lax- Milgram’s Lemma. Moreover, if the solution of the continuous problem is smooth enough, the standard finite element error analysis techniques yield the following result:

THEOREM 5.1. Let g_d ∈ C(Γ) and g_{d,h} be defined by (5.4). Let (A, V, ψ) and (A_h, V_h, ψ_h) be the solutions of problems (5.2)–(5.3) and (5.5)–(5.6), respectively.

If A ∈ H^{1+s}(Ω_A)^3, V ∈ H^{1+s}(Ω_C) and ψ ∈ H^{1+s}(Ω_ψ ) with s > 0, then there exists a strictly positive constant C, independent of h, A, V and ψ, such that

‖A − A_h‖_X + ‖grad (V − V_h)‖_{0,ΩC} + ‖grad (ψ − ψ_h)‖_{0,Ωψ} ≤ Ch^r ( ‖A‖_{1+s,ΩA} + ‖V ‖_{1+s,ΩC} + ‖ψ‖_{1+s,Ωψ} ) , with r := min {m, s}.

Proof. Let Π_h be the Lagrange interpolant on Q_h. Since

(Π_hψ) |_Γ = Π^Γ_h ψ = Π^Γ_hg_d = g_{d,h} = ψ_h|_Γ,

we have that ψ_h − Π_hψ ∈ Q_{Γ,h}. Therefore, the theorem is a direct consequence of the ellipticity of A , Cea’s lemma and the approximation properties of the Lagrange interpolant; see, for instance, Ciarlet [21].

To end the paper we discuss the convenience of choosing the domain Ω_A of the vector potential so that its connected components be convex polyhedra. For simplicity, we take Ω_A connected in what follows, but all the statements hold true for each of its connected components. So let Ω_A be simply connected with a connected boundary.

According to [25, Theorem I.3.4], since div(μH) = 0 in Ω, there exists Φ ∈ H^1(Ω)^3 satisfying:

curl Φ = μH in Ω, div Φ = 0 in Ω.

Moreover, according to Remark I.3.12 of the same reference, if μH ∈ H^p(Ω)^3 with 0 < p ≤ 1, then Φ ∈ H^{1+p}(Ω)^3.

Therefore, by virtue of (3.2)–(3.4), there holds:

curl(A − Φ) = 0 in Ω_A, div(A − Φ) = 0 in Ω_A, (A − Φ) · n_A = −Φ · n_A on Γ_A.

The first equation above and the simple-connectedness of Ω_A implies that there exists a unique χ ∈ H^1(Ω_A)/C such that A − Φ = grad χ in Ω_A, whereas the remaining equations imply that χ is the solution of the following compatible Neumann problem:

Δχ = 0 in Ω_A, ∂χ ∂n_A = −Φ · n_A on Γ_A.

The Neumann data of this problem will be in general smooth on each polygonal face F of Γ_A, since Γ_A is an arbitrary polyhedral surface within the dielectric domain. In fact, if μH ∈ H^p(Ω)^3 with 0 < p ≤ 1, then Φ|_F · n_A ∈ H^{12 +p}(F ) for all faces F .

Therefore, if Ω_A is a convex polyhedron, then there exists q > 0 such that χ ∈ H^{2+q}(Ω_A); see [23]. Consequently,

A = Φ + grad χ ∈ H^{1+s}(Ω_A)^3,

with s := min {p, q} > 0. Conversely, if Ω_A were a non-convex polyhedron, then, in general, χ /∈ H^2(Ω_A) and, consequently,

A = Φ + grad χ /∈ H^1(Ω_A)^3.

In such a case, Theorem 5.1 would become meaningless.

Moreover, Y := { Z ∈ H^1(Ω_A)^3 : Z · n_A = 0 on Γ_A } is a closed subspace of X ; see [22]. When Ω_A is a polyhedron, it is well-known that Y = X if and only if Ω_A is convex; see [25, Theorem I.3.9] and [22].

The finite element space X_h is clearly a subspace of Y. Therefore, when Ω_A is a convex polyhedron, it makes sense to approximate A ∈ X by finite elements from X_h.

Instead, if Ω_A were not convex, then there would be no hope of approximating A by finite elements from X_h. Indeed, as stated above, in general A /∈ H^1(Ω_A)^3 in such a case. Hence, A would not belong to the closed set Y containing the finite element spaces X_h for all meshes. So, there could not exist A_h such that ‖A − A_h‖_X → 0 as h goes to zero.

6. Conclusions. We have proved that the A, V −A−ψ formulation of the eddy current problem is well posed and that its discretization by standard nodal finite elements leads to an optimal-order numerical approximation. This gives mathematical support to the well-known efficiency of this approach in applications.

However, for the convergence of the numerical method, the connected components of the domain of the vector potential A must be chosen as convex polyhedra. Since this domain can be chosen freely (as far as it contains the conductors and the source current), this is not a severe restriction in practice.

Acknowledgments. The authors want to express their gratitude to Monique Dauge for helpful discussions.

REFERENCES

[1] D. ALBERTZ AND G. HENNEBERGER, Calculation of 3D eddy current fields using both electric and magnetic vector potential in conducting regions, IEEE Trans. Magn., 34 (1998), pp. 2644–2647.

[2] , On the use of the new based A − A, T formulation for the calculation of time-harmonic stationary and transient eddy current field problems, IEEE Trans. Magn., 36 (2000), pp. 818–822.

[3] A. ALONSO AND A. VALLI, A domain decomposition approach for heterogeneous time-harmonic Maxwell equations, Comput. Methods Appl. Mech. Engrg., 143 (1997), pp. 97–112.

[4] , An optimal domain decomposition preconditioner for low-frequency time-harmonic Maxwell equations, Math. Comp., 68 (1999), pp. 607–631.

284 R. ACEVEDO AND R. RODRIGUEZ

[5] A. ALONSO RODRÍGUEZ, P. FERNANDEZ, AND A. VALLI, Weak and strong formulations for the timeharmonic eddy-current problem in general multi-connected domains, European J. Appl. Math., 14 (2003), pp. 387–406.

[6] A. ALONSO RODRÍGUEZ, R. HIPTMAIR, AND A. VALLI, Mixed finite element approximation of eddy current problems, IMA J. Numer. Anal., 24 (2004), pp. 255–271.

[7] , Hybrid formulations of eddy current problems, Numer. Methods Partial Differential Equations, 21 (2005), pp. 742–763.

[8] C. AMROUCHE, C. BERNARDI, C. DAUGE, AND V. GIRAULT, Vector potentials in three-dimensional nonsmooth domains, Math. Methods Appl. Sci., 21 (1998), pp. 823–864.

[9] A. BERMÚDEZ, R. RODRÍGUEZ, AND P. SALGADO, A finite element method with Lagrange multipliers for low-frequency harmonic Maxwell equations, SIAM J. Numer. Anal., 40 (2002), pp. 1823–1849.

[10] , Numerical solution of eddy current problems in bounded domains using realistic boundary conditions, Comput. Methods Appl. Mech. Engrg., 194 (2005), pp. 411–426.

[11] , Numerical analysis of an electric formulation of the eddy current problem, Numer. Math., 102 (2005), pp. 181–201.

[12] , Numerical treatment of realistic boundary conditions for the eddy currents problem in an electrode via Lagrange multipliers, Math. Comp., 74 (2005), pp. 123–151.

[13] , FEM for 3D eddy current problems in bounded domains subject to realistic boundary conditions. An application to metallurgical electrodes, Arch. Comput. Methods Eng., 12 (2005), pp. 67–114.

[14] O. BÍRÓ Edge element formulations of eddy current problems, Comput. Methods Appl. Mech. Engrg., 169 (1999), pp. 391–405 [15] O. BÍRÓ AND K. PREIS, On the use of the magnetic vector potential in the finite element analysis of the three-dimensional eddy currents, IEEE Trans. Magn., 25 (1989), pp. 3145–3159.

[16] O. BÍRÓ AND A. VALLI, The Coulomb gauged vector potential formulation for the eddy-current problem in general geometry: well-posedness and numerical approximation, Comput. Methods Appl. Mech. Engrg., 196 (2007), pp. 1890–1904.

[17] A. BOSSAVIT, Computational Electromagnetism, Academic Press Inc., San Diego, CA, 1998. [18] A. BUFFA AND P. CIARLET, JR., On traces for functional spaces related to Maxwell’s equations Part I: An integration by parts formula in Lipschitz polyhedra, Math. Methods Appl. Sci., 24 (2001), pp. 9–30.

[19] , On traces for functional spaces related to Maxwell equations. II. Hodge decompositions on the boundary of Lipschitz polyhedra and applications, Math. Methods Appl. Sci., 24 (2001), pp. 31–48.

[20] A. BUFFA, M. COSTABEL, AND D. SHEEN, On traces for H(curl; Ω) in Lipschitz domains, J. Math. Anal.

Appl., 276 (2002), pp. 845–867.

[21] P. CIARLET, The Finite Element Method for Elliptic Problems, SIAM, Philadelphia, 2002. [22] M. COSTABEL, A coercive bilinear form for Maxwell’s equations, J. Math. Anal. Appl., 157 (1991), pp. 527– 541.

[23] M. DAUGE, Elliptic Boundary Value Problems on Corner Domains, Lecture Notes in Math., 1341, Springer, Berlin, 1988.

[24] P. FERNANDEZ AND G. GILARDI, Magnetostatic and electrostatic problems in inhomogeneous anisotropic media with irregular boundary conditions, Math. Model. Methods Appl. Sci., 7 (1997), pp. 957–991.

[25] V. GIRAULT AND P. A. RAVIART, Finite Element Methods for Navier Stokes Equations, Springer, New York, 1986.

[26] R. HIPTMAIR, Boundary element methods for eddy current computation, in Computational Electromagnetics, C. Carstensen, et al. eds., Lect. Notes Comput. Sci. Eng., 28, Springer, Berlin, 2003, pp. 103–126.

[27] N. A. GOLIAS, C. S. ANNTONOPOULUS, T. D. TSIBOUKIS, AND E. E. KRIEZIS, 3D eddy current computation with edge elements in terms of the electric intensity, COMPEL, 17 (1998), pp. 667–673.

[28] P. J. LEONARD AND D. RODGER, Finite element scheme for transient 3D eddy currents, IEEE Trans. Magn., 24 (1988), pp. 90-93.

[29] P. MONK, Finite Element Methods for Maxwell’s Equations, Clarendon Press, Oxford, 2003. [30] T. MORISUE, Magnetic vector potential and electric scalar potential in three-dimensional eddy current problem, IEEE Trans. Magn., 18 (1982), pp. 531–535.

[31] , 3D-eddy current calculation using the magnetic vector potential, IEEE Trans. Magn., 24 (1988), pp. 106–109.

[32] P. P. SILVESTER AND R. L. FERRARI, Finite Elements for Electrical Engineers, Cambridge University Press, Cambridge, 1996.

[33] J. K. SYKULSKI, Computational Magnetics, Chapman & Hall, London, 1995.

[34] H. T. TU, K. R. SHAO, AND K. D. ZHOU, H method for solving 3D eddy current problems, IEEE Trans.

Magn., 31 (1995), pp. 3518–3520.