A NOTE ON SYMPLECTIC BLOCK REFLECTORS^∗

MILOUD SADKANE^† AND AHMED SALAM^‡

Dedicated to Gérard Meurant on the occasion of his 60th birthday

Abstract. A symplectic block reflector is introduced. The parallel with the Euclidean block reflector is studied. Some important features of symplectic block reflectors are given. Algorithms to compute a symplectic block reflector that introduces a desired block of zeros into a matrix are developed.

Key words. Skew-symmetric scalar product, symplectic Householder transformation, block algorithm, symplectic QR-factorization

AMS subject classifications. 65F30, 65F20, 15A57, 15A23

1. Introduction. Let V ∈ R^{n×r} with n ≥ r be a nonzero matrix. A block reflector is a matrix of the form

P = I − 2V (V^T V )^†V^T , (1.1)

where (V^T V )^† is the pseudo-inverse of V^T V . It is easy to see that P is orthogonal and symmetric and satisfies P V = −V , and P x = x for all vectors x orthogonal to range(V ). The matrix P is a natural block version of the standard Householder reflectors [4, 5], i.e., matrices of the form I − 2(vv^T )/(v^T v), where v is a nonzero vector.

Block reflectors are used to introduce blocks of zeros in selected parts of a rectangular matrix and provide, in particular, a stable and efficient block QR-factorization of a given matrix. As with many block algorithms in linear algebra, an advantage of our block extension is the possibility of intensive use of matrix-matrix operations, which are efficient with regard to memory management and parallelism. Theoretical and algorithmic aspects of block reflectors are well developed in [11]; see also [8] for an application. In practice, it is more convenient and always possible to find a block reflector of the form P = I − 2V V^T with V^T V = I; see [11].

Symplectic block reflectors are intended to play analogous role as P when the Euclidean scalar product is replaced by an indefinite scalar product induced by a skew-symmetric and nonsingular matrix. This entails changes in the notion of Euclidean orthogonality and symmetry on which the construction of P is based. The point of this note is to clarify these changes and to study the extent to which symplectic block reflectors analogous to (1.1) can be constructed.

Throughout this note, the skew-symmetric and nonsingular matrix mentioned above is given by

J_{2n} = � 0_n I_n −I_n 0_n � , (1.2)

∗Received January 31, 2008. Accepted September 23, 2008. Published online on March 31, 2009. Recommended by Lothar Reichel.

†Université de Bretagne Occidentale. Département de Mathématiques. 6, Av. Le Gorgeu. CS 93837. 29238 Brest Cedex 3, France. (sadkane@univ-brest.fr).

‡Université Lille Nord de France, Laboratoire de Mathématiques Pures et Appliqués, Université du Littoral-Côte d’Opale. C.U. de la Mi-Voix, 50 rue F. Buisson, B.P. 699, 62228 Calais Cedex, France. (Ahmed.Salam@lmpa.univ-littoral.fr).

where 0_n and I_n are the zero and identity matrices of order n, respectively. Note that J^T = J^{−1} = −J. The induced skew-symmetric scalar product is defined by

(x, y)_J = x^J y, ∀x, y ∈ R^{2n}, (1.3)

where x^J = x^T J_{2n} is the adjoint of x with respect to (·, ·)_J . The adjoint of a matrix A ∈ R^{2n×2m} with respect to (·, ·)_J is defined by

A^J = J^T_{2m}A^T J_{2n} ∈ R^{2m×2n}.

It is the unique matrix that satisfies

(Ax, y)_J = � x, A^J y � J , ∀x ∈ R^{2m}, ∀y ∈ R^{2n}.

It is easy to see that:

• If A, B ∈ R^{2n×2m}, then (A + B)^J = A^J + B^J , � A^J

�_T = � A^T

�_J , � A^J

�_J = A, and � A^J

�_† = � A^†

�_J . • If A ∈ R^{2n×2k}, B ∈ R^{2k×2m}, x ∈ R^{2k}, then (AB)^J = B^J A^J and (Ax)^J = x^J A^J .

A matrix A ∈ R^{2n×2m} such that A^J A = I_{2m} is said to be symplectic. A matrix A ∈ R^{2n×2n} such that A^J = A is said to be skew-Hamiltonian.

2. Symplectic block reflector. A natural generalization of (1.1) to the symplectic case would be

H = I − 2V (V^J V )^†V^J , (2.1)

where V ∈ R^{2n×2r}, n ≥ r. It also can be viewed as a block generalization of the symplectic Householder transformations given in [10] and [6]. It is clear that H remains unchanged when V is replaced by V K, where K ∈ R^{2r×2r} is an arbitrary nonsingular matrix.

The matrix H is skew-Hamiltonian and symplectic, H^J = H = H^{−1}. It satisfies Hx = x if x is J-orthogonal to range(V ), i.e., (x, v)_J = 0 ∀v ∈ range(V ). However, it may be that HV ≠ −V , since in general V (V^J V )^†V^J V ≠ V , in contrast with V (V^T V )^†V^T V = V . In the case HV ≠ −V , H is no longer a reflector. When the matrix V^J V is nonsingular, then H = I − 2V (V^J V )^{−1}V^J and H satisfies HV = −V . In this case, it will be shown that H can be represented in the following interesting form: H = I − 2W W^J , where W is some matrix satisfying W^J W = I. Furthermore, necessary and sufficient conditions will be given. This form is then used to derive a block version of the SR algorithm [3]. Note that the matrix V^J V may be singular even if V has full rank. These constraints will necessarily result in some difficulties in the construction of H.

Let E, F ∈ R^{2n×2r}. Assume that a symplectic block reflector (SBR) H of the form (2.1) exists and satisfies HE = ±F . Then (HE)^J HE = F^J F and E^J HE = ±E^J F . Hence,

E^J E = F^J F and E^J F is skew-Hamiltonian. (2.2)

Unfortunately, the conditions (2.2) alone do not guarantee the existence of an SBR of the form (2.1) such that HE = ±F .

EXAMPLE 2.1. Consider the symplectic linear space R^8 and let E = [e_1, e_2, e_3, e_7] and F = [^1_2 e_1 +^1_4 e_2,^1_3 e_1 +^2_5 e_2, −e_3, −e_7], where {e_1, . . . , e_8} denotes the canonical basis of R^8. We obtain

E^J E = F^J F = � � � � 0 0 0 −1 0 0 1 0 0 0 0 0 0 0 0 0

� � � � and E^J F = F^J E = � � � � 0 0 0 1 0 0 −1 0 0 0 0 0 0 0 0 0

� � � � . 46

Thus, the conditions (2.2) are satisfied.

Suppose now that there exists V ∈ R^{8×4} of full rank, such that HE = F , where H is the SBR given by H = I − 2V (V^J V )^†V^J . Since rank(E − F ) = 4, it follows that V = (E − F )K, where K is any 4 × 4 nonsingular real matrix. There is no loss of generality to take K = I and H = I − 2(E − F )((E − F )^J (E − F ))^†(E − F )^J . A simple calculation gives

HE = [e_1, e_2, −e_3, −e_4] ≠ F.

Note that the matrix V = E − F satisfies

V (V^J V )^†V^J V = [0, 0, 2e_3, 2e_7] ≠ V =

�_1 2 e_1 −^1_4 e_2, −^1_3 e_1 +^3_5 e_2, 2e_3, 2e_7 � . Some necessary and/or sufficient conditions that ensure the existence of H are given in the following propositions.

PROPOSITION 2.2. Let Z ∈ R^{2n×2r} and Z = range(Z) be such that

Z ∩ Z^{⊥J} = {0}, (2.3)

where ⊥_J denotes orthogonality with respect to (., .)_J . Then

Z(Z^J Z)^†Z^J Z = Z.

Moreover, if Z is full rank, then Z^J Z is nonsingular.

Proof. The proof follows from the fact that I − (Z^J Z)^†(Z^J Z) is the orthogonal projection onto Null(Z^J Z), see, e.g., [12, Chap. III], and that, due to (2.3), Null(Z^J Z) ⊂ Null(Z). Note that the inclusion Null(Z) ⊂ Null(Z^J Z) is always true. Therefore Null(Z^J Z) = Null(Z), and hence Z(I − (Z^J Z)^†(Z^J Z)) = 0. Let x ∈ R^{2r} be such that Z^J Zx = 0. From (2.3), it follows that Zx = 0; and since Z is full rank, one gets x = 0.

REMARK 2.3. It is interesting to note that (2.3) implies that

R^{2n} = Z ⊕ Z^{⊥J} . (2.4)

In fact, any x ∈ R^{2n} can be expressed as

x = Z(Z^J Z)^†Z^J x + (I − Z(Z^J Z)^†Z^J )x.

The first term of the sum belongs to Z. From (2.3), we have Z(Z^J Z)^†Z^J Z = Z, and hence Z^J (I − Z(Z^J Z)^†Z^J ) = 0. Thus, the second term of the sum is in Z^{⊥J} .

COROLLARY 2.4. Let H = I − 2Z(Z^J Z)^†Z^J , with Z ∈ R^{2n×2r}, Z = range(Z), 2r^′ = dim(Z) and Z ∩ Z^{⊥J} = {0}. Then there exists W ∈ R^{2n×2r′} , such that W^J W = I and H = I − 2W W^J .

Proof. Using Proposition 2.2 and Remark 2.3, H is completely determined by the following properties: Hx = x for x ∈ Z^{⊥J} and Hx = −x for x ∈ Z. Due to (2.3), the induced inner product on the subspace Z is not degenerate, and hence there exists a symplectic matrix, see e.g., [1, 10], W ∈ R^{2n×2r′} (i.e., W^J W = I), such that Z = range(W ). It follows that the matrix H^′ = I − 2W W^J satisfies H^′x = x for x ∈ Z^{⊥J} and H^′x = −x for x ∈ Z. Thus H = H^′.

PROPOSITION 2.5. Let E, F ∈ R^{2n×2r} satisfy the conditions (2.2).

• If Z = range(D) satisfies (2.3) with D = E − F , then the SBR H = I − 2D(D^J D)^†D^J is such that HE = F .

• If Z = range(S) satisfies (2.3) with S = E+F , then the SBR H = I−2S(S^J S)^†S^J is such that HE = −F .

Proof. Since E and F satisfy (2.2) and Z satisfies (2.3), it follows that D^J S = 0, D(D^J D)^†D^J D = D and S(S^J S)^†S^J S = S.

PROPOSITION 2.6. Let E, F ∈ R^{2n×2r} and let H be an SBR of the form (2.1). Let D = E − F and S = E + F . Then the conditions

V (V^J V )^†V^J D = D and (V^J V )^†V^J S = 0 (2.5)

are necessary and sufficient for HE to equal F .

Proof. Under the conditions (2.5), we have

2HE = (I − 2V (V^J V )^†V^J )(S + D) = (S + D) − 2D = S − D = 2F.

Conversely, if HE = F , then E = HF and therefore HS = S and HD = −D, which gives the conditions (2.5).

PROPOSITION 2.7. Let E, F ∈ R^{2n×2r} satisfy the conditions (2.2). If (E −F )^J (E −F ) is nonsingular, then

H = I − 2(E − F ) � (E − F )^J (E − F )

�_{−1} (E − F )^J (2.6)

is the unique SBR of the form (2.1) such that HE = F .

Proof. The conditions on E and F ensure that

H(E + F ) = E + F and H(E − F ) = F − E.

Hence, HE = F . Now let V ∈ R^{2n×r} and let ~H = I − 2V � V^J V )

�_† V^J be an SBR, such that HE = F . Then

E − F = 2V � V^J V

�_† V^J E and (E − F )^J (E − F ) = 2E^J (E − F ) = 4(V^J E)^J � V^J V

�_† V^J E.

We conclude that V^J E and V^J V are nonsingular. Let K = 2 � V^J V

�_†

V^J E. Then K is nonsingular and E − F = V K. Therefore, H = ~H.

2.1. The standard task. Given E = [ E^T_1 E^T_2 E^T_3 E^T_4 ]^T ∈ R^{2n×2r} with E_1, E_3 ∈ R^{k×2r} and E_2, E_4 ∈ R^{(n−k)×2r}, the standard task consists of finding an SBR H, such that HE is of the form F = [ F^T_1 0 F^T_3 0 ]^T with F_1, F_3 ∈ R^{k×2r}.

We present two approaches that accomplish this task. The first one requires an SBR of the form (2.1) and only can be applied under certain conditions. The second approach uses the product of two SBRs of the form (2.1) and always can be applied.

2.1.1. A limited approach. Using the symplectic Gram-Schmidt algorithm [9], we may decompose E as

E = SR, (2.7)

where S ∈ R^{2n×2q}, q ≤ r, is symplectic and R ∈ R^{2q×2r} is block upper triangular.

Note that it is suffices to determine H, such that HS = Q, where Q has the same structure as F , since we will have HE = QR, and QR has the same structure as F .

The properties of H yield that S^J S = Q^J Q = I and that S^J Q is skew-Hamiltonian. If we partition S and Q conformally with E and F , i.e., S = [ S^T_1 S^T_2 S^T_3 S^T_4 ]^T ∈ R^{2n×2q} with S_1, S_3 ∈ R^{r×2q}, S_2, S_4 ∈ R^{(n−r)×2q} and Q = [ Q^T_1 0 Q^T_3 0 ]^T with Q_1, Q_3 ∈ R^{r×2r}, then the conditions on S and Q become: � S_1 S_3

�_J � S_1 S_3 � + � S_2 S_4

�_J � S_2 S_4 � = � Q_1 Q_3

�_J � Q_1 Q_3 � = I (2.8) and � S_1 S_3

�_J � Q_1 Q_3 � = � Q_1 Q_3

�_J �

S_1 S_3 � . (2.9)

Assume that

�_{S1}

S_3

�_J �_{S1}

S_3 � has no eigenvalues on R^− = {x ∈ R : x ≤ 0}. Then

�_{S1}

S_3 � has a generalized polar decomposition: � S_1 S_3 � = � Q_1 Q_3 � T, (2.10)

where

�_{Q1}

Q_3 � is symplectic and T is skew-Hamiltonian with eigenvalues that have positive real part [7]. Since the matrix I +T is skew-Hamiltonian, it admits a Cholesky-like decomposition of the form:

I + T = L^J L; (2.11)

see [2]. Moreover, since I + T is nonsingular, so is the matrix L.

Let V =^{1√}_2 (S + Q)L^{−1}. Then it is easy to check that V^J V = I, V^J S =^{1√}_2 L. Therefore, the SBR H = I − 2V V^J is of the form (2.1) and satisfies

HE = F with F = 2r � � � � −Q_1R 0 −Q_3R 0

� � � � r n − r r n − r.

2.1.2. A more general approach. First, using for example Algorithm 2 in [11], we find G ∈ R^{n×p} with orthonormal columns and a block reflector P = I − 2GG^T , such that P � E_3 E_4 � = � E^′_3 0 � , with E^′_3 ∈ R^{2r×2r}. (2.12) Let H_1 = � P 0 0 P � . (2.13)

The matrix H_1 is an SBR of the form (2.1). In fact, we have

H_1 = I − 2V_1V^J_1 with V_1 = � G 0 0 G � ∈ R^{2n×2p} and V^J_1 V_1 = I. (2.14) 49

Then, using the symplectic Gram-Schmidt algorithm, we may decompose H_1E as

H_1E = SR, (2.15)

where S ∈ R^{2n×2q} , q ≤ r is symplectic and R ∈ R^{2q×2r} is block upper triangular. Due to (2.12), the matrix S is of the form S = [ S^T_1 S^T_2 S^T_3 0 ]^T with S_1, S_3 ∈ R^{2r×2q} and S_2 ∈ R^{(n−2r)×2q}. Furthermore, the symplecticity of S reduces to that of � S^T_1 S^T_3

�_T . Let V_2 = � S^T_1^1_2 S^T_2 S^T_3 0

�_T ∈ R^{2n×2q}.

Then it is easy to verify that

V^J_2 V_2 = V^J_2 S = � S_1 S_3

�_J �

S_1 S_3 � = I.

Therefore the SBR H_2 = I−2V_2V^J_2 is of the form (2.1) and satisfies H_2S = [ −S^T_1 0 −S^T_3 0 ]^T . Finally, the product H = H_2H_1 is an SBR, such that

HE = F with F = 2r � � � � −S_1R 0 −S_3R 0

� � � � 2r n − 2r 2r n − 2r.

Note that H is not necessarily of the form (2.1). However, it can be written as

H = I − 2V ΣV^J , (2.16)

where

V = [V_1, V_2] ∈ R^{2n×2(p+q)} and Σ = � 0 −J_{2p} J_{2q} 2V^J_2 V_1J_{2p} � ∈ R^{2(p+q)×2(p+q)}.

3. Application: block symplectic QR-factorization. The technique presented in Section 2.1.2 can be used to partition a matrix into block upper triangular form. It can be considered a block variant of the SR decomposition [3]. We illustrate the reduction where, for clarity, the matrix A is partitioned as follows

A = � � � � A_{11} A_{12} A_{13} A_{14} A_{21} A_{22} A_{23} A_{24} A_{31} A_{32} A_{33} A_{34} A_{41} A_{42} A_{43} A_{44}

� � � � ,

where A_{1i}, A_{3i} ∈ R^{2r×r}, A_{2i}, A_{4i} ∈ R^{(n−2r)×r}, and 1 ≤ i ≤ 4. In the first step of the reduction, we let

A_1 = � � � � A_{11} A_{13} A_{21} A_{23} A_{31} A_{33} A_{41} A_{43}

� � � � 50

and generate two SBRs, H^{(1)}_1 = I_{2n} − 2V^{(1)}_1 (V^{(1)}_1 )^J and H^{(1)}_2 = I_{2n} − 2V^{(1)}_2 (V^{(1)}_2 )^J , such that

H^{(1)}_2 H^{(1)}_1 A_1 = � � � � F_{11} F_{13} 0 0 F_{31} F_{33} 0 0

� � � � with F^{ij} ∈ R^{2r×r} i, j = 1, 4.

The matrix H^{(1)}_2 H^{(1)}_1 A is partitioned as

H^{(1)}_2 H^{(1)}_1 A = � � � � F_{11} F_{12} F_{13} F_{14} 0 F_{22} 0 F_{24} F_{31} F_{32} F_{33} F_{34} 0 F_{42} 0 F_{44}

� � � � with F^{2i}, F^{4i} ∈ R^{(n−2r)×r}, i = 2, 4.

In the second step, the same process is applied to the submatrix

Ã_2 = � F_{22} F_{24} F_{42} F_{44} �

to generate H̃^{(2)}_1 = I_{2(n−2r)} − 2Ṽ^{(2)}_1 (Ṽ^{(2)}_1 )^J and H̃^{(2)}_2 = I_{2(n−2r)} − 2Ṽ^{(2)}_2 (Ṽ^{(2)}_2 )^J , such that

H^{(2)}_2 H^{(2)}_1 Ã_2 = � � � � F̃_{22} F̃_{24} 0 0 F̃_{42} F̃_{44} 0 0

� � � � , where

F̃_{ij} ∈ R^{2r×r}, i, j = 2, 4.

Let V^{(2)}_1 = � � 0_{2r×2p} Ṽ^{(2)}_1 (1:n−2r,1:2p)

0_{2r×2p} Ṽ^{(2)}_1 (n−2r+1:2(n−2r),1:2p) � � , V^{(2)}_2 = � � 0_{2r×2q} Ṽ^{(2)}_2 (1:n−2r,1:2q) 0_{2r×2q} Ṽ^{(2)}_2 (n−2r+1:2(n−2r),1:2q) � � ,

and H^{(2)}_1 = I_{2n} − V^{(2)}_1 (V^{(2)}_1 )^J , H^{(2)}_2 = I_{2n} − V^{(2)}_2 (V^{(2)}_2 )^J .

Then the matrix H = H^{(2)}_2 H^{(2)}_1 H^{(1)}_2 H^{(1)}_1 is symplectic and satisfies

HA =

� � � � �

F_{11} F_{12} F_{13} F_{14} 0 �_{F̃22} 0 � 0 �_{F̃24} 0 � F_{31} F_{32} F_{33} F_{34} 0 �_{F̃42} 0 � 0 �_{F̃44} 0 �

� � � � � .

4. Conclusion. The purpose of this short note is to discuss the construction of block symplectic reflectors analogous to those developed in [11], where the Euclidean scalar product is replaced by a skew-symmetric scalar product. This change introduces difficulties in the construction. We investigated necessary and/or sufficient conditions for the existence and uniqueness of such reflectors. We discussed algorithms for computing a symplectic block reflector that introduces a block of zeros into a matrix and showed how to obtain a symplectic block QR factorization.

REFERENCES

[1] E. ARTIN, Geometric Algebra, Interscience Publishers, New York, 1957.

[2] P. BENNER, R. BYERS, H. FASSBENDER, V. MEHRMANN, AND D. WATKINS, Cholesky-like factorizations of skew-symmetric matrices, Electron. Trans. Numer. Anal., 11 (2000), pp. 85–93.

http://etna.math.kent.edu/vol.11.2000/pp85-93.dir

[3] A. BUNSE-GERSTNER, Matrix factorizations for symplectic QR-like methods, Linear Algebra Appl., 83 (1986), pp. 49–77.

[4] G. H. GOLUB AND C. F. VAN LOAN, Matrix Computations, 2nd edition, The Johns Hopkins University Press, Baltimore, 1989.

[5] A. S. HOUSEHOLDER, The Theory of Matrices in Numerical Analysis, Blaisdell, New York, 1964. [6] D. S. MACKEY, N. MACKEY, AND F. TISSEUR, G-Reflectors: Analogues of Householder transformations in scalar product spaces, Linear Algebra Appl., 385 (2004), pp. 187–213.

[7] D. S. MACKEY, N. MACKEY, AND F. TISSEUR, Structured factorizations in scalar product spaces, SIAM J.

Matrix Anal. Appl., 27 (2005), pp. 821–850.

[8] M. ROBBÉ AND M. SADKANE, Convergence analysis of the block Householder block diagonalization algorithm, BIT, 45 (2005), pp. 181–195.

[9] A. SALAM, On theoretical and numerical aspects of symplectic Gram-Schmidt-like algorithms, Numer. Algorithms, 39 (2005), pp. 437–462.

[10] A. SALAM, A. ELFAROUK, AND E. AL-AIDAROUS, Symplectic Householder transformations for a QR-like decomposition, geometric and algebraic approaches, J. Comput. Appl. Math., 214 (2008), pp. 533–548.

[11] R. SCHREIBER AND B. PARLETT, Block reflectors: theory and computation, SIAM J. Numer. Anal., 25 (1988), pp. 189–205.

[12] G. W. STEWART AND J.-G. SUN, Matrix Perturbation Theory, Academic Press, San Diego, 1990.