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ON WORST-CASE GMRES, IDEAL GMRES, AND THE POLYNOMIAL
NUMERICAL HULL OF A JORDAN BLOCK �

PETR TICHÝ�, JÖRG LIESENy, AND VANCE FABERz
Abstract. When solving a linear algebraic systemAx = b with GMRES, the relative residual norm at each

step is bounded from above by the so-called ideal GMRES approximation. This worst-case bound is sharp (i.e. it
is attainable by the relative GMRES residual norm) in case ofa normal matrixA, but it need not characterize the
worst-case GMRES behavior ifA is nonnormal. Characterizing the tightness of this bound for nonnormal matricesA
represents an important and largely open problem in the convergence analysis of Krylov subspace methods. In this
paper we address this problem in caseA is a single Jordan block. We study the relation between idealand worst-case
GMRES as well as the problem of estimating the ideal GMRES approximation. Furthermore, we prove new results
about the radii of the polynomial numerical hulls of Jordan blocks. Using these, we discuss the closeness of the
lower bound on the ideal GMRES approximation that is derivedfrom the radius of the polynomial numerical hull.
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