OSCILLATION OF FACTORED DYNAMIC EQUATIONS^∗

J. DEVRIES^† AND A. HULME^†

Abstract. Results developed for the Euler–Cauchy dynamic equation are extended to a more general class of factored dynamic equations. The oscillation properties are studied in the case of isolated time scales, where a necessary and sufficient criterion for oscillation is developed.

Key words. time scales, factored dynamic equations

AMS subject classifications. 39A10

1. Introduction. We will assume that the reader is familiar with the time scale calculus (see Bohner and Peterson [2]). The factored form of the Euler–Cauchy dynamic equation

(tD − λ_2)(tD − λ_1)x = 0,

(1.1)

where D is the delta derivative operator with respect to t and λ_1, λ_2 are constants was introduced by Akin-Bohner and Bohner [1] and they used this to define and solve the nth order Euler–Cauchy dynamic equation. The oscillation of the second-order Euler–Cauchy dynamic equation (1.1) was studied by Huff et al [4]. We assume throughout that T ⊂ (0, ∞) and f : T → (0, ∞). In this paper we solve and study the oscillation properties of the factored dynamic equation

(f(t)D − λ_2)(f(t)D − λ_1)x = 0,

(1.2)

where λ_1, λ_2 are constants, which we call the characteristic roots of (1.2). K. Messer studies nth order factored equations in [5].

We will assume that the regressivity condition 1 + (λ_1 + λ_2)μ(t) f(t) + λ_1λ_2μ^2(t)

f^2(t)

≠ 0

(1.3)

holds throughout. This regressivity condition (1.3) is equivalent to the restriction that

λ_1 f(t) , λ_2 f(t) ∈ R, where R is the regressive group defined in [2], page 58.

The next three results are motivated by results in [4].

THEOREM 1.1. Let λ_1, λ_2 be the characteristic roots to (1.2). If λ_1 ≠ λ_2, then

x(t) = c_1e λ_{1f (t)} (t, t_0) + c_2e λ_{2f (t)} (t, t_0)

is a general solution of (1.2). If λ_1 = λ_2, then

x(t) = c_1e λ_{1f (t)} (t, t_0) + c_2e λ_{1f (t)} (t, t_0) ∫_t t_0 1 f(s) + λ_1μ(s) Δs ∗Received December 19, 2003. Accepted for publication May 5, 2004. Recommended by A. Ruffing. This work was supported by NSF Grant 0072505, under the guidance of Dr. Lynn Erbe and Dr. Allan Peterson.

†Department of Mathematics, University of Nebraska-Lincoln 203 Avery Hall, Lincoln NE 68588-0130 (s-jdevrie3@math.unl.edu, ahulme@wisc.edu). 26

is a general solution of (1.2).

Proof. Assume that x solves (1.2) and take y = (f(t)D − λ_1)x, so that (f(t)D − λ_2)y = 0.

(1.4) This is equivalent to the dynamic equation

y^Δ = λ_2 f(t) y which is solved by y(t) = c_2e λ_{2f (t)} (t, t_0)

due to the regressivity condition (1.3). From (1.4) it follows that x satisfies (f(t)D − λ_1)x = c_2e λ_{2f (t)} (t, t_0),

or equivalently ( D − λ_1 f(t) ) x = c_2 1 f(t) e λ_{2f (t)} (t, t_0).

Using the variation of constants formula [2], page 77, we get that

x(t) = c_1e λ_{1f (t)} (t, t_0) + c_2 ∫_t t_0 e λ_{1f (t)} (t, σ(s)) ( 1 f(s) e λ_{2f (t)} (s, t_0) ) Δs = c_1e λ_{1f (t)} (t, t_0) + c_2e λ_{1f (t)} (t, t_0) ∫_t t_0 1 f(s) e λ_{1f (t)} (t_0, σ(s))e λ_{2f (t)} (s, t_0)Δs

= c_1e λ_{1f (t)} (t, t_0) + c_2e λ_{1f (t)} (t, t_0) ∫_t t_0 1 f(s) e_⊖ λ_{1f (t)} (σ(s), t_0)e λ_{2f (t)} (s, t_0)Δs

= c_1e λ_{1f (t)} (t, t_0) + c_2e λ_{1f (t)} (t, t_0) ∫_t t_0 1 f(s) + λ_1μ(s) e_⊖ λ_{1f (t)} (s, t_0)e λ_{2f (t)} (s, t_0)Δs

= c_1e λ_{1f (t)} (t, t_0) + c_2e λ_{1f (t)} (t, t_0) ∫_t t_0 1 f(s) + λ_1μ(s) e λ_{2f (t) ⊖} λ_{1f (t)} (s, t_0)Δs.

If λ_1 = λ_2, we have the desired result that

x(t) = c_1e λ_{1f (t)} (t, t_0) + c_2e λ_{1f (t)} (t, t_0) ∫_t t_0 1 f(s) + λ_1μ(s) Δs. If λ_1 ≠ λ_2,, then the formula ∫_t t_0 1 f(s) + λ_1μ(s) e λ_{2f (t) ⊖} λ_{1f (t)} (s, t_0)Δs = 1 λ_2 − λ_1 [ e λ_{2f (t) ⊖} λ_{1f (t)} (t, t_0) − 1 ]

completes the proof.

If the characteristic roots are complex conjugates of each each other, we can write the general solution in terms of the generalized expontential and trigonometric functions (see [2] for the definitions of these functions).

THEOREM 1.2. If the characteristic roots of (1.2) are λ_{1,2} = α ± iβ, where β > 0, and the regressivity condition (1.3) holds, then

x(t) = c_1e^α_{f (t)} (t, t_0) cos β_{f (t)+αμ(t)} (t, t_0) + c_2e^α_{f (t)} (t, t_0) sin β_{f (t)+αμ(t)} (t, t_0) is a general solution of equation (1.2).

Proof. By Theorem 1.1, e α+iβ_{f (t)} (t, t_0), e α−iβ_{f (t)} (t, t_0) are solutions. Define ~β by ~β(t) f(t) = β f(t) + αμ(t) , t ∈ T Then the following two conditions hold: α f(t) + i β f(t) = α f(t) ⊕ i ~β(t) f(t) α f(t) − i β f(t) = α f(t) ⊕ (−i) ~β(t) f(t) .

So x_1(t) = 1 2 e α+iβ_{f (t)} (t, t_0) + 1 2 e α−iβ_{f (t)} (t, t_0) = 1 2 e_{αf (t) ⊕ i} ~_{β(t)f (t)} (t, t_0) + 1 2 e_{αf (t) ⊕(− i} ~_{β(t)f (t) )}(t, t_0)

= e^α_{f (t)} (t, t_0) e_i ~_{β(t)f (t)} (t, t_0) + e_{−i} ~_{β(t)f (t)} (t, t_0) 2 = e^α_{f (t)} (t, t_0) cos ~_{β(t)f (t)} (t, t_0)

= e^α_{f (t)} (t, t_0) cos β_{f (t)+αμ(t)} (t, t_0)

is a solution. Likewise x_2(t) = e^α_{f (t)} (t, t_0) sin β_{f (t)+αμ(t)} (t, t_0)

is a solution. Since x_1, x_2 are linearly independent solutions, we have the desired result.

The properties of the generalized trigonometric functions are not fully known, so we write the solution in terms of the classical trigonometric functions. This leads to a useful forumla on isolated time scales, that is time scales where every point is isolated.

LEMMA 1.3. If the characteristic roots are λ_{1,2} = α ± iβ, where β > 0, then x(t) = A(t) (c_1 cos B(t) + c_2 sin B(t)) , where A(t) = e ∫_t t0 ℜ(ξ_{μ(τ )} (^{α+iβ}_{f (τ )} ))Δτ > 0, B(t) = ∫_t t_0 ℑ ( ξ_{μ(τ )} ( α + iβ f(τ) )) Δτ, (1.5)

where ξ_h is the cylinder transformation (see page 57 in [2]), is a general solution of the dynamic equation (1.2). If, in addition, T is a isolated time scale, then for t ∈ T, A(t) = ρ(t)∏

τ =t_0 1 f(τ) √ (f(τ) + μ(τ)α)^2 + β^2μ^2(t), B(t) = ρ(t)∑

τ =t_0

arctan ( βμ(τ) f(τ) + αμ(τ) ) .

Proof. From [2], page 59, we have

e α+iβ_{f (t)} (t, t_0) = e ∫_t t0 ξ_{μ(τ )} (^{α+iβ}_{f (τ )} )Δτ = e ∫_t t0 ℜ(ξ_{μ(τ )} (^{α+iβ}_{f (τ )} ))+iℑ(ξ_{μ(τ )} (^{α+iβ}_{f (τ )} ))Δτ = A(t)e^{iB(t)} = A(t) (cos B(t) + i sin B(t)) .

The real and imaginary parts

x_1(t) := A(t) cos B(t), x_2(t) := A(t) sin B(t)

are linearly independent solutions of (1.2), and the result follows. Suppose that every point in T is isolated, then ξ_{μ(τ )} ( α + iβ f(τ) )

= 1 μ(τ) Log ( 1 + μ(τ) α + iβ f(τ) )

= 1 μ(τ) log | | | | f(τ) + αμ(τ) f(τ) + i βμ(τ) f(τ) | | | | + i μ(τ) Arg ( f(τ) + αμ(τ) f(τ) + i βμ(τ) f(τ) )

= 1 μ(τ) log ( 1 f(τ) √ (f(τ) + αμ(τ))^2 + β^2μ^2(τ) ) + i μ(τ) arctan ( βμ(τ) f(τ) + αμ(τ) ) . Then ℜ ( ξ_{μ(τ )} ( α + iβ f(τ) )) = 1 μ(τ) log ( 1 f(τ) √ (f(τ) + αμ(τ))^2 + β^2μ^2(τ) ) (1.6) and ℑ ( ξ_{μ(τ )} ( α + iβ f(τ) )) = 1 μ(τ) arctan ( βμ(τ) f(τ) + αμ(τ) ) . (1.7)

From (1.5) and (1.6) we have A(t) = e ∫_t t0 1 μ(τ ) log

(_1 f (τ ) √_{(f (τ )+αμ(τ ))2+β2μ2(τ )})_{Δτ}

= e ∑_{ρ(t)} τ =t0 log

(_1 f (τ ) √_{(f (τ )+αμ(τ ))2+β2μ2 (τ )})

= ρ(t)∏

τ =t_0 ( 1 f(τ) √ (f(τ) + αμ(τ))^2 + β^2μ^2(τ) ) . Furthermore, from (1.5) and (1.7) we have B(t) = ∫_t t_0 1 μ(τ) arctan ( βμ(τ) f(τ) + αμ(τ) ) Δτ

= ρ(t)∑

τ =t_0

arctan ( βμ(τ) f(τ) + αμ(τ) ) , which is the desired result.

2. Oscillation Results. For the remainder of the paper we assume that T is unbounded above and that the characteristic roots of the dynamic equation (1.2) are λ_{1,2} = α±iβ, where β > 0. Recall from [4] the definition of oscillatory:

DEFINITION 2.1. If the characteristic roots of (1.2) are λ_{1,2} = α ± iβ, β > 0, then we say the dynamic equation (1.2) is oscillatory iff B(t) is unbounded.

For example, let T be the real interval [1, ∞) and let f(t) = t^k. Then B(t) = β ∫_t 1 1 f(τ) dτ = β ∫_t 1 1 τ^k dτ. So B(t) is unbounded if and only if k ≤ 1. Thus we have oscillation only in the case where k ≤ 1. We now restrict ourselves to isolated time scales, for which we have the following criterion for oscillation.

THEOREM 2.2. Let T be an isolated time scale. The dynamic equation (1.2) is oscillatory on T if and only if ∑_∞ τ =t_0 μ(τ ) f (τ ) diverges.

Proof. Suppose that ∑_∞ τ =t_0 μ(τ ) f (τ ) diverges. We break the proof into two cases. If

lim_{τ →∞}^{f (τ )}_{μ(τ )} ≠ ∞, then clearly

lim_{τ →∞} arctan β_{f (τ )} μ(τ ) + α ≠ 0. So lim_{t→∞} B(t) = ∞∑ τ =t_0

arctan ( βμ(τ) f(τ) + μ(τ)α )

= ∞∑ τ =t_0

arctan β_{f (τ )} μ(τ ) + α = ∞.

Thus (1.2) is oscillatory.

If lim_{τ →∞}^{f (τ )}_{μ(τ )} = ∞, then there is a t_1 ≥ t_0 such that ∞∑ τ =t_1

arctan β_{f (τ )} μ(τ ) + α ≥ ∞∑ τ =t_1

arctan β 2 ·^{f (τ )}_{μ(τ )} = ∞∑ τ =t_1

arctan ( β 2 · μ(τ) f(τ) )

≥ ∞∑ τ =t_1 ( β 2 · μ(τ) f(τ) − β^3 24 · μ^3(τ) f^3(τ) ) .

Since lim_{τ →∞}^{f (τ )}_{μ(τ )} = ∞, we have lim_{τ →∞}^{μ(τ )}_{f (τ )} = 0. We apply the limit comparison test, lim_{τ →∞} β 2 ·^{μ(τ )}_{f (τ )} −^{β3}_{24} ·^{μ3 (τ )}_{f 3(τ )} μ(τ ) f (τ ) = lim_{τ →∞} ( β 2 − β^3 24 · μ^2(τ) f^2(τ) ) = β 2 .

We have 0 <^β_2 < ∞, and ∑_∞ τ =t_0 μ(τ ) f (τ ) = ∞, so limt→∞ B(t) = ∞ and therefore we have

oscillation.

To prove the converse, we deal with the contrapositive. Suppose that ∑_∞ τ =t_0 μ(τ ) f (τ ) con-

verges. Then lim_{τ →∞}^{μ(τ )}_{f (τ )} = 0, so lim_{τ →∞}^{f (τ )}_{μ(τ )} = ∞. Thus for t_1 sufficiently large ∞∑ τ =t_1

arctan β_{f (τ )} μ(τ ) + α ≤ ∞∑ τ =t_1

arctan β_1 2 ·^{f (τ )}_{μ(τ )} = ∞∑ τ =t_1

arctan ( 2β · μ(τ) f(τ) )

≤ ∞∑ τ =t_1 2β · μ(τ) f(τ) = 2β ∞∑ τ =t_1 μ(τ) f(τ) .

So B(t) is bounded, and therefore the solutions are nonoscillatory.

To show the utility of this result, consider the Euler–Cauchy equation (1.1) on the time scale N. In this case, ∞∑ τ =t_0 μ(τ) f(τ) = ∞∑ n=1 1 n = ∞. So (1.1) is oscillatory on N.

We can also use standard series comparisons between time scales in this manner. On the time scale N^2 we have μ(t) f(t) = 2n + 1 n^2 ≥ 2 n ≥ 1 n . So ∑_∞ τ =t_0 μ(τ ) f (τ ) = ∞, and we have oscillation of the Euler–Cauchy equation (1.1) on N 2 . Still considering the Euler–Cauchy equation, oscillation on the time scale T_p = {t_n | t_0 = 1, t_{n+1} = t_n +^1_tp_n , n ∈ N_0 } is determined under the condition that p ≥ 0 after some effort in [4]. By using Theorem 2.2 we can establish the same result quickly. Note that t_n ≤ n + 1 for all n ∈ N_0 . So ∞∑ τ =t_0 μ(τ) f(τ) = ∞∑ n=0

1 t^p_n t_n = ∞∑ n=0 1 t^{p+1}_n ≥ ∞∑ n=0 1 (n + 1)^{p+1} = ∞.

THEOREM 2.3. Let f(t) = t^k, then the dynamic equation (1.2) is oscillatory on N^p for p > 0 if and only if k ≤ 1.

Proof. For t_n ∈ N^p we have μ(t_n) = (n + 1)^p − n^p. If p = 1, we have ∞∑ τ =t_0 μ(τ) f(τ) = ∞∑ n=1 1 n^k which is divergent if and only if k ≤ 1.

If p > 1 we have p(n + 1)^{p−1} ≥ (n + 1)^p − n^p ≥ pn^{p−1}

(2.1) by the mean value theorem, and (n + 1)^{p−1} ≤ 2n^{p−1}

(2.2) for sufficiently large n. So we have for an integer n_0 sufficiently large that ∞∑ n=n_0 μ(t_n) f(t_n) = ∞∑ n=n_0 (n + 1)^p − n^p n^{pk} ≥ ∞∑ n=n_0 pn^{p−1} n^{pk} = ∞∑ n=n_0 p n^{p(k−1)+1} .

When k ≤ 1, we have oscillation since p(k − 1) + 1 ≤ 1.

The other half of (2.1) gives ∞∑ n=1 (n + 1)^p − n^p n^{pk} ≤ ∞∑ n=1 p(n + 1)^{p−1} n^{pk} ≤ ∞∑ n=1 2pn^{p−1} n^{pk} = ∞∑ n=1 2p n^{p(k−1)+1} .

When k > 1, the solutions are nonoscillatory since p(k − 1) + 1 > 1.

If p < 1, inequalities (2.1) and (2.2) become pn^{p−1} ≥ (n + 1)^p − n^p ≥ p(n + 1)^{p−1} and (n + 1)^{p−1} ≥ 1 2 n^{p−1}.

In this case, ∞∑ n=1 (n + 1)^{p−1} − n^p n^{pk} ≥ ∞∑ n=1 p(n + 1)^{p−1} n^{pk} ≥ ∞∑ n=1 pn^{p−1} 2n^{pk} = ∞∑ n=1 p 2n^{p(k−1)+1} .

So for k ≤ 1, we have p(k − 1) + 1 ≤ 1 and thus the solutions are oscillatory.

We can also form an upper bound, ∞∑ n=1 (n + 1)^p − n^p n^{pk} ≤ ∞∑ n=1 pn^{p−1} n^{pk} = ∞∑ n=1 p n^{p(k−1)+1} .

As before, the solutions are nonoscillatory if k > 1.

Therefore, for each case we have oscillation if and only if k ≤ 1 which is the desired result.

REFERENCES

[1] E. AKIN-BOHNER AND M. BOHNER, Miscellaneous dynamic equations, Methods Appl. Anal., 10 (2003), pp. 11–30.

[2] M. BOHNER AND A. PETERSON, Dynamic Equations on Time Scales, Birkhauser, Boston, 2001. [3] M. BOHNER AND A. PETERSON, Advances in Dynamic Equations on Time Scales, Birkhauser, Boston, 2003. [4] S. HUFF, G. OLUMOLODE, N. PENNINGTON, AND A. PETERSON, Oscillation of an Euler–Cauchy Dynamic Equation, Discrete Contin. Dyn. Syst., suppl. (2003), pp. 423–431.

[5] K. MESSER, Linear Dynamic Equations on Time Scales, PhD thesis, University of Nebraska-Lincoln, 2003.