Electronic Transactions on Numerical Analysis. ETNA

Volume 30, pp. 346-358, 2008. Kent State University
Copyright 0 2008, Kent State University. http://etna.math.kent.edu
ISSN 1068-9613.

PARAMETER-UNIFORM FITTED OPERATOR B-SPLINE COLLOCATION
METHOD FOR SELF-ADJOINT SINGULARLY PERTURBED TWO-POINT
BOUNDARY VALUE PROBLEMS *

MOHAN K. KADALBAJOOT AND DEVENDRA KUMART

Abstract. In this paper, we develop a B-spline collocation method lier numerical solution of a self-adjoint
singularly perturbed boundary value problem of the form

—e(a(z)y’) + b(z)y(z) = f(x), a(z)>a* >0, b(x) >b* >0, d(z) >0, y0)=a, y()=4

We construct a fitting factor and use the B-spline collocatitethod, which leads to a tridiagonal linear system. The
method is analyzed for parameter-uniform convergenceer@emumerical examples are reported which demonstrate
the efficiency of the proposed method.
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1. Introduction. We consider the following self-adjoint singularly pertetbboundary
value problem,

(1.1 Ly = —e(a(x)y') +b(@)y(z) = f(2), =€Q=[0,1],
with the Dirichlet boundary conditions,
(1.2) y(0) =, y(1) =5,

wherea and are given constants ands a small positive parameter. The functiar(s;),
b(x), andf(x) are sufficiently smooth and satisfy

(1.3) a(z) >a* >0, b(xz) >b* >0, d'(x) > 0.

Under these conditions the operafoadmits the maximum principl€l].

These types of problems, in which a small parameter mudspihe highest derivative,
are known as singular perturbation problems. They ariséénnbathematical modeling of
physical and chemical processes, for instance, reactifusiin processes, chemical reac-
tor theory, fluid mechanics, quantum mechanics, fluid dycanelasticity, etc. Schatz and
Wabhlbin [2] and Boglaev 8] solved this type of problem by using finite element techesju
Miller [4] gave a sufficient condition for the uniform first order corgence of a general
three-point difference scheme, whereas Niijidadave a uniformly second order accurate
difference scheme. Kadalbajoo and AgganGifitroduced the B-spline collocation method
with a fitted mesh technique for self-adjoint singularly tpebed boundary value problems
and proved second order uniform convergence of the methdd.well known that the so-
lution of the SPP converges as— 0, 0 < x < 1, to the solution of the reduced problem
obtained by putting = 0 in the original problem.

Parameter-uniform numerical methods §] are methods, whose numerical approxima-
tionsU™ satisfy error bounds of the form

|lue — UN| < CO(N), 9(N)—0 as N — oo,
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whereu, is the solution of the continuous probleth|| is the maximum pointwise norniy

is the number of mesh points (independent)fised, and’ is a positive constant, which is
independent of both and N. In other words, the numerical approximatidii§ converge to
u, for all values ofs in the rangd) < ¢ < 1.

There are two well-known approaches to obtain small trianarror inside the bound-
ary layer/layers when the perturbation parametervery small. The first is a fitted method
based on choosing a fine mesh in the boundary layer/layeisr§g) 9, 10, 11] and the sec-
ond is based on fitted operator methods, i.e., a differenteula reflecting the behavior of
the solution in the boundary layer/layers. In this paperuse the second strategy, and the
proposed method, based on a suitably designed fitted opéwatwe interior layer, is shown
to converge with)(V) = 1/N2.

2. Continuous problem. The bounds for the solutions and its derivatives are given in
this section. Furthermore, the bounds for the smooth angutn components and their
derivatives are also given. We first give the maximum prilecgnd stability estimates for the
solution of the problem1(.1) and (L.2).

LEMMA 2.1 (Continuous maximum principle)let ¢ € C2(Q), satisfyingy(0) > 0,
#(1) > 0andLo(z) >0V z € Q. Theng(z) >0V x € Q.

Proof. The proof is by contradiction. Suppose that there is a peine Q, such that
¢(z*) < 0andg(z*) = Ogglgb(:c). It is clear from the given conditions that ¢ {0, 1}.

Thereforey/ (z*) = 0 and¢” (z*) > 0. Thus, we have

Lp(@) |o=ar = —c(a(2)¢(2)) + b(2)$(2) o=
= —ca(x)¢ (x) — ed'(2)¢/ (x) + b(2)$(¥) |o=ar < 0,

which is a contradiction. It follows that(z*) > 0 and sop(z) >0V x € Q. O
LEMMA 2.2 (Stability). Consider the problemil(l) and L.2). If ¢(x) is the solution of
this problem, then for some positive constahtve have

o <€ (max(fal| 8D+ 5 1fl) . vaeo

Proof. Consider the barrier functions
1
w4() = (max(| a .| 91)+ 111 ) £ o).

Then it can be easily seen that (0) > 0, ¥*(1) > 0 and for allz € Q, LV*(z)
a proper choice of’. Therefore, by applying Lemm2 1, we obtain*(z) > 0 V
which gives the required estimatg.

3. Reduction to normal form. Rewrite (L.1) as

—ca(x)y” —ed (z)y" + b(x)y = f(x),

or
(3.1) y" 4+ P(x)y' + Q(x)y = F(x),
where
d@) ) @
P(z) = a(x)’ Q) ea(z)’ and F(z) ea(x)
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U(x) = exp (—% /0 "P() dc) |

Consider the transformation

Let

(3.2) y(z) = U(@)V (2).
Then (3.1) can be written in the normal form as
(3.3) V"' + W (x)V = Z(z),
with
V(0) = % =m, V()= % =2, m,n €R,

where

W) = Qo) - 3P0) ~ (P, Za) = Faeso (5 [P0y c).
Multiplying (3.3 throughout by—¢, we get
(3.4) LV = —eV" + W(x)V = Z(z),
with
(3.5) V(0)=m, V()=mn,
where

W(z) = —eW(z), Z(z)=—-cZ(z), and W(z)>W"*>0.
Note that

= —eF(x)exp <% /OI P(C) d<>
0 oo (3 [ P01ac)).

This shows thaZ (x) is independent of. However,J¥ (z) may or may not depend an

Roos [LZ] constructed a global uniformly convergent éinscheme for§.4) and @.5), by
replacing the coefficients by piecewise polynomials andesbthe resulting problem exactly.
To solve B.4) and @.5), Surla and Jerko¢i[13] derived a difference scheme via a spline in
tension and obtained error estimates of the farh, min(k, €)). O’'Riordan and Stynedlf,
15, 16, 17] introduced the concept of freezing the coefficients by aering the piecewise
constants on each subinterya)_;, x;] as an approximation for the coefficient term&x)
andZ (z) of the singularly perturbed boundary value probléml( and @.5). Stojanovic [L8]
gave an optimal difference scheme by considering the qtiadinéerpolating splines instead
of piecewise constants on each subintefwal, ;] as an approximation for the coefficient
Z(z). We define the fitting problem associated wigh4) and 3.5 by

(3.6) Ly =—o(z,e)V" +W(x)V = Z(z),
with
3.7) V() =m, V(1)=mne,

whereo(x, ¢) is a fitting factor, which is to be determined subsequently.
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4. B-Spline collocation method. In this section, we describe a B-spline collocation
method to obtain the approximate solution of boundary valadlems 8.6) and @.7). Let
P={0=mxg <z <29...<aNn_1 <N = 1} bethe partition of2 with uniform spacing
h = 1/N. We include two more points on each side of the partitfoasz_» < z_; < x9
and:vN+2 > TN41 > IN- ThenP = {,T_Q <z 1 <x=0<21 <22...<2TN_1<
Ty =1 <zys1 < Tnio). Let Ly(Q) be the space of all square integrable functiongon
and letX be a linear subspace 65(£2). We use the cubic B-spline basis functid®g) for
i=0(1)N; see 9.

Itis easy to see that eadh () is also a piecewise cubic with knots@t; andB; (z) € X.
Thus, B;(z) is twice continuously differentiablé = € R. The values oBB;(z), B;(x) and
B!(x) at the nodal points;’s are given in Tablel.1

TABLE 4.1
B-Spline basis values.

Nodal values

Ti—2 Tq—1 ZTq Ti41 Ti42
Bi(x) 0 1 4 1 0
Bi(z) 0 % 0 —% 0
Bl 0 5 B EF 0

_ N+1
LetB = {Bfl,Bo,Bl, ....,BN+1} and |et(1)3(QN) = {(bz : ¢z = Z kiBi, k; € R} .
i=—1
The functionsB; () are linearly independent dn. Thus,®3(Qy) is (N + 3)-dimensional
subspace oX. Let L, be a linear operator with domain X and with rangein We seek
a functionS(x) € ®3(C2y) that approximates the solution of boundary value probl@ré) (
and @.7), represented as

N+1

(4.1) S(x) = > eBi(),

i=—1

wherec; are unknown real coefficients. Here we have introduced tvi@esubic B-splines,
B_; and By to satisfy the boundary conditions. Therefore, we have

4.2) LyS(x;) = Z(x;), 0<i<N,
and
(4.3) S(xo) = m, S(xn) = na.

Using Table4.1 and equation4.1), the system of collocatior(2), together with boundary
conditions 4.3, gives a system ofN + 1) linear equations ifN + 3) unknowns,

(44) (—60’1/h2 + Wi)0i71 + (120’1/h2 + 4W1)Cl =+ (—60’i/h2 =+ Wi)CiJrl = Zl',

for0 < i < N, whereW(z;) = W;, Z(z;) = Z; ando; is a fitting factor which is to be
determined. The given boundary conditions become

(4.5) c_1+4co+c1=m
and

(4.6) CN-1+4CN + eNy1 =12,
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Thus, @.4), (4.5, and @.6) lead to a(N + 3) x (N + 3) system with(N + 3) unknowns
N = (c_1,co,¢1,....,cni1)t. Now eliminatingc_; from the first equation of4.4) and
from (4.5, we get

(4.7) (3600/h%)co = Zo — m1 (—600/h> + Wh).
Similarly, eliminatingey 1 from the last equation g#.4) and Eq.(4.6), we obtain
(48) (360’N/h2)CN = ZN —772(—60N/h2+WN).

Taking (@.7) and @.8) with the second throughV — 1)st equations of4.4), we are lead to a
system ofl NV + 1) linear equations,

(4.9) TN =dv,
in (N + 1) unknownse™ = (cg, c1, . . ., cn)t with right hand side
dN = (Zo — 7’]1(—600/]12 =+ Wo), Zl, e ZN—17 N — 772(—60]\[/]12 =+ WN))

The coefficient matrix” is given by

- %2;0 0 0 0 0 1
S wr B9 awn SEL 4w 0 0
0 0 =4+ W; 24 aw; =S+ W 0
: : ) —6o N _ ' 120 o —60 N '
0 0 0 W wrt HAWN -+ W
0 0 0 0 0 309N

L h2 B

SinceW (x) > 0, it can be easily seen that the matfixis strictly diagonally dominant
and hence nonsingular. Sin@&is nonsingular, we can solve the systgm® = dV for
co,C1,- - ., cny and substitute into the boundary conditiehg) and @.6) to obtainc_; and
cy+1. Hence the method of collocation using a basis of cubic Bisplapplied to prob-
lem (3.6) and @B.7) has a unique solutiof(x) given by @.1).

5. Determination of a fitting factor. In order to obtain a fitting factor, we shall use the
following lemma R0].

LEMMA 5.1. LetV(z) € C*(Q2), and letW’(0) = W'(1) = 0, then the solution of the
problem 8.4) and @3.5) is of the form

V() = u(z) + v(x) + w(z),
where
u(e) = pexp (~ay/W(O0)/2),  v(@) = qexp (~(1 = 2)y/W(D)/e),
wherep andq are bounded functions efindependent af and
| w? (@) [< C(L+07972), j=0(1)4,

C is a constant independentaf
Itis clear that the matrif{” is inverse monotone 2, /60; < 1, thus taking the fitting
factor of the form,
h2W;
05 =
6

1(ps),
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wherep; = /W; /e andu(p;) is to be determined. We want to find a fitting factor such that
the truncation error for the boundary layer function is dqaaero whenl¥ (z) is constant.
From the conditioif"u; = 0, for W (z) = W = constant, we have

(5.1)  (=60/h* +W)u;i_1 + (120/h* + 4W)u; + (—60/h* + W)u; 1 = 0,
for0 <i < N, where

Uj—1 = pexp (—xi,m/W(O)/s) = u; exp (h\/W(O)/E) ,

Uiyl = PEXP (_Ii+1\/W(O)/E) = u; exp (—h\/W(O)/E) .

Substituting in $.1), a simple calculation gives

h2W
(5.2) alp) = 5 u(p), whenW (x) = constant
h2W
(5.3) a(p;) = 5 Lu(p;), whenW (z) # constant
where
1+ 2cosh?(p;h/2
los) = eih2)

2sinh*(p;h/2)

6. Convergence of the schemen order to prove the uniform convergence of the scheme,
first we shall prove the following lemma.

LEMMA 6.1. Leto; be the fitting factor determined in Sectibnthens; approximates
e with an errorO(h?), i.e

|Uj—6 |§ Ch2,

for some positive constant.
Proof. It is clear from .3 that

0<o; <Ch%

There are two cases:
Case |l < h2. In this case we have

(6.1) |oj —el<] o5 | +|e|< Ch%
Case Il.h? < ¢. In this case we have
h2W
oj —e= Lu(p;) — e

<1 + 2 cosh?( pjh/2)>
2sinh*(p;h/2)

251nh pjh/Z))

6 +Lsmh (V,[:jh/m E}
S P el




ETNA

Kent State University
http://etna.math.kent.edu

352 M. KADALBAJOO AND D. KUMAR
This gives
(6.2) |oj—e|< Ch?.

Therefore for alke, we have from§.1) and 6.2

|o; —e|<Ch?. O

LEMMA 6.2.The B-splines3_1, By, ..., By satisfy the inequality

N+1
> |Bi(z) <10, 0<z<l
i=—1

Proof. The lemma is shown irg]. It has previously been applied ia§]. O

THEOREM 6.3. Let W(z), Z(z) € C?[0,1] and W (xz) > W* > 0. The collocation
approximationS(z) from the space;(2) to the solutionl/(z) of the boundary value prob-
lem (3.6) and (3.7) exists and the error bound is given by the following relatio

for sufficiently smalh and a positive generic constat

Proof. To estimate the errofV(xz) — S(x)||, letY,, be the unique spline interpolant
from ®3(Qy) to the solutionV () of our boundary value problen8() and @.7). Since
Z(z) € C%(Q), V(z) € C*(Q) and it follows from de Boor-Hall error estimates that

(6.3) |DI(V(x) = Yy)| < A\h*9, §=0,1,2,

whereh is the uniform mesh spacing addis a constant independentiofind V. Let

N+1
1=—1

It follows immediately from the estimate6.Q) that

(6.4) | LoS(x;) — Lo Yo (z;) |[< wh?,

wherew = [TAs + Ao||[W||[h?], with ¥ = maxo;. Let L,Y,(2;) = Zn(x;) V i and

2" = (Zn(x0), Zn(21), ..., Zn(zn))". Now it is clear from 6.4) that theith coordinate
[T(cN —bM)]; of T(cN —bN) whereb™ = (bg, b1, ..., by)", satisfies the inequality

(6.5) | [T(e™ = b™))i |[< wh?.

Since (TcN); = Z(x;) and (TbN); = Z,(x;) ¥V i = 0(1)N. Theith coordinate of
[T(cN — bN)] is theith equation,

(66) (—601'/]12 + Wi)éi—l + (1201'/]12 + 4VV1)6Z + (—60’i/h2 + Wl) ir1 =&,
forl <:< N — 1, where

6Z-=bi—ci, -1<i<N+1land §l=Z(xz)—Zn(xz), 1<¢<N-—1.
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Obviously,| & |< wh?. Leté = _max | & |. Also consided = (6_1,80,...,0n+1)"
1<i<N-—-1

and definez; =| §; | andée = max | e; |. Taking absolute value fot sufficiently small,
and using the fact thax < W* < 17[/(:5) v z € Q, we have from§.6),

(1207 /h* +4W™*)é < € + 2é(60;/h> + W™).

This gives

wh?
6.7 e < .
(6.7) €= oW

Now to estimate_1, e, en angeNH, we observe that the first and last equation of the the
systemT'(cN — b)) = (Z" — Z") whereZ" = (Zy, Z1, ..., ZN), gives

eg < wh' and ey < wh'
%= 360, N =360y

Now e_; andey 1 can be evaluated using boundary conditich§)(and @.6) as

- wh? n wh? and - wh? n wh?
€_ _— p— (& —_— .
'=90, ' 2W* N+l =95y | 2Wr

Therefore, using the value = [T A2 + \o||W||h?], we get

(6.8) e= max {e;} <Ch* provided h°/oy~0, h®/on ~0.

—1<i<N+1
Now we have
N+1
(6.9) S(x) = Yo(z) = > (¢; — bi)Bi().
i=—1
Thus using §.8) and Lemmab.2, we get
(6.10) S — Yn|| < Ch?.
Now using 6.3 and 6.10, we obtain
[V -S| < Ch?

as requiredd

7. Test examples and numerical resultsTo demonstrate the efficiency of the method,
several examples having boundary layer at one or both entpbas been analyzed. For
eache and N, the maximum absolute errors at nodal points are approxidiay the formula

N _ N — s
EY = max | y(x,) =y, |

wherey(z;) andy; are the exactand computed solution of the given problem aedélpoints
z;. Also for eachV thee-uniform error at nodal point is approximated By¥ = max EX.
g

EXAMPLE 7.1. First we consider the problerd]|

—ey’ +y = —cos®(mz) — 2em? cos(27wz), y(0) =0, y(1)=0.
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TABLE 7.1
Maximum absolute error for Examplel, without fitting factor.

e =2"%  Number of mesh points N

16 32 64 128 256 512 1024 2048

k=4 7.10E-03 1.78E-03 4.45E-04 1.11E-04 2.78E-05 6.96E-06 4EL06 4.35E-07
8 1.64E-02 3.80E-03 9.34E-04 2.32E-04 5.80E-05 1.45E-0563E306 9.07E-07
12 1.52E-01 6.35E-02 1.69E-02 3.92E-03 9.63E-04 2.40E-0499E505 1.50E-05
16 2.57E-01 2.28E-01 1.52E-01 6.35E-02 1.69E-02 3.92E-0364E304 2.40E-04
20 2.67E-01 2.65E-01 2.57E-01 2.28E-01 1.52E-01 6.35E-0269EL02  3.92E-03
24 2.68E-01 2.68E-01 2.67E-01 2.65E-01 2.57E-01 2.28E-0152EL01  6.35E-02

EN 2.68E-01 2.68E-01 2.67E-01 2.65E-01 257E-01 2.28E-01 2B  6.35E-02

TABLE 7.2
Maximum absolute error for Examplel, with fitting factor.

e =2"%  Number of mesh points N

16 32 64 128 256 512 1024 2048

k=4 8.10E-03 2.03E-03 5.08E-04 1.27E-04 3.18E-05 7.94E-06 9EL®  4.96E-07
8 6.69E-03 1.62E-03 4.03E-04 1.01E-04 251E-05 6.28E-0657EL06  3.92E-07
12 9.41E-03 1.88E-03 4.21E-04 1.02E-04 2.52E-05 6.28E-0657EL06  3.92E-07
16 1.24E-02 2.91E-03 5.93E-04 1.18E-04 2.63E-05 6.35E-0657EL06  3.92E-07
20 1.27E-02 3.18E-03 7.84E-04 1.82E-04 3.71E-05 7.36E-0664EL06 3.97E-07
24 1.27E-02 3.20E-03 8.01E-04 2.00E-04 4.90E-05 1.14E-0532E206 4.60E-07

EN 1.27E-02 3.20E-03 8.01E-04 2.00E-04 4.90E-05 1.14E-05 2E2(B  4.60E-07

The exact solution is given by

exp(=(1 — )/ VE) + exp(=x/VE)
14 exp(=1/V2)

— cos?(mx).

ExXAMPLE 7.2. Now consider the following singular perturbation peot [16],

where
4
[CEIEN

drx . 4y 3{1+ ve(z + 1)}
{14 VE(z + 1) + 4n%¢} cos (m) — 2re(w 4 1)sin (a: + 1) T ep(/vE) 1

fla) = -

Its exact solution is given by

o (Ame ) exp(=20/yE(@ + 1) — exp(=1/y2))
y(@) = < > + 1 —exp(—1//¢) ’

ExAMPLE 7.3. Finally consider the problem ],

—e[(1+a2)y) + {%} y = 432> 32+ 1)[(—1/2)+2], y(0)=—1, y(1)=0.
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Exact sol.
Approx. sol

Exact sol
Approx. sol

FIG. 7.1.Exact and approximate solutions of Exam- FIG. 7.2.Exact and approximate solutions of Exam-
ple 7.1, without fitting factor. ple 7.1 with fitting factor.

TABLE 7.3
Maximum absolute error for Example2, without fitting factor.

e =2"%  Number of mesh points N

16 32 64 128 256 512 1024 2048

k=4 4.56E-02 1.13E-02 2.85E-03 7.12E-04 1.78E-04 4.45E-05 1EHI5 2.78E-06
8 2.47E-01 6.31E-02 1.44E-02 3.53E-03 8.78E-04 2.19E-0448E505 1.37E-05
12 8.57E-01 5.10E-01 2.04E-01 5.37E-02 1.24E-02 3.05E-0359E£04 1.90E-04
16 1.01E+00 8.71E-01 7.25E-01 4.70E-01 1.94E-01 5.14E-0219Et02  2.93E-03
20 1.02E+00 9.07E-01 8.46E-01 7.96E-01 6.94E-01 4.60E-0191EL01  5.08E-02
24 1.02E+00 9.09E-01 8.55E-01 8.27E-01 8.08E-01  7.78E-0186E501  4.58E-01

EN 1.02E+00 9.09E-01 8.55E-01 8.27E-01 8.08E-01 7.78E-01 6E6@l 4.58E-01

The exact solution for this problem is not available. Sirfue éxact solution does not exist,

the rate of convergence and maximum absolute error basdgeatotible-mesh principl(]
has been given in Tablés7and7.8

N — N _ 2N _ 2k _
Es - Og;aSXN | Y; Y25 | Tk 1Og2 (Zk+1) s k 0,1,2,....
where
k k+1
s =max | y/* —yb* | k=0,1,2....
J

andy;.‘/Qk denotes the value of; for the mesh length /2*.

8. Discussions and conclusionsWe have described a B-spline collocation method for
the solution of self-adjoint singularly perturbed two-pbboundary value problems. It is
a practical method and easily can be implemented on a compUlitee method has been
analyzed for parameter-uniform convergence. For Examewe have computed the rate
of convergence (see Tabfe8) which shows uniform second-order convergence as pratlicte
by the theory.

Graphs have been plotted for Examples and 7.2 for values ofz € [0, 1] versus the
computed solution obtained at different values:dor a fixede. For each plot, we tookV =
64 ande = 272°, For Examplée7.3, the exact solution is not available. We show two graphs,
with and without fitting factor. For each graph, we use 2720 andN = 32, N = 64.
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TABLE 7.4
Maximum absolute error for Example?2, with fitting factor.

e =2"%  Number of mesh points N

16 32 64 128 256 512 1024 2048

k=4 3.96E-02 1.01E-02 2.53E-03 6.34E-04 1.59E-04 3.96E-05 1B3®  2.48E-06
8 2.18E-02 6.93E-03 1.67E-03 4.16E-04 1.04E-04 2.60E-0549E606 1.62E-06
12 4.47E-02 8.62E-03 6.34E-03 2.54E-03 6.13E-04 1.51E-0479E305 9.46E-06
16 5.04E-02 1.91E-02 5.03E-03 9.73E-04 2.09E-03  7.23E-0475EL04  4.31E-05
20 5.07E-02 1.96E-02 5.69E-03 1.49E-03 3.45E-04 4.06E-0460E504 1.87E-04
24 5.07E-02 1.96E-02 5.73E-03 1.52E-03 3.89E-04 9.68E-0525E205 1.15E-04

EN 5.07E-02 1.96E-02 6.34E-03 2.54E-03 2.09E-03 7.23E-04 OB® 1.87E-04

Exact sol Exact sol
Approx. sol. Approx. sol.

F1G. 7.3.Exact and approximate solutions of Exam- FIG. 7.4.Exact and approximate solutions of Exam-
ple 7.2, without fitting factor. ple 7.2, with fitting factor.

250

x - Approx. sol. N=32
x - Approx. sol. N=32 7 250 Exact sol. N=64 7

Exact sol. N=64

FIG. 7.5.Exact and approximate solutions of Exam- FIG. 7.6.Exact and approximate solutions of Exam-
ple 7.3, without fitting factor. ple 7.3, with fitting factor.

For Examples/.1and7.2, it can be seen in Figurés1 and7.3that the exact and ap-
proximate solutions without using fitting factors deviateni each other in the boundary
layer regions for smaller. To control these fluctuations, we used the fitting-factohteque
and the resulting behavior of these solutions can be seeiginrds7.2 and7.4. Also, for
Example7.3 it can be easily seen that the deviation in the graph (Figueof the approx-
imate solution using a fitting factor corresponding to twéues of N (32 and64) is much
smaller than the corresponding deviation in the graph (féigLb) of the approximate solution
without a fitting factor corresponding to these values\of

We have replaced by ¢; in the normalized form and not in the original self-adjoint
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TABLE 7.5
Comparisons of maximum absolute errors for Exampawith those in [L6].
N Results in 1L6] Our results
e=1 e=(1/N)V> =(1/N)I0 e=1 e=(1/N)V> = (1/N)t0
8 4.2E-01 3.8E-01 3.3E-01 2.0E-01 1.9E-01 1.7E-01
16  1.1E-01 9.5E-02 7.8E-02 5.4E-02 4.8E-02 4.0E-02
32 2.7E-02 2.3E-02 1.8E-02 1.4E-02 1.2E-02 8.9E-03
64  6.9E-03 5.6E-03 4.2E-03 3.5E-03 2.8E-03 1.9E-03
128 1.7E-03 1.3E-03 1.0E-03 8.6E-04 6.7E-04 3.8E-04
256 4.3E-04 3.1E-04 2.5E-04 2.2E-04 1.6E-04 1.0E-04
512 1.1E-04 7.4E-05 6.3E-05 5.4E-05 3.7E-05 4.1E-05
TABLE 7.6

Maximum absolute error for Example3, without fitting factor.

e =2"%  Number of mesh points N

32 64 128 256 512 1024

k=2 1.39E-03  3.47E-04 8.67E-05 2.17E-05 5.42E-06 1.35E-06
4 5.34E-03  1.34E-03  3.34E-04 8.35E-05 2.09E-05 5.22E-06
6 1.86E-02 4.65E-03 1.16E-03 2.91E-04 7.27E-05 1.82E-05
8 4.79E-02 1.20E-02  2.99E-03  7.48E-04 1.87E-04 4.68E-05
10 1.20E-01  2.99E-02  7.46E-03 1.86E-03  4.66E-04 1.17E-04
12 4.17E-01 1.04E-01 2.60E-02 6.49E-03 1.62E-03  4.06E-04
14 1.68E+00  4.08E-01 1.02E-01  2.54E-02 6.34E-03  1.59E-03
16 757E+00 1.70E+00 4.10E-01 1.02E-01  2.55E-02 6.38E-03
18 2.39E+01 7.65E+00 1.71E+00 4.13E-01 1.03E-01  2.57E-02
20 4.94E+01 2.42E+01 7.70E+00 1.72E+00 4.15E-01  1.04E-01
22 6.91E+01 5.01E+01 2.43E+01 7.73E+00 1.73E+00 4.17E-01
24 7.72E+01 7.01E+01 5.04E+01 2.44E+01 7.75E+00 1.73E+00
26 7.95E+01 7.83E+01 7.06E+01 5.06E+01 2.45E+01 7.76E+00
28 8.02E+01 8.08E+01 7.89E+01 7.08E+01 5.07E+01 2.45E+01

EN 8.02E+01 8.08E+01 7.89E+01 7.08E+01 5.07E+01 2.45E+01

problem, witha(z) # constant, because in that case a multiple of both the second and first
derivative terms, which will cause ill-conditioning in thediagonal system. In normalized
form, ¢ multiplies the second derivative term only. Hence, thenfitfactor technique for
the normalized form can be implemented easily. This shoesniportance of reducing the
original self-adjoint problem to normal form.
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