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ALGEBRAIC MULTIGRID SMOOTHING PROPERTY OF KACZMARZ’S
RELAXATION FOR GENERAL RECTANGULAR LINEAR SYSTEMS*

CONSTANTIN POPA'

Abstract. In this paper we analyze the smoothing property from classical Algebraic Multigrid theory, for general
rectangular systems of linear equations. We prove it for Kaczmarz’s projection algorithm in the consistent case and
obtain in this way a generalization of the classical well-known result by A. Brandt. We then extend this result for the
Kaczmarz Extended algorithm in the inconsistent case.
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1. Algebraic Multigrid (AMG) - some historical comments. In the early 80’s the
AMG methods have been designed for the solution of (sparse) linear systems of equations
using classical (geometric) multigrid ideas. The starting point and initial paper on the sub-
ject seems to be the 1982 Report [4] by Brandt, McCormick, and Ruge; see the references
from [6]. In the same period of time, at the occasion of the 1983 International MG Confer-
ence at Copper Mountain, three other basic papers were presented; see [5, 16, 19]. Not far
from this moment, in [17] Stiiben and Ruge developed both theoretical aspects together with
implementation issues of the classical AMG, as we think of it today. Moreover, although the
initial theoretical results and efficient implementations were concerned with the class of sym-
metric M-matrices, recent developments, for which a rigorous convergence and optimality
theory (level independence, dimension independence, etc.) have been obtained, are related
to structured matrices (Toeplitz, circulants, sine/cosine, transform matrices, Hartley matri-
ces, etc.). These matrices are characterized by the shift invariance property joint with proper
boundary conditions; see [1, 2, 18] and references therein.

2. The smoothing property - definition and classical results. According to the ba-
sic principles of AMG, as described in the papers mentioned before, the smoother (AMG
relaxation) is usually fixed among the classical iterative methods (Gauss - Seidel, Jacobi,
Kaczmarz etc.). But, in order to design an efficient AMG code the smoothing property of
this smoother has to be properly formulated and proved. In this respect, we shall briefly re-
play in what follows the basic ideas and results from the classical AMG theory. Let B be
an n X n symmetric and positive definite matrix (SPD, for short), and ¢ € IR™ a given vec-
tor. By B;, B;; we shall denote the i-th row and (3, j)-th element of B. All the vectors that
will appear will be column vectors and the superscript 7" will indicate the transpose. For the
purposes of this section we consider the system of linear equations

2.1 Br* =,
where z* = B~ 1c s its unique solution. Let

(2.2) 2 e R, zF*t =Ga* + g, k>0,
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or componentwise

n
B+l _ k
;7 =g;i + E Gijzj,

=1

be a (convergent) relaxation scheme for (2.1). Denoting by (-, -),|| - || the Euclidean scalar
product and norm, respectively, we define the energy norms || - || and || - || p-1

(2.3) | zl= V/(Bz,2), |l 2llp-1=V(D'2,2), 2 € R",

where
D = diag(B) = diag(Bi1,-- -, Bnn)-

REMARK 2.1. This special (diagonal) choice of D is related to the classical approach
considered in [17]. But, it can be replaced by any positive definite matrix D (see Remark 2 in
[1] and also [2]). This further degree of flexibility could be useful for refining the convergence
results.

Let x be a given approximation of z*, Z the one obtained after one step of the relaxation
scheme (2.2) applied to « and e, €, r the corresponding errors and residual defined by

2.4) e=x—x2", r=Be=Br—c¢, e=Z—x".

DEFINITION 2.2. We say that the relaxation scheme (2.2) satisfies the smoothing prop-
erty (SP, for short) for the system (2.1) if there is a constant o > 0 (independent of the
dimension n of B) such that

2.5) lelz < lels—allrlp-

In what follows we shall present classical results about the SP property for some well-known
relaxation schemes of the type (2.2).
Gauss-Seidel. Let z° € IR"; fork = 0,1,...do

1 .
(2.6) :pf’"‘l = B c; — Z_Bijaj?—i_l - ZBU:E,I; Vi=1,...,n.
v j<i j>i

SOR. Let z° € IR™; fork = 0,1,...do

Q7 =1 -w)k +

w k41 k .
ci — E Bija:j"' — E Bjjz; | ,Vi=1,...,n.
Bj;;

j<i j>i

Kaczmarz. Let 2° € R"; fork = 0,1,...do

zh0 = gk
k,i—1
ki _ k,i—1 z™ Bi)—ci .
(2.8) phi = ki _ﬁ&,z_l,...,n.
mk—i—l — wk,n

The following result analyzes property (2.5) for the Gauss-Seidel relaxation (for the proof
see [7] and [21, Theorem A.3.1, p. 436]).
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THEOREM 2.3. Gauss-Seidel relaxation (2.6) for the system (2.1) satisfies (2.5) with
a = g given by

1
(2.9) % =
CT 0+ (B)A+(B))
and
_ |Bu| _ IBul
210 (B = max 2 B (B = max D B0

In [11] we extended the above theorem for SOR relaxation (2.7) in the following way:
THEOREM 2.4. The SOR relaxation (2.7) for the system (2.1) satisfies (2.5) with o = dg
given by

w(2 —w)

= T¥5.(B)1 +6:(B))

and
1<z<n BzzB]] 1<1,<n B“BJJ

REMARK 2.5. If the matrix B satisfies B;; = Bj;,Vi,j = 1,...,n (as is the case
in some finite differences approximations of boundary value problems or Toeplitz circulant
problems), then the constants §_(B), §,.(B) from (2.11) are equal with v_(B), v, (B) from
(2.10), respectively. Thus, in this case Theorem 2.4 is an extension of Theorem 2.3 for SOR
relaxation.

In order to derive an SP for Kaczmarz relaxation (2.8), we shall consider a general in-
vertible matrix A (not necessarily SPD), b € IR™ a given vector and the linear system

(2.12) Az* =b,

with z* its unique solution. For a given approximation = of z* from (2.12), let Z be the
approximation of z* obtained after a Kaczmarz step (2.8) applied to z and e = z — z*,
€ = T — z* and r = Ae the corresponding errors and residual (see (2.4)). The following
theorem was first proved in [7]. But, we shall present in what follows another, more detailed
proof required for the results described in section 2 of the paper; see also Remark 2.9 below.

THEOREM 2.6. Using the above definitions and notation, Kaczmarz relaxation (2.8) for
the system (2.12) satisfies the following smoothing property (of the type (2.5))

2.13) lel? < llel® | DEr|?,
where
- 1 1
(2.14) D = diag yeees =),
G Ta e
(2.15) o = L
' T = A+7 (A)1 + 7% (A))
and
o (A5, A7) (As, A;)]
(2.16) J-(4) = 1?%anW’ F+(A) = 1<f§nz AR
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Proof. Let g; = (0,...,1,...,0)T € R",i = 1,...,n be the canonical basis. We first
observe that, because of the symmetry of B, Bg; = B; the expression (2.6) can be written as
follows: 2° € IR™ given; fork = 0,1,...do

k0 = gk

T
) o Bazki=1_¢ g .
2.17) ghi = ghil BT cwig o1 n.
(Bgi,gi)
gkl = gkn

Now, if we write the system (2.12) in the form
(2.18) (AATYy* = b, z* = ATy*,

and we apply to it Gauss-Seidel relaxation (2.17) (B = AAT ¢ = b) with the initial approxi-
mation y°, we get

2.19 y:? = y: AT Ay
o yk’l _ yk* _W%Z—l,...,n-
y*t Yo

If we multiply from the leftin (2.19) by AT and replace the terms of the form ATy*# by zki,
we obtain exactly the Kaczmarz step (2.8) applied to the system (2.12). Thus, the Kaczmarz
step (2.8) applied to the system (2.12) with an initial approximation of the form z° = ATy,
for some y° € IR™ is equivalent to the Gauss-Seidel step (2.17) applied to the system (2.18),
with the initial approximation ° and setting z¥*! = ATy*+1 But, because the matrix AAT
is SPD, we can apply Theorem 2.3 for the Gauss-Seidel iteration and get (see (2.5) and (2.3))

(2.20) (AATYF, F) < (AAT)f, f) — Ao(DAAT f, AAT f)

with D from (2.14), Ao computed as in (2.9)—(2.10) with AA” instead of B, and with f, f the
corresponding errors with respect to the system (2.18). But, if e, € and r are the corresponding
errors and residual, respectively for the Kaczmarz relaxation, we have the following relations

e:ATfa é:ATfT;

which when substituted into (2.20) give us (2.13) with the elements from (2.14)—(2.16) and
the proof is complete. O

A similar result as in Theorem 2.6 can be proved for the Kaczmarz iteration with relax-
ation parameter (for short, w-Kaczmarz relaxation), as described below.
w-Kaczmarz relaxation. Let z° € IR™; fork = 0,1,...do

.,L.k,O — .’L’k
k,i—1
ki kyi—1 (z™*7",Bi)—ci .
(221) x = T —UJWB,',Z— 1,...,TL.
.’L'k+1 — mk,n

THEOREM 2.7. Using the above definitions and notation, the w-Kaczmarz relaxation (2.21)
Sor the system (2.12) satisfies the following smoothing property (of the type (2.5))

(2.22) el < llel®—d | DEr |,
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with D from (2.14) and

(2.23) 3o = _w2-w) ,
(1+0-(A)(1 +d+(4)
. (Ai, A - (A;, A)
224)  5_(A 5y .
(2.24) 1<l<n2 | Ai [I] 4; || 1<z<n2 | A (]l A, ||

Proof. As in the proof of Theorem 2.6 we first show the equivalence between the w-
Kaczmarz and the SOR relaxation (2.7) written in the form (2.17); see also [10]. 0

REMARK 2.8. The Kaczmarz iteration (2.8) or (2.21) is less efficient as smoother than
the Gauss-Seidel one (2.6) (see for a detailed discussion Remark 4.7.2, page 128 in [21]).
But, inspite of this, it has the advantage of being applicable to a much larger class of systems
(than the classical square invertible ones).

REMARK 2.9. We have to observe that in (2.13) and (2.22), for the errors € and e we
have the Euclidean norm, instead of the energy one from (2.5). Moreover, the proofs of
Theorems 2.6 and 2.7 are based on Theorems 2.3 and 2.4, i.e., the matrix B = AAT must
be SPD; thus, we cannot expect such a simple and direct extension of Theorems 2.6 and 2.7
to arbitrary noninvertible systems like (2.12), because in such a case, the matrix AA7 is no
longer SPD. This extension will be proved in the next section of the paper, using a special
technique.

3. Smoothing property of Kaczmarz relaxation for arbitrary consistent systems.
Let A be an m x n matrix with A; # 0,Vi =1,...m and b € IR™ such that the system

3.1 Az =b

is consistent. We shall denote by S(A;b), N(A), R(A) the solutions set for (3.1), null space
and range of A, respectively. For a given vector subspace E C IRY, Pg(x) will be the
orthogonal projection onto E of an element z € IRY and E-+ will denote its orthogonal
complement. If 21, g is the (unique) minimal norm solution of (3.1) it is well known that (see,

e.g.. [3].[8])

3.2) zrs € N(A)" = R(AT), S(A;b) = z1s + N(A).

Thus, for a vector z € IR™ we shall denote by s(z) the solution vector (see (3.2))
(3.3) 8(2) = Pn(ay(2) + z1s € S(4;D).

The Kaczmarz relaxation for (3.1) can be written as (see (2.8)): let z° € IR™ be given; for
k=0,1,2...do

k0 = gk
. . k,i—1
(34) mk,z = xkvz_l — %A j = 1
mk—i—l — xk,m

The following results are known (see, e.g., [20]).
THEOREM 3.1. For any z° € IR™, the sequence (.’Ek)kzo generated by the algorithm
(3.4) has the properties

(3.5) Py(a)(*) = Pr(ay(2°), Vk>0



ETNA

Kent State University
etna@mcs.kent.edu

ALGEBRAIC MULTIGRID SMOOTHING PROPERTY 155

and

lim z* = Pr(ay(2°) + zLs = s(2°).

k—o0
Letnow x € IR™ be a current approximation of s(z°) (generated by (3.4), fork = 0,z = z°)
and T the approximation after one step of (3.4) applied to z. Let e, &, be the corresponding
errors and residual, defined by (according to (3.3) and (3.5))

e=xz—s5(%), e=z—5(z°), r=Ae= Ax — Axpg = Az —b.

Then, the generalization of Theorem 2.6 is the following.

THEOREM 3.2. Using the above definitions and notation, Kaczmarz relaxation (3.4) for
the system (3.1) satisfies the smoothing property (2.13)—(2.16).

Proof. Step 1. According to (3.4), the computation of & from x can be written as

20 =
(3.6) g = il <mi‘||t4’_xf*|fz>—bi Ayi=1,...,m.
z ™
Let {f1, fa, - - -, fm} be the canonical basis in IR™ and e’, 7 the errors and residuals defined
by
3.7 et =zt —5(2%), ri=A4e, i=1,...,m.

Then, fori = 1,...,m, we obtain (by also using the equality 4; = AT f;)

i i i 21 A —b;

(3.8) -7 _S(TO?_TA"TTf; :bic)”*"'“g . _<81-(_xlo])¢>
— i—1 _ (T ) i) —(0sJi L — pt—1 _ AT yJi .
= e =gy Ai=e A Ai

and

1 1 i— <Ti71>fz')
(3.9) rl=Aet =t =228 A4,
Il A ||?

From (3.8), taking the Euclidean norm and using again the equality 4; = AT f; and (3.7) we
obtain

I R e e v e
(3.10) i1 TR it e Y
= ||€ || _W :”e || - ”141”2 ) Vi = 1,...,m,

where r::_l is the 4-th component of the residual vector 7:~1. But, because of (3.6) we have

20 = z,2 = ™, then €® = e, & = ™. Thus, summing up in (3.10), we get
m o i_1y2
_ r;
G lel? = el =Y (i
i=1 ?

Step 2. Let now r* = (rf,...,7%)T € IR™ be the dynamic residual (as called in [7]),
defined by

(3.12) rr=rli=1,...,m,
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i.e., r} is the i-th component of the residual ri=1 (that is, the residual before the projection
on the ¢-th equation of (3.6)). From (3.11) and (3.12), we then get

(3.13)

m -
_ (7‘*)2 ~ 1
lelP=lel® =) Y E =llell* = || Dzr* |,
i=1 ?

with D from (2.14). On the other hand, from the equation (3.9), we successively obtain

(3.14)

where
(3.15)

Thus,

=
[\V)
[

i il

141

(ri 1 f)

AAT f; = ri=t — (AAT) f;(ri=1 f;)

— pi=l _ (AAT)fszTTZ_l — pi=l _ BEiri_l,

A=D34,
= 7"0 — BE1T0
= T‘l - BEQT‘I

rm=2 _ BEm_l’f'm_2

B=AAT, E; = fif}.

=Tr— BE]_T,
r— (BEl’I‘ + BEQT‘I),

=r— (BEyr + BExr' + ...+ BE,,_17™2).

Then, from the definition of the matrices E; in (3.15) and (3.12), we get rj = r(f = r; and
fore =2,...,m,

,r;'k =T — (Bilr(l) + Biz'f’% +...+ Bi’i_l’r‘gil)

or in matrix form

0 0
g 0 0 0 0 o
2 —Bs; 0 0 . 0 0 2
(3.16) r*= " |=r—| —B31 —Bs» 0 ... 0 0 )
7'772:_1 _Bm,l _Bm,2 _Bm,3 _Bm,mfl 0 ,,,77;,;_1
=r—Lr*,

or (see also (3.13))

3.17) Dir = (I+D%LD—%) (D%r*),

where L is the corresponding strictly lower triangular matrix from (3.16).

Step 3. If C is a square matrix and || C ||2, || C || are, respectively its spectral and infinity
norm (see, e.g., [3]), we have

[Cl3 = p(CTC) < [1C7Clle < N1CT el € llco -

(3.18)

Using (3.18) and taking the Euclidean norm in (3.17), we obtain
| I+D*LD3

1

(1+ | DELD~3

ool I+ D~ LT D¥ ||oc]| D7~ |
) (14 1 D=LTDY 1) || DA |2

| D3r ||?

<
(3.19) B
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But, a simple computation gives us
(320) 14| D3LD7% [loo = 4-(A), 14| D2LTD? |lo = F4.(4),

with 4_(A), 74 (A) from (2.16). Then, using (3.13), (3.19) and (3.20), we get (2.13) and the
proof is complete. d
A similar result can be proved for w-Kaczmarz relaxation.
THEOREM 3.3. Using the above definitions and notation, the w-Kaczmarz relaxation for
the system (3.1) satisfies the smoothing property (2.22)—(2.24).
Proof. The w-Kaczmarz relaxation (2.21) for the system (3.1) can be written as
20
P C Y. 0 b TR S
T =z WA 2 A i=1,...,m.

r = zm

As in the proof of Theorem 3.2, we get

i _i—1 <ri_17fi>
el = ¢ —w(2—w)WA,
and
i-1 f
rt= Ae' =r7t —w(2 - w)(ri’f;)AAi.
Il A |l
Then we proceed in exactly the same way as in the above mentioned proof. O

4. Smoothing property of Kaczmarz Extended relaxation for arbitrary inconsistent
systems. Let A and b be as in section 2. Instead of the consistent system (3.1), we shall
consider in this section the linear least squares formulation (inconsistent system)

@.1) | Az — b ||= min!,

for which we shall denote by LSS(A;b) and z g the set of its solutions and the minimal
norm one, respectively. Let b4, b% be defined by

ba = Preay(b), b4 = Py(ar(D)-
Then (see, e.g., [3])
4.2) b=0ba+ by, LSS(A;b) = S(A;b4) =215 + N(A).
Moreover, (see (3.3)) for any z € IR™, we have
5(z) = Pn(ay(2) + o1s € LSS(A;b) = S(A; ba).
Thus we define (as in section 2) the error and residual by
(4.3) e=e(z)=2z—5(2), r=Ae= Az —bu.

The Kaczmarz Extended algorithm for (4.1) (KE, for short), introduced in [12] (see also [13])
is the following.
Kaczmarz Extended. Let 2° € R™,4° = b; fork = 0,1,...do

yk+1 = <I>(yk) = (d’l et ¢n)(yk)a
(4.4) PR = p— gkt
zhtt = Kaczmarz(b*+1; %),
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(yaAj) ]
$i(y) =y — 5 A
’ | A7 ||

and A7 # 0,7 = 1,...,n, are the columns of A. In[14] we proved that the sequence (z*) >0
generated with the above KE algorithm satisfies the relation (3.5). Then, if z = z* (for some
k > 0) is a current approximation, we shall define the error (see (4.3)) by

e=x — s(z°).

Let y = y* be the corresponding element from the first step of (4.4) and g = y**+1,ie.,
(4.5) § = 2(y) = Pnary(y) + 8(y),
where (see for details [13])
(4.6) d(y) = ®Pr(a)(y) € R(A).
From (4.5) and (4.6), we get that

Pyamy(§) = Pniary(y)-
Thus (see also (4.2))
4.7) Pr(ar)(§) = Pn(ar)(b) = b.

Then, if b = bF*+! (see (4.4)), from (4.5) and (4.7), we obtain

(4.8) b=b—g§=bs—7,
where
4.9) j=a(y).

REMARK 4.1. Returning to the original notation, from the above equalities (4.7)-(4.9),
we obtain

j=®(y) = ).
Moreover, in [20] it is proved that || @ || < 1. Thus

lim &*(b) = 0.

k—o0

The extension of Theorem 3.2 to the problem (4.1), for the KE algorithm (4.4) is the
following.

THEOREM 4.2. Using the above definitions and notation, the KE relaxation (4.4) for the
(inconsistent) problem (4.1) satisfies the following smoothing property

_ g ~ 1 ~1
(4.10) el < ||€||2—% | D2r ||> +2 || D3 |2,

with D and 7o from (2.14)—(2.16).
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Proof. Step 1. The third step in (4.4) can be written as (see also (2.8))

20 =
. . i—1 _

= .7:1_1—%14 i=1,.

T ™
Then, by defining the errors (see also (3.7))
4.11) et=x' —5(2°),i=1,...,m, eé=e™,
we get

i i a0 el (@ TN AN —(ba)it i g4 0
4.12) ¢ =z -l ).ffc e A s
— ei-1 _ (Az ll;’:ﬁéfi)-ky, A; = i1 = ||i4i||2A’ _ HfaiIPAi'

From (4.12) we obtain (by also using the relation A; = AT f;)

. . i1 . i1 "
et i = ”ez_l‘nifWA' P +1||}4'||2A — 2™ ||ifx A T As)
— (r;i ) ¥s
(4.13) = | et ||12 —2(e'~ ”A A + s “2( —|: |)|A ”2 —22(€z 1 |fﬂ||2Ai)
+2{ i Ai i A =l e IP i + e Vi= 1

Then by summing in (4.13), using (4.11) and the notation from section 2, we get
T =1

(4.14) lel* = el =l Dzr* |* + | D=g |I*.

Step 2. From (4.12) we obtain (see again the notation in section 2)

i—1
i Agi  Agi—1 _ Ti LT )
rto= et = AT - prp A - pipAA
= pi—1 —BEz'T'i71 —BE;g, i=1,...,m,

thus
’I"1 = ’I'—BEl’I‘—BElg,
/r2 = r— (BEl’I‘ + BEQ’I'I) - (BE1 + BEz):l],
rm~1 = p—(BEir+ BEyr' +...+ BE,, 1r™2)

—(BE1 +BEs + ...+ BEm,1):lj.

Using the equality (see section 2)

r* = (r1,73, ..., rm T,
we obtain
o= T,
ry = T2 — Bur{ — Bafh,
4.15) r;y = 13— (Ba1r] + Bsar3) — (Bs1f1 + Bs20),
T = Tm— (Bmir} + Bmars + ...+ Bnm-175_1)

—(Bmif1 + Bm2J2 + - .- + Bm,m—1Gm—1)-
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Writing (4.15) in matrix form

Ti r1 T],; ]
T2 T2 ) Y2
= ) —L —L
] L h i
with L from (3.16), we get
(4.16) r* =r— Lr* — Lg.
From (4.16) we obtain as in section 2
4.17) (I+Lyr* + Lj=r < (I+L)(D2r*) + L(D2j) = D2r,
where
(4.18) L =DzLD=.

Using (4.17) and (4.18), it follows that

i S 2[ITHLIE UDEC P+ I LI I DR
(4.19) . . - . 1
< 2[(A+ 1 L lloo) (14 1 E7 lloo) 1| DEr* | + | L llooll Z7 llocll D¥5 1]
= = =1 1
< 2[4 I L o)1 | 27 [loo)] (Il DEr* 2 + || DG [17) -

From (4.19) and (2.15), we then obtain
| D (P > || D¥r |2 — || DEg |2,

which together with (4.14) gives us (4.10) and the proof is complete. O

A similar result can be derived for the Kaczmarz Extended algorithm with Relaxation
Parameters (KERP, for short), introduced in [13].
KERP. Let 2° € R™,4° = b; fork =0,1,...do

P = Blazyh) = (b1 - ... - da)(asyP),
(4.20) by = vt
gkl = - KaczmarZ(bk+1; Sﬁk),

where

. - — (yaA]> 7

THEOREM 4.3. Using the above definitions and notation, KERP relaxation (4.20) for
the (inconsistent) problem (4.1) satisfies the following smoothing property

_ s 00 m1 1
el < ||e||2—§ | D2r|]> + 2| D2g(e) |I%,
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with D and &y from (2.14), (2.23), and §j(a) = ®(a;y).
Proof. Apply Theorems 4.3 and 2.7 to w-Kaczmarz relaxation. O

REMARK 4.4. The result from Theorem 3.2 is not a particular case of Theorem 4.2.
Indeed, if b € R(A) for the problem (4.1), we have b% = 0. Thus, § = § € R(A), but we
cannot drop the term 2 || D ||2 in (4.10). Thus, in the consistent case Theorems 3.2 and 4.2

provide two smoothing properties for two different algorithms: Kaczmarz and Kaczmarz
Extended.

5. Final comments and further developments. In this paper we formulated and proved
AMG smoothing properties for the classical Kaczmarz and Kaczmarz Extended algorithms
in the general case of arbitrary rectangular systems, either consistent or in least squares for-
mulation. In the consistent case, our result for classical Kaczmarz relaxation (Theorem 3.2)
generalizes the well-known result for square invertible matrices (Theorem 2.6). The general
character of the matrices involved in the above theory makes extension to AMG to general
least squares problems possible. Some steps in this direction have been taken in [15] and [9],
but both the theoretical development and experiments are in initial phases.

Acknowledgement. The author thanks the two referees for their comments and sugges-
tions which improved some important parts of the original version of the paper.
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