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THE AUTOMATIC COMPUTATION OF SECOND-ORDER SLOPE TUPLES
FOR SOME NONSMOOTH FUNCTIONS

�
MARCO SCHNURR

�
Abstract. In this paper, we show how the automatic computation of second-order slope tuples can be performed.

The algorithm allows for nonsmooth functions, such as �������
	�� 
�������� and ��������	���������
����������������! , to occur
in the function expression of the underlying function. Furthermore, we allow the function expression to contain
functions given by two or more branches. By using interval arithmetic, second-order slope tuples provide verified
enclosures of the range of the underlying function. We give some examples comparing range enclosures given by a
second-order slope tuple with enclosures from previous papers.
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1. Introduction. Automatic differentiation [13] is a tool for evaluating functions and
derivatives simultaneously without using an explicit formula for the derivative. Combining
this technique with interval analysis [1], enclosures of the function range and the derivative
range on an interval " #
$ may be computed simultaneously.

By using an arithmetic analogous to automatic differentiation, the automatic computation
of first-order slope tuples is possible. For this purpose, the operations %'&)(*&,+�&.- and the eval-
uation of elementary functions need to be defined for first-order slope tuples. This approach
goes back to Krawczyk and Neumaier [10] and was extended by Rump [16] and Ratz [14].
First-order slope tuples provide enclosures of the function range that may be sharper than
enclosures obtained by the well-known mean value form. Moreover, slope tuples can be used
in existence tests [4, 5, 11, 17, 19] or for verified global optimization [7, 8, 14, 15, 21].

In this paper, we extend this technique by defining a second-order slope tuple and by
describing how the automatic computation of such tuples can be carried out. Shen and
Wolfe [24] introduced an arithmetic for the automatic computation of second-order slope
enclosures, and Kolev [9] improved this by providing optimal enclosures for convex and con-
cave elementary functions. However, both papers require the underlying function /10�24357685

to be twice continuously differentiable. In this paper, we present similar results that
allow for nonsmooth functions 9:0;2<3 5=6>5

occuring in the function expression of/ , such as 9@?A#CBEDGF HI?J#KBLF and 9@?�#CB*DNMPORQTS,H'?�#KBC&�UV?!#KB.W . Furthermore, the function ex-
pression of / may contain functions given by two or more branches. Moreover, intermediate
results are enclosed by intervals. Hence, these algorithms can be used for verified computa-
tions on a floating-point computer.

The paper is organized as follows. Section 2 recalls slope functions and slope enclosures.
In Section 3, we define second-order slope tuples for univariate functions and explain how
the automatic computation can be performed. In Section 4, we compare range enclosures ob-
tained by second-order slope tuples with range enclosures given by other methods. Section 5
extends the technique from Section 3 to multivariate functions. Furthermore, we explain an
alternative approach called componentwise computation of slope tuples and give examples
for both methods.

The numerical results were computed using Pascal-XSC programs on a floating-point
computer under the operating system Suse Linux 9.3. The source code of the programsX
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is freely available [18]. A current Pascal-XSC compiler is provided by the working group
”Scientific Computing / Software Engineering” of the University of Wuppertal [25].

Throughout this paper, we let " #
$YDZ"[# & #�$'D]\�#�D^?A#K_`B�a 5cb &�#K_ de#K_fd #�_.g with# & #ha 5ib denote an interval vector. The set of all interval vectors " #j$�k 5�b is denoted bylR5 b
. For two interval vectors " #
$m&L" nm$�a lo5 b , the interval hull " #j$qp " nm$ is the smallest interval

vector in
lq5 b

containing " #
$ and " nm$ , i.e.?�" #
$op " nm$AB _ 0rDts Mvu�w \ #�_ &xn�_ g &yMPORQTS #K_x& n�_[W,zc{
Furthermore, by

mid " #j$i0|D #I%}#~
we define the midpoint of " #j$ . Analogously,

lo5 b��jb
denotes the set of interval matrices" ��$CD��m" ��$ _|�)� D^����a 5cb��jb &���_|� d���_r�*d ��_|�y� .

In the following sections, we assume that a function / is given by a function expres-
sion consisting of a finite number of operations %'&)(*&,+�&.- , and elementary functions; cf. [1].
Furthermore, we suppose that an interval arithmetic evaluation /'?x" #
$JB on a given interval " #j$
exists.

2. Slope Tuples. In this section, we consider functions /�0�2�3 5�6�5 .

DEFINITION 2.1. (cf. [3]) Let /�a�� b ?`2�B . Furthermore, let �Y?�#KB�D b� _���� � _ # _ be the

Hermitian interpolation polynomial for / with respect to the nodes #C��&,{,{){,&�# b ae2 . Here,
exactly �P%�� elements of #���&){,{){,&x# b are equal to #K_ , if /Y?�#�_�BC&){,{){�&�/������ ?�#K_`B are given for
some node #K_ . The leading coefficient � b of � is called the slope of ¡¢( th order of / with
respect to #���&){,{,{)&x# b . Notation: £ b /'?!# � &){,{){,&x# b B@0|Dt� b {

In the following theorem, we give some basic properties of slopes. The statements d)
and e) in Theorem 2.2 are easy consequences of the Hermite-Genocchi Theorem; see [3].

THEOREM 2.2. Let /¤a¤� b ?!2�B and let

£ b /I?�#
�m&,{,{){�&x# b B be the slope of ¡¢( th order of/ with respect to #���&){,{){�&x# b . Then, the following statements hold:
a)

£ b /'?!#
��&){,{){,&x# b B is symmetric with respect to its arguments #C_ .
b) For #K_�¥D�#j� we have the recursion formula£ b /'?�#���&,{�{�{�&�# b BfD £ b�¦�§ /'?�#���&){�{�{�&�#�_ ¦�§ &x#K_�¨ § &){�{�{�&�# b Bc( £ by¦�§ /'?!#
��&){�{�{�&x#y� ¦�§ &x#y��¨ § &){�{�{�&�# b B# � (©# _ {
c) Setting ª � ?A#KB�0|D � ¦�§«����� ?�#P(�#j�LB , we have

(2.1) /I?A#CBvD b�¦�§� _����
£ _ /I?A# � &){,{,{,&x# _ Bc+,ª _ ?�#KB¬% £ b /I?A# � &){,{){�&x# b�¦�§ &x#CBc+ ª b ?�#KB�&­¡¯®°��{

d) The function ±�0�2�3 5cb ¨ §�6�5 defined by±T?A#���&){,{){�&x# b B;0|D £ b /'?!#
��&){,{){,&x# b B
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is continuous.
e) For the nodes # � d²# § d7{,{,{
dh# b there exists a ³Ia�" # � &x# b $ such that£ b /'?�#���&,{){,{)&x# b BfD /�� b � ?�³�B¡¢´ {
DEFINITION 2.3. Let / be continuous and #K��a�2 be fixed. A function

£ /10�2 6µ5
satisfying

(2.2) /'?!#KB�D°/'?�#��oB�% £ /c?A#�¶x#��oBc+m?A#·(¯#
�RBC&­#�a�2�&
is called a first-order slope function of / with respect to #C� .

An interval

£ /c?�" #
$�¶x#��RB;a lo5 that encloses the range of

£ /c?�#¬¶x#K�RB on the interval " #
$¬3�2 ,
i.e. £ /c?x" #j$�¶x#��LB¹¸°S £ /c?�#¬¶x#��oB*F[#�aº" #
$)W�&
is called a (first-order) slope enclosure of / on " #
$ with respect to #C� .

In #©D»#
� , (2.2) is fulfilled for an arbitrary

£ /c?�#���¶x#
�RBTa 5 . If / is differentiable at #�� ,
then we always set

£ /c?�#��m¶x#
�RBY0|D¼/�½[?�#��LB . Often, the midpoint mid " #
$ of the interval " #j$ is
used for # � .

REMARK 2.4. a) Let

£ /c?x" #j$m¶x# � BYD s £ / & £ / z be a first-order slope enclosure of / on" #
$ . Then, by (2.2), we have

(2.3) /'?�#KB@a�/Y?�# � B¬% £ /c?x" #j$m¶x# � Bc+�?�" #j$K(©# � B
for all #¤a�" #
$ .

b) Let / be differentiable on " #
$ and # � aº" #j$ . Then, we haveS £ /c?A#¬¶�# � B*F�#¤a�" #j$�&
#º¥D�# � W*3 � / ½ ?�#KB�F[#�a¯" #j$ � {
Therefore, (2.3) may provide sharper enclosures of the range of / on " #j$ than the well-known
mean value form.

For some continuous functions / and some #K�8a¾" #
$N3¿2 , a slope enclosure
£ /c?x" #j$m¶x#��oB;a lR5 does not exist, e.g.,/'?A#CB�DÁÀÃÂ # for #�®�Äj&Ä for #�Å�Äj&
with #��·DNÄ , " #j$�D�"Æ(*��&,�,$ . If / is continuous on " #
$ and differentiable at #K�@a°" #
$ , then a
slope enclosure

£ /c?�" #
$m¶�#��LB;a lR5 exists. For a sufficient, more general existence criterion, we
define the limiting slope interval [12].

DEFINITION 2.5. Let / be continuous on " #
$ and #C�*aº" #
$ . Suppose that bothÇ u�M²u�wjÈÉLÊ*ÉLË /Y?�#KBc(º/I?A#��oB#P(¯#
�
and Ç u�M²Ì�ÍjÎÉLÊ*ÉLË /'?A#CBc(�/I?�#
�RB#P(©# �
exist. Then, the limiting slope interval

£ /qÏ Ð Ñ©?x" #
�)$AB;a lR5 is
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� & Ç u�M²Ì�ÍjÎÉLÊ*É Ë /'?A#CB¢(º/Y?�# � B#·(¯#
� Ô {
REMARK 2.6. If / is Lipschitz continuous in some neighbourhood of # � , then the limit-

ing slope interval

£ / Ï Ð Ñ ?�" # � $AB exists.
EXAMPLE 2.7. For /'?�#CBfD^F #iF , #K�TD�Ä we have

£ /RÏ Ð Ñ¯?x" #
�)$JBfD^"Æ(*��&,�,$ .
LEMMA 2.8. Let / be continuous on " #
$ and #K�Ya�" #j$ . If

£ /oÏ Ð Ñ©?x" #
�)$AB¹a lR5 exists, then£ /c?�" #j$m¶x#��oBfDZÕÖ×;u�wyÈÉqØyÙ É,ÚÛLÜÝ Û Ë /I?A#CBc(�/I?�# � B#·(©#�� &'Ì�ÍjÎÉ�ØyÙ É,ÚÛ)ÜÝ Û Ë /'?A#CB¢(º/Y?�# � B#·(¯#
� ÞÆßà
is a slope enclosure of / on " #
$ with respect to # � .

Proof. ±�0
" #j$já�S,#���W 6�5 , ±V?!#KB;0rD /I?A#CBc(º/Y?!#
�oB#·(¯# � , is bounded.

REMARK 2.9. Let / be Lipschitz continuous in some neighbourhood of # � . Then,
Muñoz und Kearfott [12] show the inclusion

(2.4)

£ /RÏ Ð Ñ©?�" #���$ABâ3=ãC/'?!#
�LB�&
where ã�/Y?�# � B is the generalized gradient (see [2]). Furthermore, they give an example where£ /oÏ Ð Ñ¯?x" #
�)$JB©käã�/'?A#��oB
holds and also a sufficient condition for equality in (2.4).

DEFINITION 2.10. Let / be continuous, " #j$E3N2 and # � a»" #
$ . Assume that /�½x?�# � B
exists. A function

£)å /�0�2 6�5 satisfying/'?!#KB�D°/'?�#
�RB�%e/ ½ ?A#��oB¢+�?A#·(¯#
�RB¬% £ å /c?A#¬¶�#
�m&x#��LBc+m?A#·(¯#
�RB å &¯#�a�2�&
is called a second-order slope function of / with respect to #C� .

An interval

£)å /c?�" #
$�¶x# � &�# � B;a lq5 with

(2.5) /'?!#KB;a¤/Y?�# � B¬%h/ ½ ?!# � Bc+�?�#·(¯# � B�% £)å /c?x" #j$�¶x# � &�# � Bc+�?A#�(©# � B å &©#âa¯" #j$�&
is called a second-order slope enclosure of / on " #
$ with respect to #C� .

As an abbreviation we set £ å /c?A#¬¶x#��qB;0|D £ å /c?A#¬¶�#
�m&x#��LB
and £ å /c?x" #j$�¶�#
�RB;0|D £ å /c?x" #j$�¶x#���&x#��oB�{
Furthermore, if / is twice differentiable at # � , then we set

£)å /c?�#¬¶x# � B�0|D §å /�½ ½x?�# � B .
REMARK 2.11. Assume that (2.5) holds. Then, we have the enclosure/Y?!#KB©aN/'?A#��oB�%e/ ½ ?�#��LBc+m?x" #j$�(¯#
�RB�% £ å /c?�" #
$m¶�#
�oBc+�?�" #
$�(¯#
�RB å

for all #¤a�" #
$ .
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3. The automatic computation of second-order slope tuples for univariate func-
tions. In this section, we consider univariate functions H�&�U�&�æ�&�ç·0�2�3 516Ó5

.
First, we recall the definition of a first-order slope tuple [14, 16]. Afterwards, we give a

definition of second-order slope tuples that also permits nonsmooth functions.
DEFINITION 3.1. Let H be continuous, " #
$�3�2 and #K�*aº" #
$ . A triple è�D»?êé É & é ÉLË & £ é*B

with é É & é ÉLË & £ é^a lo5 satisfying H'?A#KBëa é É &HI?A# � Bìa é É Ë &H'?J#CBc(©HI?A# � Bìa £ é7+�?A#�(©# � BC&
for all #�aº" #
$ is called a first-order slope tuple for H on " #j$ with respect to # � .

DEFINITION 3.2. Let H be continuous, " #
$e3í2 and # � aî" #j$ . A second-order
slope tuple for H on " #
$ with respect to # � is a 5-tuple è:Dä?`é É & é É Ë & £ é É Ë & £ é¹& £,å é�B withé É & é É Ë & £ é É Ë & £ é¹& £,å é^a lR5 , é É Ë 3�é É , satisfyingH'?�#KBTa}é É &(3.1) HI?J#
�RBTa}é ÉLË &(3.2)

£ H;Ï Ð Ñ©?�" #��,$AB;3 £ é ÉLË &(3.3) HI?A#CBc(©HI?J#
�RBTa £ é�+m?A#·(¯#
�RBC&(3.4) HI?A#CBc(©HI?J# � BTa £ é É Ë +m?A#·(¯# � B¬% £,å é�+�?�#·(¯# � B å &(3.5)

for all #�aº" #
$ .
REMARK 3.3. Property (3.5) does not imply that

£)å é is a second-order slope enclosure
in the sense of (2.5) because

£ é ÉLË is a superset of

£ H¹Ï Ð Ñ©?�" #��,$AB . However, Remark 3.12 will
explain why the term slope tuple is justified.

REMARK 3.4. By (3.1)-(3.5) we get the enclosuresH'?�#KB¹a¤é É &H'?�#KB¹a¤é ÉLË % £ é�+�?�" #j$K(©#��LBC&H'?�#KB¹a¤é É Ë % £ é É Ë +�?�" #j$K(©# � B¬% £,å é7+�?x" #j$K(©# � B å &
for the range of H on " #j$ , where?x" #j$K(©#��oB å D Ò Mvu�wÉ�ØyÙ É,Ú ?!#·(¯#
�LB å &�MvOqQÉ�ØyÙ É�Ú ?A#·(¯#
�RB å Ô {

REMARK 3.5. If #hDÁ#�� , then (3.4) and (3.5) are fulfilled for arbitrary

£ é ,

£ é É)Ë and
£ å é . So in checking these relations, we can restrict ourselves to #�¥D1#C� .

LEMMA 3.6. ï¼D¼?!��&��C&�Äj&�Ä
&�ÄmB is a second-order slope tuple for the constant functionH'?�#KB�ðñ�^a 5 and ò­Dó?�" #
$�&�#
��&,��&)��&�Ä�B is a second-order slope tuple for the identity
function H'?A#KB�D�# (both on " #
$ with respect to # � a¯" #j$ ).

DEFINITION 3.7. Let è and ô be second-order slope tuples for the continuous functionsH and U , respectively, on " #j$�3�2 with respect to # � a�" #j$ .
a) For the addition or subtraction of è and ô we define the 5-tuple õö0rD}è1÷}ô byø É 0rD é É ÷hù É &ø É Ë 0rD é É Ë ÷hù É Ë &£ ø ÉLË 0rD £ é ÉLË ÷ £ ù ÉLË &£ ø 0rD £ é1÷ £ ùf&£ å ø 0rD £ å é�÷ £ å ù�{
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b) The multiplication õö0rD}è7+)ô is defined byø É 0rD é É +Lù É &ø É)Ë 0rD é É)Ë +Lù ÉLË &£ ø É)Ë 0rD £ é É)Ë +Lù ÉLË %hé É)Ë + £ ù ÉLË &£ ø 0rD £ é7+Lù ÉLË %hé É + £ ù�&£)å ø 0rD £)å é°+)ù É Ë %hé É + £,å ù�% £ é7+ £ ù É Ë {
c) If Ä¤-a¤ù É , then the division õ<0|Dhè�-Rô is defined byø É 0|D é É -¢ù É &ø É Ë 0|D é É Ë -¢ù É Ë &£ ø É Ë 0|D ? £ é É Ë ( ø É Ë + £ ù É Ë B
-¢ù É Ë &£ ø 0|D ? £ é°( ø É Ë + £ ù'B
-¢ù É &£,å ø 0|D ? £)å é°( ø É Ë + £)å ùú( £ ø + £ ùYB
-¢ù É Ë {
d) If 9 is twice continuously differentiable, we define õ<0|D°9@?�è*B byø É 0|D 9�?êé É BC&ø ÉLË 0|D 9�?êé ÉLË BC&£ ø ÉLË 0|D £ 9�?êé ÉLË ¶.é É)Ë Bc+ £ é ÉLË &£ ø 0|D £ 9�?êé É ¶.é ÉLË Bc+ £ é¹&£ å ø 0|D £ 9�?êé É ¶.é ÉLË Bc+ £ å é�% £ å 9�?�é É ¶ é ÉLË Bc+ £ é É)Ë + £ é¹{
Here, we require 9@?êé É BTa lR5 and 9�?�é É Ë BTa lq5 to enclose the range of 9 on é É and é É Ë ,
respectively, and

£ 9@?`é É Ë ¶ é É Ë B;a lo5 to enclose

(3.6) S £ 9@?JûH ÉLË ¶xH ÉLË BEFêûH É)Ë aâé ÉLË &xH É)Ë aâé ÉLË W�&£ 9@?`é É ¶.é É Ë B;a lR5 to enclose

(3.7) S £ 9�?!H É ¶�H ÉLË B*F�H É a�é É &�H ÉLË a�é É)Ë Wf&
and

£,å 9�?�é É ¶.é É Ë B;a lR5 to enclose

(3.8) S £ å 9�?!H É ¶xH É)Ë B*F[H É a¤é É &xH É)Ë a¤é ÉLË Wf{
THEOREM 3.8. The 5-tuples õ Dü? ø É & ø ÉLË & £ ø ÉLË & £ ø & £ å ø B in Definition 3.7 are

second-order slope tuples for the functions æ7D�H�ý
U , ý'aâSq%'&,(*&)+�& -mW and æ}?A#KB�D�9@?AHI?A#KB�B
on " #
$ with respect to #�� , i.e. they satisfy (3.1)-(3.5).

Proof. The proof of (3.1), (3.2), and (3.4) for õ are analogous to those in [14, 16]. So,
we only need to prove (3.3) and (3.5). We will show this for õ>0|D°èú+oô and õþ0rD�9@?�è*B .
The proofs for addition, subtraction, and division are similar. Details can be found in [22].

For æ}?�#CBfD1HI?A#CBc+�UV?!#KB and #�aº" #
$ we haveæe?A#CBc(¯æe?A#��oBfD�H'?J#CByUT?A#KB¢(©HI?A#KBjUV?�#
�RB�%ºHI?A#KBjUV?�#
�RBi(©HI?A#
�RB�UT?A#
�RBD � H'?A#CBc+ £ UC?!#¬¶x#��oB�% £ Hc?A#�¶x#��oBc+,UV?!#
�LB � +m?A#·(¯#
�RB
and thus obtain £ æPÏ Ð Ñ�?x" #
�)$JB¹3hH'?�#
�LB¢+ £ U�Ï Ð Ñ©?�" #��,$AB�% £ H;Ï Ð Ñ©?�" #
��$ABc+)UV?A#��oB31é ÉLË + £ ù É)Ë % £ é ÉLË +)ù É)Ë &
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which is (3.3) for õµDhè°+)ô .
Furthermore, by using interval analysis and the slope tuple properties of è and ô we

have æe?A#CBc(©æh?A#
�RBfD�H'?A#CB¢ÿ!UV?A#CB¢(¯UV?�#
�RB���%}UV?!#
�LB�ÿ�HI?J#KB¢(©HI?A#
�RB��a¯H'?A#CB � £ ù É Ë +�?!#P(�# � B¬% £)å ùú+m?A#·(¯# � B å �%¤UV?�#��LB � £ é É)Ë +�?�#·(¯#
�RB¬% £ å é°+�?!#·(¯#
�LB å �D � HI?A#CBc+ £ ù É Ë %}UV?�# � Bc+ £ é É Ë � +�?�#·(¯# � B% � HI?A#CBc+ £ å ù�%}UV?A#��oB¢+ £ å é � +m?A#·(¯#
�oB å3�� � H'?J#��oB�% £ é°+�?!#·(¯#
�LB � + £ ù ÉLË %ºUT?A#��oBc+ £ é ÉLË�� +)?!#·(¯#
�oB% � HI?A#CBc+ £ å ù�%}UV?A#��oB¢+ £ å é � +m?A#·(¯#
�oB å3 £ ø É Ë +�?!#·(©# � B¬% £,å ø +�?A#·(¯# � B å &
which proves (3.5).

Next, we consider æe?�#KB�D�9�?!H'?J#CB�B and #�aº" #
$ . Byæe?A#CBc(©æh?A# � B�D £ 9 ÿ HI?A#CBC¶xHI?A# � B � + ÿ HI?A#CBc(©HI?J# � B �
we get £ æPÏ Ð Ñ�?x" #
�)$ABâ3=9 ½ ?AHI?A#��oB�Bc+ £ é ÉLË 3 £ 9�?êé ÉLË ¶.é É)Ë Bi+ £ é ÉLË &
which is (3.3) for õµD°9@?�è*B . Because of9�?!H'?A#KB�BfD�9@?AHI?A#
�RBxB�%}9 ½ ?AH'?�#
�RBxBc+ ÿ HI?A#KB¢(©HI?A#
�oB �% £ å 9 ÿ HI?A#KB�¶xH'?�#
�oB � + ÿ HI?J#KBc(¯H'?�#
�RB � å
we obtain£ 9Eÿ`H'?J#CB�¶�H'?J#��oB��VD�9 ½ ?�HI?J#
�RBxB¬% £ å 9Eÿ�HI?A#KB�¶xHI?J#
�RB���+�ÿ�HI?A#KB¢(©HI?A#
�oB���{
Hence, we haveæe?A#CBc(©æh?A#
�oB�D £ 9Eÿ`H'?�#KBC¶�H'?�#
�LB���+
ÿ`H'?A#KBc(¯H'?�#
�RB��a £ 9Eÿ`H'?�#KBC¶�H'?�# � B���+K� £ é É Ë +�?�#·(¯# � B¬% £)å é°+�?!#·(¯# � B å �D19 ½ ?AHI?A#��LB�Bi+ £ é ÉLË +�?�#·(©#��oB% £ å 9 ÿ H'?J#CB�¶�H'?J#��oB � + £ é ÉLË + ÿ H'?�#KBc(¯H'?�#
�LB � +�?!#·(¯#
�LB% £ 9 ÿ H'?A#CB�¶�H'?J# � B � + £,å é°+�?A#�(©# � B å3 £ 9Eÿ[é ÉLË ¶ é ÉLË �¹+ £ é É)Ë +�?!#·(¯#
�oB%�� £,å 9Eÿêé É ¶.é É Ë ��+ £ é É Ë + £ é�% £ 9Eÿ�é É ¶.é É Ë ��+ £)å é � +�?!#·(©# � B å3 £ ø ÉLË +�?A#�(©#��oB¬% £ å ø +m?A#·(¯#
�RB å &



ETNA
Kent State University 

http://etna.math.kent.edu

210 M. SCHNURR

which is (3.5).
REMARK 3.9. It is possible to define

£ ø
and

£oå ø
differently in Definition 3.7 b)-d),

such that they still satisfy (3.1)-(3.5). For example, an alternative definition of

£ ø
for the

multiplication õ D}è}+êô would be

£ ø 0rD £ é}+[ù É %âé ÉLË + £ ù . Furthermore, the intersection
of this alternative

£ ø
with the

£ ø
from Definition 3.7 b) may be used; cf. [16].

Next, we compute enclosures

£ 9�?êé É)Ë ¶.é ÉLË B , £ 9@?`é É ¶.é É)Ë B , £ å 9�?êé É ¶ é ÉLË B;a lR5 of (3.6)-
(3.8), where 9 is twice continuously differentiable. Note that such enclosures exist because
the sets (3.6)-(3.8) are bounded as a consequence of the assumptions on 9 and è .

By the Mean Value Theorem and Taylor’s Theorem we have the enclosures

(3.9)

£ 9@?�é ÉLË ¶.é É)Ë B�D19 ½ ?`é É)Ë B�&
(3.10)

£ 9@?`é É ¶.é É)Ë B�D19 ½ ?`é É BC&
and

(3.11)

£ å 9@?êé É ¶.é É)Ë BfD �~ 9 ½ ½ ?êé É B
of (3.6)-(3.8). However, for some functions, such as 9�?!#KB*DN# å and 9�?�#KB*D Â # , sharper
enclosures for (3.7) and (3.8) can be found. By explicit computation of

£ 9�?!H É ¶xH É Ë B and
£ å 9�?!H É ¶xH É)Ë B we get the following two lemmas.

LEMMA 3.10. Let è be a second-order slope tuple for H on " #
$ with respect to #C�*aº" #j$ ,
and let 9e0 516�5 , 9@?�#CBfD1# å . Then, we have the enclosures£ 9@?AH É ¶�H É Ë B©aÁé É %²é É Ë &£ å 9@?AH É ¶�H ÉLË B©aÃ"���&)��$
for all H É a¤é É and all H É Ë a¤é É Ë .

LEMMA 3.11. Let è be a second-order slope tuple for H on " #j$ with respect to #��Yaº" #j$
such that u�wyÈ�?`é É BI®NÄ and u�wyÈ�?êé ÉLË B�� Ä . Furthermore, let 9^0 5
	 � 6µ5

, 9�?�#KBYD Â # .
Then, for all H É a¤é É and all H ÉLË aâé É)Ë we have£ 9@?AH É ¶xH É Ë Bâa �Â é É %�� é É Ë &£ å 9@?AH É ¶�H ÉLË B©a ( �~ � é É Ë ÿ Â é É %�� é É Ë � å {

Furthermore, by exploiting convexity or concavity of 9 and 9'½ we can get sharper enclo-
sures for (3.7) and (3.8) than by (3.10) and (3.11). The formulas and the proofs can be found
in [9] and [16]. Moreover, exploiting a unique point of inflection of 9 or 9'½ may also give
sharper enclosures for (3.7) or (3.8) than (3.10) or (3.11). This applies to functions such as9@?A#KB�D�Ì�u�w�
�# , 9@?A#CB�D�����Ì�
¹# , etc. We omit the details of these formulas and refer to [20].

REMARK 3.12. Let / be twice continuously differentiable and� D^?�� É &�� ÉLË & £ � ÉLË & £ �¹& £ å ��B
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be a second-order slope tuple for / on " #j$ obtained by using Lemma 3.6 and Definition 3.7.
Then, we get/Y?!#KB¢(�/'?A#��oB©aN/ ½ ?�#��LBc+m?A#·(¯#
�oB¬% £ å �ú+�?!#P(¯#
�RB å &¯#�a�" #
$�&
analogously to the proof of Theorem 3.8. This is stronger than (3.5). Hence, by (2.5),

£ å � is
a second-order slope enclosure of / on " #
$ with respect to #C� . This justifies the term second-
order slope tuple in Definition 3.2.

3.1. Nonsmooth elementary functions. Let è and ô be second-order slope tuples forH and U on " #
$V3¼2 with respect to # � a�" #j$ . We compute a second-order slope tuple õ
for æe?�#KBID=F H'?�#KBLF , æ}?!#KBID¼MPORQTS,HI?A#KB�&xU�?!#KB�W and æ}?A#CB'D Mvu�wESLH'?A#CBC&xUT?A#CB W , so that
the automatic computation of second-order slope tuples can be extended to some nonsmooth
functions.

1. æ}?!#KBfD°9�?!H'?A#KB�BfD^F H'?�#KB,F :
We define the evaluation of 9@?�#CB�D»F #iF on an interval " #j$ia lR5 byF�" #
$�FmD abs ?x" #j$�B;0rD�S�F #cFfF�#�aº" #j$LWTD�Ò.Mvu�wÉ�ØyÙ É,Ú F #iF�&.MvOqQÉ�ØyÙ É,Ú F #cF Ô {

Furthermore, we compute õµD19@?�è*BfD abs ?�è*B byø É D abs ?`é É BC&ø É Ë D abs ?`é É Ë BC&£ ø É Ë D £ 9@?êé É Ë ¶ é É Ë Bc+ £ é É Ë &£ ø D £ 9@?êé É ¶.é É Ë B¢+ £ é¹&£)å ø D " �)$�&
where

£ 9@?`é ÉLË ¶ é ÉLË BfD
������������� ������������
"�(*��&)(*��$ if H É d²Ä"���&)��$ if H É ®²Ä"�(*��&)(*��$ if Äva¤é É�� H ÉLË Å�Ä"���&)��$ if Äva¤é É � H É Ë ��Ä"�(*��&)��$ otherwise &

£ 9@?êé É ¶.é É Ë BfD

����������������������� ����������������������

"�(*��&)(*��$ if H É d²Ä"���&)��$ if H É ®²ÄÒ F � Û F ¦���� � Û Ë ���� Û ¦ � Û Ë &! � Û  ¦ F � Û Ë F� Û ¦ � Û Ë Ô if ÄIaâé É"� H É ¥D1H ÉLË � H É ¥D H ÉLË
Ò (*��&  � Û  ¦ F � Û Ë F� Û ¦ � Û Ë Ô if ÄIaâé É � H É D1H É Ë � H É ¥D H É Ë
Ò F � Û F ¦���� � Û Ë ���� Û ¦ � Û Ë &�� Ô if ÄIaâé É"� H É ¥D1H ÉLË � H É D H ÉLË"�(*��&)��$ otherwise &
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and

" �)$�D
���������������������������� ���������������������������

(*�¹+ £,å é if H É dhÄ£ å é if H É ®hÄ£ 9@?`é É ¶ é É Ë Bi+ £)å é�%$#�Ä
&�( §å�% � Û Ë'& + £ é É Ë + £ é if Äva¤é É � H É Ë ÅhÄ � ( H É Ë aâé É£ 9@?`é É ¶ é ÉLË Bi+ £ å é�% Ò Ä
& å(% � Û? � Û ¦ � Û Ë B�) Ô + £ é É)Ë + £ é if Äva¤é É"� H ÉLË ÅhÄ � ( H É)Ë -aâé É£ 9@?`é É ¶ é É Ë Bi+ £)å é�% Ò Ä
& §å�% � Û Ë Ô + £ é É Ë + £ é if Äva¤é É � H É Ë �hÄ � (�H É Ë aâé É£ 9@?`é É ¶ é ÉLË Bi+ £ å é�%+*�Ä
&,( å�% � Û, � Û ¦ � Û Ë - )/. + £ é ÉLË + £ é if Äva¤é É"� H ÉLË �hÄ � (�H É)Ë -aâé É"�(*��&)��$j+ £ å é otherwise {
2. æh?A#KB�D�MPORQTS,H'?�#KBC&�UV?!#KB W :
We define the evaluation of the MvOqQ -function for two intervals " ��$ and " 0.$ byMPORQVS�" ��$m&)" 0�$`W�0|D:srMvOqQ�So� &10 Wf&xMPORQ \ ��& 0 g zi{

Furthermore, we compute õµD1MvOqQVS.èI&�ô�W byø É D MPORQVSoé É &�ù É Wf&ø É)Ë D MPORQVSoé ÉLË &�ù ÉLË Wf&£ ø É)Ë D �� � £ é ÉLË if H É ® U É£ ù É)Ë if U É ® H É£ é ÉLË p £ ù ÉLË otherwise &£ ø D �� � £ é if H É ® U É£ ù if U É ® H É£ é²p £ ù otherwise &£)å ø D �� � £,å é if H É ® U É£ å ù if U É ® H É£ å é²p £ å ù otherwise {
We compute õ for æe?A#CB�D�Mvu�w*S,HI?A#KB�&xUV?!#KB W analogously to õ foræ}?A#KB�D1MPORQVS)HI?J#KB�&xUV?�#KB�Wf{
THEOREM 3.13. Let è and ô be second-order slope tuples for H and U , respectively,

on " #j$º3Z2 with respect to #�� añ" #j$ . Then, the tuples õ Dí9@?�è*B²D abs ?�è*B andõ DtMPORQTS�èI&�ô�W defined above are second-order slope tuples for the functions æ}?�#CB·D9@?AH'?�#KB�BfD^F H'?�#KB)F and æe?�#KB�D�MPORQVS,H'?�#KB�&�UV?�#KB�W , respectively.
Proof. The proof of (3.1), (3.2), and (3.4) for õ can be found in [14]. Therefore, we

only need to check (3.3) and (3.5).
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1. æ}?!#KBfD°9�?!H'?A#KB�BfD^F H'?�#KB,F :
We prove (3.3). For each #�aº" #j$ with HI?A#CB�D�HI?A# � B we haveæe?A#CBc(©æh?A#
�oB�Dó" ��$K+
ÿ�HI?A#CBc(©HI?A#��oB��

with an arbitrary " ��$¬a lq5 . If H'?�#KBT¥D1H'?�#��oB , thenæ}?A#KBf(©æ}?�#
�RB#·(©# � D F H'?�#KB)FR(1F HI?A#
�oB)FH'?A#CBc(¯H'?A# � B + H'?A#KBc(¯H'?�#
�RB#P(¯# �
holds. By considering the various cases in the definition of

£ ø É Ë we obtain£ æPÏ Ð Ñ¯?�" #��,$AB;3 £ ø ÉLË {
Next, we prove (3.5).
Case 1: H É d²Ä .
We have æe?A#CBc(¯æe?A# � BfD8(*��+ ÿ HI?A#KB¢(©HI?A# � B �aÃ(*��+ £ é ÉLË +�?A#�(©#��oBc(²��+ £ å é°+�?�#·(©#��oB å {
Case 2: H É ®²Ä . This case is analogous to the previous case.
Case 3: ÄIa¤é É � H É Ë Å�Ä � ( H É Ë a¤é É .
For all #¤a�" #j$ with HI?A#CB¹®hÄ we getæh?A#KB¢(©æe?�#
�RB a F H'?A#KBLFR(1F HI?J# � B,FH'?J#CB¢(¯H'?J#��oB +K� £ é ÉLË +�?A#�(©#��oB�% £ å é°+�?�#P(¯#
�RB å �D � (²��% ~ H'?A#KBHI?J#KBf(©HI?J# � B � + £ é É)Ë +�?�#·(¯#
�LB% F H'?�#KBLFo(�F H'?�# � B,FHI?A#CBc(©HI?A#��oB + £,å é�+m?A#·(¯# � B åD ( £ é É)Ë +�?�#·(¯#
�RB¬% � F HI?A#KB)FR(1F HI?A#��LBLFH'?�#KBc(¯H'?�# � B + £ å é% ~ H'?J#CBÿ H'?�#KBc(¯H'?�#
�LB � å + H'?J#CB¢(¯H'?J#��oB#·(¯# � + £ é ÉLË � +L?A#·(¯#
�RB å {

Because of H'?A#CB¹®hÄ we have

(3.12) Ä°d ~ HI?J#KBÿ HI?A#CBc(©HI?A# � B � å d ~ HI?J#KBÿ H'?J#CBc( H É Ë � å {
By computing the maximum of the right expression in (3.12) and by using HI?A#CB·® Ä and( H ÉLË a¤é É , we obtain ~ H'?J#CBÿ H'?�#KBc( H ÉLË � å d ~ ?[( H É)Ë Bÿ ( H ÉLË ( H É)Ë � å {
Thus, we have

(3.13)
~ H'?A#KBÿ H'?A#KB¢(¯H'?A#
�RB � å a Ò Ä
&�( �~ H É)Ë Ô {
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Therefore, for all #¤a�" #j$ with HI?J#KB�®²Ä we have shown that

(3.14)
æe?A#CBc(©æh?A#
�RBìa ( £ é ÉLË +m?A#·(¯#
�RB�%N� £ 9�?êé É ¶ é ÉLË Bi+ £ å é% Ò Ä
&i( �~ H ÉLË Ô + £ é É Ë + £ é � +m?A#·(¯# � B

å
holds. For all #âa¯" #j$ with H'?J#CB¹Å²Ä we getæ}?�#KBf(©æ}?�# � BfD ÿ H'?�#KBc(¯H'?�# � B �ah( £ é É)Ë +�?�#·(¯#
�LB¢( £ å é7+�?�#·(©#��oB å {
Because of (*�Ea £ 9@?`é É ¶.é É Ë B and Äva2#�Ä
&�( §å � Û Ë3& we have(*�¹+ £)å é°+�?!#·(¯# � B å3 � £ 9@?êé É ¶.é É)Ë B¢+ £ å é1% Ò Äj&¢( �~ H É Ë Ô + £ é É)Ë + £ é � +m?A#·(¯#
�RB

å {
Hence, (3.14) also holds for all #âa¯" #j$ with H'?A#CB;Å²Ä . Thus, we haveæ}?�#KB¢(¯æ}?A#��oB�3 £ ø ÉLË +�?!#P(¯#��LB¬% £ å ø +�?A#·(¯#
�RB å
for all #¤a�" #
$ .

Case 4: ÄIaâé É � H É Ë Å�Ä � ( H É Ë -a¤é É .
The proof is analogous to case 3. Instead of (3.13), we get~ +,H'?�#KBÿ!H'?J#CBc(©HI?A#��oB�� å a * Ä
& ~ + H Éÿ H É ( H ÉLË � å . {
Case 5: ÄIaâé É � H É Ë ��Ä � (�H É Ë a¤é É . This case is analogous to case 3.
Case 6: ÄIaâé É � H É Ë ��Ä � (�H É Ë -a¤é É . This case is analogous to case 4.
Case 7: We haveF H'?�#KBLFo(�F H'?�#
�RB,FCa�"�(*��&,�,$j+K�)H'?�#KBc(¯H'?A#
�RB �3�"�(*��&,�,$j+ £ é ÉLË +�?!#P(©#��oB�%�"�(*��&)��$j+ £ å é°+�?!#·(¯#
�LB å &

which completes the proof.
2. æh?A#KB�D�MPORQTS,H'?�#KBC&�UV?!#KB W :
Case 1: H É ® U É .
We have MPORQTS,H'?�#KBC&�UV?!#KB W�DÃH'?�#KB and MPOqQVS,HI?A# � BC&xUT?A# � B W�DÃH'?A# � B . Therefore,

the proof of (3.3) and (3.5) is obvious.
Case 2: U É ® H É . This case can be proven analogously to case 1.
Case 3: In the remaining case we have£ æPÏ Ð Ñ¯?�" #��,$AB©3 £ é ÉLË p £ ù ÉLË {

Therefore, we get (3.3). Next, we prove (3.5).
If MPORQVS)HI?A#KB�&xUV?�#KB�WTD�HI?A#KB and MPORQ�SLH'?�#
�oBC&xUT?�#��LB�WVD1UT?A#
�RB , then we haveUV?�#KBc(¯UV?�# � Bìd HI?A#KB¢(©UT?A# � Bìd H'?A#CBc(¯H'?J# � B &
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and therefore,

(3.15) æh?A#KB¢(©æe?�#��oBâaÃ? £ é ÉLË p £ ù ÉLË Bc+�?�#·(¯#
�LB�%�? £ å éhp £ å ùYBi+m?A#·(¯#
�RB å
holds. Clearly, (3.15) also holds, if

MPOqQ�S,HI?A#KB�&xUT?A#KB�WVD1HI?A#CB and MvOqQ�SLH'?J#��oB�&xUV?�#
�RB.WTD�H'?J#��oB�{
Analogously, (3.15) is fulfilled, if H and U are interchanged. Therefore, we get (3.5).

3.2. Continuous functions given by two or more branches. In order to automatically
compute second-order slope tuples for continuous functions given by two or more branches,
we first define the function ite 0 554 ( 6�5 (”if-then-else”).

DEFINITION 3.14. ite 0 554 ( 6�5 is the function

ite ?�ç�&xHi&xUyB;0|D À H if çvÅhÄU otherwise.(3.16)

Let Hi&xU�&�çv0�2�3 5 ( 6�5 be continuous, " #
$¬3�2 and define æ�0�2�3 5 ( 6Ó5
by

(3.17) æ}?�#CB D ite ÿ ç�?�#KB�&xH'?A#KB�&�UV?�#KB � {
æ is now a function given by two branches H and U , with the function ç determining which
branch is chosen. For details see [23].

DEFINITION 3.15. We define the evaluation of the ite-function for intervals " ç�$KD»"�ç & ç¢$ ," H�$CD»"[H & H�$ and " U�$CD^"[U & U�$ by

ite ÿ
" çq$�&L" H�$�&L" U�$6�*0|D ��� �� " H�$ if çvÅ�Ä" U�$ if ç ®�Ä" H�$�p " U�$ otherwise {(3.18)

THEOREM 3.16. Let è , ô and 7 be second-order slope tuples for the continuous func-
tions H , U and ç on some interval " #j$ 3Ó2 with respect to #K�úaG" #j$ . Furthermore, letæ}?�#CBfD ite ÿ`ç�?�#CBC&xHI?A#CBC&xUT?A#KB8� be continuous on " #j$ . We define the 5-tuple õ D ite ?97·&`èI&�ô;B
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by ø É D ite ?;: É & é É &.ù É BC&ø É Ë D ite ?;: É Ë &.é É Ë &.ù É Ë BC&
£ ø É Ë D

����������� ����������
£ é É Ë if ç É Å²Ä£ ù É Ë if ç É ®²Ä£ é É Ë p ÿ £ ù É Ë %°? £ é É Ë ( £ ù É Ë Bi+m" Ä
&,�,$<� if ÄIa=: É � ç É Ë Å²Ä£ ù É Ë p ÿ £ é É Ë %°? £ ù É Ë ( £ é É Ë Bi+m" Ä
&,�,$<� if ÄIa=: É � ç É Ë ®²Ä� £ é ÉLË p ÿ £ ù É)Ë %°? £ é É)Ë ( £ ù ÉLË Bc+�" Ä
&,��$6� �p � £ ù É Ë p ÿ £ é É Ë %°? £ ù É Ë ( £ é É Ë Bc+�" Äj&)��$ � � otherwise &

£ ø D
����������� ����������
£ é if ç É Å�Ä£ ù if ç É ®�Ä£ é²p ÿ £ ù�%°? £ é°( £ ùYBi+�" Äj&)��$ � if Ä'a=: É"� ç ÉLË Å�Ä£ ù1p ÿ £ é�%°? £ ùú( £ é*Bi+�" Äj&)��$ � if Ä'a=: É"� ç ÉLË ®�Ä� £ é�p ÿ £ ù°%°? £ é°( £ ù'Bc+�" Äj&)��$ � �p � £ ù°p ÿ £ é1%�? £ ùú( £ é�Bc+�" Äj&,�,$ � � otherwise,

£ å ø D
����������� ����������
£ é if ç É ÅhÄ£ ù if ç É ®hÄ£ å éhp ÿ £ å ù�%�? £ å é�( £ å ùYBc+�" Ä
&,��$6� if Äva>: É"� ç ÉLË ÅhÄ£ å ù1p ÿ £ å é�%�? £ å ùú( £ å é*Bc+�" Ä
&,��$6� if Äva>: É"� ç ÉLË ®hÄ� £,å éhp ÿ £,å ù�%�? £,å é7( £,å ùYBi+m" Ä
&,��$ � �p � £ å ù�p ÿ £ å é²%°? £ å ù�( £ å é*Bi+�" Äj&)��$ � � otherwise.

Then, õíD ite ?97·&`èI&�ô;B is a second-order slope tuple for æ on " #j$ with respect to # � .
Proof. See [22] and [23].
REMARK 3.17. In some papers, the formula£ ø D ��� �� £ é if çvÅ²Ä£ ù if ç ®²Ä£ é�p £ ù otherwise

is used for computation of a first-order slope tuple for æ}?�#CBYD ite ÿ ç�?A#KB�&xH'?�#KB�&xUV?�#KB � on" #j$ . However, this formula is not correct because it does not provide a slope enclosure of æ
on " #
$ for all possible choices of ç�&xHi&xU . For details see [22] and [23].

4. Numerical results. We use the technique from the previous section to automatically
compute a second-order slope tuple� D^?�� É &�� ÉLË & £ � ÉLË & £ �¹& £ å ��B
for / on " #j$ with respect to # � a�" #j$ . In this way, we obtain the range enclosures

(4.1) ? § 0|D@� ÉLË % £ �7+�?�" #j$K(©#��LB
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and

(4.2) ? å 0rD@� É)Ë % £ � É)Ë +�?�" #j$�(¯#
�RB�% £ å �ú+�?�" #j$�(¯#
�oB å
of / on " #
$ ; see Remark 3.4. ? § was already considered in [14]. If / is twice continuously
differentiable, we can also compare these results with the centered forms

(4.3) 2 § 0|D°/I?A# � B�%h/ ½ ?�" #
$ABi+m?x" #j$K(©# � B
and

(4.4) 2 å 0|D7/Y?!#
�oB¬%h/ ½ ?�#
�RBi+�?x" #j$K(©#��oB�% �~ / ½ ½ ?�" #
$�Bi+�?x" #j$K(©#��oB å {
Here, /�½[?�" #
$JB and /�½ ½x?�" #
$AB are enclosures of the range of /�½ and /�½ ½ on " #j$ . They are computed
via automatic differentiation.

REMARK 4.1. By using machine interval arithmetic on a floating-point computer for
the operations from Section 3, the slope tuple properties (3.1)-(3.5) are preserved. Hence, by
applying machine interval arithmetic, we obtain verified range enclosures.

We consider the following examples:��{o/I?�#KB�D»?�#I%eÌ�u�w¹#KBf+�A�QyÎ ÿ (�# å �~ {o/I?�#KB�D1#�B�(²�)Ä�# 4 %DCFEq# å (GEqÄq#'% ~/HC
{o/I?�#KB�D ÿ Ç w�?�#I%���{ ~ E�B�(¯Ä
{ I H #J� åH {o/I?�#KB�D ~�)Ä�Ä #
å ( C�)Ä�Ä A,QyÎ � ( ÿ ~ Ä�?J#·(�Äj{ ILKME�B � å �Ej{o/I?�#KB�DNA�QyÎ·ÿ�# å �O {o/I?�#KB�D1#�B�(²� ~ # 4 % H KR# å ( O Äq#P( ~ Ä�A�QyÎT?�(�#KBKy{o/I?�#KB�D1#8P�(²�<Eq#�B�% ~ KR# å % ~ EqÄI
{o/I?�#KB�D ÿ�OMQ1��R.Oqw*?�F #·(²�mF B�� å -Eÿ!#8P�( ~ #8B;% ~ ÄF�S {o/I?�#KB�D1MvOqQ � A,Q�Î�?x(�#KBC&�Ì�u�w ÿ F #·(h��F ����LÄj{L/I?�#KB�D ite � #·(²��&E# B (h��%eÌ�u�w�?�#·(h�oBC&UTT # å ( E ~ #I% C ~ TT �����{L/I?�#KB�D TT ?�#·(h�oB ÿ # å %}#I%VE ��TT +�A�QyÎ � ?�#·( ~ B å �� ~ {L/I?�#KB�D1MvOqQ*\�#8W�(©# å %}#¬&XA�QyÎ�?A#CBc+�?�#·(²�LB�%��mg�<Cj{L/I?�#KB�D ite �)#·(²��& ?!#P(²�oBi+,OMQ1��R.Oqw¹#·+�A,QyÎ·ÿ�#I%eÌ�u�w�#Y�q&TT ÿ!# å ( E~ #I% C ~ ��+,Ì�u�w�#ZTT �

In each case, we consider " #
$¢D " Ä
{[K\Ey&)��{]KMEo$ and set # � 0rD mid " #
$ . Examples 1-7 have also
been considered in [14].

We obtained the results in Table 4.1. For the examples 1-7, ? § and ? å provide sharper
enclosures than 2 § and 2 å , respectively. Furthermore, ? å is a subset of ? § for the examples
1-7 except for example 4. For nonsmooth functions 9 , it is possible that a very large interval
£ å ø

is computed for õµD79�?�è*B . Hence, ? å is not always contained in ? § in our examples.
However, except for example 9, one or both bounds of ? å provide sharper bounds for the
range of / than ? § .
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TABLE 4.1
Range enclosure for examples 1-13

No. 2 § 2 å ? § ? å
1 [ -2.262, 3.184 ] [ -0.910, 2.889 ] [ -0.939, 1.861 ] [ -0.247, 1.476 ]
2 [ -44.75, 42.95 ] [ -5.215, 7.598 ] [ -22.84, 21.04 ] [ -1.778, 3.536 ]
3 [ -0.376, 0.412 ] [ -0.042, 0.190 ] [ -0.199, 0.235 ] [ -0.041, 0.151 ]
4 [ -10.51, 10.57 ] [ -1835, 3.062 ] [ -0.133, 0.195 ] [ -0.345, 0.115 ]
5 [ -32.65, 42.19 ] [ -1.193, 48.82 ] [ -11.84, 21.39 ] [ -1.193, 21.39 ]
6 [ -85.86, 29.28 ] [ -40.03, -11.73 ] [ -61.07, 4.492 ] [ -35.76, -16.47 ]
7 [ 119.5, 399.3 ] [ 182.7, 304.4 ] [ 185.9, 332.9 ] [ 210.4, 275.1 ]
8 - - [ -0.333, 0.339 ] [ -0.386, 0.233 ]
9 - - [ -0.214, 0.787 ] [ -0.284, 1.271 ]

10 - - [ -7.375, 7.500 ] [ -5.945, 7.516 ]
11 - - [ -19.85, 26.70 ] [ -8.953, 34.22 ]
12 - - [ -10.13, 15.61 ] [ -2.615, 15.11 ]
13 - - [ -15.00, 15.12 ] [ -12.64, 13.27 ]

5. The automatic computation of second-order slope tuples for multivariate func-
tions. In this section, let /70¬2ó3 5¢b°6­5

. We define slope enclosures and the limiting
slope interval analogously to Section 2.

DEFINITION 5.1. Let / be continuous and #C��a�2 be fixed. A function

£ /¤0m2 6Ó5�§)�jb
satisfying /I?A#CB�D�/I?A# � B�% £ /c?!#¬¶�# � Bi+�?A#�(©# � BC&­#�a�2�&
is called a first-order slope function of / with respect to #C� .

An interval matrix

£ /c?�" #
$�¶�#��oB;a lq5 §)�jb with£ /c?x" #j$m¶x# � B;¸7S £ /c?A#�¶x# � B*F[#¤a¯" #j$oW
is called a (first-order) slope enclosure of / on " #
$ with respect to #C� .

A slope function of /�0 5¢bâ6�5 is not unique, and there are various ways for computing
one; see, for example, [6, 7].

DEFINITION 5.2. Let / be continuous on " #j$ia lR5 b , " #
$¬3²2 . Furthermore, let #��Ya¯" #j$
and / _ ?9^xB;0rD°/ ÿ ?�# � B § &,{,{){�&)?�# � B _ ¦�§ &_^ &)?�# � B _�¨ § &){,{,{)&)?�# � B b � . IfÇ u�Mhu�wyÈ` Ê � ÉLË �ba / _ ?b^xBc(º/ _,ÿ ?A# � B _ �^i(²?!#
�oB _
and Ç u�M�ÌxÍ
Î` Ê � É Ë � a /R_j?b^xB¢(�/R_)ÿ
?!#
�oB _ �^c(�?A# � B _
exist for all c�a©S���&,{){,{�&�¡cW , then we define the limiting slope interval

£ /�Ï Ð Ñ©?x" #
�)$AB;a lR5 b by� £ / Ï Ð Ñ ?x" # � $AB � _ 0|D * Ç u�M²u�wyÈ` Ê � É Ë � a /R_j?9^xBi(�/q_ ÿ ?A#
�oB _ �^�(�?A#��oB _ & Ç u�M²Ì�ÍjÎ` Ê � ÉLË � a /R_j?�^xBc(º/R_ ÿ ?A#
�RB _ �^�(�?!#
�LB _ . {
DEFINITION 5.3. Let / be continuous, " #j$'3:2 , # � a¼" #
$ , and assume that /�½x?�# � B

exists. A function

£ å /�0�2 6�5cb��jb satisfying/'?!#KB�DÓ/'?�#��LB¬%h/ ½ ?�#
�RBi+�?�#·(©#��oB�%�?�#·(©#��LB�d�+ £ å /c?A#�¶x#���&�#
�RBi+�?A#�(©#��oBC&¯#�a�2�&
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is called a second-order slope function of / with respect to # � .
An interval matrix

£ å /c?[" #j$�¶�#
��&x#
�RB;a lo5 b��jb with/I?�#KB©aN/I?A# � B�%h/ ½ ?A# � Bc+�?�#·(¯# � B¬%�?�#·(¯# � B d + £)å /c?�" #
$m¶�# � &�# � Bi+�?�#·(©# � B�&©#¤a�" #j$�&
is called a second-order slope enclosure of / on " #j$ with respect to # � .

DEFINITION 5.4. Let H^0;2 3 5¢b 6¾5
be continuous, " #
$Ia lR5 b with " #
$I3t2 ,

and #��^aÓ" #j$ . A second-order slope tuple for H on " #
$ with respect to #C� is a 5-tupleèöDì?`é É &.é É)Ë & £ é ÉLË & £ é�& £ å é*B with é É &.é É)Ë a lo5 ,

£ é É)Ë & £ é a lR5 b , £ å éìa lo5 b��jb ,é ÉLË 3�é É , satisfying HI?A#KBTa}é É &(5.1) H'?J#��oBTa}é ÉLË &(5.2)
£ H¹Ï Ð Ñ¯?x" #
�)$JB;3 £ é ÉLË &(5.3) H'?J#CB¢(¯H'?J#��oBTa £ é d +m?A#·(¯#
�RBC&(5.4) H'?J#CB¢(¯H'?J#��oBTa £ é dÉ Ë +�?�#·(©#��oB�%7?�#·(©#��LB�d + £ å é°+�?�#·(©#��oB(5.5)

for all #�aº" #
$ .
LEMMA 5.5. Let " #j$�a lR5 b , #
�Pa�" #j$ , c�aeS���&,{){,{)&x¡cW , and let e _ a 5cb be the c -th unit

vector.
a) ï�D^?!��&��C&�Äj&�Ä
&�ÄmB is a second-order slope tuple for the constant function H¤0 5�b�6Ó5

,H'?�#KB�ðú�@a 5 , on " #j$ with respect to # � . Here, the first and the second Ä symbolize the zero
vector, and the last Ä stands for the zero matrix.

b) ò D ÿ " #j$ _ &L?�#��LB _ &�e _ &�e _ &�Ä � is a second-order slope tuple for H�0 5fb¤6Ó5
, H'?�#KBfD�#�_ ,

on " #j$ with respect to #�� . Here, Ä stands for the zero matrix.
REMARK 5.6. For the automatic computation of second-order slope tuples, the defini-

tions and theorems are completely analogous to Section 3. We only have to take into account
that

£ é É Ë & £ é¹& £ ù É Ë & £ ùNa lq5 b and

£)å é�& £)å ùNa lo5 b��jb . Therefore, we get

£ é É Ë + £ é d instead
of

£ é É Ë + £ é and ?A#·(¯# � B d + £,å é²+L?�#·(¯# � B instead of

£)å é�+L?�#·(©# � B å . For details, see [22].

5.1. The componentwise computation of second-order slope tuples. The automatic
computation of slope tuples for multivariate functions can be reduced to the one-dimensional
case by the componentwise computation of slope tuples. For first-order slope tuples, Ratz [14]
uses this technique for verified global optimization. Hence, we also consider the component-
wise computation of second-order slope tuples in this paper.

DEFINITION 5.7. Let H¤0 5¢bâ6Ó5
be continuous on " #
$ and let c;a¯S���&,{,{){�&x¡cW be fixed.

We define the family of functionsf _ 0rDhg ±·0�" #j$ _ 3 5�6�5 &ë±T?�^xB¹0rD�H'?�# § &,{){,{�&�#�_ ¦�§ &_^ &x#K_�¨ § &){,{,{)&x# b B
with #y��a�" #
$ � fixed for i·aâSm��&,{){,{�&�¡cWf&ji ¥DNc�{ k(5.6)

Each ±Ãa f _ is a continuous function of one variable ^ . Hence, for each ±Ãa f _
the automatic computation of a second-order slope tuple on " #j$ _ with respect to a fixed?A# � B _ a¯" #j$ _ , ?A# � B _ a 5 , is defined as in Section 3.

For the componentwise computation we have to modify the definition of a second-order
slope tuple as follows:

DEFINITION 5.8. Let HN0�2­3 5¢bN6 5
be continuous and " #j$Pa lR5 b , " #
$v3G2 .

Furthermore, let cVa²S���&){,{,{,&x¡cW and ?A#��RB _ a�" #j$ _ 3 5 be fixed. A second-order slope tuple
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for H on " #j$ with respect to the c -th component is a 5-tuple ètDä?`é É & é É Ë & £ é É Ë & £ é¹& £,å é�B
with é É & é É Ë & £ é É Ë & £ é¹& £,å é^a lR5 , é É Ë 3�é É , satisfying±T?A#K_`B a é É &± ÿ ?�#
�RB _ � a é ÉLË &£ ±¬Ï Ð ÑIÿ�" #��,$ _ � 3 £ é ÉLË &±V?A#K_`B¢(â±¢ÿ
?�#
�RB _ � a £ é°+�ÿ!#�_�(�?!#
�LB _ ��&±V?A# _ B¢(â± ÿ ?�# � B _ � a £ é É Ë + ÿ # _ (²?�# � B _ � % £)å é°+ ÿ # _ (�?!# � B _ � å
for all # _ aº" #
$ _ and all ±�a f _ , where

f _ is defined by (5.6).
REMARK 5.9. Let è be a second-order slope tuple for H on " #j$ with respect to the c -th

component. Then, for all #�aº" #j$ we have

(5.7) HI?A#CBâa¼é É)Ë % £ é7+K��" #
$ _ (�?!#
�LB _q�
and

(5.8) HI?J#KB¯a¼é É Ë % £ é É Ë +��f" #j$ _ (�?A# � B _�� % £)å é°+C��" #
$ _ (²?�# � B _q�
å
{

Hence, we have reduced the automatic computation of second-order slope tuples to the
one-dimensional case from Section 3. Therefore, the same formulas can be used except for
Lemma 3.6. We need to modify Lemma 3.6 as follows:

LEMMA 5.10. Let " #j$�a lR5 b , #���a�" #
$ , and c�a©S���&,{){,{�&�¡cW .
a) For each cfa¯S���&,{,{){�&x¡cW , the tuple ï»D^?!�C&.�C&�Ä
&�Äj&�Ä�B is a second-order slope tuple for

the constant function Hâ0 5 b 6Ó5
, H'?�#KB�ð°��a 5 , on " #
$ with respect to the c -th component.

b) For Hh0 5 b 6í5
, H'?J#CBED # � , a second-order slope tuple on " #j$ with respect to thec -th component is given byòíD À ÿ�" #j$ � &)" #j$ � &�Ä
&�Ä
&�Äl�q& if �â¥DNc�&ÿ�" #j$ _ &L?A#��oB _ &,��&,��&�Äl�o& if �PDNc�{

REMARK 5.11. Using a technique similar to [6, 7], we obtain range enclosures that are
sharper than (5.7) and (5.8). For a fixed # � a�" #
$�3²2 we have

(5.9) / ÿ # § &,{){,{,&�# b � (�/ ÿ ?A#
�RB § &,{,{){�&)?!#
�oB b �D /¹ÿ!# § &){,{){,&x# b ��(º/¹ÿj?!#
�LB § &�# å(m {){,{,&�# b �%h/¹ÿj?�#��LB § &x# å�m {,{){,&�# b ��(º/¹ÿj?�#
�RB § &L?�#��LB å &x# 4 &,{){,{)&x# b �%h/ ÿ ?�# � B § &)?�# � B å &�# 4 &,{){,{�&�# b � (}%e+,+)+%h/ ÿ ?�# � B § &,{){,{�&L?A# � B b�¦�§ &�# b � (�/ ÿ ?A# � B § &,{,{){,&L?A# � B b � {
for all #¤a�" #
$ . For each c�a©S���&,{,{){�&x¡cW , we now compute a second-order slope tuple� _ 0rD�?�� É/n _ &�� É Ë n _ & £ � É Ë n _ & £ � _ & £,å � _ B
for the function /R_c0¬ÿ�?�#��LB § &,{){,{�&L?A#��oB _ ¦�§ &)" #j$ _ &L" #
$ _�¨ § &,{,{){�&)" #j$ b � 6�5 &
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for #¤a ÿ ?!#
�oB § &){,{){�&)?�#
�RB _ ¦�§ &L" #
$ _ &)" #j$ _�¨ § &,{){,{�&L" #
$ b � &

on ÿ
?A#��oB § &,{){,{�&L?�#��LB _ ¦�§ &)" #j$ _ &L" #
$ _�¨ § &,{,{){,&L" #
$ b � with respect to the c -th component.
Then, by (5.9) we have/Y?�#KB a � É/n § &/Y?�#KB a � É Ë n b %Vo b��� § £ � � + � " #j$ � (²?�# � B � � D'0"?qp n § &/Y?�#KB a � ÉLË�n b % o b��� § £ � É)Ë�n �¹+K��" #j$ � (²?�#
�RB �¬� % o b��� § £ å ����+C��" #j$ � (�?A#��oB �¬� åD'0r?jp n å

for all #¤a�" #
$ .
5.2. Examples . We consider the following examples /©0 5 b 645

. Most of them have
been considered in [14]:��{=/'?A#CB�D �
ÿ Es # B ( Ey{��H s å # åB %º# å ( O � å %1�LÄ ÿ ��( �I s � ���mÌy# B %��)Ä � +)# å4(¯#8W § %º# å Ì�u�w�
�?A# W B# åP %�� # P (tA�QyÎ�?A# 4 Bc+,# W~ {=/'?A#CB�D H # å § ( ~ {��,# B § % �C # P § %}# § # å ( H # åå % H # B åCj{=/'?A#CB�D»�)Ä�Ä ÿ # å (¯# å § � å %�?�# § (²�LB åH {=/'?A#CB�D»� ~ # å § ( O { C�#�B § %}#8P § % O # å ?!# å (¯# § BEy{=/'?A#CB�D°Ìxu�w¹# § %eÌ�u�wPÿ �)ÄC # § �;% Ç w�# § (�Äj{ I H # § %°�)Ä�Ä�Äq# § # åå A�QyÎPÿ�(�# å4 �O {=/'?A#CB�D^?A# § %}Ì�u�w�# § B'A�QyÎPÿx(�# å § ��% Ç w�?�# 4 B # åå# §
In each example, we take" #j$*D ÿ " #j$ § &){,{,{,&)" #j$ b � D ÿ " H & H { ~ Eo$q&){,{){,&)" H & H { ~ ER$ �
and #
�VD mid " #j$ .

Using the technique from Remark 5.6, we compute a second-order slope tuple� D»?9� É &�� É Ë & £ � É Ë & £ �¹& £)å ��B
for / on " #
$ , as introduced in Definition 5.4. Then, by (5.1)-(5.5) we have/'?�#KB^au� É Ë % £ � d +�?�" #
$�(¯# � BúD'0>?wv n §
and /I?�#KB^au� É Ë % £ � dÉLË +�?�" #
$�(¯# � B�%�?�" #
$�(¯# � B d + £,å �7+�?�" #
$�(¯# � BúD'0>?wv n å
with � ÉLË a lq5 ,

£ � É)Ë & £ � a lR5 b and

£ å �^a lq5 b��yb .
In Table 5.1, we compare the range enclosures ? v n § and ? v n å with ? p n § and ? p n å obtained

via Remark 5.11. Except for the first example, we have ? p n § 3r? v n § and ? p n å 3r? v n å .
Furthermore, for each of the examples ? p n å 3x? p n § holds.
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TABLE 5.1
Comparison of range enclosures yLz
{ | and yFz
{ } with y\~_{ | and y\~_{ } .

No. ? v n § ? v n å
1 [ -1497.1, -973.01 ] [ -1494.0, -976.12 ]
2 [ 1809.5, 2609.1 ] [ 1816.2, 2602.5 ]
3 [ 13 467, 19 786 ] [ 13 467, 19 786 ]
4 [ 2538.7, 4074.7 ] [ 2558.4, 4055.0 ]
5 [ -2.1275, -1.7755 ] [ -2.0521, -1.8508 ]
6 [ 5.1531, 6.5377 ] [ 5.1529, 6.5379 ]?qp n § ?qp n å
1 [ -1497.9, -972.20 ] [ -1495.2, -986.94 ]
2 [ 1809.5, 2609.1 ] [ 1843.0, 2602.5 ]
3 [ 13 467, 19 786 ] [ 13 619, 19 786 ]
4 [ 2538.7, 4074.7 ] [ 2619.5, 4055.0 ]
5 [ -2.1275, -1.7755 ] [ -2.0499, -1.9322 ]
6 [ 5.1532, 6.5376 ] [ 5.1647, 6.5357 ]

6. Conclusion. In this paper, we have shown how the automatic computation of second-
order slope tuples can be performed. Here, the function expression of the underlying function
may contain nonsmooth functions such as 9�?!#KB�D F HI?J#KBLF and 9�?!#KB�D�MvOqQ�SLH'?J#CB�&xUT?A#CB W .
Furthermore, we allow for functions given by two or more branches. Some examples illus-
trated that second-order slope tuples may provide sharper enclosures of the function range
than first-order slope enclosures. Machine interval arithmetic yields verified range enclosures
on a floating-point computer. Hence, the automatic computation of second-order slope tuples
can also be applied to verified global optimization [21, 22].
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