SOME REMARKS ON THE RESTARTED AND AUGMENTED GMRES METHOD^∗

JAN ZÍTKO^†

Abstract. Starting from the residual estimates for GMRES formulated by many authors, usually in terms of the quotient of the Hermitian part and the norm of a matrix or by using the field of values of a matrix, we present more general estimates which hold also for restarted and augmented GMRES. Sufficient conditions for convergence are formulated. All estimates are independent on the choice of an initial approximation.

Key words. Linear equations, restarted and augmented GMRES method, residual bounds, non-stagnation conditions.

AMS subject classifications. 15A06, 65F10.

1. Introduction. Let us consider the GMRES algorithm [15] for solution of a nonsingular and non-Hermitian system

Ax = b, A ∈ C^{n×n}, x, b ∈ C^n. (1.1)

Let x_0 be an initial approximation, r_0 = b − Ax_0 ≠ 0 the residual,

K_m = [r_0, Ar_0, . . . , A^{m−1}r_0]

the Krylov matrix and K_m(A, r_0) = Range(K_m) the Krylov subspace. The GMRES algorithm constructs the new approximation x_m in the affine space x_0 + K_m(A, r_0) such that

r_m = b − Ax_m ⊥ Range(AK_m).

In contrast to systems with normal matrices, eigenvalue distributions do not necessarily determine the speed of convergence. It can happen, in the extreme case, that

‖r_0‖ = ‖r_1‖ = · · · = ‖r_{n−1}‖ > 0 and ‖r_n‖ = 0

for an arbitrary spectrum, if exact arithmetic is used; for more information, see [1, 13]. In spite of this pessimistic information, the GMRES method is one of the most popular iterative methods, and various estimates for ‖r_m‖ are studied. Experience shows that the convergence is often superlinear, while many bounds indicate only linear convergence. These bounds do not characterize the behaviour of ‖r_m‖/‖r_0‖, and they can be misleading for highly nonnormal matrices. Bounds for GMRES are based on eigenvalues, or on the field of values (or pseudospectra), and a discussion on how descriptive these bounds are, can be found in [10]. Usual estimates have the form

‖r_m‖^2 ≤ (1 − ϱ)^m‖r_0‖^2, (1.2)

where ϱ ∈ (0, 1]; see [2, 4, 7, 9, 11, 18]. The bounds of the form (1.2) ensure convergence of GMRES(m). It is well known (see [9]) that if the matrix H = (A + A^H )/2 is positive definite, then ϱ = (λ_{min}(H)/‖A‖)^2, and the inequality 0 < ϱ ≤ 1 holds. The inequality (1.2) is proved for a larger class of matrices in [17]. A non-stable situation appears if the number ϱ is near zero. This difficulty can be caused by the presence of eigenvalues close

∗Received November 30, 2007. Accepted October 2, 2008. Published online on March 13, 2009. Recommended by Anne Greenbaum. This work is a part of the research project MSM0021620839 financed by MSMT.

†Charles University, Faculty of Mathematics and Physics, Department of Numerical Mathematics, Sokolovská 83, 186 75 Praha 8, Czech Republic (zitko@karlin.mff.cuni.cz). 221

to zero (see [12]) as this slows down the convergence of GMRES, especially during the first iterations, and a restarted version may stagnate. There are many papers [3, 5, 6, 8, 14, 16] addressing the question of how to remedy stagnation. The procedure GMRES(m, k), proposed by Morgan [14], will be considered in this paper, i.e., the restarted GMRES with restart m, where a subspace of dimension k is added to the subspace K_m(A, r_0). The residual vector of the GMRES(m, k) method will be denoted by r_s, where s = m + k is the dimension of the augmented space. In this paper, new estimates for ‖r_s‖ generalize the results from [11] and [19], and give new sufficient conditions for convergence of GMRES.

In Section 2, the first restarted run of GMRES(m, k) is considered, and interesting conclusions for the GMRES method are discussed. In Section 3, the GMRES(m, k) algorithm is briefly analysed. In Section 4, new upper bounds for the residual norm are derived and the convergence of GMRES(m, k) is studied. Remarks and open problems are discussed in the concluding section.

Let s = m + k, and let r^{(j)}_0 and r^{(j)}s denote the initial and resultant residual vector after the jth restart, respectively. The upper index will be omitted if it will be evident from the context that both vectors are considered for the same restart. Throughout the paper we put v = r_0/‖r_0‖. Considering the GMRES(m, k) method, let a space Range(Y_k) of dimension k be added to K_m(A, r_0), where Y_k ∈ C^{n×k}.

The symbol S_n denotes the unit sphere in C^n, and ‖ · ‖ is the Euclidean norm. The symbol P^0_s denotes all polynomials of degree at most s which take the value zero at the origin. We will assume that all considered Krylov and augmented Krylov subspaces have maximal dimension. The symbol W (B) denotes the field of values of the matrix B ∈ C^{n×n}. Exact arithmetic is assumed throughout the paper.

2. The first restarted run of GMRES(m, k), and conclusions for GMRES(s). If we carry out the GMRES(m, k) process, we basically perform the GMRES algorithm with the space K_m(A, r_0)+Range(Y_k), instead of K_m(A, r_0); for more details, see [19] and [14].

In the first restart we usually put Y_k = [A^mr_0, A^{m+1}r_0, . . . , A^{m+k−1}r_0]. Hence the estimate for ‖r^{(1)}_s ‖^2/‖r_0‖^2 is equivalent with the estimate for GMRES(s). The approximation x_s ∈ x_0 + K_s(A, r_0) is constructed such that r_s = b − Ax_s ⊥ AK_s(A, r_0). The residual vector r_s can be expressed in the form r_s = ‖r_0‖(v − q_s(A)v), where q_s ∈ P^0_s fulfills the condition

q_s = arg min_{q∈P 0s} ‖v − q(A)v‖.

An easy calculation yields, for every q ∈ P^0_s , the relations

‖r_s‖^2 ‖r_0‖^2

= 1 −

|v^H q_s(A)v|^2 ‖q_s(A)v‖^2

≤ 1 − min_{w∈Sn}

|w^H q(A)w|^2 ‖q(A)‖^2

= 1 − min_{w∈Sn}

|w^H H_q w|^2 + |w^H S_q w|^2 ‖q(A)‖^2

, (2.1)

where the matrices H_q and iS_q denote the Hermitian and skew-Hermitian part of the matrix q(A) respectively. Here i denotes the imaginary unit; for a detailed computation, see [11, 19]. We have the following result, formulated in the real case for GMRES in Grcar’s report [11, Corollary to Theorem 1].

THEOREM 2.1. Let s ∈ {1, 2, . . . , n − 1}. If a polynomial q of degree s with q(0) = 0 exists such that min w∈S_n

|w^H H_q w| > 0 or min_{w∈Sn} |w^H S_q w| > 0, (2.2) then GMRES(s) is convergent, i.e., the iterations converge to the unique solution of (1.1).

Proof. If the assumption of Theorem 2.1 is fulfilled, then in each restart we obtain for the quotient ‖r_s‖^2/‖r_0‖^2 the estimate ‖r_s‖^2/‖r_0‖^2 < 1 − ϱ, where 1 − ϱ ∈ (0, 1), according to (2.1). Hence

‖r^{(j)}_s ‖^2 ≤ (1 − ϱ)‖r^{(j)}_0 ‖^2 = (1 − ϱ)‖r^{(j−1)}_s ‖^2 ≤ · · · ≤ (1 − ϱ)^j ‖r_0‖^2,

and therefore lim_{j→∞} r^{(j)}_s = 0.

REMARK 2.2. The estimate for r^{(j)}_s does not describe, in general, the real progress of the residual vector.

REMARK 2.3. If H_q is positive or negative definite, then the first inequality in (2.2) holds. The same can be analogously said for S_q . Often in the literature the expression “the matrix H_q or S_q is positive or negative definite” is used to refer to the condition (2.2).

For arbitrary x ∈ S_n and q ∈ P^0_s there holds

x^H q^2(A)x = x^H (H_q + iS_q)^2x = ‖H_qx‖^2 − ‖S_qx‖^2 + 2i Re(x^H H_q S_qx). (2.3) If ‖H_qx‖ < ‖S_qx‖ or ‖H_qx‖ > ‖S_qx‖, ∀x ∈ C^n, x ≠ 0, (2.4)

then, according to (2.3), Re(x^H q^2(A)x) < 0, ∀x ≠ 0, or Re(x^H q^2(A)x) > 0, ∀x ≠ 0, respectively, and W (q^2(A)) does not contain 0. Therefore, GMRES(j) is convergent for all j ≥ 2s, according to the results in [7, 10, 18].

Let us consider the first inequality in (2.4). If S_q is nonsingular, then the first inequality in (2.4) is equivalent to the following { ‖H_qS^{−1}_q S_qx‖

‖S_qx‖

< 1, ∀x ∈ C^n \ {0} } ⇔ { sup_{x≠0}

‖H_qS^{−1}_q (S_q x)‖ ‖(S_qx)‖ < 1 } ⇔‖H_qS^{−1}_q ‖ < 1.

The strict inequalities follow from the continuity of the norm and the compactness of the unit sphere in finite dimensional spaces. Hence, ‖H_q S^{−1}_q ‖ < 1 if and only if

Re(x^H q^2(A)x) < 0, ∀x ≠ 0.

Analogously, if the matrix H_q is nonsingular, then ‖S_qH^{−1}_q ‖ < 1 if and only if

Re(x^H q^2(A)x) > 0, ∀x ≠ 0.

The concepts here formulated form another proof of the original result by Simoncini and Szyld [17], which is here generalized, to the complex case, for the matrix polynomial q(A). Let us summarize the considerations above.

THEOREM 2.4. Let q ∈ P^0_s be arbitrary. Let S_q or H_q be nonsingular. Then (a) if S_q is nonsingular, then { Re(x^H q^2(A)x) < 0, ∀x ∈ C^n, x ≠ 0 } ⇔ ‖H_qS^{−1}_q ‖ < 1;

(b) if H_q is nonsingular, then { Re(x^H q^2(A)x) > 0, ∀x ∈ C^n, x ≠ 0 } ⇔ ‖S_qH^{−1}_q ‖ < 1.

If W (q(A)^2) does not contain 0, then GMRES(j) is convergent for all j ≥ 2s.

3. The augmented GMRES method. Let some vector y ∈ C^n \ {0}, be added to K_m(A, r_0). The iteration x_{m+1} is constructed in the linear variety

x_0 + K_m(A, r_0) + span{y};

see [14, 16, 19]. In this case s = m + 1 and, analogously to the previous section, the residual vector r_{m+1} can be written in the form

r_{m+1} = ‖r_0‖(v − q_m(A)v) − β_{m+1}Ay,

where the minimal residual condition r_{m+1} ⊥ Range(AK_m, Ay) determines β_{m+1} ∈ C, as well as the coefficients of the polynomial q_m ∈ P^0_m. Hence, for an arbitrary polynomial q ∈ P^0_m and β ∈ C we have

‖r_{m+1}‖ ≤ ‖ ‖‖r_0‖(v − q(A)v) − βAy ‖ ‖ = ‖ ‖‖r_0‖(I − q(A)

p(A)

)v − Aŷ ‖ ‖,

where p(0) = ‖r_0‖ and ŷ = βy. The last relations yield the following theorem.

THEOREM 3.1. Let m ∈ {1, 2, . . . , n − 1} and p be a polynomial of degree at most m, p(0) = ‖r_0‖. If the vector ŷ ∈ C^n which solves the equation

Aŷ = p(A)v (3.1)

is added to K_m(A, r_0), then r_{m+1} = 0.

A similar formulation is given by Saad in [16]. Unfortunately, solving equation (3.1) is a problem similar to the original one. We carry out another analysis.

4. The second and subsequent restarts. Let the subspace Range(Y_k) be added to K_m(A, r_0) in all following restarts, where Y_k ∈ C^{n×k} and m + k < n. The matrix Y_k, and therefore Range(Y_k ), is fixed here, and this is not the setting of most practical augmented subspace algorithms, where approximations to a “wanted” subspace (for example the eigenspace corresponding to the smallest eigenvalues) are calculated and updated during each restart. In many cases, a good approximation defined by a matrix Y_k is achieved after a small number of restarts, and used in the following restarts. In Section 2, we discussed the first restarted run of GMRES(m, k). During the next restarts, usually the eigenvalues and eigenvectors of the obtained Hessenberg matrix are used for the construction of a matrix Y_k, which is subsequently improved. There are many papers in which such techniques are described; see for example [3, 5, 6, 14]. Our goal is to describe in general the behaviour of the residual norm for GMRES(m, k).

Let us consider an arbitrary projection z of the vector r_0 = ‖r_0‖v onto the space Range(AK_m, AY_k). It can be written in the form z = ‖r_0‖q(A)v + Ay, where y ∈ Range(Y_k) and q ∈ P^0_m. Let r = r_0 − z = ‖r_0‖(v − q(A)v) − Ay and U = [q(A)v, AY_k ]. It is assumed that U is full rank. The matrix P = U(U^H U)^{−1}U^H is the orthogonal projector for the space Range(q(A)v, AY_k ), and for the residual vector r_s ⊥ Range(AK_m, AY_k), there holds

‖r_s‖^2 ‖r_0‖^2

≤ 1 − v^H P v ≤ 1 − ‖U^H v‖^2λ_{min}((U^H U)^{−1})

≤ 1 −

‖U^H v‖^2 λ_{max}(U^H U)

≤ 1 −

‖U^H v‖^2 Tr(U^H U)

≤ 1 − min_{w∈Sn}

|w^H q(A)w|^2 + ‖w^H AY_k‖^2 ‖q(A)‖^2 + ‖AY_k‖^2_F

, ∀ q ∈ P^0_m, (4.1) where λ_{min}((U^H U)^{−1}) denotes the minimum eigenvalue of the matrix (U^H U)^{−1}, and ‖ · ‖_F is the Frobenius norm.

Let the (j −1)th restart be performed. In the jth restart, the subspace Range(Y_k ) is again added to K_m(A, r_0). We have in this case r^{(j)}_0 = r^{(j−1)}_s , v = r^{(j)}_0 /‖r^{(j)}_0 ‖, v ⊥ Range(AY_k ), and U^H v = [ (q(A)v)^H v (AY_k )^H v ] = [ (q(A)v)^H v 0_{dim k} ] = ((q(A)v)^H v)e_1. (4.2)

Hence,

‖r^{(j)}_s ‖^2 ‖r^{(j)}_0 ‖^2

≤ 1 − |v^H q(A)v|^2e^T_1 (U^H U)^{−1}e_1. (4.3)

Now, we estimate e^T_1 (U^H U)^{−1}e_1 from the following inequalities:

1 = (e^T_1 e_1)^2= (e^T_1 (U^H U)^{− 12} (U^H U)^{12} e_1)^2 ≤ ‖(U^H U)^{− 12} e_1‖^2 ‖(U^H U)^{12} e_1‖^2 = (e^T_1 (U^H U)^{−1}e_1)(e^T_1 (U^H U)e_1),

and, hence,

(e^T_1 (U^H U)^{−1}e_1) ≥ 1 e^T_1 (U^H U)e_1 = 1 ‖q(A)v‖^2 . Substitution to (4.3) yields the estimate

‖r^{(j)}_s ‖^2 ‖r^{(j)}_0 ‖^2

≤ 1 −

|v^H q(A)v|^2 ‖q(A)v‖^2 , where v ⊥ Range(AY_k). Let us summarize all previous investigations and results in the following theorem.

THEOREM 4.1. Let m, k, s ∈ {1, 2, . . . , n − 1}, s = m + k < n, and Y_k ∈ C^{n×k} be a rank k matrix. Let the subspace Range(Y_k) be added to the corresponding Krylov subspace for all restarted runs. Let j > 1 be an integer. Then, for the jth restart and for all q ∈ P^0_m, the following estimate holds

‖r^{(j)}s ‖^2 ‖r^{(j)}_0 ‖^2

≤ 1 − min_{w∈Sn}

w⊥Range(AY_k )

|w^H q(A)w|^2 ‖q(A)‖^2

. (4.4)

It follows immediately from (4.4) that if an integer m exists such that m + k < n and the system of equations

w^H q(A)w = 0 (4.5) w^H AY_k = 0 (4.6)

does not have any solution on S_n (or equivalently has only the solution w = 0 in C^n), then GMRES(m, k) is convergent.

REMARK 4.2. The same theorem can be formulated if the condition (4.5) is replaced either by the equality w^H H_qw = 0 or w^H S_q w = 0.

Let the equation (4.5) have a nontrivial solution, i.e., 0 ∈ W (q(A)). Moreover let

M = {u ∈ S_n|u^H q(A)u = 0}.

The condition (4.6) suggests to find Y_k such that u^H AY_k = 0 implies that u ∉ M, and therefore to make the quotient in (4.1) less than 1. Let us remark that the last implication is equivalent with the relation

u ∈ M ⇒ u^H AY_k ≠ 0, (4.7)

which may be easier to verify.

REMARK 4.3. If Range(Y_k) is an A-invariant subspace, then the product AY_k in the relations (4.2), (4.4), (4.6), and (4.7) can be substituted by Y_k.

In [19] we find an estimate for the case when the space Range(Ỹ_k) is added to the Krylov subspace, and the gap between Range(Ỹ_k) and an A-invariant space Range(Y_k) is less than some small number ε. The estimate is similar to (4.4), only the set for the minimum is larger and depends on ε.

5. Conclusions and some open questions. Restarting tends to slow down convergence, and the difficulty may be caused by the eigenvalues closest to zero. These are potentially bad, because it is impossible to have a polynomial p of degree m such that p(0) = 1 and |p(z)| < 1 on any Jordan curve around the origin; see [12, p. 55]. Usually, an eigenspace corresponding to the smallest eigenvalues is taken for Range(Y_k), and the corresponding algorithms give good results [14, 16]. If we consider a normal matrix A with the eigenvalues having only positive or negative real part and q(z) = z, then W (A) is the convex hull of the spectrum of A. If the Krylov subspace is enriched by an eigenspace corresponding to the smallest eigenvalues, and these eigenvalues are therefore removed from the spectrum, then the convex hull of the remaining eigenvalues can be far from zero and, consequently, the right hand side of (4.4) is smaller and the estimate is better. When an eigenspace corresponding to the smallest eigenvalues is added to the Krylov space, the convergence is faster and stagnation is removed in practical computation.

In our theoretical considerations, an arbitrary subspace was considered, and the question “to find some sufficient condition for convergence” was transformed into the question whether the intersection of fields of values and sets of the form (4.6) contains zero or not. The above investigations imply some open problems.

1) How to estimate generally, for a given polynomial q, all solutions of the equation w^H q(A)w = 0, for w ∈ S_n, with the constraint w ⊥ Range(AY_k), and vice versa how to construct the polynomial q fulfilling the assumption of Theorem 4.1?

2) How to obtain, for special matrices and polynomials, the behaviour of the integer function

f(j) = 1 − min_{w∈Sn}

w⊥Range(AY_k )

|w^H q_j (A)w|^2 ‖q_j (A)‖^2

, j ∈ [1, s],

and compare f(j) with the behaviour of the sequence ‖r_j ‖^2/‖r_0‖^2, for j between 1 and the index of the restart? (This would be the answer on the question on how descriptive these bounds are.)

3) How to find an inexact solution of (3.1) very fast?

Acknowledgments. The work is a part of the research project MSM0021620839 financed by MSMT. The author thanks Jurjen Duintjer Tebbens for careful reading of the manuscript, and both referees, whose reports lead to corrections and improvements of the paper.

REFERENCES

[1] M. ARIOLI, V. PTÁK, AND Z. STRAKOŠ, Krylov sequences of maximal length and convergence of GMRES, BIT, 38 (1998), pp. 636–643.

[2] O. AXELSON, A generalized conjugate gradient, least square method, Numer. Math., 51 (1987), pp. 209–227. [3] J. BAGLAMA, D. CALVETTI, G. H. GOLUB, AND L. REICHEL, Adaptively preconditioned GMRES algorithms, SIAM J. Sci. Stat. Comput., 20 (1998), pp. 243–269.

[4] B. BECKERMANN, S. A. GOREINOV, AND E. E. TYRTYSHNIKOV, Some remarks on the Elman estimate for GMRES, SIAM J. Matrix Anal. Appl., 27 (2006), pp. 772–778.

[5] K. BURRAGE AND J. ERHEL, On the performance of various adaptive preconditioned GMRES strategies, Numer. Linear Algebra Appl., 5 (1998), pp. 101–121.

[6] A. CHAPMAN AND Y. SAAD, Deflated and augmented Krylov subspace techniques, Numer. Linear Algebra Appl., 4 (1997), pp. 43–66.

[7] M. EIERMANN AND O. G. ERNST, Geometric aspects in the theory of Krylov subspace methods, Acta Numer., 10 (2001), pp. 251–312.

[8] M. EIERMANN, O. G. ERNST, AND O. SCHNEIDER, Analysis of acceleration strategies for restarted minimal residual methods, J. Comput. Appl. Math., 123 (2000), pp. 261–292.

[9] H. C. ELMAN, Iterative methods for large sparse nonsymmetric systems of linear equations, PhD thesis, Department of Computer Science, Yale University, New Haven, 1982.

[10] M. EMBREE, How descriptive are GMRES convergence bounds?, Oxford University Computing Laboratory Numerical Analysis Report 99/08, June 1999.

[11] J. F. GRCAR, Operator coefficient methods for linear equations, Technical Report SAND89-8691, Sandia National Laboratories, November 1989. Available at

http://seesar.lbl.gov/ccse/Publications/sepp/ocm/SAND89-8691.pdf.

[12] A. GREENBAUM, Iterative methods for solving linear systems, vol. 17 of Frontiers in Applied Mathematics, Society for Industrial and Applied Mathematics (SIAM), Philadelphia, 1997.

[13] A. GREENBAUM AND Z. STRAKOŠ, Matrices that generate the same Krylov residual spaces, in Recent Advances in Iterative Methods, G. H. Golub, A. Greenbaum, and M. Luskin, eds., Springer–Verlag, New York, 1994, pp. 95–118.

[14] R. B. MORGAN, A restarted GMRES method augmented with eigenvectors, SIAM J. Matrix Anal. Appl., 16 (1995), pp. 1154–1171.

[15] Y. SAAD AND M. SCHULTZ, GMRES: A generalized minimal residual algorithm for solving nonsymmetric linear systems, SIAM J. Sci. Stat. Comput., 7 (1986), pp. 856–869.

[16] Y. SAAD, Analysis of augmented Krylov subspace methods, SIAM J. Matrix Anal. Appl., 18 (1997), pp. 435–449.

[17] V. SIMONCINI AND D. B. SZYLD, New conditions for non-stagnation of minimal residual methods, Numer.

Math., 109 (2008), pp. 477–487.

[18] J. ZÍTKO, Generalization of convergence conditions for a restarted GMRES, Numer. Linear Algebra Appl., 7 (2000), pp. 117–131.

[19] J. ZÍTKO, Convergence conditions for a restarted GMRES method augmented with eigenspaces, Numer. Linear Algebra Appl., 12 (2005), pp. 373–390.