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MINIMAL DEGREE RATIONAL UNIMODULAR INTERPOLATION
ON THE UNIT CIRCLE

�
CHRISTER GLADER

�
Abstract. We consider an interpolation problem with � distinct nodes �����	�	�
�	���
� and � interpolation values� �������	��� � � , all on the complex unit circle, and seek interpolants �
����� of minimal degree in the class consisting of

ratios of finite Blaschke products. The focus is on the so-called damaged cases where the interpolant of minimal
degree is non-uniquely determined. This paper is a continuation of the work in Glader [Comput. Methods Funct.
Theory, 6 (2006), pp. 481–492], which treated the uniquely solvable fragile and elastic cases.
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1. Introduction. The rational functions of degree � which are unimodular on the com-
plex unit circle ��� are given by all fractions of the form�������! !"#�%$�$&$����(')" '� ' � � '+*, "-�%$�$&$.� � � " ')/ ��� / $�$&$ / �('10324$(1.1)

The finite Blaschke products of degree � form a subset of the unimodular rational functions
of degree � . An irreducible rational function of form (1.1) is a finite Blaschke product when
all its zeros are in the open unit disk � . Note that any function of form (1.1) may be written as
a fraction of two finite Blaschke products. This paper investigates the following interpolation
problem:

Problem I. Given distinct points
"5 / $�$&$ / "6' on ��� and arbitrary points 7  / $&$&$ / 7 ' on��� , find a rational function 8.9 "+: of the form 9 1.1

:
and of as low degree as possible satisfying

the interpolation conditions 8;9 "&<�:>= 7 < /@? =BA / $&$�$ / � $
The boundary interpolation problems considered in Problem I can be classified into three

categories: fragile, elastic and damaged problems. The fragile and elastic problems are
uniquely solvable and a constructive characterization of the solution to Problem I in these
classes was given by Glader in [2]. In the paper at hand we will treat the remaining non-
uniquely solvable damaged cases, giving in Section 3 a constructive method, based on solving
a coneigenvalue problem, to determine a parametrization of all solutions to Problem I.

The above classification was introduced by Semmler and Wegert [8, 9] in boundary in-
terpolation with finite Blaschke products. In [9] the interpolation problems are divided into
three classes depending on the minimal degree (winding number) C of an interpolant:

1) Fragile problems where DFEGCIHB9J�LK A6:
M;N , (unique solution),
2) Elastic problems where C = 9J�LK A6:
M5N , ( � is odd, unique solution),
3) Damaged problems where 9J�OK A�:
M5N HPCIEP�1K A , (non-unique solution).

This division into three classes is also relevant for the bigger class (1.1) of unimodular
interpolants with the uniquely solvable elastic and fragile problems characterized by Theo-
rems 1.1 and 1.2 below and the damaged cases with minimal degree CRQS9J�3K A�:
M;N having
non-unique solutions, a fact that is proved in Theorem 2.1 and Corollary 2.5.T
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It was noted by Glader [2] that the minimal degree in unimodular interpolation gener-
ically satisfies C =@U � M;N.V , and in the case of even � =IN C we show in Theorem 2.1 in
Section 2 that if Problem I is damaged with minimal degree C3W = C = � M;N , then all solu-
tions 8.9 "X: are given by a Nevanlinna parametrization

8.9 "X:Y=[Z 9 "+:+\�]_^>�P` 9 "+:a 9 "+:+\ ]_^ �Pb 9 "+: /(1.2)

with polynomials Z / ` / a / b that can be computed by a recursive procedure. This does not
hold for other damaged problems, which is proved in Corollary 2.5. Also note, for instance
by choosing 7  =c$&$&$(= 7 'd*e 4f= 7 ' , that the minimal degree of a damaged Problem I can
be C W = �LK A .

It is clear by in [2, Theorem 2.1] that if Problem I is fragile or elastic in the subclass
of finite Blaschke products, then this will also be the case in the class of unimodular inter-
polants, but a damaged Problem I for Blaschke products may not be damaged for unimodular
interpolants, for example choosingg =h\�i
j ]�k
l / "&<m= g < / 7 <#= g i < /@? =SA / N /
no/
gives a damaged Problem I for Blaschke products and an elastic unimodular problem with
the solution 8.9 "+:p=qA6M." . Also if we have a damaged unimodular Problem I, then the mini-
mal degree may be strictly less than the minimal degree of the corresponding Problem I for
Blaschke products, which is demonstrated in the concluding example of Section 3.

The study of interpolation problems on ��� with unimodular rational functions has a be-
ginning in the 1965 paper by Cantor and Phelps [1], where they nonconstructively showed
that there is always a finite Blaschke product interpolating the data. Younis [10] showed
in 1980 how to construct an interpolating Blaschke product which is of degree at most� i Kr� . In 1987, Jones and Ruscheweyh [7] proved nonconstructively that there always
exists an interpolating Blaschke product of degree at most �LK A .

In the last few years there has been a renewed interest in both topological aspects of
boundary interpolation (see Semmler and Wegert [8, 9]) and construction of (minimal degree)
interpolants; see Glader [2], Glader and Lindström [3], Gorkin and Rhodes [4], Hjelle [5] and
Semmler and Wegert [8, 9].

Our aim is to complete the investigation started in [2] by considering the class of damaged
interpolation problems. In order to conveniently do this we will restate some results from [2]
that will be needed in Sections 2 and 3.

Suppose that we have � distinct points
"s / $�$&$ / "6' and � arbitrary points 7  / $�$&$ / 7 ' on

the unit circle. For even � define C = � M;N and for odd � let C = 9t�pK A�:
M;N . We may without
restriction assume that

"5 u= 7  u=vA (by choosing suitable rotations of the interpolation data).
Exclude the trivial case where 7  = 7 i =w$�$&$�= 7 ' =cA . For COW =wA / N / $&$�$ / C we define
the 9 N COW �PN5:�x 9 N COW �PN5: square matrix ypz){ , where |~} =�N COW �%A , by

ypz�{ =
�����
A�"; �$&$�$�" z { Ku7  Ku7  �"; �$&$�$ Ku7  �" z { 

...
...A "���$&$�$�" z {� Ku7 � Ku7 �J"���$&$�$ Ku7 �J" z {�A A $&$�$ A D D $&$�$ D

������ $(1.3)

The following result in [2] gives a constructive description of the elastic cases.
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THEOREM 1.1. Suppose that we have � =�N C ��A distinct points
"  / $�$&$ / " ' and �

arbitrary points 7  / $&$&$ / 7 ' on the unit circle, such that
"  = 7  =�A

. Problem I has a
solution 8.9 "X: of irreducible degree C if and only if � \�� y z f= D and the unique solution� = 9t� � / $&$&$ / � z / � z / $�$&$ / � ��:	� to the square linear systemy z � = 9tD / $&$�$ / D / A�: �(1.4)

satisfies �~9 "&<�: f= D /!? =SA / $�$&$ / � / where �~9 "+: } = � ��� �  �"p�%$�$&$�� � z " z .
If there exists an irreducible solution 8.9 "+: of degree C to Problem I, then it is given by8.9 "X:Y= � � � �  "p�r$&$�$�� �~z " z� z � � z *e !"p�r$&$�$�� � ��" z /(1.5)

where the coefficients are obtained from the solution � to 9 1.4
:
.

In the fragile cases we have to append an additional condition to the ones in Theorem 1.1.
The next theorem is also found in [2].

THEOREM 1.2. Suppose that we have � =rN C ��A or � =�N C distinct points
"  / $&$�$ / " '

and � arbitrary points 7  / $�$&$ / 7 ' on the unit circle, such that
"5 L= 7  O=RA

. Problem I
has a solution 8.9 "X: of irreducible degree C�W�HhC if and only if � \&� y z){ f= D and the unique
solution � = 9t� � / $�$&$ / � z { / � z { / $&$�$ / � �6: � to the square linear systemy z){ � = 9tD / $&$�$ / D / A6: �(1.6)

satisfies ��9 "�<�: f= D /�? =�A / $�$&$ / N COW �SA / where ��9 "X: } = � �#� �  &"��v$�$&$X� � z�{ " z { , and
additionally the function 8.9 "+: formed by the components in � and defined by (1.7) satisfies8.9 " < :�= 7 < /!? =rN CLW �PN / $&$�$ / � $

If there exists an irreducible solution 8;9 "+: to Problem I of degree C�WuH�C in the case� =�N C �%A or � =�N C , then

8.9 "X:�= � ��� �  !"#�%$�$&$6� � z�{ " z {��z { � �~z { *e "-�%$�$&$6� � � " z){ /(1.7)

where the coefficients are obtained from the solution � to 9 1.6
:
.

2. Parametrization through recursion. The following theorem and corollary charac-
terizes the damaged problems having solutions representable by a Nevanlinna parametrization
and the proof of Theorem 2.1 gives a recursive procedure to construct the parametrization in
(1.2). A small example with � =�� at the end of the section demonstrates the sparsity of both
fragile problems and damaged problems with minmal degree C WeQ U � M5N6V .

THEOREM 2.1. Suppose that we have � =�N C distinct points
"X / $�$&$ / "6' and � arbitrary

points 7  / $�$&$ / 7 ' on the unit circle and that Problem I is damaged with minimal degreeCOW = C = � M;N . Then we can find polynomials Z / ` / a / b of degree at most C�W such that
all solutions 8.9 "+: to Problem I are given by the Nevanlinna parametrization (1.2) for such¡S0£¢ D / N;¤¥: that do not produce any poles on the unit circle. There are at most � such
exceptional values of

¡
and zero-pole cancellation in (1.2) on ��� occurs precisely in the set¦ z =¨§�"  / $&$�$ / " '�© when
¡

runs through
¢ D / N;¤¥: .

Proof. 1. Consider first the distinct interpolation nodes
"  / " i and the distinct interpola-

tion values 7  / 7 i .
1.1. Assume that 7  �" i f= 7 i "; , (i.e., the 7 < ’s are not a simple rotation of the

"�<
’s).

Using the ansatz 8;9 "+:�=cª � ��« 8 � � 9 ª  �¬« 8  :�"ª  K « 8  Y� 9 ª � K « 8 ��:�" / ª < / 8 < 03­ /
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and the interpolation conditions 8.9 " < :®= 7 < /�? =¯A / N / we can deduce that all rational uni-
modular interpolants of exact degree

A
are obtained by the parametrization°  9 "+:�=[Z  9 "X:+\�]�^±��`� 9 "+:a  9 "+:+\ ]_^ �Pb¥ 9 "X:(2.1)

for those parameter values
¡30r¢ D / N.¤¥: that give a pole in (2.1) that is not on the unit circle,

and where Z  9 "+:�= 7 i 9J7 i "; K²7  �" i :,� 7 i 9t7  K²7 i :	" /`³ 9 "+:�= 7  7 i 9 " i K "; �:�" /(2.2) a  9 "X:�= 7 i 9 "; K " i : /b  9 "+:�= 9t7 i K²7  :	"  " i � 9J7  " i K´7 i "  :	"u$
There are two exceptional values of

¡
, namely\ ]�^ = 7  7 i " i 9 f=%"  : µ °  9 "+:Y¶ 7  and

\ ]_^ =r"  µ °  9 "+:�¶ 7 i /
and the corresponding zeros and poles that are cancelled on the unit circle are given by

"�=r" i
and

"�=%"; 
, respectively.

If 7  "  �f= 7 i " i (or 7  "  = 7 i " i ), then the set of all zeros of
°  9 "+: in (2.1) when

¡
runs through all but the two exceptional values in

¢ D / N.¤¥: form a circle (or a line) that goes
through the points

"  
and

" i , but does not include them, and the circle (or the line) does not
pass through

"�= D .
1.2. Assume now that 7  &" i = 7 i "; , so the interpolation values are a rotation of the

nodes. In this case, with the polynomials in (2.2), the parametrization in (2.1) breaks down to
one solution,

°  9 "+:�= 7  "X &" , so we need to find new polynomials for the parametrization.
1.2.1. Assume further that

" i f= K "  . Then with the same ansatz as in part 1.1 of the
proof we obtain the polynomialsZ  9 "+:�= 7  &". �" i KG9t7  ±� 7 i :	"; �" /`� 9 "X:�= Ku7  7 i "; /(2.3) a  9 "+:�= K "; �" /b� 9 "+:�= K·9J7  �� 7 i :	"; �� 7  �" /
in the parametrization (2.1) of all solutions. The exceptional values of

¡
are given by\ ]_^ = Ku7  " i µ °  9 "X:�¶ 7  and

\ ]�^ = Ku7 i "  µ °  9 "X:�¶ 7 i /
with corresponding zero-pole cancellation in

"³=%" i and
"�=r"; 

, respectively.
1.2.2. Assume now that

" i = K "; . With the polynomials in (2.3) the parametrization
breaks down to one solution,

°  9 "+:>= 7  "  M;" . To obtain all solutions we use the polynomi-
als Z  9 "+:�= 7  9 " K «¸". �: / `� 9 "X:�= Ku7  9 «¹"; Y��"X: /(2.4) a  9 "+:�=r"; K «¸" / b¥ 9 "X:�= K "; K «¸" /
with the two exceptional values of

¡
given by\ ]_^ = K «3µ °  9 "X:�¶ 7  and

\ ]�^ =r«�µ °  9 "+:Y¶ 7 i 9 = Ku7  �: /
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with corresponding zero-pole cancellation in
"�=�" i and

"�=�"  
, respectively.

In part 1.2 of the proof, if
" i f= K "; (or

" i = K "; ), then the set of all zeros of
°  9 "+:

in (2.1) when
¡

runs through all but the two exceptional values in
¢ D / N.¤¥: form a circle (or a

line) that goes through the points
"  

and
" i , but does not include them, and that also passes

through and includes
"�= D .

In part 1 of the proof we note that zero-pole cancellation in (1.2) occurs precisely in the
set
¦  m=¨§6"; / " i © when

¡
runs through

¢ D / N;¤¥: .
2. Suppose now that we have � =[N C distinct nodes

"  / $&$&$ / " ' on the unit circle and� interpolation values 7  / $�$&$ / 7 ' , not all identical, and that Problem I is damaged with
minimal degree COW = C . We may then assume that the data is arranged so that 7 i f= 7  .
Our goal is to derive a recursive procedure to obtain a parametrization of form (1.2), the case� =�N 9tC =vA6: being solved above in part 1 of the proof.

Let
A EIºBHqCOW = � M;N and assume that a parametrization of all solutions of exact

degree º to the interpolation problem with data
§�"  / $&$�$ / " i�» © and

§ 7  / $�$&$ / 7 i
» © is given by° » 9 "X:Y=[Z » 9 "+:+\�]_^>�P` » 9 "+:a » 9 "+:+\ ]�^ �Gb » 9 "X: /(2.5)

with polynomials Z » / ` » / a » / b » of degree at most º , and
¡¼0½¢ D / N.¤¥: with the exception of at

most
N º values on

¡
that each generate in (2.5) at least one and at most º poles, counted with

multiplicity, on the unit circle. Let
¦ » be the set of poles on ��� generated by these special

values of
¡

and assume that
¦ » =B§6"; / $�$&$ / " i
» © .

If we fix
" } =R" i�»�¾  %f0 ¦ » in (2.5), then

° » 9 " i�»�¾  : can be interpreted as a Möbius
transformation mapping the unit circle injectively onto itself when

¡
runs through

¢ D / N;¤¥: .
This holds, because if we choose three different values of

¡
that are not exceptional values,

say
¡�< /,? =¿A / N /
n , and let

° ^¸À» be the three corresponding unimodular interpolants given by
(2.5), then

° ^ À»39 " i�»�¾  : /�? =£A / N /
n�/ are three distinct numbers on the unit circle. Suppose
that this does not hold and that

° ^
Á»�9 " i
»�¾  :O= ° ^�Â»�9 " i�»�¾  : . Then
° ^
Á»´9 "+: K ° ^�Â»�9 "+: is a

rational function of degree at most
N º with zeros in the distinct points

"  / $&$�$ / " i�»�¾  , so it
is actually identically zero, which is a contradiction. Therefore we can find a Ã¡  0B¢ D / N;¤¥:
so that

° » 9 " i�»�¾  :Ä= 7 i
»�¾  . The same procedure fixing
" } =Å" i�»�¾,i f0 ¦ » in (2.5) gives aÃ¡ i 0¬¢ D / N.¤¥: so that

° » 9 " i
»�¾,i :�= 7 i
»�¾,i . Denoting Ã7  } =r\�]	Æ^
Á and Ã7 i } =r\�]	Æ^	Â we find that

Ã7 <p= b » 9 " i
»�¾ < : 7 i�»�¾ < K ` » 9 " i�»�¾ < :Z » 9 " i�»�¾ <.: K a » 9 " i�»�¾ <6: 7 i�»�¾ < /@? =vA / N)$(2.6)

Suppose that Ã7  Ç= Ã7 i and Ã¡5 is not a special value of
¡
, that is,

¡´= Ã¡5 in (2.5) does not
generate poles on ��� . This could occur only if º4HGC�W�K A , because otherwise

° » 9 "X: in (2.5)
with

¡�= Ã¡5 would be an interpolant of degree º = C3WeK A to all of the data, which gives
a contradiction. Then it is possible to find an index

«F0B§6N º � no/ $�$&$ / � © so that when we
interchange the data points

" i�»�¾,i with
" ] and 7 i�»�¾,i with 7 ] , respectively, we have Ã7  f= Ã7 i

in (2.6). If this were not the case, then
° » 9 "+: in (2.5) with

¡G= Ã¡; would be a uniquely
determined fragile interpolant (of degree ºPH¿C�W ) to the data

§6"  / $&$�$ / " '(© , § 7  / $�$&$ / 7 'e© ,
which gives a contradiction.

Suppose that Ã7  u= Ã7 i and Ã¡5 is a special value of
¡

giving º  poles,
A E%º  E%º , on the

unit circle for
° » 9 "+: in (2.5). Considering the case with poles of multiplicity one, (the case

with poles of higher multiplicity is treated in an analogous manner), we may, by renumbering
if necessary, assume that

"5 / $&$�$ / " » Á are the poles in (2.5). Suppose further, if º´H�C3W�K A ,
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that for every index
«�0²§6N º � n�/ $�$&$ / � © the interchanging of the data points

" i�»�¾,i with
" ] and7 i
»�¾¥i with 7 ] , respectively, results in Ã7  = Ã7 i in (2.6). Then the corresponding function° Æ^ Á» 9 "+: in (2.5) is of degree º·K º  , (due to zero-pole cancellation in

"�=r"�< /!? =SA / $&$&$ / º  ),
and

° Æ^
Á» 9 "&<�:>= 7 < /�? = º  ,��A / $&$&$ / � $ Let
° 9 "+: be one of the damaged interpolants of exact

degree COW = � M;N . Then ÈÉ9 "+: } = ° Æ^
Á» 9 "+: K ° 9 "+: is a rational function of degree at most9ÊºÄK�º  &:�� CLWeEB9J� M5N K A K�º  �:!� � M5N®= �ÉK�º  K A . Since ÈÉ9 "&<�:�= D /�? = º  ���A / $�$&$ / � ,
we have ÈÉ9 "+:�¶ D , but this gives a contradiction.

Thus we conclude that when Problem I is damaged with C�W = � M5N it is always possible
to rearrange the data points

§6"6Ë / $&$&$ / "6' © , § 7 Ë / $�$&$ / 7 ' © so that Ã7  f= Ã7 i holds in (2.6).
Now consider the interpolation problem with nodes

§6" i
»�¾  / " i�»�¾,i © and interpolation
values

§ Ã7  / Ã7 i © , where Ã7  f= Ã7 i . All unimodular interpolants of degree
A

are given by

Ã° 9 "X:�= ÃZ 9 "+:+\�]_^±� Ã` 9 "+:Ãa 9 "+:+\ ]_^ � Ãb 9 "+: /(2.7)

for those
¡30%¢ D / N.¤¥: that do not give a pole on the unit circle, and where ÃZ 9 "+: / Ã` 9 "+: / Ãa 9 "X:

and Ãb 9 "+: are constructed from one of the formulas (2.2), (2.3) or (2.4). According to part 1
of the proof there are two exceptional values of

¡
corresponding to the poles

"Ç=B" i
»�¾  and"�=r" i�»�¾,i on ��� . Substituting
\ ]_^

in (2.5) by Ã° in (2.7) gives a parametrization° »�¾  9 "+:�=ÅZ »�¾  9 "+:+\ ]_^ �P` »�¾  9 "+:a »�¾  9 "X:+\ ]�^ ��b »�¾  9 "X: /(2.8)

where Z »�¾  -= Z » ÃZ �P` » Ãa / ` »�¾  m= Z » Ã`%��` » Ãb /(2.9) a »�¾  m= a » ÃZ ��b » Ãa / b »�¾  u= a » Ã`%�Pb » Ãb /
of all rational unimodular interpolants of exact degree º �£A to the interpolation data§�"; / $&$&$ / " i�»�¾,i © , § 7  / $�$&$ / 7 i�»�¾,i © , with the exception of those parameters

¡
in (2.8) that

give poles on the unit circle. To prove that no solutions are lost in (2.8) we choose an ar-
bitrary interpolant

° 9 "X: of irreducible degree º �SA and extend the interpolation problem
by appending a node Ã"S0 ���¨Ì §�"  / $�$&$ / " i�»�¾,i © and a corresponding interpolation valueÃ7S} = ° 9 Ã"X: . Then the extended problem with

N 9�º ��A�:¥�rA nodes and minimal degree º �%A
is elastic with the unique solution

° 9 "+: . If we fix
" } = Ã" in (2.8), then there is a Ã¡40P¢ D / N.¤¥:

such that
¡�= Ã¡ gives

° »�¾  9 Ã"+:O= Ã7 . Assuming that Ã¡ is an exceptional value of
¡

we
reach a contradiction in an analogous way to the second paragraph after (2.6) by consider-
ing ÈÉ9 "+: } = ° »�¾  9 "+: K ° 9 "X: for

¡O= Ã¡ . Thus Ã¡ is not an exceptional value of
¡

and then° »�¾  m¶ ° when
¡�= Ã¡ .

Next we determine the location of the poles on ��� of
° »�¾  constituting the set

¦ »�¾  .
Thus we have to determine the zeros of

a »�¾  �\�]�^#��b »�¾  / ¡P0w¢ D / N;¤¥: / on the unit circle,
which using (2.9) is equivalent to solving the equationa » 9 "+: 9!ÃZ 9 "X:	\ ]_^ � Ã` 9 "+:�:,�Pb » 9 "X: 9!Ãa 9 "+:¸\ ]�^ � Ãb 9 "X:
:�= D $(2.10)

Clearly
" i
»�¾  and

" i�»�¾,i are solutions and belong to
¦ »�¾  for two suitable choices of

¡
given

by part 1 of the proof. Let
"6�10 �(� be a solution to (2.10) such that

" i�»�¾  f=�"�� f=�" i�»�¾,i .
For

"�=r"��
equation (2.10) is equivalent toa » 9 " � : ÃZ 9 "��6:+\�]_^>� Ã` 9 "���:Ãa 9 "���:d\ ]_^ � Ãb 9 "��6: ��b » 9 " � :�= D /(2.11)
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from which we conclude that
" � 0 ¦ » . All points

" � 0 ¦ » are zeros for equations (2.10)
and (2.11), for appropriate choices of

¡
. Thus we have

¦ »�¾  =¿§6"  / $&$�$ / " i�»�¾,i © and at mostN º �PN exceptional values of
¡

in
¢ D / N;¤¥: that generate the poles in

¦ »�¾  .
REMARK 2.2. The proof of Theorem 2.1 presents a recursive construction of the Nevan-

linna parametrization of all solutions to a damaged Problem I with � =�N C interpolation
nodes and minimal degree C3W = � M;N . This parametrization has the advantage over the one
constructed in Section 3 in that it is easy to check, by computing the solutions for different
values of the parameter

¡
, if there are interpolating finite Blaschke products. In each recursive

step we can also keep track of how the exceptional values of
¡

are transformed by Ã° when\ ]_^
is substituted in (2.5).
REMARK 2.3. That the number of exceptional values of

¡�0Í¢ D / N;¤¥: can be strictly
less than � is demonstrated by a small example, ( � =qÎ / C3W = C =£N

), where
"  =ÏA /" i =Í« / " l = K A / " Ë = K « and 7  =RA / 7 i = K A / 7 l =Í« / 7 Ë =£« . Then the recursive

procedure gives the parametrization° i 9 "+:�= 9ÊÐ « K n Kh9 A±� n «	:	"-� 9 Nm��«	:	" i :¸\�]�^±� 9 N K²Ð «	:	"-� 9 Nm��Î5«	:	" i9 Îp�PN.« Kh9tÐÄK N.«	:�"X:	\ ]_^ �%A±�PN.« KG9 n �¬«	:	"#� 9ÊÐÄK n «¸:�" i /
with three exceptional values of

¡
,
§�\6]_^ À6© =S§�ÎdM;�m� n «�M;� / K A / KpÑ M;N5� K N.Îs«	M5N5� © , that give

the poles
¦ i =v§�"  / $�$&$ / " Ë.© .

REMARK 2.4. Numerical experiments in Matlab were made with an implementation of
the recursive procedure suggested by the above proof. After having computed the Nevanlinna
parametrization for an interpolation problem, the parameter interval

¢ D / N;¤¥: was discretized
with step size 0.01 giving 629 values

¡6<
, and the interpolation error was determined for each¡�<

. The interpolation values 7 < were chosen randomly on the unit circle. We considered
two ways of choosing the nodes

"�<
, either randomly or equidistantly on the unit circle. A

general observation was that the closer a
¡6<

was to an exceptional value of
¡
, the bigger the

error was, which seems natural, since these cases correspond to nearly zero-pole cancellation
in the parametrization. When looking at error plots there would typically be peaks in the
vicinity of exceptional values of

¡
and the error for other

¡ <
’s would be relatively close to the

minimal error. We observed that for randomly chosen
" <

about 90% of the
¡ <

’s gave an error
that was less than 10 times the minimal error. For equidistant

" <
’s this figure was usually

about 80%. Another way to obtain reduction in precision was to choose several nodes
" <

very closely spaced on the circle. Next we present some numerical data of typical (average)
results obtained for problems with � =�N D /
n D / � D and

A D5D nodes
"�<

. We do this in the form of
triplets: ( � ,maximal error,minimal error). As explained above, the attention should be paid to
the first and last component in the triplet. For randomly chosen nodes

"6<
we got the results:9 N D / A D *�Ò / A D *, i : / 9 n D / A D *�Ó / A D *e 
 : / 9 � D / A D *!Ô / A D *e 	� : / 9 A D5D / A D * l / A D *!Ó :!$

For equidistantly chosen nodes the results:9 N D / A D *�Õ / A D *e l : / 9 n D / A D *!Ò / A D *e i : / 9 � D / A D *�Ô / A D *!Õ : / 9 A D5D / A D � / A D *(Ë :!$
Interestingly, the equidistant choice of nodes gave slightly better results for ��E n D whereas
the problems with randomly chosen nodes seemed to give more precise results when �²Ö � D .
At least for even ��E A D5D it can be expected that the recursive procedure behaves quite well
numerically. But on the other hand the precision in the implementation done by the author
seems no longer satisfactory for all problems when �²Q A D5D , so it might be that the recursive
procedure is numerically suited for small and middle-sized problems.
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COROLLARY 2.5. Suppose that Problem I is damaged with minimal degree C WeQ U � M;N6V .
Then Problem I has infinitely many solutions and the set of all solutions cannot be represented
by a Nevanlinna parametrization of form (1.2).

Proof. 1. Suppose that Problem I is damaged with minimal degree C�WÄQ U � M5N6V and
that one arbitrarily chosen solution is given by 8  9 "X: . We can then extend the given inter-
polation data with nodes

" ' ¾  / $�$&$ / " i z){ and interpolation values 7 ' ¾  } = 8  9 " ' ¾  : / $&$�$ /7 i z){�} = 8  9 " i z�{ : . The extended problem must be damaged with minimal degree exactly C W
and by Theorem 2.1 it has infinitely many solutions. All solutions of the extended problem
solve the original Problem I, so it also has infinitely many solutions.

2. Assume that all solutions to the damaged Problem I are given by the Nevanlinna
parametrization

8.9 "+:Y=ÅZ 9 "X:+\ ]�^ ��` 9 "X:a 9 "X:+\ ]�^ �Pb 9 "X: /
for such

¡�0r¢ D / N;¤¥: that do not produce any poles on the unit circle and where the polyno-
mials Z / ` / a / b are of degree at most C3W . Let us denote this parametrization by Np1. Then
the arbitrarily chosen interpolant 8  9 "+: in part 1 of the proof belongs to Np1 and is given by¡¬=£¡  

. Applying the recursive construction in the proof of Theorem 2.1 to the extended
interpolation problem in part 1 of the proof we can find a Nevanlinna parametrization of
solutions to the extended problem of the form (1.2) containing 8  9 "+: . All solutions in this
parametrization are solutions to the original Problem I. Let us denote this parametrization by
Np2 and choose an interpolant 8 i 9 "X: f¶ 8  9 "X: from Np2. Then 8 i 9 "+: also belongs to Np1 and
is given by

¡L=¿¡ i f=S¡5 . Define the rational function È i 9 "X: } = 8  9 "+: KP8 i 9 "+: of degree at
most

N COW . We have È i 9 "&<�:�= D /5? =vA / $&$�$ / N CLW and

È i 9 "X:�= 9 \ ]�^
Á K \ ]�^�Â : 9 Z 9 "+:�b 9 "X: K ` 9 "X: a 9 "X:
:9 \ ]�^
Á a 9 "+:,��b 9 "+:�: 9 \ ]_^	Â a 9 "X:,�Pb 9 "X:
: /
so we conclude that there is a º  0O2 so that

Z 9 "X:
b 9 "+: K ` 9 "X: a 9 "+:�¶ º  i z {×<
Ø� 9 " K " < :!$
We make a new extension of the original Problem I by choosing nodes Ã" ' ¾  / $&$�$ / Ã" i z){ , dis-
tinct from each other and from the nodes in the first extended problem, and interpolation
values Ã7 ' ¾  } = 8  9 Ã" ' ¾  : / $&$�$ / Ã7 i z){ } = 8  9 Ã" i z�{ : . The new extended problem is dam-
aged with minimal degree C3W and has a Nevanlinna parametrization denoted Np3. Suppose8 l 9 "X:m0 Np3 is a solution different from 8  9 "+: . Then 8 l 9 "X:-0 Np1 and is obtained from Np1
with

¡³=%¡ l f=h¡  . In analogy with the above we have a new factorization of Z b K ` a ,

Z 9 "+:�b 9 "+: K ` 9 "X: a 9 "X:Y¶ º i '×<
Ø~ 9 " K " < : i z {×<
Ø¥' ¾  9 " K Ã" < : / º i 0L2 /
which gives the desired contradiction.

That the damaged problems with minimal degree C W Q U � M;N6V are quite sparse in the
set of all interpolation problems with � nodes is implied by the determinant criteria in Theo-
rems 1.1 and 1.2. The easiest examples of damaged problems with minimal degreeCLWFQ U � M;N6V are those where ��K%COW of the interpolation values are equal to 7  and COW
values are equal to 7 i , but these are of course not the only examples.
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EXAMPLE 2.6. As a demonstration of the sparsity of fragile and damaged problems we
consider interpolation problems with nodes

"  =¯A / " i =¿\�] j k Ë / " l =¿« / " Ë = K A / "6Ù³= K «
and interpolation values 7  ´=�A / 7 i = K A and 7 l / 7 Ë and 7 Ù chosen freely on the unit
circle. Such a problem is fragile ( C3W =ÏA

), elastic ( COW =£N ) or damaged ( C3W#Q N ). The
determinant criteria in Theorems 1.1 and 1.2 give that the fragile problems are obtained when7 Ù is chosen freely on �(��Ì § K A © and

7 Ë#=¯Ú N K Nm� 9 Ú Nm�PN5: 7 ÙÚ Nu��Nm� 9 Ú N K N5: 7 Ù / 7 l =[Ú N 7 Ù � 7 Ë 9�9 Ú N K N5: 7 Ù K Ns:Ú N K Nm� Ú N 7 Ë K N 7 Ù $
The damaged problems are obtained when 7 Ë and 7 Ù are chosen arbitrarily on the circle so
that 7 ËÉf=¯Ú N K Nm� 9 Ú Nm�PN5: 7 ÙÚ Nu��Nm� 9 Ú N K N5: 7 Ù / 7 l =[Ú N 7 Ù±� 7 Ë 9�9 Ú N K N5: 7 Ù K Ns:Ú N K Nm� Ú N 7 Ë K N 7 Ù $
Thus we have “one degree of freedom” constructing fragile problems and “two degrees of
freedom” to obtain damaged problems.

As we have seen in this section in Theorem 2.1 the damaged problems of minimal degreeCOW =qU � M;N.V are nicely representable by a Nevanlinna parametrization that can be computed
recursively and which allows an easy check if there are interpolants of degree C W that are finite
Blaschke products. When C3W�Q U � M;N6V the picture is more complicated and the next section
offers another way to parametrize all damaged interpolants and an algorithm to determine the
minimal degree COW and to construct a parametrization of all interpolants of minimal degree. It
will however not be easy in this case to decide if the parametrization contains finite Blaschke
products.

3. Parametrization of damaged solutions. Suppose that we have � =ÛN C �cA or� =SN C distinct points
"; / $&$�$ / "�' and � arbitrary points 7  / $�$&$ / 7 ' on the unit circle such

that Problem I is damaged, i.e., the minimal degree C�W of interpolants is greater than C
for odd � and at least C for even � . Thus the solution to Problem I is nonunique and our
goal in this section is to present constructive algebraic criteria to determine the minimal de-
gree COW and a parametrization of all solutions to Problem I. In the theorems concerning the
damaged cases it is not needed to assume that we have rotated the interpolation data so that"  = 7  =SA .

Suppose that 8.9 "+: , not necessarily in irreducible form and given by

8.9 "X:�= � ��� �  !"p�r$&$�$�� � '+*, !" '+*e � 'd*e � � 'd* i "-�r$&$�$6� � � " '+*, / � � / $�$&$ / � '+*e p0O2 /(3.1)

is a solution to Problem I. We shall prove that 8.9 "+: , and in fact all interpolating rational
unimodular functions of degree at most �4K A , can be constructed with the aid of linear com-
binations of � linearly independent coneigenvectors connected to a coneigenvalue problem
formed directly using the given interpolation data. To this end we define the � x � matricesÜ '

, Ý ' and Þ ' by

Ü ' = ��� A�". ß�ß&ß�" '+*e  
...

...
...Aà"6' ß�ß&ß�" '+*e '

� �� / Ý ' = ��� 7  e"
'+*e  ß&ß�ß 7  !"; 7  

...
...

...7 'u" 'd*e ' ß&ß�ß 7 '�"6' 7 '
� ��(3.2)

and Þ 'Ç= Ü *, ' Ý 'p$(3.3)
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The matrix Þ ' is well-defined because
Ü '

is a nonsingular Vandermonde matrix. Before we
continue with our main theme we need to establish some properties of the matrices in (3.2)
and (3.3).

LEMMA 3.1. Let
¦ '

denote the � x � identity matrix and choose
¡�0S¢ D / N.¤¥: so thatK \ * ] i ^ is not an eigenvalue of Þ ' . Define further the matrix

b ^ by
b ^ } =�\�]_^ Þ ' ��\ * ]_^ ¦ ' .

Then Þ ' Þ 'É= ¦ ' /
the matrix

b ^ is nonsingular and Þ ' =�b ^ b *e ^ $
(3.4)

Proof. Define diagonal matrices á and â and the permutation matrix Z by

á = ��� 7  D
. . .D 7 '

� �� / â = ��� "
'+*e  D

. . .D " '+*, '
� �� / Z = �� D A

. . .A D
�� $

Notice that Z Z = Z i = ¦ '
and that since 7 < and

"&<
are on the unit circle we haveá á = â â = ¦ ' . It is now easily verified that we have the representationsÝ ' = á Ü ' Z / Ü ' Z = â Ü ' $

From this we conclude thatÜ *, ' = Z Ü *e ' â and Z Ü *e ' = Ü *e ' â /
and thus by (3.3) and the identities above we haveÞ ' Þ 'É= Ü *e ' á Ü ' Z Ü *e ' á Ü ' Z = Ü *e ' á Ü ' Ü *, ' â á Ü ' Z= Ü *, ' á áãâ Ü ' Z = Ü *e ' â Ü ' Z = Z Ü *e ' Ü ' Z = ¦ ' $
Since

b ^ can be written in the form
b ^ =r\�]_^ 9�Þ ' K½9�K \ * ] i ^&: ¦ '�: and by assumption K \ * ] i ^

is not an eigenvalue of Þ ' , we find that
b ^ is nonsingular. FurthermoreÞ ' b ^ = Þ ' 9 \ * ]_^ Þ ' ��\ ]_^ ¦ ' :�=%\ * ]_^ Þ ' Þ ' ��\ ]_^ Þ ' =�b ^ /

which establishes formula (3.4).
Continuing with our investigation, we restate the assumption that 8.9 "X: in (3.1) is a solu-

tion to Problem I, not necessarily in irreducible form. Letting the numerator coefficients in
(3.1) define the vector ä = 9t� � / $&$�$ / � '+*e &:	� we find that the satisfied interpolation conditions8.9 " < :>= 7 < /@? =BA / $&$�$ / � /
can be expressed in the equivalent formsÜ ' ä = Ý ' ä å Þ ' ä =%æ ä / æ�=SA /(3.5)

which means that ä is a coneigenvector and a solution to a so-called coneigenvalue problem
with the corresponding coneigenvalue

æG=ÍA
. See, e.g., Horn and Johnson [6, Section 4.6]

for the definition and properties of coneigenvalue problems.
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Let
§�ç  / $�$&$ / ç '�© denote the standard basis in

­ '
. Then the linearly independent columnsè  / $&$�$ / è ' of

b ^ defined in Lemma 3.1 are given byè < =r\ ]_^ Þ ' ç < ��\ * ]_^ ç < = }�9 ª(é <
ê / $&$�$ / ª é <
ê' : � /@? =BA / $&$�$ / � $
These vectors supply us with � linearly independent coneigenvectors associated with the
coneigenvalue

æ�=vA
in (3.5), becauseÞ ' è <p=h\ * ]_^ Þ ' Þ ')ç&<>��\ ]_^ Þ ')ç&<-= è < /@? =vA / $�$&$ / � $

A linear combination ë  è  ��$&$&$5� ë ' è ' is a coneigenvector corresponding to
æ�=[A

if and
only if ë  / $&$�$ / ë '¬0P­ . Then we can find real numbers ë  / $&$�$ / ë ' so that the numerator of8.9 "X: in (3.1) is given by

�~9 "+:�= 'ì<
Ø� oí 'ì» Ø� ë » ª é » ê<cî " <�*e $(3.6)

Conversely, every linear combination ë  è  ��¬$&$�$
� ë ' è ' with ë <®0L­ will give the numerator��9 "X: in (3.6) of an interpolating unimodular rational function of degree at most �ÇK A , except
for the choices of ë  / $&$�$ / ë '40O­ which yield one or several zeros for the numerator ��9 "X: (and
the denominator of 8.9 "+: ) in the set

§�"5 / $&$�$ / "�' © of interpolation nodes resulting in zero-pole
cancellation and possibly destroying the interpolation property at such nodes. (A solution
where the interpolation property is not destroyed due to zero-pole cancellation is not lost, for
instance if we have zero-pole cancellation in

"  
of multiplicity one, �~9 "+:�= Ã��9 "X: 9 " K "  : , andÃ��9 "X: is the numerator of an unimodular interpolant, then any choice of ï  0 ���pÌ §�"  / $�$&$ / " '(©

will correspond to a set of real numbers ë  / $�$&$ / ë ' that give �~9 "+:#= Ã�~9 "+: 9 " K�ï  : in (3.6).)
Zeros for ��9 "X: in points on the unit circle other than nodes will cause the degree of the
interpolant to drop but will not affect the interpolation property. Thus we have proved the
following theorem that gives us a parametrization of all rational unimodular interpolants with
the aid of the independent coneigenvectors è < and the parameters ë  / $&$&$ / ë ' in

­
.

THEOREM 3.2. Suppose that we have � distinct points
"X / $�$&$ / "6' and � arbitrary

points 7  / $�$&$ / 7 ' on the unit circle giving a damaged Problem I. Let � linearly independent
coneigenvectors corresponding to the coneigenvalue

æ¨=RA
for the matrix Þ ' be given by

the column vectors è <Ä= 9 ª é <
ê / $&$&$ / ª é <
ê' :�� /,? =SA / $�$&$ / � / of
b ^ in Lemma 3.1. Suppose that

an arbitrarily chosen rational unimodular interpolant, not necessarily in irreducible form, is
given by

8;9 "+:�= � ��� �  e"p�%$�$&$�� � '+*e !" '+*, � '+*e � � '+* i "-�%$�$&$6� � � " 'd*e / � � / $&$�$ / � '+*e 0L21$(3.7)

Then we can find real numbers ë  / $&$&$ / ë ' such that

� <#= 'ì» Ø� ë » ª é » ê< ¾  /@? = D / $&$�$ / �LK A>$(3.8)

Conversely, every choice of ë  / $�$&$ / ë '10L­ , that via (3.8) defines 8;9 "+: in (3.7) so that the
numerator has no zeros in the set

§�"s / $�$&$ / "6' © , gives a rational unimodular interpolant.

If � =�N or � = n and Problem I is damaged, then the minimal degree is ��K A and all
solutions are given by the parametrization in Theorem 3.2, which is also the case if �²Q n and
the minimal degree of interpolants is �3K A . To obtain all solutions to a damaged Problem I
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when �ÍQ n and the minimal degree is less than ��K A we are led to find the subspace
of
­ '

giving the parameter values of ë  / $&$&$ / ë ' in Theorem 3.2 that yield minimal-degree
interpolants. This can be done in a systematic way by imposing zeros on the unit circle.

Suppose therefore that Problem I is damaged, that �SQ n and that there are damaged
interpolants of degree at most C3W , where COW·H[�½K A . Define º�} = 9t�¬K A6: KhCOWÄQÍD .
Choose arbitrarily º distinct points ï  / $&$&$ / ï » on the unit circle such that§ ï  / $&$�$ / ï » ©¬ð §6"; / $�$&$ / "6' © =¨ñ . Suppose that 8;9 "+: is an arbitrarily chosen damaged inter-
polant of degree at most C3W given, not necessarily in irreducible form, by

8;9 "+:�= �������! !"#�%$�$&$���� z){ " z {� z { � � z { *, "p�r$&$&$6� � � " z { / � � / $�$&$ / � z { 0O24$
Impose º zeros, ï <p= } \�] i ^ À /e? =SA / $&$&$ / º / on ��� obtaining Ã8 ¶ 8 by

Ã8.9 "X:�= í »×<
Ø� \�]_^¸À K \ * ]_^¸Àe"\ * ]_^¸À K \ ]_^¸À " î 8.9 "X:Y= � ��� �  !"p�r$&$�$�� � '+*, !" '+*e � '+*, �� � 'd* i "-�r$&$�$6� � �¥" '+*, $(3.9)

We conclude that there are (damaged) interpolants of degree at most C W,Hh�1K A if and only
if for any choice of º = 9J�FK A6: K1C3W distinct points ï  / $�$&$ / ï » 0 ��� not coinciding with any
of the nodes

"5 / $�$&$ / "6' , it is possible to find real numbers ë  / $&$&$ / ë ' such that �~9 "+: in (3.6)
satisfies �~9 "&<�: f= D /�? =vA / $�$&$ / � , and ��9Jï <�:�= D /�? =vA / $&$�$ / º $

Suppose now that we have the º points ï  / $&$&$ / ï » as specified above and the � linearly
independent coneigenvectors è <�= 9 ª é <
ê / $&$�$ / ª é <
ê' :	� /-? =òA / $&$�$ / � / associated with the
coneigenvalue

æv=RA
for Þ ' and given by the columns of

b ^ in Lemma 3.1. We wish to
obtain an algebraic criterion for deciding if there are damaged interpolants of degree at mostC W = 9t�³K A�: K3º . We define the following homogeneous linear system with º equations and� unknowns ë  / $&$�$ / ë ' , 'ì<
Ø� í 'ì» Ø� ë » ª é » ê<wî ï <�*e � = D / | =SA / $�$&$ / º $(3.10)

Then (3.10) has the equivalent matrix formulationó ë = D /(3.11)

where ë = 9Êë  / $�$&$ / ë 'o:	� and where the elements of

ó
are given byó �õô ö = 'ì<
Ø� ª é ö ê< ï <�*e � / | =vA / $&$&$ / º /~÷ =vA / $&$&$ / � $(3.12)

We are interested in nontrivial real solutions to (3.11). First we establish that rank

ó = º .
Let the independent columns of

b ^ define the polynomialsø < 9 "+:�= ª é <
ê �r$&$&$6� ª é <
ê' " '+*e /@? =vA / $�$&$ / � $
Choose arbitrarily � distinct points �  / $&$&$ / � ' on ��� . Let the matrix ù have the elementsù ] ô <r= ø < 9 � ] : / « /¹? =úA / $�$&$ / � $ Suppose that ù is singular. Then there exist numbersû� / $�$&$ / û�' , not all zero, such that ü '<
Ø� ûd< ø < 9 � ] :·= D for

«#=£A / $�$&$ / � . The polynomialZ 9 � : } = ü '<
Ø� û < ø < 9 � : f¶ D has � distinct zeros, which gives a contradiction, so ù is non-
singular. We observe that the elements of

ó
are given by

ó ] ô <�= ø < 9Jï ] : / «±=�A / $�$&$ / º /5? =A / $&$&$ / � / and thus the º rows of

ó
are independent and rank

ó = º .
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Assume now that a basis for the null space of

ó
is given by the vectorsý <-= 9 ý é <
ê / $&$&$ / ý é <
ê' : � /@? =SA / $&$&$ / �LK½º $(3.13)

Since

ó
is a matrix with complex elements we cannot in general assume that the basis in

(3.13) is real. To get the desired subspace of real solutions ë to (3.11) we must consider all
complex linear combinations of the vectors in (3.13) that result in real vectors ë . Let þ be the
matrix with the basis vectors in (3.13) as columns,þ = 9 ý  ý i $&$&$ ý '+* » :!$(3.14)

Denote by þ ö�ÿ and þ ] z the real and imaginary parts of þ . We define the � x3N 9J�OK�º : real
block matrix � by

� = 9¹þ ] z þ ö
ÿ :!$(3.15)

The null space of � corresponds to all linear combinations of the basis in (3.13) that result in
real vectors. More precisely, let an arbitrary linear combination of the basis vectors in (3.13)
be given by '+* »ì<
Ø� 9 ª <>��« 8 <�: ý < / ª < / 8 <#03­4$(3.16)

The requirement that the vector in (3.16) is real is equivalent to the equation

� � = D /
where � } = 9 ª  / $�$&$ / ª '+* » / 8  / $&$�$ / 8 '+* » :�� . Since we assume that Problem I is damaged we
have COW�Ör� M5N and º = 9t�3K A�: K¬COW�Er� M5N K A , so

N 9t�3K�º : Ö�� �hN and consequently
the null space of � is nontrivial and at least

N
–dimensional. On the other hand it is easy to

show that the rank of � is at least �ÉK�º . Let �¥W denote the dimension of the null space of � ,
where

N EG�,WeEG�LK½º , and suppose that a real basis for this null space is given by� <#= 9 � é <
ê / $�$&$ / � é <
êi é '+* » ê : � /@? =SA / $&$&$ / � W $(3.17)

Now we define the real vectors ä  / $&$&$ / ä ' { by

ä < } = '+* »ì � Ø� 9 � é <
ê� �¬« � é <
ê'+* »�¾ � : ý � = }�9Jä é <
ê / $&$�$ / ä é <
ê' : � /@? =BA / $&$�$ / � W $(3.18)

Next we show that the vectors in (3.18) are linearly independent. Introduce the notation� é ö ê� } = � é ö ê� �¬« � é ö ê'd* »�¾ � / | =SA / $&$&$ / �LK½º /~÷ =SA / $&$�$ / � W $
Then for the unknowns ª  / $&$�$ / ª ' { 0½2 we have, since the vectors ý  / $�$&$ / ý 'd* » defined in
(3.13) are linearly independent, that' {ì ö Ø~ ª ö ä öm= DÄå $&$&$ å ' {ìö Ø� ª ö � é ö ê� = D / | =BA / $&$�$ / �OK¬º $(3.19)

We note that if �,W>H���K�º , then the system in (3.19) is overdetermined and if �¥W = �3K�º ,
then the system is square. The fact that the vectors in (3.17) are independent makes it easy to
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show that the columns of the rightmost system in (3.19) are independent, so only the trivial
solution ª  =S$&$�$X= ª ' { = D is possible. Thus we conclude that the real vectors in (3.18) are
linearly independent and provide us with a basis for the real solutions ë of (3.11).

Denote by � < 9 "+: , for ? =¯A / $&$�$ / �,W , the polynomial �~9 "+: in (3.6) obtained by choosingë » = ä é <
ê» / º = A / $&$�$ / � . Then it follows from the conclusion made after formula (3.9)
that there are damaged interpolants of degree at most C�W if and only if there is no index«>0´§sA / N / $&$�$ / � © such that �  9 " ] :�= � i 9 " ] :>=B$�$&$X= � ' { 9 " ] :�= D .

Furthermore, if there exist damaged interpolants of degree at most C W , then all real linear
combinations of the vectors in (3.18) giving vectors ë = 9të  / $&$�$ / ë ' :	� that define polyno-
mials �~9 "+: in (3.6) with no zeros in

§6"  / $�$&$ / " '�© , give rational unimodular interpolants of
irreducible degree at most C3W . Thus we have:

THEOREM 3.3. Suppose that we have � distinct points
"  / $&$&$ / " ' and � arbitrary points7  / $&$&$ / 7 ' on the unit circle ��� and that Problem I is damaged. Let the integer C W be chosen

so that � M5N E�COWuH�� K A and define º�} = 9t� K A�: K�COW-Q¿D . Choose arbitrarily the º
distinct points ï  / $&$�$ / ï » on the unit circle so that

§ ï  / $�$&$ / ï » ©pð §�"; / $�$&$ / "6' © =qñ . Let �
linearly independent coneigenvectorsè <-= 9 ª é <
ê / $&$�$ / ª é <
ê' : � / ? =vA / $&$�$ / � /
associated with the coneigenvalue

æ½=wA
for the matrix Þ ' in (3.3) be given by the columns

of
b ^ in Lemma 3.1. Let the matrices

ó / þ and � be defined by (3.12), (3.14) and (3.15),
respectively. Then the vectorsä <m= 9Jä é <
ê / $&$�$ / ä é <
ê' : � /@? =SA / $&$�$ / � W / N EP� W E��OK¬º /(3.20)

obtained from (3.18), form a real basis for all real solutions ë to the homogeneous equation
(3.11). Define the polynomials

� < 9 "+: } = 'ì ] Ø� eí
'ì» Ø� ä é <
ê» ª(é » ê] î " ] *e /@? =BA / $&$�$ / � W $(3.21)

Then there exist damaged rational unimodular interpolants of degree at most C´W if and only
if there is no index

«>0´§sA / N / $&$�$ / � © such that �  9 " ] :>= � i 9 " ] :�=S$&$�$X= � ' { 9 " ] :>= D .
If there exist damaged interpolants of degree at most C�W , then all such interpolants can be

constructed by considering all real linear combinations ë = 9Êë  / $�$&$ / ë 'o:�� } = ü ' {<
Ø� �o< ä < /�d<®0L­ / of vectors in (3.20) that define polynomials �~9 "+: by

��9 "X: } = 'ì<
Ø� �í 'ì» Ø~ ë » ª é » ê< î " <�*e =
' {ì<
Ø~ �d< � < 9 "X: /(3.22)

with no zeros in
§�"5 / $&$&$ / "6' © . All such ��9 "X: define rational unimodular interpolants

8.9 "+:Y= � � � �  "p�r$&$�$�� � '+*, " 'd*e � '+*, �� � '+* i "p�r$&$&$6� � �¥" '+*e / � < } = 'ì» Ø� ë » ª(é » ê< ¾  /(3.23)

that are reducible to a degree at most C3W .
Now we are in a position, using Theorems 1.1, 1.2, 3.2 and 3.3, to present an algorithm

for classifying any given interpolation problem. We can determine if it is fragile, elastic or
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damaged. In the fragile and elastic cases we can calculate the unique solution of minimal
degree. In the damaged cases we can find a parametrization of all solutions of minimal
degree.

Algorithm for determining all interpolants of minimal degree

Suppose we are given � distinct points
"5 / $&$�$ / "�' and � points 7  / $&$&$ / 7 ' on ��� , �²Ö N ,

such that
"5 Ç= 7  4=£A , (no restriction). Define C } = U � M;N.V . We exclude the trivial case7  m=B$�$&$X= 7 ' , so the minimal degree C3W satisfies

A EGCLW,EP�LK A .
Step 1. If � is even, then go to Step 2, otherwise form the matrix y z in (1.3) and use

Theorem 1.1 to decide if Problem I is elastic. If it is not elastic, then go to Step 2, otherwise
calculate the unique solution 8.9 "X: in (1.5) and go to Step 7.

Step 2. If �²H Î , then go to Step 4, otherwise define C�We} = D .
Step 3. Set COW~} = COW �rA . Form the matrix y#z { in (1.3) and use Theorem 1.2 to check

if Problem I has a fragile solution of degree C�W . If there is a fragile solution 8.9 "X: , then obtain
it from (1.7) and go to Step 7. If there is no fragile solution of degree C�W and if COW = CwK A ,
then go to Step 4, otherwise iterate Step 3.

Step 4. Form the matrices
Ü '

and Ý ' in (3.2) and compute the matrix Þ ' in (3.3).
Determine the eigenvalues of Þ ' . Choose

¡40�¢ D / N.¤¥: so that K \ * i ]_^ is not an eigenvalue ofÞ ' . Compute the nonsingular matrix
b ^ in Lemma 3.1 and let the columns of this matrix be

given by è <p= 9 ª é <
ê / $�$&$ / ª é <
ê' :	� /�? =BA / $�$&$ / � . If �²H Î , then go to Step 6. If � is even, then
define COW,} = CÅK A , otherwise define COWe} = C .

Step 5. Set COWe} = COW ��A . Define º4} = 9J�#K A6: K³COW and choose distinct points ï  / $�$&$ / ï »
on ��� so that

§ ï  / $&$�$ / ï » ©)ð §�"; / $�$&$ / "6' © =Bñ . Compute the matrix

ó
in (3.12) and a basisý <É= 9 ý é <
ê / $&$�$ / ý é <
ê' :�� /�? =qA / $&$�$ / ��Khº / for the null space of

ó
. Use this basis to form

the matrices þ and � in (3.14) and (3.15). Compute a real basis � <-= 9 � é <
ê / $&$�$ / � é <
êi é 'd* » ê :�� /? =�A / $&$&$ / �,W / N Ec�,W-Ec�²Khº / for the null space of � . Form the real basis for all real
solutions ë to (3.11), given by ä <�= 9Jä é <
ê / $&$�$ / ä é <
ê' :	� /¥? =�A / $&$�$ / �,W / in (3.18), with the aid
of
§ ý < © '+* »<
Ø� and

§ � < © ' {<
Ø� . Use Theorem 3.3 to determine if there are damaged interpolants
of degree at most COW . If Theorem 3.3 shows that there are interpolants of degree at most C�W ,
then Problem I is damaged and the minimal degree of interpolants is exactly C�W . In this
case use the vectors

§ è < © '<
Ø� and
§ ä < © ' {<
Ø� , and formula (3.23) to obtain a parametrization of

all damaged solutions of minimal degree C�W and go to Step 7. If there are no interpolants of
degree at most COW and if COW = �LK N , then go to Step 6, otherwise iterate Step 5.

Step 6. The minimal degree of the interpolants is C�W = �´K A and with the aid of the
vectors è < /�? =ÅA / $�$&$ / � computed in Step 4, and formulas (3.8) and (3.7) in Theorem 3.2,
we obtain a parametrization of all solutions to Problem I.

Step 7. Terminate the algorithm.

An implementation of the algorithm in Matlab code is available upon request.

REMARK 3.4. The main problems in implementing the algorithm are found in step 4 in
solving the coneigenvalue problem (3.5) and partly in step 5 in choosing the zeros ï  / $�$&$ / ï »
that are imposed on the unit circle in the damaged cases. We have found that a sound way of
imposing the zeros on the circle is to sort the open arcs that do not contain nodes with respect
to their length, and to place the ï < ’s in the middle of the longest arcs, one ï < in each chosen
arc. We have considered two ways of implementing step 4 and done numerical experiments
with randomly chosen interpolation values 7 < , and either equidistant or randomly chosen
nodes

"�<
.
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a) Suppose first that the nodes
" <

are equidistant and that the 7 < are randomly cho-
sen on the circle. Then it is numerically safe to form the matrix Þ ' in (3.5) by inverting
the Vandermonde matrix

Ü '
, because we have observed that

Ü '
has just one singular value� = Ú � , so the condition number in the 2-norm is �������¥9 Ü '�:³=IA . Furthermore, the ma-

trix Þ ' has all its eigenvalues on the unit circle, so in forming the matrix
b ^ in Lemma 3.1

we have chosen
¡

so that K \ * ] i ^ is in the middle of the longest open arc of the circle that
does not contain eigenvalues of Þ ' . By this selection we have noticed that the condition
number of

b ^ is quite small for ��E A D5D . We have conducted numerical experiments with� =�N D /
n D / � D and
A DsD . For each generated interpolation problem we have, from the numeri-

cally obtained parametrization of solutions of minimal degree, randomly chosen
� D5D solutions

and determined the interpolation error for each solution, storing the minimal, maximal and
mean interpolation error in a quadruple of the form: ( � ,maximal error,minimal error,mean
error). For each � we have taken the averages of all generated quadruples, where attention
should be paid to the third and fourth component. We obtained the following results:9 N D / A D *e 	� / A D *e 	Ë / A D *, i�: / 9 n D / A D *!Õ / A D *e l / A D *, 
 : /9 � D / A D *(Ë / A D *!Ò / A D *�Ó : / 9 A D5D / A D * i / A D *!Ô / A D *(Ë :!$
To avoid the inversion of

Ü '
we considered another way of generating

b ^ . By considering
the first equation

Ü ' ä = Ý ' ä in (3.5), and by separating the real and imaginary parts, we
obtain the equation ù � = D /
where the

N � x3N � real block matrix ù is given by

ù =	� Ü ö
ÿ' K½Ý ö
ÿ' K Ü ] z' K²Ý ] z'Ü ] z' K½Ý ] z' Ü ö�ÿ' � Ý ö�ÿ' 
 $
The notation indicates the use of the real and imaginary parts of

Ü '
and Ý ' , respectively.

As a consequence of the fact that Þ ' has � linearly independent coneigenvectors associated
with the coneigenvalue

æ½=¿A
, the null space of ù is always � -dimensional with a real basisý  / $�$&$ / ý ' , which is conveniently computed with the matlab command: null(G). Let ý é  �ê»

be a vector defined by the � first components in ý » and let ý é i ê» be defined by the � last
components. Defining ä » } = ý é  	ê» �P« ý é i ê» / º =ÅA / $&$�$ / � , we obtain � linearly independent
coneigenvectors associated to the coneigenvalue

æ�=SA
, so we can define

b ^ to be the matrix
with columns ä  / $&$�$ / ä ' . When we have equidistant nodes then, independent of � and 7 < ,
we have observed that

b ^ has one singular value � = A
, so �������,9 b ^ :3= A

. Performing
similar numerical experiments as described above with this second approach we obtained the
following results: 9 N D / A D *e 	� / A D *e 	Ë / A D *, i : / 9 n D / A D *!Õ / A D *e l / A D *, 
 : /9 � D / A D * Ù / A D *!Õ / A D *�Ó : / 9 A D5D / A D * l / A D *!Ô / A D * Ù :!$
Our conclusion is that with our implementation both numerical methods described perform
in a reliable way for problems with equidistant nodes and �´E A D5D .

b) Next we consider randomly chosen nodes
"�<

and interpolation values 7 < on the unit
circle. Then the experiments showed that when �wÖ N D it is no longer wise to invert the
Vandermonde matrix

Ü '
. The only reliable option is to compute a real basis for the null

space of ù , as described above, to define
b ^ . In doing so we obtained, after performing
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numerical experiments:9 N D / A D *�Õ / A D *, l / A D *e 
 : / 9 n D / A D *�Ó / A D *, ¸� / A D *�Õ : /9 � D / A D *(Ë / A D *!Ò / A D *!Ô : / 9 A D5D / A D * l / A D *!Ô / A D * Ù :!$
As a rule one should use the second method to compute

b ^ , and if one has the choice, then
equidistant nodes would give two reliable numerical methods for problems with �vE A D5D .
In the experiments above � was chosen even and 7 < randomly, which almost certainly re-
sults in damaged problems with minimal degree � M5N , since the minimal degree C W generi-
cally satisfies COW =úU � M5N6V . We have also constructed damaged problems where the min-
imal degree is bigger than

U � M;N.V , for instance by choosing 7  =@$&$&$®= 7)z){ =@A
and7uz){ ¾  =Í$�$&$¥= 7 '%f= 7  , and the numerical observation was that the algorithm managed

quite satisfactorily in determining the minimal degree when �²E A D5D .
For the interesting subset of interpolating finite Blaschke products the presented algo-

rithm can determine if there are fragile or elastic solutions and in the case of a damaged
Problem I it supplies us with a lower bound of the minimal degree of interpolating Blaschke
products. The purpose of the following example is to show that the lower bound need not be
sharp.

EXAMPLE 3.5. We choose � =ÏÎ
and

"s ²= A / " i =R« / " l = K A / "�Ë�= K « and7  ´= 7 i =ÛA / 7 l = 7 Ë�= K A . Our algorithm shows that there is no fragile solution
and that the minimal degree of damaged solutions is C�W = N

. Mathematica was used to
symbolically compute a parametrization of all solutions to Problem I.

We have chosen
¡³= D in Lemma 3.1, which gives

b � = Þ Ë � ¦ Ë , and explicitly

b!�Ä= ����
li K ]i D  i � ]i DD li � ]i D  i K ]i i � ]i D li K ]i DD  i K ]i D li � ]i

����� $
Since º = 9J�¼K A�: KOCLW =BA we impose one pole on the unit circle, which we have chosen to
be ï  } = 9 A±��«	:
M Ú N . The matrices

ó / þ and � in (3.12), (3.14) and (3.15) are given byó =�� A Ú N 9  i � l
]i :�A±��N;« Ú N 9	K  i � ]i :�
 /
þ =

���� Ú
N 9  i K ]i : K A K N;« Ú N 9	K  i K l
]i :D D AD A DA D D

� ��� /
� =

���� K��
ii K N K l � ii � ii K A K�� iiD D D D D AD D D D A DD D D A D D

� ��� $
A real basis in (3.17), of dimension �,W =�N , for the null space of � is given by§ �  = 9	K n�/ D / A / D / D / D : � / � i = 9	K N Ú N / A / D / D / D / D : � © $
A real basis for all real solutions ë to (3.11) is now given by (3.18),§ ä  )= 9�K N Ú N / A / D / K n : � / ä i = 9�K no/ D / A / K N Ú N;: � © $
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The polynomials in (3.21) are then easily computed,�  9 "X:Y= 9 " Kh9 A±��«	:
M Ú N5: 9 N K Î5« KG9 N-�¬Îs«	: Ú N�" KG9 Îp��N;«¸:o"si&: /� i 9 "X:�= 9 " KG9 A±�¬«	:
M Ú N;: 9�9 A K n «	: Ú N KG9 N-� Ð «	:d" KG9 n �¬«	: Ú N�"Xi�:!$
For arbitrary

�e / � i 0L­ we define the polynomial ��9 "X: in (3.22),�~9 "+: } =%�  �  9 "X:,��� i � i 9 "X:e$
It is easy to check that �~9 "+: has no zeros in

§6"5 / $&$�$ / "�Ë © if and only if
�e f=��p� i . Forming8.9 "+: in (3.23) we obtain all damaged interpolants of degree C�W =�N ,

8.9 "+:Y=��1 9 �e / � i : «!��� i 9 �  / � i :d"p��" iA±� � i 9 �! / � i :d" K «+" i / �e / � i 0O­ / �! f=��p� i /
where

�L 9 �e / � i : } = 9 A�� n «	:+�e Y� 9 A±��N;«¸: Ú N�� i9�K Nm�¬«	: Ú N��e KG9 n K «¸:d� i
and

� i 9 �  / � i : } = 9	K A>� n «	: Ú N~�  Kh9 N K Î5«	:+� i9 A±� n «	:+�e Y� 9 A±��N;«	: Ú N~� i $
If
�  =B� i f= D , then 8;9 "+:)¶wA and if

�  = K � i f= D , then 8.9 "X:)¶ K A , so both cases give a
constant unimodular function that does not interpolate the data. In the case

�  =�� i = D the
function 8.9 "+: is undefined.

Let ÷  and ÷ i , (dependent of
�e ô i ), denote the zeros of 8.9 "X: when we have chosen�! f=��p� i . We see from the numerator of 8.9 "X: above that ÷  ÷ i =£« must hold and thus

we conclude that exactly one of the zeros is in � and the other one is in
2 Ì � . Conse-

quently, there are no interpolating Blaschke products of degree C W =ãN
, (they are all of

degree �1K Ap= n ).
Observing that

�  9 �  / � i :Yß�� i 9 �  / � i :u=¿A K « and that � �  9 �  / � i : � =�A we obtain a
Nevanlinna parametrization of the solutions of minimal degree C W =�N ,

8.9 "+:Y= 9 A K «	:d"-�¬\�]�^ 9 «e��" i :9 A K «+" i :¥�¬\ ]�^ 9 A±��«	:d" / ¡¼0²¢ K ¤ / ¤¥: / ¡ f=�� ¤ N /
which we already knew should exist by Theorem 2.1. Numerical experiments suggest that
when � is even the minimal degree is C3W = � M;N if and only if the dimension of the null space
of � is �,W =rN .

The important subclass of finite Blaschke products still offers difficult and interesting
problems: How do we determine the minimal degree of interpolants in the damaged cases
in an effective way, and is it possible to construct a parametrization of all such interpolants?
These questions are left for future research.
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