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NUMERICAL ANALYSIS OF STOKES EQUATIONS
WITH IMPROVED LBB DEPENDENCY*

M. WOHLMUTH' AND M. DOBROWOLSKI#

Abstract. We provide a-priori bounds with improved domain dependency for the solution of Stokes equations
and the numerical error of an approximation by conforming finite element methods. The domain dependency appears
primarily in terms of the LBB-constant L, and several previous works have shown that L degenerates with the aspect
ratio of the domain. We explain the LBB dependency of common a-priori bounds on D and p and improve most
of these estimates by avoiding a global inf-sup condition and assuming locally-balanced flow, which is in particular
satisfied if g = 0. In this case, all error bounds on uw — up, and p — pp,, except for ||p — thLg(Q) , prove to be
completely independent of L.
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1. Introduction. Let 2 be a bounded domain of Euclidean R™, n = 2,3. The Stokes
equations are given by

—Au+Dp=f inQ, divu=g in{),

u =0 onOf.

This system of partial differential equations describes the special case of a stationary, laminar,
and viscous flow in  with velocity u(z) € R™ and inner pressure p(z) € R. Here, f models
boundary effects and external forces like gravity. By neglecting any physical parameters (for
instance viscosity) we assume them to be constant in {2 and set them equal to 1. In our case,
any in- and outflow is described by sources and drains, which are modeled by the function g.

Throughout this paper, we adopt the standard notation for Lebesgue and Sobolev spaces
L?(Q)) and H™(Q); see Section 2.1. Hy () denotes the closure of C§°(€2) in H'(£2). For
the analysis of the Stokes equations we need the spaces

/ pdr = 0 } ,
Q

lIpll% = llpll* = /Q p* dz, lvllx = Jvls = [[Doll.

X = HYQ), Y =I3Q) = { pe L3(9)

equipped with the L?-norm and H!-seminorm

The weak formulation of Stokes equations is defined as follows: For f € L2(2),g € Y,
seek (u,p) € X x Y, such that

(1.1a) (Du, Dv) — (divw,p) = (f,v) Yve X,
(1.1b) (divu,q) = (g9,9) VgeY.
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The existence of a weak solution is connected to the so-called LBB-constant L = L(2)
defined by

i
(1.2) L= inf sup V0P
PEY wex |vl [[pl]

We remark that L < 1, which follows from || divv|| < |v|; forallv € X.

The following results stem from Galdi’s book [7], which uses previous works by Bogov-
skij [2, 3] and Gagliardo [6]. In [7] it is proved that L > 0 for a large class of domains,
including Lipschitz domains, which by a simple variational analysis (see [8]) implies that the
weak solution of (1.1a) and (1.1b) is uniquely determined. Furthermore, it is proved that for
domains €2, which are star-shaped with respect to a ball of radius R,

(4

where §(Q2) denotes the diameter of (2. This lower bound is very convenient in sphere-like
cases, where 6({2) and R are of similar size. Unfortunately, many common domains in fluid
mechanics, such as large and flat water reservoirs, the atmosphere or tubes and pipelines,
have a huge aspect ratio. The results in [4, 5] show that the LBB-constant is not only allowed
to, but in fact does degenerate with increasing aspect ratio.

THEOREM 1.1 (See [4]). Let 2 be a fixed domain with LBB-constant L and o € R™
with

l=a;<a;<ay 1<i<n

Let further Q, be the associated stretched domain, defined by

Qa:{ye[R": (y—ly—"> GQ},
aq (679

with aspect ratio proportional to a = a,. Then the LBB-constant Ly, of Q, satisfies

Lep, <29
a a

Special cases of this theorem are channel domains Q = w X (0,a),w C R™=! and plates
Q=wx(0,1/a) C R3.

Let X;, C X and Y, C Y be finite-dimensional spaces depending on a discretization
parameter h > (. For the analysis of the standard finite element approximation of the Stokes
equations in the spaces X}, Y}, a discrete LBB-constant is defined by

.
s Ln= inf sup GVURDR)
PhE€EYR 4 cX, |Uh|1||p”

The uniform stability of the method is equivalent to the existence of a constant c;y > 0,
such that L, > L/cm; see Lemma 4.1. On the other hand, if the finite element method is
convergent, we have lim infy, L, < L. Hence, for a uniformly stable and convergent method

L <liminf L < L.
CI1 h
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This inclusion implies that for stable methods small discrete LBB-constants are only caused
by small L.

The algebraic aspect of a small LBB-constant is visible. Most of the methods for solv-
ing the discrete linear system (Uzawa, CG for the Schur complement, etc.) deteriorate for
domains with high aspect ratios.

But the analytical aspect of a small LBB-constant is not visible in practice. For instance,
if we solve the Stokes equations on a channel w x (0, a), we usually obtain similar errors for
the velocity for all @ in spite of the fact that standard finite element error estimates depend on
Ly, or L; see [8].

The object of the paper is to refine the standard error estimates by avoiding the global
LBB-condition (1.3). In Section 5, error estimates independent of L in the H' — and L? —norm
are given for the velocity u. From these estimates it follows that the error estimate for the
pressure gradient is also independent of L. Only the estimate for the pressure in L? depends
on L which is also confirmed by numerical experience.

For error estimates independent of L using only the data f and g, refined regularity
results are required. This is carried out in Section 3 for locally balanced flows (see Definition
3.4) which include the common case g = 0. For locally balanced flows it can be proved that
most quantities in the standard regularity results are independent of L, the only exception is
the L2-norm of the pressure; see Corollary 3.10. In an example in Section 3.3 it is shown
that, if the condition of a locally balanced flow is violated, then the estimates for the velocity
depend on L.

2. Technical preliminaries.

2.1. Notation. We use the following standard notation for Lebesgue and Sobolev spaces
L?(Q) and H™(Q), together with their related (semi-)norms.

2 2
ol = / of? de,
Q
2 2
olPe = 3 1D,

alm

2 2
s = Y ID*0llg -
a=m

Here H} () denotes the closure of C§° () in H!(Q). Furthermore, we use
Xg={veX |(divv,q) =g(¢g) VgeY}, geY’

We assume 2 C R™ to be a bounded domain with diameter § () and Lebesgue measure
1 (). If we omit the domain index by writing ||-||, |||l we always assume € to be
the considered domain.

We denote the dual space of H}(Q) by H=1(Q) equipped with the negative norm

Il = sup 10

vEHL(R) v],

m? ||m’

2.2. Poincaré’s inequality. Note that |-|; is equivalent to the standard norm ||-||; in X
by Poincaré’s inequality.
LEMMA 2.1 (Poincaré’s inequality). For all v € X we have

loll < cp oy,

where cp only depends on the smallest dimension of Q, i.e., cp is independent of the aspect
ratio a of ) and is finite for @ = w x R, w C R 1.
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2.3. The negative norm of Dp. The LBB-condition (1.2) also reads
Lllpll < l-Dpll_y = [IPpll_, Vp€eY,
where we understand —Dp € X' as a functional in terms of
v € X r— (divo,p).

According to the Riesz representation theorem, the functional —Dp can be represented by a
function w € X satisfying

(Dw, Dv) = =Dp(v) = (dive,p), |w], =|Dpll_; -
Hence, the supremum in (1.2) is attained at w. This yields

(divw, p)
(2.1) Lip|| < W =||Dpll_; = |w]; .

LEMMA 2.2. IfQ;,i =1, ...1, are disjoint open subsets of () then
I
>_lIDgl? 10, < |IDgl? 1,0 Vo €Y.
i=1
Proof. Letw; € X (Q;) := H}(Q;)"™ and w € X be the solutions of the problems

Using (2.1) and extending the functions w; by 0, we obtain

I I I I
2Dl o, =3 lwilta, =D / qdivwide =3 / DwDw; dz
i=1 i=1 i=1 Y i=1 Y

I
1 1 .
< gloli+ 3 2 o, = SIDgl, + 2 IDgll2 0, D
2.4. The solvability of the equatlon dive = f
THEOREM 2.3 (Bogovskij’s Theorem, [3, 7]). Let
Q=uf,Q, N>1,

where each Q; is star-shaped with respect to some open ball B; with B; C Q;, where R is
the smallest radius of the balls B;. Then, for any f € Y there exists v € X satisfying

dive = f,
lvly <es lIfll

where the constant cg obeys the upper bound condition

CBSCoc(&;;))n. (14_&:)),
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with constants cog = co(n) and C = C(u (%;)). An explicit expression for C'is given in [7].

Proof. See [7, Chapter II1.3]. O

Bogovskij’s Theorem 2.3 bears directly on the divergence operator and the solvability of
the constraint div u = g, whereas the LBB-condition is related to its adjoint operator, namely
the gradient —D, and is essential for the existence of a pressure function p. As we show in
the following, these two points of view are mutually equivalent.

Considering the divergence and gradient operators on the quotient space X=X / ker(div),
we obtain

T=div: X oY,
T"=-D:Y' - X',

where both T and T" are bijective operators with norms

1
1Tl =cs, Tl = 7
Since T and T" are adjoint operators, these norms have to be equal,
1
(22) z = CB.

Equation (2.2) is noteworthy since the domain dependency of cp (expressed by its upper
bound in Theorem 2.3) transfers to L.

By definition, the LBB-condition assures that the gradient —D has a closed range R(D).
According to the closed range theorem, R(div) is also closed and given by

R(div) = ker(D)° =Y,

where ker(D)? denotes the annihilator of ker(D). With these results in mind, one can easily
prove the unique solvability of the Stokes problem, as for example done in [7]. We omit these
details and continue with deriving some a-priori bounds.

3. Regularity results.

3.1. Standard regularity results. For g € Y, according to Theorem 2.3 there exists
ug € X with

divug =g, |ugl, <callgll-

Then, the solution u of the Stokes equations (1.1) for given g € Y can be split into u =
up + ug with ug € Xy. By the Riesz representation theorem such a ug exists and is uniquely
defined by the solution of

(Dug, Dv) = (f,v) — (Dug, Dv), Yov € Xj.
Taken together, we obtain the following estimate for |u|,,
luly <uoly + Jugl,
<cpl|fll+2callgll.

Now (2.2) provides the same bound in terms of the LBB-constant,

2
3.1 luly < cp (Il + 7 llgll-
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The next inequality follows immediately from (1.2), (1.1a), and (3.1). It shows the LBB
dependency of the pressure bound.

1 divo,p
ol < L sup V0P
L yex |U|1
1 (Du,Dv) — (f,v)

< —sup
L yex vl

< 7 (luly +ep 1)

c 1
< - - )
_LQHW+Lw®

We cite, without proof, important results on regularity of higher order, m > 2, which can be
found in [7].
THEOREM 3.1 (m-Regularity). If f € H™2(Q), g € H™1(Q) and
1. Q is a convex polygon (n =2 and m = 2) or
2.00eC™,

then the Stokes problem is m-regular, i.e., it obeys

C
llly, + 1Pl 1 < 7 (1l + gl ) -

In the following, especially the case m = 2 is important to us since it is used in the
duality approach on [|u — up||. All common a-priori estimates of the solution (u, p) depend
on L; therefore, we now want to elucidate the domain dependency of L.

3.2. Refined regularity results. We first define a modified 2-regularity that allows us
to give a 2-regularity estimate which solely depends on local LBB-constants L;, i.e., we
may think of Q as an open covering of its parts €2;, chosen such that all constants L; are
independent of the aspect ratio of Q.

DEFINITION 3.2 (Local 2-Regularity). Let {€;} be an open covering of Q, such that Q;,
which is given by Q; = Q; N Q, has diameter & (Q;) and is star-shaped with respect to a ball
of radius R;. Furthermore, let {¢;} be a partition of unity with respect to {Q;}. The open
covering {Q,} of Q1 is called locally 2-regular if and only if the Stokes problems

—Au; + Dp; = f;  in Yy,
divu; = ¢g; inQy,
u; =0 on 9Q;,

are regular in the following sense: There exists a constant c;, such that for all f; € L*(Q;)"
and g; € H* () NY (Q;) the weak solution (u;, p;) € H ()™ x L3(SY;) is in H?(Q;)™ x
HY(Q;) and satisfies

0 < c(|lfil

l[uillzsa: + llpil o; + [lgilli;:)-

REMARK 3.3. For instance, for a channel domain w x (0, k), ¥ € N, we can choose
Q=w0x(i—1,i+1),0< i<k, where w CC @©. Then max; ¢; is independent of k.
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Later on, the next definition proves to be a good criterion for an improved LBB depen-
dency.

DEFINITION 3.4 (Locally Balanced Flow). The Stokes problem has locally balanced
flow if and only if there exists a partition {Q;} of Q with LBB-constants L; independent of
the aspect ratio a of Y and g satisfies

/ gdx =0 VQ,.
Q.

i

We now discuss a lemma about the class of Stokes problems with locally balanced flow to
emphasize its advantage.

LEMMA 3.5. If the Stokes problem has locally balanced flow, then |u|, can be estimated
as follows:

luly < a1l +[lg1]),

where crp depends solely on Q; and L;, used in Definition 3.2, and Poincaré’s constant cp.
Proof. Setting v = u, ¢ = pin (1.1) results in

luli = (f,u) + (9,9).

The conditions on g allow us to insert p; := ﬁg) fQ pdz in the following derivation.

(g,p)=/ngd:v=2/g'pgdw=Z:/Q'(p—pi)gdw
SZ||p—Pz’|

Q; ngi'

Since (p — p;) € L3(£Y;), we apply the LBB-condition (1.2) for p — p; on ; and then use
Lemma 2.2 and (1.1a) to obtain

Q; Dp”_l;Qi

1
40 <Y 7.l
%

1/2
1
< max (L—) gl (} :||Dpll2_1;g,-)
i i 2

(divo,p)
<c|lgll sup ~————
veEX |U|1

(D’LL,D’U) _(fav)
|v];
< cllgll (luly +cp [1£1D) -

<cllgll sup
veX

Using the above inequality together with Young’s and Poincaré’s inequality we finally get the
following desired result

fulf = (£,w) + (9,9) < eus (1717 + gl?) . O
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Later in this paper, we will need estimates for dual problems according to Aubin and
Nitsche. These problems, in general, do not have locally balanced flow. For these cases, we
provide the following definitions.

DEFINITION 3.6. Let ¢; = ¢1(f, g) be defined by

|uly

(LA + Nlgl)”

for given Stokes problems with data f, g and solution u, p.

DEFINITION 3.7 (Worst Case Regularity Constant cg(2)). Let cr(Q2) be the supremum
of the constants c1 with respect to all possible Stokes problems in ).

REMARK 3.8. In general, cg(£2) is bounded by £, yet in the case of a simple channel,
the example of Section 3.3 suggests the dependency

C1 =

1
cgr(channel) ~ —.

VL

In case of locally 2-regular domains, the following theorem shows that the LBB depen-
dency appears only in terms of |u|,.

THEOREM 3.9. Assuming that ) is locally 2-regular according to Definition 3.2, the
weak solution (u,p) € X X Yy of the Stokes problem

—Au+Dp=f, divu=y,
with boundary condition u = 0 on 9 is in H?(Q)™ x HY(Q). Furthermore, we obtain

llully + Iply < c(IfI1+ llglly + luly)

with c independent of the LBB-constant L.
Proof. Let {¢; } be the partition of unity from Definition 3.2. Then, we define f;, g; as the
data of the Stokes problem with solution (ug;, (p — p;)¢;) on §; and p; := ﬁ fQ pdx:

—A(ugi) + D((p — pi) i) = fi

div(uei) = gi-

Then f;, g; satisfy the bounds
Il £:ll

llgally

IN

Ifllo, + ¢llullq, +cllp=pillg, »

IN

¢|lullyg, +cllgllg, -

Since (p — pi) € L (), |lp — pillg, can be estimated using a local inf-sup condition on 2;
as follows:

1 v, D(p — p;
lp = pillg, < - sup (. Dp = pi))

i UEH3’2(Qi) |U|1

_ 1 sup (v, f + Au)

Li veHy? () vl

..

1
< 7 (Iuhia, +er 1
Now, using Definition 3.2, we have

ludill30, + o = p)ill} < e (I

2 2 2
o+l + N9l ) -
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Summation over ¢ results in

2 2
llully + |ply

IA

>~ (Il g, + e - 2ol

K3

2 2 2
¢ (LI + 1lglE + Il
2 2 2
e (IF1P + gll? + uf})

IA

IA

with ¢ = ¢’ - (1 + ¢,)? independent of the LBB-constant L and hence, also independent of
the aspect ratio of the domain 2. O

Clarified by Theorem 3.9 and purged by virtue of Lemma 3.5 we finally obtain the pri-
mary result of this section as follows.

COROLLARY 3.10. If Q is locally 2-regular and the Stokes problem has locally balanced
flow, then the estimate

llully + Iply < e (IfI1+ llgll,)

holds independent of the LBB-constant L and the aspect ratio a of ).

Proof. This corollary follows immediately from Lemma 3.5 and Theorem 3.9. O

REMARK 3.11. Besides its obvious advantage of estimating u and p, we obtain an
important application for the case g = 0. This allows us to use the dual problem according to
Aubin and Nitsche with data f = u — up, g = 0, and hence to refine the L2-approximation
of u. Unfortunately, a similar approach to the L2-approximation of p would require a dual
problem with f = 0 and ¢ = p — pp. Since we cannot assume this dual problem to have
locally balanced flow, the improvement fails at this point.

The following example shows a Stokes problem which does not have locally balanced
flow. Yet even in this case an explicitly calculated bound for |u|, in combination with Theo-
rem 3.9 delivers an improved LBB dependency.

3.3. Example: Free channel flow. We now take a look at an example without locally
balanced flow, i.e., with ¢ g depending on L. For the sake of simplicity, we choose the
stretched domain €2 = (0,a) x (0,1) C R? and the subdomain Qy = (252, a — 25%0) x
(0,1) C R? according to Figure 3.1. In particular, we are interested in very long domains
with @ & ap. Since fluids are almost incompressible, a realistic possibility of a non-vanishing
constraint term g is in the form of sources g4 and drains g_ to model inflow and outflow.
Obviously, these sources and drains mainly appear at the ends of the channel and thus, are
separated by a distance of about the aspect ratio a = ag. Here, source g4 and drain g_ can be
of arbitrary shape, but we assume g to vanish outside the subdomain {2, and g_ to vanish
outside the subdomain 2_. Thus we get

9+, in Q-l—a
g=94 9-, in€_,
9o, in QU;

and g_ and g4 satisfy the relation

/ g9- d(z,y) z/Qg— d(z,y) = —/Qg+ d(z,y) = —/Q+ 9+ d(z,y),
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QJ'_ QO Q_
source g drain g_
%]
a

FIG. 3.1. Stokes problem with maximally separated in- and outflow on a channel domain with aspect ratio a
and a & ag for long channels.

where the chosen nomenclature suggests predominantly positive values for the source g and
negative values for the drain g_.

Note that the chosen case promises a very large constant ¢ g , because it has a constraint
term g that vanishes on most parts of the channel domain Q2. Consequently, the support of
g does not increase together with the integration area and the aspect ratio a of {2, when the
length of the channel is increased. In fact, we will see that the enlargement of the integra-
tion area lets |u|, increase with the aspect ratio, which has to be compensated by an LBB
dependency of the constant ci 5 , since g is chosen independent of ay.

Within this setup, we want to model a force-free flow u,(z,y) = ua(y), uy(z,y) = 0in
Qo with zero boundary conditions on both vertical ends (y = 0 V y = 1) of the channel. At
both horizontal ends of Qg we only require

/ uydo = 0.
ol

The latter is satisfied since the flow profile does not change along the channel. In order to
obtain zero boundary conditions all over 92 we add domains 24 and Q_ with appropriate
source g4+ and drain g_ to model the connection between zero boundary conditions on 9f2
and the flow profile at both ends of Q. By virtue of u(z,y) = (uy(y),0)? we are able
to explicitly calculate the solution of the present Stokes equations in 2g. The first Stokes
equation

—Au+Dp=0
simplifies to
—Dyyuz(y) + Dop = 0,
Dyp =0,
= —Dyyyua(y) + Dayp = 0,
where we assumed u, € C3(Q),p € C?(Q). Hence, by virtue of u(0) = u(1) = 0, we have

u=uz(y) = Ay(y — 1),

p=pla) =24z +¢,
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for any desired flow rate A and constant pressure c¢. That is, we obtain a quadratic flow profile
windependent of z and a pressure p depending linearly on z. Therefore |u| 1,0, 18 proportional

to y/ag:
. 1
2
< dr ~ag~ —.
luli;0, /ro T~ ao~ 7

By this result, we conclude

L
-

fuli ~a~

Since || ]|, ||g]|; are independent of L, we obtain

1
Clp ~ ——.

VL
Hence, even in this disadvantageous case an improved 2-regularity result holds by virtue of
Theorem 3.9:
c

VL

where the LBB dependency reduces from % to \/% .

Having established all these results, we now concentrate on a discrete approximation of
Stokes equations by a finite element method and its associated a-priori error bounds.

llully + lply < —= (£l + lglly)

4. FEM setup. In this section, we are concerned with the approximation of weak Stokes
equations (1.1) by a conforming finite element method (FEM), i.e., we would like to deter-
mine the solution (up,pp) € Xp x Yy of

(4.1a) (Dun, Dop) = (divon, pr) = (f,vn)  Von € Xp,
(4.1b) (divup,qn) = (9,qn) Van € Y,

with finite dimensional spaces X, C X,Y; C Y. In the following, all constants including
the generic constant c are assumed to be independent of h.

Similar to the continuous problem, a discrete LBB-condition ensures the solvability of
the constraint (4.1b) and the existence of a discrete solution of the FEM. Therefore (X}, Y},)
is said to be uniformly stable, if there exists a constant m, such that (see [8])

di
€Y% vuex, |Vnly [lanll

The following lemma (see [8]) provides a criterion for the existence of such a constant m,
although we only need its statement in one direction, namely to ensure the discrete LBB-
condition. For this purpose, we consider a linear approximation operator II;, € £(X, X}),
where £(X, X},) denotes the space of linear operators from X to X . This operator II;, €
L(X, X},) is used in the following lemma and will be an essential part in the derivation of the
a-priori estimates in Section 5. Its properties are specified in (5.2a) and (5.2b) in detail.

LEMMA 4.1 (Discrete LBB Condition). Assume the inf-sup condition holds for the
continuous Stokes problem (1.1). Then the following two statements are equivalent:

i) The condition (4.2) holds.



ETNA

Kent State University
etna@mcs.kent.edu

184 M. WOHLMUTH AND M. DOBROWOLSKI

ii) There exists an operator Il € L(X, X},) and a constant cn satisfying
(diV(U - Hhv)a qh) = 07
Mpoly < enlvly,

forallve X, qn €Y.
Proof. To prove i) <= ii), we have, for any ¢, € Y},

sup (div vn, qn) > su (divIIpv,qn) _ (divw, qn)
v €XH [vnly vEX vl vex  |pvly
1 (divw h L
> sup —V0a) 5 Ly
veX CII |U|1 cn

The proof of i) = 4¢) can be found in [7]. O
With these preparations we can now approach the a-priori estimates of the approximation
errors of the FEM.

5. A-priori error bounds. In this section, we investigate the convergence of the discrete
FEM solution. Hereby, the error relations

(5.1a) (D(u —up), Dug) = (divon,p—pr) Von € Xp,
(5.1b) (div(u —un),qn) =0 Vagn € Y,

which we obtain by subtracting the FEM formulation (4.1) from the Stokes problem (1.1), are
an important tool to estimate error bounds for both u — up, p — pp and their derivatives. The
derived results are independent of the chosen conforming FEM as long as it is based on a uni-
formly regular discretization. For example, the latter is required to have approximation oper-
ators with the desired properties. The operator I, € £(X, X},) was already used in Lemma
4.1, and a similar one is needed for the pressure spaces Y and Y. We therefore assume
that there exist approximation operators II, € £(X,X}), Sp € L(Y,Y},), and kpax > 1,
which comply with the requirements

(5.22) (div(v — Mpv),qn) = 0 Van € Y,
(5.2b) lv—Txol, < ch* vy, VE=0,... kna, [ =0,1,
(5.2¢) lg— Shal; < ch*lalpyy VE=0,. . kmax, 1=0,1,

forallve X,q €Y.
REMARK 5.1. Note that Condition (5.2a), together with error relation (5.1b), involves

(5.3) (div(Hhu — uh),qh) =0 th €Y.

The existence of such operators is discussed in [9], including an explicit expression for
these operators in case of low-degree finite elements. For example, in case of the Mini-
Element [1] one can use the approximation operator by Scott-Zhang [10] on each macro
element to obtain the properties (5.2b)-(5.2c) and locally add appropriate constants to fulfill
condition (5.2a).

In the following, we implicitly assume that €2, and consequently u, p, provide sufficient
regularity. Especially, (2 is assumed to be a Lipschitz domain. This guarantees the existence
of a locally 2-regular open covering of (2.
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5.1. Approximation of Du and u. The above setup, consisting of the refined regularity
estimates and appropriate approximation operators, allows us to state the following error
bounds for our discrete solutions.

THEOREM 5.2. Let the conditions of (5.2) be fulfilled, then the discrete solution satisfies

|u —up|; < Chk(|“|k+1 + |pl3,)s
llu — unl| < ch|u—unly +ch* T pl, < k" (|ul,y, + 1pl;) -

In both cases the constants c are independent of L.
Proof. We start by employing error relations (5.1) with vy, = Il u — up, and we have

lu—un|} = (D(u = up), D(u — Mpu)) + (D(u — up), D(Tpu — up))
= (D(u —up), D(u — Mpw)) + (div(IIpu — us),p) .

Using (5.1), approximation properties (5.2b) and (5.2c), and finally Young’s inequality, we
obtain

lu—unl; = (D(u—un), D(u— Myu)) + (div(ITyu — up),p — Skp)

< |u—Tpuly fu—unl; + (Ju—aul; + [u —ualy) [|p — Skpll
1
<5 lu—unf} +eh® (Julty + 1p17)

which proves the first part of the theorem. To approach the I2-estimate and hence to prove the
second part, we define the dual problem with associated solution (w, ¢) € X x Y according
to Aubin and Nitsche:

(5.4a) (Dv,Dw) — (divv, ¢) = (u — up,v) Yo € X,
(5.4b) (divw,q) =0 VqeY.
Here, we start with (5.4a) and v = u — uy,

llu = unll* = (D(u = up), Dw) — (div(u — up), ¢),

and then employ error relation (5.1a) for the dual problem (5.4) and error relation (5.1b) for
the original Stokes problem (4.1) to yield

llu — un|* = (D(u = up), D(w — Mpw))
+ (divITpw, p — pn) — (div(u — un), ¢ — Sho).
Using (5.2a) and (5.4b) results in
(divIpw, p — pp) = (div(Ilzw — w),p — pr)
= (div(ITpw — w),p — Spp) -
Taken together, we obtain
llu = unll® < |u = unly (jo = Dawl, + 16 = Sadll) + |w = D], [lp — Swpl

< |u = up|y ch (jwl, + |¢];) + ch*+! |wl, [ply, »
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which finally reveals

2
llu —unll” < cllu—wnll (b lu = upl, + 25 |ply)

due to (5.2) and Corollary 3.10. a

As we have seen, the result for |u — u|; was obtained solely by using the properties of
the previously defined approximation operators. However, the estimate of ||u — uy|| requires
an auxiliary problem with homogeneous constraint g = 0. Therefore we can eliminate the
dependency on L for arbitrary g as soon as (2 is 2-regular. As it will become clear below, a
similar result for ||p — py|| would require Corollary 3.10 without any assumptions on g.

5.2. Approximation of p and Dp. Firstly, we look for more promising norms to mea-
sure the pressure error with improved LBB dependency. Secondly, we use these results to
estimate the L2-norm of the pressure error.

Since the LBB-condition suggests

1
Ip = pull < T IDG = p0)ll_s

the negative norm seems to be a reasonable candidate for an LBB-free error bound. Indeed,
we find a result comparable to the one for |u — up|, and obtain the following lemma for
arbitrary g € L3(9).

LEMMA 5.3. The approximation error of the pressure gradient Dp in its negative norm
can be estimated by

ID(p—pu)ll_; £ ch” (|p|k + |“|k+1) .

Proof. Just by the definition of the negative norm, we obtain

divv,p — pp
1D — pa)ll_y = sup EY©:2=Pn)
vEX |U|1
< sup ((dlv(v —Ipw),p — pr) n (divIIpv, p —Ph)>
veEX |U|1 |U|1
—II — II,v, D(p —
< sup (||U w0l [p — Skpl; +CH( nv, D(p ph))>,
veX |’U|1 |HhU|1

where the last line follows from (5.2b) and was already used for Lemma 4.1. The last steps
follow by error relation (5.1a), approximation properties (5.2b) and (5.2c), and Theorem 5.2:

(Dvp, D(u — up))

h |Uh|1

ID(p — pu)ll_y < ch® pl,, + sup

vp €
< Chk(|p|k + |U|k+1)- a

Furthermore we must control the approximation |p — py|, of the pressure gradient. We
therefore have to assume an inverse inequality for Y}:

(5.5) |Dgnl| < ch™* ||Dgnl|_, -

REMARK 5.4. Equation (5.5) holds for all finite elements, i.e piecewise polynomial
functions on elements A of diameter O(h). Denoting the mean value of g, over A by ga, we
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obtain from the inverse relation, the LBB-condition on each A and Lemma 2.2

IDgnll* =D ID(gn — an)lI} <ch™ > llan — aall
A A

< ch 2 Y IDaulZ1ip < b~ Danls.
A

Clearly, the constant ¢ in this estimate does not depend on the LBB-constant of 2.

The above preparations now lead to the desired estimate of the pressure gradient as fol-
lows.

THEOREM 5.5. The error of the pressure gradient can be estimated by

|p _ph|1 < ch*t (|U|k+1 + |p|k) ’ k>1.

Proof. We insert the approximation operator Sy and use its property (5.2¢) together with
the above inverse inequality (5.5) to obtain

|p—prly < |p— Shply + [|D(Skp — pau)ll
< ch* 1 ply, + ch HID(Shp — pa)ll -1

= Chk_l |p|k + Ch_l sup M
vEX vl

(divIInv, Spp — pn)

Il

ch*1p|, + ch ! sup
veX |vly

(divIIpv,p — ph))

< k= [p|, + ch! (np — Supll + sup
veX |U|1

W II _
< chk—l |p|k + ch—l sup (le rU, D ph)‘
veX |”|1

Again, employing error relations (5.1), Inequality (5.2¢), and Theorem 5.2 yields

_ _ DIlpv, D(u — up,
lp—pnl, < ch* 7 |p|, + ch™! sup ( ( )
veX |’U|1

< Chk_1(|p|k + |U|k+1)- o

Finally, we consider the L2-error ||p — py||. For this purpose, we define the dual problem

(5.6a) (Dw,Dg¢) + (div ¢,q) =0 Vo € X,
(5.6b) (divwa¢) = (p _ph7¢) V¢ € Y;

with solution (w, q) € X x Y. By testing the second equation with p — p;, and by virtue of
error relations (5.1), we obtain for its L2-bound

llp = pall* < (div(w — Mhw), p — pa) + (div Taw, p — pa)
< |lw=Mpwly |1D(p = pu)ll 1 + (D(u — up), DIIxw)
— (div(u — up), Shq) + (D(u — up), —Dw + Dw) ,
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where the last line is equal to 0. By reordering these terms and using (5.4a), this results in

Ip = pull* < lw = Mawl, - ID@ = pr)ll_,
+ (D(u —up), D(Mpw — w)) + (div(u — us),q — Skq),

and finally yields by Lemma 5.3, approximation properties (5.2b), (5.2¢), and by Young’s
inequality

llp = pall® < ch®[w]; + ch® |gly + ¢ |u — un[]
<cch?|p —phﬁ + ch? |u|§
<ccth? (Ipl; +[ul3) ,

where the last inequalities follow from Theorems 5.2 and 5.5.
The problem of the L?-error bound is, that the dual problem requires p — pj, as a source
term which does not have locally balanced flow. Thus, we only obtain

c1 <cg <

]

But for instance, if we consider the example of Section 3.3, then p is linear and is exactly
approximated in the free flow part Qg of the domain {2. Hence, p — pp, corresponds to the
source terms g4+ and g_ which we assumed in the example. In this case we obtain the partial
improvement

1
clL~—.

VL

Since in general, we can not improve the first order L?-error of the pressure, we do not
want to consider any higher order estimates of |[p — pp||. To obtain higher order estimates
comparable to those we provided for the other errors, an immediate generalization of the
above proof would require estimates for [w|,_; , |g|;, and [p — pa|,. The required estimates
for [w], , ,|q|, can be obtained by a generalization of Corollary 3.10.

Finally, if the Stokes problem has locally-balanced flow or even satisfies g = 0, the right-
hand side ¢ (|u|, + |p|;) of all our first order error bounds can be estimated by ||f]|, ||g]|;
without any further LBB dependency.
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