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OSCILLATION OF FACTORED DYNAMIC EQUATIONS
�

J. DEVRIES
�

AND A. HULME
�

Abstract. Results developed for the Euler–Cauchy dynamic equation are extended to a more general class
of factored dynamic equations. The oscillation properties are studied in the case of isolated time scales, where a
necessary and sufficient criterion for oscillation is developed.
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1. Introduction. We will assume that the reader is familiar with the time scale calculus
(see Bohner and Peterson [2]). The factored form of the Euler–Cauchy dynamic equation�������
	���
���������	���
��������
(1.1)

where
�

is the delta derivative operator with respect to
�

and
	 � ��	 �

are constants was intro-
duced by Akin-Bohner and Bohner [1] and they used this to define and solve the � th order
Euler–Cauchy dynamic equation. The oscillation of the second-order Euler–Cauchy dynamic
equation (1.1) was studied by Huff et al [4]. We assume throughout that ��� ������ !


and"$# �&% ������ !
('
In this paper we solve and study the oscillation properties of the factored

dynamic equation � " ���)
����
	 � 
�� " ���)
����
	 � 
��*�+���
(1.2)

where
	��,�-	.�

are constants, which we call the characteristic roots of (1.2). K. Messer studies� th order factored equations in [5].
We will assume that the regressivity condition/10 �2	�� 0 	���
435���)
" ���)
 0 	6�7	���3 � ���)
" � ���)
 8���(1.3)

holds throughout. This regressivity condition (1.3) is equivalent to the restriction that	 �" ���)
 � 	 �" ���)
:9�; �
where ; is the regressive group defined in [2], page 58.

The next three results are motivated by results in [4].
THEOREM 1.1. Let

	��,�-	.�
be the characteristic roots to (1.2). If

	6� 8�<	.� , then�=���)
>��?@�(ACB�DEGFIHKJ ���(�G�4L�
 0 ?��7ACB�ME-FNHOJ ���(�)�4LP

is a general solution of (1.2). If

	 � �&	 �
, then�=���)
1��? � ACB DEGFIHKJ ���(�G� L 
 0 ? � AQB DE-FNHOJ ���(�)� L 
�R
SS�T /" �2U�
 0 	6��35�2U�
WV UX
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is a general solution of (1.2).
Proof. Assume that

�
solves (1.2) and take Y �Z� " ���)
����
	 � 
��

, so that� " ���)
)����	 � 
 Y �<�['(1.4)

This is equivalent to the dynamic equationY]\ � 	��" ���)
 Y
which is solved by Y ���)
5�<? � ACB ME-FNHOJ ���(�G� L 

due to the regressivity condition (1.3). From (1.4) it follows that

�
satisfies� " ���)
����
	 � 
4�*��? � AQB ME-FNHOJ ���(�)� L 
(�

or equivalently ^ ��� 	��" ���)
P_ ���<?�� /" ���)
 AQB�ME-FNHOJ ���(�)�4L�
('
Using the variation of constants formula [2], page 77, we get that�=���)
>��?@�(ACB�DEGFIHKJ ���(�G�4L@
 0 ?�� R SS�T ACB�DE-FNHOJ ���(�G`a�bU@
G


^ /" �bU�
 ACB�MEGFIHKJ �2Uc�G�4L@
 _dV U��? � ACB DEGFIHKJ ���(�G� L 
 0 ? � ACB DE-FNHOJ ���(�)� L 
�ReSS�T /" �bU@
 ACB DE-FNHOJ ��� L �G`a�2U�
G
�AQB MEGFIHKJ �2Uc�G� L 
 V U��? � ACB DEGFIHKJ ���(�G� L 
 0 ? � ACB DE-FNHOJ ���(�)� L 
�R SS�T /" �bU@
 APfgB DEGFIHKJ ��`a�bU�
(�)� L 
�AhB ME-FNHOJ �bUc�)� L 
 V U��? � ACB DEGFIHKJ ���(�G� L 
 0 ? � ACB DE-FNHOJ ���(�)� L 
�ReSS�T /" �bU@
 0 	��(35�bU@
 A f B DE-FNHOJ �bUi�G� L 
)ACB ME-FNHOJ �2Uc�)� L 
 V U��? � ACB DEGFIHKJ ���(�G� L 
 0 ? � ACB DE-FNHOJ ���(�)� L 
�ReSS T /" �bU@
 0 	��(35�bU@
 ACB MEGFIHKJ f B DE-FNHOJ �bUc�)� L 
 V Uc'
If
	��j��	.�

, we have the desired result that�k���)
>��?7��AlB�DE-FNHOJ ���(�)�4L@
 0 ?��7ACB�DEGFIHKJ ���(�G�4L@
 R SS T /" �bU�
 0 	���35�bU�
 V Uc'
If
	�� 8��	.�i� , then the formulaR SS�T /" �2U�
 0 	 � 35�2U�
 AQB�ME-FNHOJ f B�DEGFIHKJ �2Uc�G�4L@
 V Um� /	 � �
	 �gn AQB�ME-FNHOJ f B�DEGFIHKJ ���(�G�4L@
o� /�p

completes the proof.
If the characteristic roots are complex conjugates of each each other, we can write the

general solution in terms of the generalized expontential and trigonometric functions (see [2]
for the definitions of these functions).

THEOREM 1.2. If the characteristic roots of (1.2) are
	���q �r�<sut�vxw

, where
w
y!���

and
the regressivity condition (1.3) holds, then�=���)
>��? � AezEGFIHKJ ���(�G� L 
]{�|c} ~EGFIHKJ�� z7� FNHOJ ���(�)� L 
 0 ? � A�zE-FNHOJ ���(�)� L 
[})�K� ~E-FNHOJ�� z�� FIHKJ ���(�G� L 
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is a general solution of equation (1.2).
Proof. By Theorem 1.1, A z �i� ~EGFIHKJ ���(�)�4L�
(��A z,� � ~EGFIHKJ ���(�G�4L@


are solutions. Define �w by �w>���)
" ���)
 � w" ���)
 0 s=35���)
 ��� 9 �
Then the following two conditions hold:s" ���)
 0 v w" ���)
 � s" ���)
j� v �w>���)
" ���)
s" ���)
 ��v w" ���)
 � s" ���)
j� �)��v4
 �w>���)
" ���)
 '
So ���,���)
>� /� A z �i� ~EGFIHKJ ���(�)�4LP
 0 /� A z,� � ~E-FNHOJ ���(�)�4L@
� /� A zE-FNHOJG� �x�~ FNHOJE-FNHOJ ���(�)�4L�
 0 /� A zEGFIHKJ��o��� �x�~ FIHKJE-FNHOJ]� ���(�G�4L@
�<AezEGFIHKJ ���(�G� L 
l�� A�� �~ FIHKJE-FNHOJ ���(�G� L 
 0 A � � �~ FNHOJEGFIHKJ ���(�G� L 
� ���<AezEGFIHKJ ���(�G�4L@
]{�|c} �~ FNHOJEGFIHKJ ���(�G�4L@
�<AezEGFIHKJ ���(�G�4L@
]{�|c} ~EGFIHKJ�� z7� FNHOJ ���(�)�4L�

is a solution. Likewise �.�c���)
>�<AezE-FNHOJ ���(�)�4LP
]}G��� ~EGFIHKJ�� z7� FNHOJ ���(�)�4L�

is a solution. Since

���P�G�.�
are linearly independent solutions, we have the desired result.

The properties of the generalized trigonometric functions are not fully known, so we
write the solution in terms of the classical trigonometric functions. This leads to a useful
forumla on isolated time scales, that is time scales where every point is isolated.

LEMMA 1.3. If the characteristic roots are
	 ��q � �<s*tevxw

, where
w�y����

then�=���)
>�<�C���)
��2?7��{�|c}��u���)
 0 ?���})�K�j�u���)
)
��
where �Q���)
>��A�� HH T�� ��  � FI¡-J � z �i� ~EGFI¡-J 
)
 \a¢ y$�[�������)
5� R
SS T>£

^]¤�¥ � ¢ � ^ s 0 vxw" ��¦�
�_j_ V ¦[�(1.5)

where

¤7§
is the cylinder transformation (see page 57 in [2]), is a general solution of the

dynamic equation (1.2). If, in addition, � is a isolated time scale, then for
� 9 � ,�C���)
>�©¨ � S �ª¢7« S T /" ��¦�
�¬ � " ��¦�
 0 35��¦�
)sk
 � 0 w � 3 � ���)
����u���)
5�©¨ � S �­¢@« S T[®i¯ {�° ® �
^ w�35��¦�
" ��¦�
 0 s�35��¦�
,_ '
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Proof. From [2], page 59, we haveA z �i� ~EGFIHKJ ���(�)� L 
>�+A � HH T   � FN¡�J � z �c� ~E-FN¡�J 
 \a¢�+A � HH T�� �2  � FN¡�J � z �i� ~EGFI¡-J 
)
�± �K² ��  � FI¡-J � z �c� ~E-FN¡�J 
)
 \a¢�+�Q���)
)A �K³ � S ��+�Q���)
��b{�|W}[�u���)
 0 vW}G���������)
)
�'
The real and imaginary parts� � ���)
 # �<�C���)
]{�|W}[�u���)
(��� � ���)
 # �<�C���)
]})�K�j�u���)

are linearly independent solutions of (1.2), and the result follows.
Suppose that every point in � is isolated, then¤7¥ � ¢ � ^ s 0 vxw" ��¦�
g_� /35��¦�
W´>µ@¶ ^ /10 35��¦�
 s 0 vxw" ��¦�
g_� /35��¦�
a· |i¸l¹¹¹¹ " ��¦�
 0 s=35��¦�
" ��¦�
 0 v w�35��¦�
" ��¦�
 ¹¹¹¹ 0 v35��¦�
 �rº ¶ ^ " ��¦�
 0 s=35��¦�
" ��¦�
 0 v w�35��¦�
" ��¦�
C_� /35��¦�
 · |i¸ ^ /" ��¦�
 ¬ � " ��¦�
 0 s=35��¦�
)
 � 0 w � 3 � ��¦�
 _ 0 v35��¦�
 ®i¯ {�° ® �

^ w�35��¦�
" ��¦�
 0 s�35��¦�
c_ '
Then » ^]¤�¥ � ¢ � ^ s 0 vxw" ��¦�
g_j_ � /35��¦�
 · |i¸ ^ /" ��¦�
 ¬ � " ��¦�
 0 s=35��¦�
G
 � 0 w � 3 � ��¦�
 _(1.6)

and

£
^ ¤�¥ � ¢ � ^ s 0 vxw" ��¦�
g_j_ � /35��¦�
 ®,¯ {(° ® �

^ w�35��¦�
" ��¦�
 0 s=35��¦�
c_ '(1.7)

From (1.5) and (1.6) we have�C���)
>�+A � HH T D� FN¡�JW¼ ½G¾À¿ DE-FN¡�J-Á �KÂi� ¢ � ±�Ã ¥ � ¢ ��� M ±�Ä M ¥ M � ¢ ��Å \a¢�+A,ÆhÇ FIHKJ¡�ÈiH T ¼ ½-¾À¿ DEGFI¡-J Á �KÂi� ¢ � ±�Ã
¥ � ¢ ��� M ±�Ä M ¥ M � ¢ �ÉÅ� ¨ � S �ª¢@« S�T

^ /" ��¦�
.¬ � " ��¦�
 0 s�35��¦�
)
 � 0 w � 3 � ��¦�
 _ '
Furthermore, from (1.5) and (1.7) we have�u���)
>� R SS�T /35��¦�
 ®i¯ {�° ® �

^ w�35��¦�
" ��¦�
 0 s�35��¦�
c_ V ¦� ¨ � S �­¢@« S T ®i¯ {�° ® �
^ w�35��¦�
" ��¦�
 0 s�35��¦�
c_ �

which is the desired result.
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2. Oscillation Results. For the remainder of the paper we assume that � is unbounded
above and that the characteristic roots of the dynamic equation (1.2) are

	 �(q � �+sÊtËvxw5�
wherew�y��

. Recall from [4] the definition of oscillatory:
DEFINITION 2.1. If the characteristic roots of (1.2) are

	��(q �Ê�&sÌtevxw5�Pw
y+�
, then we

say the dynamic equation (1.2) is oscillatory iff
�u���)


is unbounded.
For example, let � be the real interval Í / �( �
 and let

" ���)
5�+�-Î
. Then�u���)
5�+w R S� /" ��¦�
5Ï ¦u�$w R S� /¦ Î Ï ¦['

So
�u���)


is unbounded if and only if ÐÌÑ /
. Thus we have oscillation only in the case whereÐ�Ñ / .

We now restrict ourselves to isolated time scales, for which we have the following crite-
rion for oscillation.

THEOREM 2.2. Let � be an isolated time scale. The dynamic equation (1.2) is oscillatory
on � if and only if Ò�Ó¢@« S�T

¥ � ¢ �Âi� ¢ � diverges.

Proof. Suppose that Ò Ó¢7« S�T
¥ � ¢ �Âi� ¢ � diverges. We break the proof into two cases. If· ��Ô ¢�Õ Ó Âi� ¢ �¥ � ¢ � 8�& , then clearly

· �KÔ¢�Õ Ó ®,¯ {(° ® � �� wÂ,� ¢ �¥ � ¢ � 0 s �� 8���['
So · �KÔS Õ Ó �u���)
>� Ó­¢@« S T ®i¯ {�° ® �

^ w�35��¦�
" ��¦�
 0 35��¦�
�sm_� Ó­¢@« S T ®i¯ {�° ® � �� wÂi� ¢ �¥ � ¢ � 0 s ���& �'
Thus (1.2) is oscillatory.

If · ��Ô ¢�Õ Ó Âi� ¢ �¥ � ¢ � �& , then there is a
� �×Ö � L

such thatÓ­¢@« S D ®i¯ {�° ® �e�� wÂi� ¢ �¥ � ¢ � 0 s �� Ö Ó­¢@« S D ®i¯ {�° ® �
�� w�ÊØ Âi� ¢ �¥ � ¢ � ��� Ó­¢@« S D ®i¯ {�° ® �
^ w � Ø 35��¦�
" ��¦�
i_Ö Ó­¢@« S D

^ w � Ø 35��¦�
" ��¦�
 � w�Ù�PÚ Ø 3�Ùi��¦�
" Ù ��¦�
c_ '
Since · �KÔ ¢@Õ Ó Â,� ¢ �¥ � ¢ � �� 

, we have · ��Ô ¢@Õ Ó
¥ � ¢ �Â,� ¢ � �Û�

. We apply the limit comparison
test, · ��Ô¢@Õ Ó

Ä � Ø ¥ � ¢ �Â,� ¢ � � ÄWÜ�GÝ Ø
¥ Ü � ¢ �Â Ü � ¢ �¥ � ¢ �Âi� ¢ � � · ��Ô¢@Õ Ó

^ w � � w�Ù�PÚ Ø 3 � ��¦�
" � ��¦�
,_ � w � '
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We have
��Þ Ä � Þß , and Ò Ó¢7« S�T

¥ � ¢ �Â,� ¢ � �à 
, so · �KÔ S Õ Ó �u���)
j�Z 

and therefore we have
oscillation.

To prove the converse, we deal with the contrapositive. Suppose that Ò Ó¢7« S T
¥ � ¢ �Â,� ¢ � con-

verges. Then · �KÔ ¢�Õ Ó
¥ � ¢ �Âi� ¢ � �<� , so · ��Ô ¢�Õ Ó Âi� ¢ �¥ � ¢ � �á . Thus for

�-�
sufficiently largeÓ­¢@« S D ®i¯ {�° ® � �� wÂi� ¢ �¥ � ¢ � 0 s �� Ñ Ó­¢@« S D ®i¯ {�° ® � �� w�� Ø Â,� ¢ �¥ � ¢ � ��� Ó­¢@« S D ®i¯ {�° ® �

^ � w Ø 35��¦�
" ��¦�
i_
Ñ Ó­¢@« S D � w Ø 35��¦�
" ��¦�
� � w Ó­¢7« S D 35��¦�
" ��¦�
 '

So
�����)


is bounded, and therefore the solutions are nonoscillatory.
To show the utility of this result, consider the Euler–Cauchy equation (1.1) on the time

scale â . In this case, Ó­¢7« S�T 35��¦�
" ��¦�
 �ãÓ­ä « � /� �& +'
So (1.1) is oscillatory on â .

We can also use standard series comparisons between time scales in this manner. On the
time scale â � we have 35���)
" ���)
 � � � 0�/� � Ö �� Ö /� '
So Ò Ó¢@« S T

¥ � ¢ �Âi� ¢ � �á , and we have oscillation of the Euler–Cauchy equation (1.1) on â � .
Still considering the Euler–Cauchy equation, oscillation on the time scale �>å �çæ7� ä�è�4L:� / �)� ä ± �C�Û� ä 0 �SOé ê � � 9 â L6ë is determined under the condition that ì Ö � after some

effort in [4]. By using Theorem 2.2 we can establish the same result quickly. Note that� ä Ñ�� 0+/ for all � 9 â L . So Ó­¢@« S�T 35��¦�
" ��¦�
 ��Ó­ä « L
�SOé ê� ä��Ó­ä « L /� å ± �äÖ Ó­ä « L /� � 0�/ 
 å ± ��< �'

THEOREM 2.3. Let
" ���)
í�á�GÎ

, then the dynamic equation (1.2) is oscillatory on â å forì y!� if and only if ÐuÑ / .
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Proof. For
� ä 9 â å we have

35��� ä 
5�à� � 0�/ 
 å � � å . If ì � /
, we haveÓ­¢@« S T 35��¦�
" ��¦�
 ��Ó­ä « � /� Î

which is divergent if and only if Ð�Ñ / .
If ì y / we have ì � � 0+/ 
 å � � Ö � � 0+/ 
 å � � å Ö ì�� å � �(2.1)

by the mean value theorem, and � � 0�/ 
 å � � Ñ � � å � �(2.2)

for sufficiently large � . So we have for an integer � L sufficiently large thatÓ­ä « ä T 35��� ä 
" ��� ä 
 � Ó­ä « ä T � � 0�/ 
 å � � å� å ÎÖ Ó­ä « ä T ì�� å �
�� å Î� Ó­ä « ä T ì� å � Î � � � ± � '

When ÐuÑ / , we have oscillation since ì � Ð � / 
 0+/ Ñ / .
The other half of (2.1) givesÓ­ä « � � � 0+/ 
 å � � å� å Î Ñ Ó­ä « � ì � � 0�/ 
 å �

�� å ÎÑ Ó­ä « � � ì�� å �
�� å Î�ãÓ­ä « � � ì� å � Î � � � ± � '

When Ð y / , the solutions are nonoscillatory since ì � Ð � / 
 0+/ y / .
If ì Þ / , inequalities (2.1) and (2.2) becomeì�� å � � Ö � � 0�/ 
 å � � å Ö ì � � 0+/ 
 å � �

and � � 0+/ 
 å � � Ö /� � å � � '
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In this case, Ó­ä « � � � 0�/ 
 å �
� � � å� å Î Ö Ó­ä « � ì � � 0�/ 
 å �

�� å ÎÖîÓ­ä « � ì�� å �
�� � å Î� Ó­ä « � ì� � å � Î � � � ± � '

So for Ð�Ñ / , we have ì � Ð � / 
 0�/ Ñ / and thus the solutions are oscillatory.
We can also form an upper bound,Ó­ä « � � � 0+/ 
 å � � å� å Î Ñ Ó­ä « � ì�� å �

�� å Î�ãÓ­ä « � ì� å � Î � � � ± � '
As before, the solutions are nonoscillatory if Ð y / .

Therefore, for each case we have oscillation if and only if Ð�Ñ /
which is the desired

result.
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