ON THE ROLE OF BOUNDARY CONDITIONS FOR CIP STABILIZATION OF HIGHER ORDER FINITE ELEMENTS^∗

FRIEDHELM SCHIEWECK^†

Abstract. We investigate the Continuous Interior Penalty (CIP) stabilization method for higher order finite elements applied to a convection diffusion equation with a small diffusion parameter ε. Performing numerical experiments, it turns out that strongly imposed Dirichlet boundary conditions lead to relatively bad numerical solutions. However, if the Dirichlet boundary conditions are imposed on the inflow part of the boundary in a weak sense and additionally on the whole boundary in an ε-weighted weak sense due to Nitsche then one obtains reasonable numerical results. In many cases, this holds even in the limit case where the parameter of the CIP stabilization is zero, i.e., where the standard Galerkin discretization is applied. We present an analysis which explains this effect.

Key words. diffusion-convection-reaction equation, finite elements, Nitsche type boundary conditions, error estimates

AMS subject classifications. 65N15, 65N30, 65N50

1. Introduction. We consider as a model problem the convection diffusion reaction equation and we are interested in stable and accurate discretizations for the case of a small diffusion parameter ε. Such discretizations can be also transferred to other problems like, for instance, the Navier–Stokes equations in the case of high Reynolds numbers. It is known that, unless the exact solution has no layers, the standard Galerkin discretization leads to un-feasible numerical solutions with non-physical oscillations. Therefore, a stabilization is necessary. Well established stabilization methods are the Streamline Upwind Petrov-Galerkin (SUPG) method and classical upwind techniques. Among these types, the SUPG method is capable also for higher order finite elements. Nevertheless, it has some undesirable features [7]. To overcome these problems, new types of stabilization methods have been developed in recent years, see [2, 3, 7, 13].

One popular method is the Continuous Interior Penalty (CIP) stabilization [4, 6, 7, 9, 10]. The idea is to add a penalty term which contains the jump of the gradient of the discrete solution across the inter-element faces. Thus, oscillations in the discrete solution are prohibited by a penalty which has a stabilizing effect. Moreover, this discretization is consistent since for a smooth exact solution the penalty term is zero. The method works also in the context of hp-FEM [6]. The additional costs of a CIP stabilization consist in a larger amount of memory and computational work due to a larger number of matrix entries in the stiffness matrix. However, the portion of the additional costs can be reduced essentially by taking suitable basis functions as we will show in a forthcoming paper.

In this paper, we present numerical experiments which show that strongly imposed Dirichlet boundary conditions within the CIP stabilization method lead to relatively bad numerical solutions. However, if the Dirichlet boundary conditions are imposed on the inflow part of the boundary in a weak sense and additionally on the whole boundary in an ε-weighted weak sense due to Nitsche [14] then one obtains reasonable numerical results. In many cases, this holds even in the limit case where the parameter of the CIP stabilization is zero, i.e., where the standard Galerkin discretization is applied. Also for the Navier-Stokes equations, it has been shown in [1] that weakly imposed Dirichlet boundary conditions are effective and superior to strongly imposed conditions. The aim of this paper is to explain the positive effect

∗Received November 15, 2007. Accepted for publication May 23, 2008. Published online on October 15, 2008. Recommended by M. Jung.

†Institut für Analysis und Numerik, Otto-von-Guericke-Universität Magdeburg, Postfach 4120, 39016 Magdeburg, Germany. http://www-ian.math.uni-magdeburg.de/home/schieweck/ 1

of a weak imposition of Dirichlet boundary conditions by a theoretical analysis. We prove that the discretization error is small uniformly with respect to ε in a subregion Ω_0 of the domain Ω which does not contain any layer. A different technique for proving local estimates of the discretization error can be found in the recent paper [8].

Another goal of the paper is to prove a global error estimate which justifies the use of locally adapted meshes. In the literature on CIP methods [4, 6, 7, 9]. it has been shown that, for small ε, the order of the discretization error in the L^2-norm is O(h^{k+1/2}) where k is the polynomial degree of the finite element space. However, in all the mentioned papers, the final estimate is not completely in a locally adaptive fashion where a power of the local mesh size h_K of an element K is multiplied with a Sobolev norm of the exact solution on K. In order to overcome this problem, we have proved as a first step the “nearly” optimal order O(h^k) but in a completely adaptive fashion. The corresponding estimate gives a reasonable error bound if the local mesh size h_K is very small for all elements K located in the boundary layer where the local norm |u|_{k+1,K} is large. Thus, the usage of locally adapted meshes is justified by our locally adaptive estimate.

This paper is organized as follows. In Section 2, the model problem is described and notations are introduced. The two CIP stabilization methods with strong and weak imposition of the Dirichlet boundary conditions are presented in Section 3. Then, we show some numerical experiments in Section 4 which indicate that the weakly imposed boundary conditions yield much better results. We explain this effect by a theoretical analysis in Section 5. Finally, in Section 6, we investigate the numerical order of convergence for a test problem and compare it with the theoretical results.

2. Preliminaries and notations.

2.1. Model problem. Let Ω ⊂ R^d , 1 ≤ d ≤ 3, be a bounded domain with a polygonal or polyhedral boundary. As a model problem we consider the following convection diffusion reaction problem for the unknown function u : Ω → R :

(2.1) −ε△u + (β · ∇)u + σu = f in Ω, u = 0 on ∂Ω,

where ε is a small positive parameter, β : Ω → R^d a convection field, σ : Ω → R a positive reaction coefficient and f : Ω → R a source term. For simplicity of the presentation, we consider only homogeneous Dirichlet boundary conditions but the results can be generalized to the case of non-homogeneous case. We assume that the functions β, σ and f are sufficiently smooth. To guarantee existence and uniqueness of the solution, we assume that there exists a constant σ_0 such that

(2.2) σ(x) − 1 2 div β(x) ≥ σ_0 > 0 ∀x ∈ Ω.

2.2. Notations. For a domain G ⊂ Ω, let | · |_{m,p,G} and ‖ · ‖_{m,p,G} denote the usual semi-norm and norm in the Sobolev spaces W^{m,p}(G) and (W^{m,p}(G))^d, respectively. For the Hilbert spaces H^m(G) and (H^m(G))^d, we omit the index p and denote the semi-norm and norm by | · |_{m,G} and ‖ · ‖_{m,G}. The inner product in L^2(G) and (L^2(G))^d will be denoted by (·, ·)_G, whereas for a sufficiently smooth (d − 1)-dimensional face E of G, the inner product in L^2(E) is denoted by ⟨ ·, · ⟩_E . By P_k(D) we denote the space of all polynomials on the domain D ⊂ R^n , 1 ≤ n ≤ d, with total degree less than or equal to k and by Q_k (D) the space of those polynomials where the maximum power in each coordinate is less than or equal to k. For a set G ⊂ R^d , we denote by int(G) and G the interior and closure of G, respectively. If E is a (d − 1)-dimensional manifold we denote by |E| the (d − 1)-measure of E.

The domain Ω is decomposed into elements K ∈ T_h which are assumed to be open quadrilaterals or hexahedra. We denote by h_K the diameter of the element K ∈ T_h and by h := max_{K∈Th} h_K the mesh-size. In the following, we introduce some notation to describe the element faces of the mesh. For an element K ∈ T_h, we denote by E(K) the set of all (d−1)-dimensional faces of K. Let E_h := ⋃ K∈T_h E(K) be the set of all element faces of the

grid T_h. We split E_h as E_h = E^0_h ∪ E^b_h where E^0_h denotes the set of all inner faces and E^b_h the set of all faces located at the boundary of Ω. For each inner face E ∈ E^0_h, there exist exactly two different elements denoted by K(E) and K^′(E) such that E is one of their faces. For the boundary faces E ∈ E^b_h, there is only one element denoted by K(E) which has E as one of its faces and we set formally K^′(E) := ∅. For an element K ∈ T_h and a face E ∈ E(K), we denote by n^K_E the unit normal on E pointing outward with respect to K. We assign to each face E ∈ E_h the unit normal n_E := n^{K(E)}_E and the mesh size h_E := h_{K(E)}. For an element-wise given function v and an inner face E ∈ E^0_h, we denote by [v]_E the jump of v across E defined as

[v_h]_E (x) := v_h | |_{K(E)}(x) − v_h | |_{K′ (E)}(x) ∀x ∈ E. Throughout this paper, C will denote a generic constant which may have different values at different places. All these constants occurring inside of any estimate will be independent of ε and the local and global mesh parameters h_K and h.

3. Two discretizations with CIP stabilization. The weak formulation of problem (2.1) reads: Find u ∈ H^1_0 (Ω) such that

(3.1) a(u, v) = (f, v)_Ω ∀ v ∈ H^1_0 (Ω),

where a(u, v) := ε(∇u, ∇v)_Ω + (β · ∇u, v)_Ω + (σu, v)_Ω. Let k ≥ 1 denote a fixed polynomial degree. Then, we define the finite element space V_h as

(3.2) V_h := {v ∈ H^1(Ω) : v | K ∘ F_K ∈ Q_k ( ^K) ∀K ∈ T_h}, where ^K = (−1, 1)^d denotes the reference element and F_K : ^K → K the multilinear reference mapping of the element K ∈ T_h.

In the following, we describe two discretizations of problem (3.1) which differ in the treatment of the boundary conditions.

3.1. Strong Dirichlet boundary conditions. Here, the Dirichlet boundary conditions are contained in the finite element space in a strong sense, i.e., we will work with the space

V^D_h := V_h ∩ H^1_0 (Ω)

and the discrete problem reads : Find u^D_h ∈ V^D_h such that

(3.3) a(u^D_h , v_h) + s_h(u^D_h , v_h) = (f, v_h)_Ω ∀ v_h ∈ V^D_h .

The bilinear form s_h(·, ·) acts as a stabilization term and is defined as s_h(w, v) := ∑ E∈E^0_h γh^2_E ⟨ [∇w]_E , [∇v]_E ⟩_E ∀ w, v ∈ H^2(Ω) + V_h, where γ is a non-negative stabilization parameter which is independent of h and ε. The case γ = 0 corresponds to the standard Galerkin discretization of (3.1).

The stabilization method (3.3) is called continuous interior penalty (CIP) method since it penalizes if the solution u^D_h has large jumps in the gradient across the element faces. In particular, functions which have oscillations on a relatively large subdomain will get a large penalty. Conversely, if the gradient of a function w is smooth enough, as for instance for a smooth solution u of (3.1), then there is no penalty, i.e.,

(3.4) s_h(w, v_h) = 0 ∀w ∈ H^2(Ω), v_h ∈ V_h.

This implies the consistency of the discretization (3.3).

3.2. Nitsche type boundary conditions. In the second discretization of (3.1), the Dirichlet boundary conditions are imposed in a weak sense due to Nitsche [14]. Using the finite element space V^N_h := V_h, the discrete problem reads: Find u^N_h ∈ V^N_h such that

(3.5) a(u^N_h , v_h) + s_h(u^N_h , v_h) + n_h(u^N_h , v_h) = (f, v_h)_Ω ∀ v_h ∈ V^N_h ,

where the bilinear form n_h(·, ·) is defined as

(3.6) n_h(w, v) :=ε ∑ E∈E^b_h { − ⟨ ∂w ∂n_E , v ⟩ E − ⟨ w, ∂v ∂n_E ⟩ E + γ_N h_E ⟨ w, v ⟩_E }

+ ∑ E∈E^−_h ⟨ |β · n_E |w, v ⟩_E

for all w, v ∈ V_h + H^2(Ω). The parameter γ_N is independent of ε and h_E and has to be chosen sufficiently large; see Sections 4 and 5. The set E^−_h consists of all boundary faces E that are contained in the so-called inflow boundary part Γ_−, i.e.,

E^−_h := {E ∈ E^b_h : E ⊂ Γ_−} with Γ_− := {x ∈ ∂Ω : β(x) · n(x) < 0},

where n denotes the unit normal on ∂Ω pointing outward with respect to Ω. Let us assume that Γ_− is completely represented by the faces E ⊂ E^−_h , i.e., Γ_− = ⋃ E⊂E^−_h E . In the

1D-case, a face E corresponds to a nodal point x_E and the boundary integral is defined as ⟨ u, v ⟩_E := u(x_E )v(x_E ).

Note that the first sum in (3.6) has been proposed by Nitsche [14] for the Laplace equation. Whereas the first two terms in this sum are chosen due to consistency and symmetry of the method the third term penalizes the case if the solution u^N_h of (3.5) does not satisfy the Dirichlet boundary condition u^N_h = 0. However, we have to take into account that there is the factor ε in front of the sum which means that for small values ε ≪ h_E the penalty is small. This implies that for the solution u^N_h of (3.5), the fulfillment of the boundary condition is neglected as long as ε is small compared to the local mesh sizes h_E of element faces at the boundary ∂Ω. If we would have (by some appropriate adaptive refinement strategy) a fine mesh along the boundary, the penalty would take effect yielding a good fulfillment of the boundary condition. This makes sense along the boundary part ∂Ω \ Γ_− since in general the solution would have boundary layers there. However, at the inflow part Γ_− of the boundary, there are no boundary layers in general such that a mesh refinement would make no sense. Therefore, the second sum is added in (3.6) which penalizes (also for small ε) the case if the solution would violate the Dirichlet boundary condition at Γ_−. This term has already been proposed in the literature for problems with ε = 0, see for instance the textbook of Johnson [12, Sect. 9.5].

4. Numerical comparison of strong and weak Dirichlet conditions. In this section, we present some numerical experiments that compare the strong imposition of the Dirichlet boundary conditions in discretization (3.3) with the weak imposition in discretization (3.5). In order to simplify the graphical output of the exact and numerical solution, we restrict ourselves to a one-dimensional test problem which contains the typical difficulty of a convection dominated convection diffusion problem, namely a small ε and the presence of a boundary layer. We consider the problem

(4.1)

L_εu := −εu^{′′} + u^′ + u = f in Ω = (0, 1), u = 0 on ∂Ω,

where f is chosen such that the exact solution is:

u(x) = e^x + x − 1 − (e − 1)x r(x) − e^{(x−1)/ε} − e^{−1/ε} 1 − e^{−1/ε} s(x) .

FIG. 4.1. Exact solution u(x) for ε = 10^{−3} and solution r(x) of the reduced problem (4.2).

The inflow part of the boundary is Γ_− = {0} and the boundary layer is located at the boundary point x = 1. The exact solution can be decomposed as u(x) = r(x) − s(x) , see Figure 4.1, where r is the solution of the so-called reduced problem

(4.2)

L_0r := β · ∇r + σr = f in Ω, r = 0 on Γ_−,

and s is the boundary layer correction. Note that s is small almost everywhere except in a very small subregion of x = 1. In particular, it holds ‖s‖_{0,Ω} = ‖u − r‖_{0,Ω} ≤ Cε^{1/2}. Therefore, in the case of small ε, the discrete solution u_h should also be a good L^2-approximation of r, i.e., the finite element space V^D_h or V^N_h of discretization (3.3) or (3.5), respectively, should be capable for a good approximation of r. Since, in general, r is not zero at ∂Ω \ Γ_−, the space V^D_h is not a good candidate whereas V^N_h is well suited to approximate r. From this point of view, we would expect that discretization (3.5) yields better results than (3.3). This will be confirmed by the following numerical experiments.

For the computations, we have used the value ε = 10^{−3} and an equidistant mesh with h = 1/20. In Figure 4.2, we show for each discretization the exact solution u of (4.1) (dashed line) and the corresponding discrete solution u_h = u^D_h of problem (3.3) or u_h = u^N_h of problem (3.5) (solid line) with the polynomial degree k = 1 or k = 3, respectively. In strong Dirichlet conditions, k = 1, γ = 0.1, x_t = 1 − 4ε ln(ε) :

Nitsche type boundary conditions, k = 1, γ = 0.1 :

strong Dirichlet conditions, k = 3, γ = 0.01 :

Nitsche type boundary conditions, k = 3, γ = 0.01 :

FIG. 4.2. Comparison between strong and Nitsche type Dirichlet boundary conditions for ε = 10^{−3}; the exact solution u is plotted by a dashed line and the numerical solution u_h by a solid line.

the discretization (3.5), we have used the parameter γ_N = 10. The boundary integrals in the discretization are defined for the 1D-case as ⟨ u, v ⟩_E := u(x_E )v(x_E ), where x_E denotes the point associated with the element face E of the grid. In order to see what happens in the small boundary layer region, we have stretched in all pictures the layer interval (x_t, 1) to the interval (0.5, 1) where the transition point x_t is defined by x_t := 1−4ε| ln(ε)|. The remaining interval (0, x_t) is compressed to the interval (0, 0.5). In the pictures, we have also presented some discretely computed error norms measured on the non-layer region Ω_0 := (0, 0.95). By L_∞ we denote the error norm ‖u − u_h‖_{0,∞,Ω0} , by H^1_ε the term ε^{1/2}|u − u_h|_{1,2,Ω0} and by L_2 the error ‖u − u_h‖_{0,2,Ω0} . We clearly see that, for both polynomial degrees k = 1 and k = 3, the discretization (3.5) with Nitsche type boundary conditions gives much better results than discretization (3.3) with strong imposition of the Dirichlet boundary conditions. This holds not only in the non-layer region Ω_0 but also in the region (0.95, 1) containing the boundary layer.

5. Analysis for Nitsche type boundary conditions. For a subdomain G ⊂ Ω, let us define the following semi-norm (5.1) |||v|||_G := ε^{1/2}|v|_{1,G} + ‖v‖_{0,G} + ‖ |β · n|^{1/2}v ‖_{0,Γ−} + s_h(v, v)^{1/2}. Then, we can prove the following local estimates of the discretization error.

THEOREM 5.1 (Local estimate). Let V^N_h be the space V_h defined in (3.2) with the polynomial degree k ≥ 1 and u_h = u^N_h the solution of the discrete problem (3.5). Assume (2.2), γ ≥ 0, r ∈ H^{k+1}(Ω) for the solution r of the reduced problem (4.2) and u ∈ H^2(Ω) for the solution u of (2.1). Furthermore, let Ω_0 ⊂ Ω be a subdomain excluding all boundary layers in the sense that there exists a constant C independent of ε such that (5.2) ε^{1/2}|u − r|_{1,Ω0} + ‖u − r‖_{0,Ω0} ≤ Cε. Then, for sufficiently large γ_N , ε ≤ h and m := 2 − d/2, it holds with h := min_{K∈Th} h_K (5.3) |||u − u_h|||_{Ω0} ≤ C ( ε h^m + h^k ) ‖r‖_{k+1,Ω}. Moreover, if in addition it holds that (5.4) |u − r|_{1,Ω0} ≤ Cε with a constant C independent of ε, then we have

(5.5) |u − u_h|_{1,Ω0h} ≤ Ch^{−1}_0 ( ε h^m + h^k ) ‖r‖_{k+1,Ω}, where h_0 := min_{K∈Th(Ω0)} h_K with T_h(Ω_0) := {K ∈ T_h : K ⊂ Ω_0}, and Ω_{0h} := int ( ⋃ K∈T_h(Ω_0 ) K ) . Proof. Step 1. At first we prove the estimate

(5.6) a_h(r − u, v_h) ≤ C ε h^m ‖r‖_{2,Ω}|||v_h|||_Ω ∀v_h ∈ V^N_h , where a_h(·, ·) is defined as

(5.7) a_h(w, v_h) := a(w, v_h)+s_h(w, v_h)+n_h(w, v_h), ∀w ∈ H^2(Ω)+V^N_h , ∀v_h ∈ V^N_h .

Setting w := r − u and using (2.1), (4.2) and (3.4), we get

a_h(w, v_h) = ε(∇r, ∇v_h)_Ω + ε ∑ E∈E^b_h { − ⟨ ∂r ∂n_E , v_h ⟩ E − ⟨ r, ∂v_h ∂n_E ⟩ E + γ_N h_E ⟨ r, v_h ⟩_E }

= −ε(△r, v_h)_Ω + ε ∑ E∈E^b_h\E^−_h { − ⟨ r, ∂v_h ∂n_E ⟩ E + γ_N h_E ⟨ r, v_h ⟩_E } .

The first term is estimated as −ε(△r, v_h)_Ω ≤ Cε‖r‖_{2,Ω}|||v_h|||_Ω. By standard arguments (transformation to the reference element ^K, trace theorem on ^K, transformation back and inverse inequalities) we can prove for all boundary faces E ∈ E^b_h the estimates

(5.8) ‖ ∂v_h ∂n_E ‖_{0,E} ≤ C_1h^{−1/2}_E |v_h|_{1,K(E)} ≤ Ch^{−3/2}_E ‖v_h‖_{0,K(E)} ∀v_h ∈ V^N_h , and (5.9) ‖v_h‖_{0,E} ≤ Ch^{−1/2}_E ‖v_h‖_{0,K(E)} ∀v_h ∈ V^N_h . From the continuous embedding H^2(Ω) → C(Ω), we get ‖r‖_{0,E} ≤ C|E|^{1/2}‖r‖_{2,Ω} ≤ Ch^{(d−1)/2}_E ‖r‖_{2,Ω} ∀E ∈ E^b_h. Summarizing all these estimates, we obtain (5.6).

Step 2. We show that there exists a constant C_2 > 0 independent of h and ε such that

(5.10) C_2|||v_h|||^2_Ω ≤ a_h(v_h, v_h) ∀v_h ∈ V^N_h .

Partial integration and (2.2) yield

(5.11) a(v_h, v_h) = ε|v_h|^2_{1,2,Ω} + (σ − 1 2 div β, v^2_h)_Ω + 1 2 ⟨ β · n, v^2_h ⟩ ∂Ω ≥ ε|v_h|^2_{1,2,Ω} + σ_0 ‖v_h‖^2_{0,Ω} − 1 2 ‖|β · n|^{1/2}v_h‖^2_{0,Γ−} . For n_h(·, ·) defined in (3.6), we get

n_h(v_h, v_h) = ∑ E∈E^b_h { −2ε ⟨ ∂v_h ∂n_E , v_h ⟩ E + εγ_N h_E ‖v_h‖^2_{0,E} } + ‖|β · n|^{1/2}v_h‖^2_{0,Γ−} . Using (5.8), the first term on the right hand side can be estimated as | | | | | ∑ E∈E^b_h ⟨ ∂v_h ∂n_E , v_h ⟩ E | | | | | ≤ ∑ E∈E^b_h C_1h^{−1/2}_E |v_h|_{1,K(E)}‖v_h‖_{0,E}

≤ ∑ E∈E^b_h { 1 4 |v_h|^2_{1,K(E)} +

C^2_1 h_E ‖v_h‖^2_{0,E} } .

If we choose γ_N large enough such that γ_N ≥ 4C^2_1 , we get n_h(v_h, v_h) ≥ − 1 2 ε|v_h|^2_{1,Ω} + ∑ E∈E^b_h εγ_N 2h_E ‖v_h‖^2_{0,E} + ‖|β · n|^{1/2}v_h‖^2_{0,Γ−} . Together with (5.11) and (5.7) this implies

(5.12) a_h(v_h, v_h) ≥ 1 2 ε|v_h|^2_{1,Ω} + σ_0 ‖v_h‖^2_{0,Ω} + 1 2 ‖|β · n|^{1/2}v_h‖^2_{0,Γ−} + ∑ E∈E^b_h εγ_N 2h_E ‖v_h‖^2_{0,E} + s_h(v_h, v_h) ≥ C_2|||v_h|||^2_Ω.

Step 3. Let i_hr ∈ V^N_h be the standard finite element interpolate of the reduced solution r ∈ H^{k+1}(Ω). We prove that

(5.13) a_h(i_hr − r, v_h) ≤ C { εh^{k−1} + h^k } |r|_{k+1,Ω}|||v_h|||_Ω ∀v_h ∈ V^N_h . For the interpolation error η := i_hr − r, we have the well-known local estimates

(5.14) |η|_{m,K} ≤ Ch^{k+1−m}_K |r|_{k+1,K} , m = 0, 1, K ∈ T_h, |η|_{m,E} ≤ Ch^{k+1/2−m} E |r|_{k+1,K(E)}, m = 0, 1, E ∈ E_h. Now we estimate a_h(·, ·) term by term: a(η, v_h) ≤ ε|η|_{1,Ω}|v_h|_{1,Ω} + { ‖β‖_{0,∞,Ω}|η|_{1,Ω} + ‖σ‖_{0,∞,Ω}‖η‖_{0,Ω} } ‖v_h‖_{0,Ω} ≤ { Cεh^{k−1} + Ch^k + Ch^{k+1} } |r|_{k+1,Ω}‖v_h‖_{0,Ω} ≤ C { εh^{k−1} + h^k } |r|_{k+1,Ω}|||v_h|||_Ω, further using (5.8), (5.9) n_h(η, v_h) = ∑ E∈E^b_h ε { − ⟨ ∂η ∂n_E , v_h ⟩ E − ⟨ η, ∂v_h ∂n_E ⟩ E + γ_N h_E ⟨ η, v_h ⟩_E } + ∑ E∈E^−_h ⟨ |β · n_E |η, v_h ⟩_E

≤ C { ε ( h^{k− 12} h^{− 12} + h^{k+ 12} h^{− 32} + γ_N h^{−1}h^{k+ 12} h^{− 12} ) + h^{k+ 12} h^{− 12} } |r|_{k+1,Ω}‖v_h‖_{0,Ω} ≤ C { εh^{k−1} + h^k } |r|_{k+1,Ω}|||v_h|||_Ω, and finally

s_h(η, v_h) = ∑ E∈E^0_h γh^2_E ⟨ [∇η]_E , [∇v_h]_E ⟩_E

≤ ∑ E∈E^0_h Ch^2_E h^{k− 12}_E |r|_{k+1,K(E)∪K}′_{(E)}h^{− 32}_E ‖v_h‖_{0,K(E)∪K}′_{(E)} ≤ Ch^k|r|_{k+1,Ω}|||v_h|||_Ω.

Summarizing these estimates, we can conclude (5.13). Note that (5.13) holds also for a locally refined grid, where min_{K∈Th} h_K ≪ h, since the negative powers of the local mesh size h_K will be cancelled by positive powers. Step 4. We prove the Galerkin orthogonality

(5.15) a_h(u − u_h, v_h) = 0 ∀v_h ∈ V^N_h .

Let v_h ∈ V^N_h be a given arbitrary function. Multiplying the first equation of (2.1) by v_h and applying partial integration yields ε(∇u, ∇v_h)_Ω + (β · ∇u + σu, v_h)_Ω − ε ⟨ ∂u ∂n , v_h ⟩ ∂Ω = (f, v_h)_Ω.

If we use the fact that u = 0 in L^2(∂Ω), we get ε ∑ E∈E^b_h { − ⟨ u, ∂v_h ∂n_E ⟩ E + γ_N h_E ⟨ u, v_h ⟩_E } + ⟨ |β · n|u, v_h ⟩_{Γ−} = 0.

Due to (3.4) we have s_h(u, v_h) = 0 since u ∈ H^2(Ω). Summation of all three equations implies a_h(u, v_h) = (f, v_h)_Ω.

Together with (3.5) for u_h = u^N_h we obtain the Galerkin orthogonality. Step 5. Let v_h := i_hr − u_h. Then, (5.10), (5.13), (5.6) and the Galerkin orthogonality (5.15) yield C_2|||v_h|||^2_Ω ≤ a_h(v_h, v_h) = a_h(i_hr − r, v_h) + a_h(r − u, v_h) ≤ C { εh^{k−1} + h^k + ε h^m } ‖r‖_{k+1,Ω}|||v_h|||_Ω, which gives a bound for |||v_h|||_Ω. Hence, from the triangle inequality we obtain (5.16) |||r − u_h|||_Ω ≤ |||r − i_hr|||_Ω + |||i_hr − u_h|||_Ω ≤ C { ε h^m + εh^{k−1} + h^k } ‖r‖_{k+1,Ω}, where the estimate for the interpolation error η = i_hr − r directly follows from (5.1), (5.14), ε ≤ C, η = 0 on Γ_−, h ≤ C and the estimate s_h(η, η) = ∑ E∈E^0_h γh^2_E ‖ [∇η]_E ‖^2_{0,E} ≤ ∑ E∈E^0_h Ch^2_E h^{2(k− 12 )} E |r|^2_{k+1,K(E)∪K}′_{(E)} ≤ Ch^{2k+1}|r|^2_{k+1,Ω}. The estimate (5.16) implies |||r − u_h|||_{Ω0} ≤ C { ε h^m + εh^{k−1} + h^k } ‖r‖_{k+1,Ω} for each subdomain Ω_0 ⊂ Ω. Using the assumption (5.2), the fact that, for v := u − r, we have v = 0 on Γ_− and s_h(v, v) = 0 due to v ∈ H^2(Ω), we get |||u − r|||_{Ω0} = ε^{1/2}|u − r|_{1,Ω0} + ‖u − r‖_{0,Ω0} ≤ Cε. Now, the estimate (5.3) follows by the triangle inequality, ε ≤ h and 1 ≤ Ch^{−m}. Step 6. We will prove now the estimate (5.5). From (5.16) we obtain with ε ≤ h the estimate ‖r − u_h‖_{0,Ω0h} ≤ C ( ε h^m + h^k ) ‖r‖_{k+1,Ω}. This yields ‖i_hr − u_h‖_{0,Ω0h} ≤ ‖i_hr − r‖_{0,Ω0h} + ‖r − u_h‖_{0,Ω0h} ≤ C ( ε h^m + h^k ) ‖r‖_{k+1,Ω}. Using an inverse inequality we get |r − u_h|_{1,Ω0h} ≤ |r − i_hr|_{1,Ω0h} + |i_hr − u_h|_{1,Ω0h} ≤ Ch^k|r|_{k+1,Ω} + Ch^{−1}_0 ‖i_hr − u_h‖_{0,Ω0h} ≤ Ch^{−1}_0 ( ε h^m + h^k ) ‖r‖_{k+1,Ω}.

Finally, the triangle inequality and the assumption (5.4) imply |u − u_h|_{1,Ω0h} ≤ |u − r|_{1,Ω0h} + |r − u_h|_{1,Ω0h} ≤ C ε + Ch^{−1}_0 ( ε h^m + h^k ) ‖r‖_{k+1,Ω}, which proves (5.5) due to 1 ≤ Ch^{−1}_0 h^{−m}.

REMARK 5.2. Note that the result of Theorem 5.1 includes also the case of the Galerkin discretization, i.e., the discretization (3.5) with γ = 0. However, in this case, it holds s_h(·, ·) = 0 such that the norm ||| · |||_{Ω0} is weaker than in the case of CIP stabilization with γ > 0. REMARK 5.3. Of course the error bounds in (5.3) and (5.5) blow up for h → 0 and we should apply the error bound of Theorem 5.5 in (5.17). However, since the seminorm |u|_{k+1,Ω\Ω0} of the exact solution in the layer region Ω \ Ω_0 in general behaves like O(ε^{−k−1/2}), the error bound in (5.17) gets reasonable not before the local mesh size in the layer region is small compared to ε. As long as ε ≪ h, i.e., as long as the boundary layers have not been resolved by small local mesh sizes h_K ∼ h in the layers, the error estimate (5.3) yields a reasonable error bound. The estimate (5.5) gives a valuable error bound if additionally the mesh T_h(Ω_0) in the subdomain Ω_0 is quasi uniform, i.e., if h^{−1}_0 ≤ Ch^{−1}. Note that, for ε ≪ h_0, the H^1-estimate (5.5) is much better than the one which follows if we divide (5.3) by ε^{1/2}.

REMARK 5.4. Estimates of the error u − r, which are needed for the assumptions (5.2) and (5.4), can be obtained in the following way. We create an asymptotic expansion u_{as} = r + s of the exact solution u such that

‖u − u_{as}‖_{0,Ω} ≤ Cε and |u − u_{as}|_{1,Ω} ≤ Cε^α,

where α = 1/2 for assumption (5.2) and α = 1 for assumption (5.4). The part s contains all boundary layer terms. For the technique to derive such an asymptotic expansion, we refer to [15]. Estimates of the error u − u_{as} in the maximum norm can be found in [11]. In order to obtain estimates of u − u_{as} in the L^2- and H^1-norm we can apply the techique for the proof of Lemma 4.6 in [16] using the estimate ‖u − u_{as}‖_{0,∞,Ω} ≤ Cε from [11]. Depending on the layer part s of the asymptotic expansion u_{as}, the subdomain Ω_0 is chosen such that ‖s‖_{0,Ω0} ≤ Cε and |s|_{1,Ω0} ≤ Cε^α. If we assume that there are no interior layers, the subdomain Ω_0 can be represented as Ω_0 = Ω \ Ω^+ \ Ω^c where Ω^+ is a small vicinity of the outflow boundary Γ_+ := {x ∈ ∂Ω : β(x) · n(x) > 0} with the thickness O(ε | ln(ε)|) and Ω^c is a small vicinity of the characteristic boundary Γ_0 := {x ∈ ∂Ω : β(x) · n(x) = 0} with the thickness O( √ ε | ln(ε)|). In order to prove the convergence of the method for fixed ε and h → 0 we introduce the following global “energy” norm ‖v‖_a := ε^{1/2}|v|_{1,Ω} + ‖v‖_{0,Ω} + ‖ |β · n|^{1/2}v ‖_{0,Γ−} + { ∑ E∈E^b_h εγ_N 2h_E ‖v‖^2_{0,E} }_{1/2} + s_h(v, v)^{1/2}.

THEOREM 5.5 (Global estimate). Let V^N_h be the space V_h defined in (3.2) with the polynomial degree k ≥ 1 and u_h = u^N_h the solution of the discrete problem (3.5). Assume (2.2), γ ≥ 0, ε ≤ C and u ∈ H^{k+1}(Ω) for the solution u of (2.1). Then, for sufficiently large γ_N , it holds

(5.17) ‖u − u_h‖_a ≤ C ( ∑ K∈T_h h^{2k}_K |u|^2_{k+1,K} )_{1/2} .

Proof. As in the proof of Theorem 5.1 we get the Galerkin orthogonality (see (5.15))

a_h(u − u_h, v_h) = 0 ∀v_h ∈ V^N_h

and the estimate (see (5.12))

C_2‖v_h‖^2_a ≤ a_h(v_h, v_h) ∀v_h ∈ V^N_h .

Let i_hu ∈ V^N_h be a standard finite element interpolate of the solution u which satisfies the boundary condition i_hu = 0 on ∂Ω and let η := i_hu − u be the interpolation error. If we apply the local estimates (5.14), where r is replaced by u, we obtain

a(η, v_h) ≤ ε^{1/2}|η|_{1,Ω} ε^{1/2}|v_h|_{1,Ω} + { ‖β‖_{0,∞,Ω}|η|_{1,Ω} + ‖σ‖_{0,∞,Ω}‖η‖_{0,Ω} } ‖v_h‖_{0,Ω} ≤ C { ∑ K∈T_h ( εh^{2k}_K + h^{2k}_K + h^{2k+2}_K ) |u|^2_{k+1,K} }_{1/2} ‖v_h‖_a

≤ C { ∑ K∈T_h h^{2k}_K |u|^2_{k+1,K} }_{1/2} ‖v_h‖_a, where the last inequality follows from ε ≤ C and h ≤ C. Furthermore, by means of η = 0 on ∂Ω and (5.14) it follows

n_h(η, v_h) = ∑ E∈E^b_h −ε ⟨ ∂η ∂n_E , v_h ⟩ E ≤ ∑ E∈E^b_h Cεh^{k−1/2} E |u|_{k+1,K(E)}‖v_h‖_{0,E}

≤ C { ∑ E∈E^b_h εh^{2k}_E |u|^2_{k+1,K(E)} }_{1/2} ‖v_h‖_a ≤ C { ∑ K∈T_h h^{2k}_K |u|^2_{k+1,K} }_{1/2} ‖v_h‖_a. Finally, we have

s_h(η, v_h) = ∑ E∈E^0_h γh^2_E ⟨ [∇η]_E , [∇v_h]_E ⟩_E

≤ ∑ E∈E^0_h Ch^2_E h^{k− 12}_E |u|_{k+1,K(E)∪K}′_{(E)}h^{− 32}_E ‖v_h‖_{0,K(E)∪K}′_{(E)}

≤ C { ∑ K∈T_h h^{2k}_K |u|^2_{k+1,K} }_{1/2} ‖v_h‖_a. Summarizing these estimates, we can conclude a_h(i_hu − u, v_h) ≤ C { ∑ K∈T_h h^{2k}_K |u|^2_{k+1,K} }_{1/2} ‖v_h‖_a ∀v_h ∈ V^N_h , which yields for w_h := i_hu − u_h by means of the Galerkin orthogonality

C_2‖w_h‖^2_a ≤ a_h(w_h, w_h) = a_h(i_hu − u, w_h) ≤ C { ∑ K∈T_h h^{2k}_K |u|^2_{k+1,K} }_{1/2} ‖w_h‖_a. For the interpolation error η = i_hu − u we have s_h(η, η) = ∑ E∈E^0_h γh^2_E ‖ [∇η]_E ‖^2_{0,E} ≤ ∑ E∈E^0_h Ch^2_E h^{2(k− 12 )} E |u|^2_{k+1,K(E)∪K}′_{(E)} ≤ C ∑ K∈T_h h^{2k+1}_K |u|^2_{k+1,K} , and ‖η‖_a = ε^{1/2}|η|_{1,Ω} + ‖η‖_{0,Ω} + s_h(η, η)^{1/2} ≤ C { ∑ K∈T_h ( εh^{2k}_K + h^{2k+2}_K + h^{2k+1}_K ) |u|^2_{k+1,K} }_{1/2} ≤ C { ∑ K∈T_h h^{2k}_K |u|^2_{k+1,K} }_{1/2} . This implies ‖u − u_h‖_a ≤ ‖η‖_a + ‖w_h‖_a ≤ C { ∑ K∈T_h h^{2k}_K |u|^2_{k+1,K} }_{1/2} .

REMARK 5.6. The estimate (5.17) gives a reasonable error bound if the local mesh size h_K is very small for all elements K located in the boundary layer where the local norm |u|_{k+1,K} is large. On the other hand, the global error estimate (5.17) makes no sense in the case ε ≪ h for a quasi uniform mesh, where h_K ≥ Ch for all K ∈ T_h, since the exact solution u in genral (if boundary layers occur) has the property that |u|_{k+1,Ω} behaves like Cε^{−(k+1/2)} when ε tends to zero. However, in this situation, the estimate (5.3) in Theorem 5.1 guarantees that the error is small in the subdomain Ω_0 outside the boundary layer.

REMARK 5.7. In the literature on CIP methods [9, 4, 7, 6], it has been proven that, for small ε, the optimal order of the discretization error in the L^2-norm is O(h^{k+1/2}) where k is the polynomial degree of the finite element space. However, in all the mentioned papers [9, 4, 7, 6], the final estimate is not in the locally adaptive fashion like in (5.17) where a power of the local mesh size h_K of an element K is multiplied with a Sobolev norm of the exact solution on K. Even in [7], which seems to be in a locally adaptive fashion, a look into the estimate of Theorem 4.9 shows that the error bound contains a term where a power of the maximum mesh size h is multiplied with a Sobolev norm of the solution on the global domain. Thus, the application of locally adapted meshes is not justified by this estimate. However, in the case of a near constant flow field β, the analysis in [7] is completely local and therefore sharper than the analysis of Theorem 5.5 in this paper since it proves the optimal order. In order to overcome the problem to justify the use of locally adapted meshes in the case of a genral flow field β, we have proved as a first step in this paper the “nearly” optimal order O(h^k ) but in a complete locally adaptive fashion. A method to prove the optimal order O(h^{k+1/2}) in a completely local form can be found in [5] although the estimates are not written in this way. Here the use of a global L^2-projection is avoided in the analysis which has been the main problem so far.

At the end of this section, we will draw from Theorem 5.5 some conclusions about the error u−u_h at the boundary. For a sufficiently small constant C_3 > 0, we define the following subset of the inflow boundary Γ_−

Γ_−(C_3) := {x ∈ Γ_− : |β(x) · n(x)| ≥ C_3}.

Then, we get from (5.17) the estimate ‖u − u_h‖_{0,Γ−(C3)} ≤ C^{−1/2}_3 C ( ∑ K∈T_h h^{2k}_K |u|^2_{k+1,K} )_{1/2} , which says that the discretization error at the inflow boundary is of the order O(h^k ) uniformly in ε if the mesh T_h is locally adapted in such a way that

(5.18) ∑ K∈T_h ( h_K h )_{2k} |u|^2_{k+1,K} ≤ C_4, with an (ε, h)-uniformly bounded constant C_4. Let us denote by Γ_{0+} := ∂Ω \ Γ_− the noninflow boundary. Under the assumption that the inflow boundary Γ_− is completely resolved by the mesh, i.e., Γ_− = ⋃ E∈E^−_h E, we get the estimate ‖u − u_h‖_{0,Γ0+} ≤ C ( 2h̄_{0+} εγ_N )_{1/2} ( ∑ K∈T_h h^{2k}_K |u|^2_{k+1,K} )_{1/2} ,

where h̄_{0+} := max_{E∈E} b_{h\E} −_h h_E is the maximum mesh size at the non-inflow boundary. This says that the discretization error at the non-inflow boundary Γ_{0+} is of the order O(h^k ) if the local mesh size of the elements at Γ_{0+} is in the range of ε and the mesh T_h is locally adapted such that (5.18) is satisfied with an (ε, h)-uniformly bounded constant C_4.

6. Numerical study of the order of convergence. In this section, we consider again the test problem (4.1) and investigate the numerical order of convergence for the discretization (3.5) with the weak imposition of the Dirichlet boundary conditions. We consider both, the case of a very small ε and the case of the “moderate” value ε = 10^{−3}. For all computations, we use an equidistant mesh with the mesh size h, the polynomial degree k = 3, the parameter γ_N = 10 and the subdomain Ω_0 = (0, x_t) with x_t := 1 − 4ε| ln(ε)|. The error u − u_h is measured on the discrete subdomain Ω_{0h} = (0, x_{th}) ⊂ Ω_0 with x_{th} := 1 − k_0h, where, for a given h, k_0 denotes the smallest integer k ≥ 1 such that kh ≥ 1−x_t = 4ε| ln(ε)|. The parameter γ for the CIP stabilization has been chosen as γ = 0.01 which was the best one in some numerical experiments with different values.

TABLE 6.1 ε = 10^{−10}, Ω_0 = (0, 1 − 0.92 · 10^{−8} ), Ω_{0h} = (0, x_{th}), top table: CIP (γ = 0.01), bottom table: Galerkin (γ = 0).

h x_{th} ‖u − u_h‖_{0,Ω0h} order |u − u_h|_{1,Ω0h} order

1/10 0.90000 1.54e-07 1.20e-05 1/20 0.95000 1.03e-08 3.90 1.58e-06 2.93 1/40 0.97500 6.98e-10 3.88 2.06e-07 2.94 1/80 0.98750 2.50e-10 1.48 1.21e-07 0.76 1/160 0.99375 3.46e-10 -0.47 3.36e-07 -1.47

1/10 0.90000 5.45e-08 9.26e-06 1/20 0.95000 4.85e-09 3.49 1.49e-06 2.64 1/40 0.97500 3.01e-09 0.69 1.57e-06 -0.08 1/80 0.98750 5.63e-09 -0.90 5.84e-06 -1.90 1/160 0.99375 1.13e-08 -1.00 2.33e-05 -2.00

In Table 6.1 we show, for the case of the very small parameter ε = 10^{−10}, the results for the CIP stabilization and the standard Galerkin discretization (γ = 0). The CIP stabilization shows a nearly optimal order of convergence in the L^2- and the H^1-norm in the range h ≥ 1/40 whereas the error stagnates for h ≤ 1/80. This is in agreement with estimate (5.3) in Theorem 5.1 which says that for small h the error term ε/h^m becomes dominant. The standard Galerkin discretization, in principle shows the same qualitative behavior. However, it is less accurate for smaller mesh sizes.

In Table 6.2, we present the results for the case ε = 10^{−3}. Here, already for the first mesh size h = 1/10, the L^2-error is in the range of ε such that the error estimate (5.3) cannot give a realistic error bound anymore. However, when h gets smaller the L^2-error decreases, initially with a small order but then very rapidly. We conjecture that for very small mesh sizes h < 1/640, when the boundary layer will be resolved, the optimal order of 4 for the L^2-norm and 3 for the H^1-norm will show up. Again the standard Galerkin discretization, in principle shows the same qualitative behavior. However, we observe that the CIP stabilization is more accurate for larger mesh sizes h ≥ 1/40 but less accurate for small mesh sizes h ≤ 1/80.

TABLE 6.2 ε = 10^{−3}, Ω_0 = (0, 0.9724), Ω_{0h} = (0, x_{th}), top table: CIP (γ = 0.01), bottom table: Galerkin (γ = 0).

h x_{th} ‖u − u_h‖_{0,Ω0h} order |u − u_h|_{1,Ω0h} order

1/10 0.90000 7.99e-04 4.43e-02 1/20 0.95000 1.03e-03 -0.36 1.07e-01 -1.28 1/40 0.95000 2.30e-04 2.16 4.42e-02 1.28 1/80 0.96250 5.55e-05 2.05 2.31e-02 0.94 1/160 0.96875 4.31e-07 7.01 3.84e-04 5.91 1/320 0.97187 3.60e-13 20.19 5.07e-10 19.53 1/640 0.97187 3.92e-15 6.52 2.16e-11 4.55

1/10 0.90000 2.86e-03 3.69e-01 1/20 0.95000 2.51e-03 0.19 6.37e-01 -0.79 1/40 0.95000 7.29e-04 1.78 3.50e-01 0.87 1/80 0.96250 2.62e-05 4.80 2.05e-02 4.09 1/160 0.96875 1.95e-10 17.04 1.88e-07 16.74 1/320 0.97187 4.32e-14 12.14 1.72e-10 10.09 1/640 0.97187 3.37e-15 3.68 2.11e-11 3.03

As a summary we can say that these numerical experiments confirm the theoretical results of Theorem 5.1 and Theorem 5.5. Moreover, they indicate that the estimates are one order suboptimal with respect to the power of h. Although the results for the standard Galerkin discretization in case of weakly imposed Dirichlet boundary conditions look quite nice let us mention that we do not recommend to use this method since it is not robust in cases where the solution r of the reduced problem is not smooth. What we recommend is the CIP method in combination with adaptive grid refinement. Numerical experiments with an error indicator based on gradient recovery have shown that the CIP method works very well in practice for locally refined grids.

REFERENCES

[1] Y. BAZILEVS AND T. J. R. HUGHES, Weak imposition of Dirichlet boundary conditions in fluid mechanics, Comput. Fluids, 36 (2007), pp. 12–26.

[2] M. BRAACK AND E. BURMAN, Local projection stabilization for the Oseen problem and its interpretation as a variational multiscale method, SIAM J. Numer. Anal., 43 (2006), pp. 2544–2566.

[3] M. BRAACK, E. BURMAN, V. JOHN, AND G. LUBE, Stabilized finite element methods for the generalized Oseen problem, Comput. Methods Appl. Mech. Engrg., 196 (2007), pp. 853–866.

[4] E. BURMAN, A unified analysis for conforming and nonconforming stabilized finite element methods using interior penalty, SIAM J. Numer. Anal., 43 (2005), pp. 2012–2033.

[5] E. BURMAN AND A. ERN, A continuous finite element method with face penalty to approximate Friedrichs’ systems, M2AN Math. Model. Numer. Anal., 41 (2007), pp. 55–76.

[6] , Continuous interior penalty hp-finite element methods for advection and advection-diffusion equations, Math. Comp., 76 (2007), pp. 1119–1140.

[7] E. BURMAN, M. A. FERNÁNDEZ, AND P. HANSBO, Continuous interior penalty finite element method for Oseen’s equations, SIAM J. Numer. Anal., 44 (2006), pp. 1248–1274.

[8] E. BURMAN, J. GUZMÁN, AND D. LEYKEKHMAN, Weighted error estimates of the continuous interior

16 FRIEDHELM SCHIEWECK

penalty method for singularly perturbed problems, Preprint 02.2007, EPFL/IACS, 2007. To appear in IMA J. Numer. Anal..

[9] E. BURMAN AND P. HANSBO, Edge stabilization for Galerkin approximations of convection-diffusion-reaction problems, Comput. Methods Appl. Mech. Engrg., 193 (2004), pp. 1437–1453.

[10] J. DOUGLAS, JR. AND T. DUPONT, Interior penalty procedures for elliptic and parabolic Galerkin methods, in Computing Methods in Applied Sciences, Lecture Notes in Physics, Vol. 58, R. Glowinski and J.- L. Lions, eds., Springer, Berlin, 1976, pp. 207–216.

[11] H. GOERING, A. FELGENHAUER, G. LUBE, H.-G. ROOS, AND L. TOBISKA, Singularly Perturbed Differential Equations, Mathematical Research, Vol. 13, Akademie-Verlag, Berlin, 1983.

[12] C. JOHNSON, Numerical Solution of Partial Differential Equations by the Finite Element Method, Studentlitteratur, Lund, 1987.

[13] G. MATTHIES, P. SKRZYPACZ, AND L. TOBISKA, A unified convergence analysis for local projection stabilisations applied to the oseen problem, M2AN Math. Model. Numer. Anal., 41 (2007), pp. 713–742.

[14] J. NITSCHE, Über ein Variationsprinzip zur Lösung von Dirichlet-Problemen bei Verwendung von Teilräumen, die keinen Randbedingungen unterworfen sind, Abh. Math. Sem. Univ. Hamburg, 36 (1971), pp. 9–15. Collection of articles dedicated to Lothar Collatz on his sixtieth birthday.

[15] H.-G. ROOS, M. STYNES, AND L. TOBISKA, Numerical Methods for Singularly Perturbed Differential Equations, Springer Series in Computational Mathematics, Vol. 24, Springer-Verlag, Berlin, 1996.

[16] F. SCHIEWECK, Eine asymptotisch angepaßte Finite–Element–Methode für singulär gestörte elliptische Randwertaufgaben, PhD thesis, Technical University Magdeburg, 1986.