ON THE DISCRETE SOLUTION OF THE GENERALIZED STOKES PROBLEM IN ONE TIME-STEP FOR TWO PHASE FLOW^∗

WILFREDO ANGULO^† AND HILDA LÓPEZ^‡

Dedicated to Víctor Pereyra on the occasion of his 70th birthday

Abstract. In this paper, we demonstrate the existence, uniqueness, and uniform stability of the discrete solution obtained with the nonconforming Crouzeix-Raviart/P_0 finite element for a generalized Stokes problem of a twophase flow in one time-step.

Key words. two-phase flow, Stokes problem, discrete solution, finite element

AMS subject classifications. 15A15, 15A09, 15A23

1. Introduction. In many applications in science and technology, the flow of two immiscible and incompressible fluids in a pipeline, or two-phase flow, plays an important role [22, 23]. In particular, the lubricated transportation technique is frequently used to facilitate the movement of viscous oils through a pipeline lubricated with a low-viscosity liquid such as water. For this process to be successful, the low-viscosity fluid must be introduced and maintained between the viscous oil and the wall of the pipeline, forming a capsule between the wall and the high-viscosity fluid [7]. This flow pattern is called core annular flow, and the proposed physical model for its study assumes that in this configuration both fluids travel adjacently in time and space, the interface being a natural separation surface between the two fluids.

Based on this, Maury et al. in 2002 proposed to study two-dimensional linear two-phase flow (D = 2) of a fluid made up of water and petroleum in a horizontal pipeline, governed by the transient Navier-Stokes equations; see [27]. Initially, Maury proposed a mathematical model based on these equations with boundary conditions in an axisymmetrical configuration. This configuration simplified the study, in the sense that the interface between both fluids was represented as a single free boundary, but it added an artificial boundary condition which was located in the middle of the pipeline. This free boundary is an unknown to be determined in the problem, and this, although apparently simple, makes the problem more difficult by adding the transport equation which models the evolution in time and space of the interface as it becomes deformed due to the action of stresses produced by the surface tension between the two fluids. The Arbitrary Lagrangian-Eulerian (ALE) method of approximation, which is based on a grid that moves with the fluid, and a method of characteristics for discretizing the nonlinear convection term on the Navier-Stokes equations were proposed. Thus, a semidiscretization in time of the Navier-Stokes equations was obtained, leading to a generalized Stokes problem with non-standard boundary conditions. In Girault, López, and Maury [17], this problem was discretized in space using the Arnold-Brezzi-Fortin finite element (“minielement”), and numerical error estimations were established.

Next, Angulo and López presented in [4] a more realistic extension of a two-phase-flow

∗Received March 31, 2008. Accepted May 5, 2009. Published online on December 29, 2009. Recommended by Godela Scherer. This paper was supported by the bilateral agreement France-Venezuela, ECOSNORD-FONACIT and Consejo de Desarrollo Científico y Humanístico.

†School of Science, Universidad Centroccidental “Lisandro Alvarado”, Barquisimeto, Venezuela and Postgraduate degree in Mathematics, Faculty of Science, Universidad Central de Venezuela, Caracas, Venezuela (wilfredoangulo@ucla.edu.ve).

‡Center for Scientific and Technological Calculations, Faculty of Science, Universidad Central de Venezuela, Caracas, Venezuela (hlopez@kuaimare.ciens.ucv.ve). 170

two-dimensional problem by considering a non-axisymmetrical configuration. This variant eliminates the artificial boundary and complicates the problem further since it includes two free surfaces to be determined, and these deform in different and arbitrary fashion in space and time. Using the combined ALE-characteristic method, an equivalent variational formulation to the generalized Stokes problem corresponding to the non-axisymmetrical configuration was proposed, and it was demonstrated that this formulation is a well-posed problem.

In this paper, we present a mixed finite element, different from the “mini-element,” to approximate the variational formulation proposed in [4], and we demonstrate that the discrete problem is well-posed and that the solution is stable for this mixed finite element. This mixed finite element approximates each velocity component with the Crouzeix-Raviart finite element and the pressure by a constant in each element (Crouzeix-Raviart/P_0). Some numerical simulations which verify this heuristically are also presented.

This paper is organized as follows. In Section 2 we introduce the Sobolev spaces and the associated norms used in this article. In Section 3, following [4] very closely, we present the nonlinear equations that model two-phase non-axisymmetrical flow and the generalized Stokes problem that must be solved for each time step. Section 4 is devoted both to the discretization of the generalized Stokes problem using the Crouzeix-Raviart/P_0 mixed finite element and to the results on the existence, uniqueness, and stability of the solution to the discrete problem. Finally, in Section 5, we show some numerical simulations for a two-phase flow test problem taken from [7].

2. Preliminary basics. In this section we introduce the Sobolev spaces and the associated norms employed in this paper; see [26] and [2] for further details.

Given a domain Ω ⊂ R^2 with a boundary ∂Ω, the Sobolev space of functions H^m(Ω) is defined as:

H^m(Ω) = � v ∈ L^2(Ω) : ∂^kv ∈ L^2(Ω), ∀ |k| ≤ m � , where |k| = k_1 + k_2 with (k_1, k_2) a pair of non-negative integers (in two dimensions) and

∂^kv =

∂^{|k|}v ∂x^{k1}_1 ∂x^{k2}_2 . This space is equipped with the seminorm

|v|_Hm_{(Ω)} = � � � |k|=m � Ω � �∂^kv � �^2 dΩ � � 1/2 ,

and is a Hilbert space for the norm

‖v‖_Hm_{(Ω)} = � � � 0≤k≤m

|v|^2_Hk_{(Ω)} � � 1/2 .

The scalar product of L^2(Ω) is denoted by (·, ·). The definitions of these spaces are extended straightforwardly to vectors, with the same notation.

3. The nonlinear model for a 2-D two-phase flow. In a longitudinal section of a piece of the pipeline, the fluid with low viscosity (water) is adjacent to the pipe wall, and it surrounds the fluid with high viscosity (petroleum). Figure 3.1 illustrates this two-phase flow pattern as a domain Ω ⊂ R^2 delimited by the piece of horizontal pipe.

FIGURE 3.1. Domain Ω and boundary ∂Ω.

For each time t ∈ [0, T ], the domain Ω is decomposed into two subdomains, Ω^1(t) and Ω^2(t). Here, Ω^1 is the region occupied by the heavy fluid (the petroleum) and Ω^2 is the region occupied by the water. This latter region, Ω^2, is divided into two subregions, one superior and another inferior, that we shall call Ω^2_a and Ω^2_b , respectively, such that

Ω^2(t) = Ω^2_a(t) ∪ Ω^2_b (t).

On the other hand, the boundary of Ω^i, i = 1, 2, is given by:

∂Ω^1(t) = Γ^1_{in} ∪ Γ^1_{out} ∪ Γ_a(t) ∪ Γ_b(t), (3.1) ∂Ω^2(t) = Γ^2_{in} ∪ Γ^2_{out} ∪ Γ_a(t) ∪ Γ_b(t) ∪ Γ_{0a} ∪ Γ_{0b} , (3.2)

where Γ^1_{in} and Γ^2_{in} = Γ^2_{ina} ∪ Γ^2_{inb} represent the inlet boundaries for each Ω^i, and Γ^1_{out} and Γ^2_{out} = Γ^2_{outa} ∪ Γ^2_{outb} represent the outlet boundaries for each subdomain Ω^i. We shall then denote by Γ_{in} = Γ^1_{in} ∪ Γ^2_{in} and Γ_{out} = Γ^1_{out} ∪ Γ^2_{out} the inlet and outlet boundaries, respectively, for the entire domain Ω. On the other hand, Γ_{0a} and Γ_{0b} represent the boundaries corresponding to the pipe wall; and, finally, the separation interfaces between both components are given by Γ_a(t) = Ω^1(t) ∩ Ω^2_a(t) and Γ_b(t) = Ω^1(t) ∩ Ω^2_b (t) in the upper and lower part, respectively.

It is assumed that the flow is sufficiently smooth, i.e., with a low Reynolds number (R < 2000) [29], and this situation holds until a certain time T . Therefore, at the initial time the interfaces between the two fluids are considered to be straight lines. It is assumed that these interfaces are never adjacent to the pipe walls, and that they are always separated sufficiently well that there is little possibility that they will collide [14]. Based on these premises, both interfaces can be conveniently parametrized as follows:

Γ_a : (x, t) −→ Φ_a(x, t), Γ_b : (x, t) −→ Φ_b(x, t),

so that, for small quantities δ_1 , δ_2 , δ_3 > 0 and all x ∈ [0, L], we have

Φ_a(x, t) − Φ_b(x, t) > δ_1 > 0, Φ_b(x, t) > −D + δ_2, Φ_a(x, t) < D − δ_3; (3.3) the subdomains being defined by:

Ω^1(t) = {(x, y) ∈ Ω : 0 ≤ x ≤ L, Φ_b(x, t) < y < Φ_a(x, t)} , (3.4)

Ω^2_a(t) = {(x, y) ∈ Ω : 0 ≤ x ≤ L, Φ_a(x, t) < y ≤ D} , (3.5)

Ω^2_b (t) = {(x, y) ∈ Ω : 0 ≤ x ≤ L, −D ≤ y < Φ_b(x, t)} , (3.6) where D > 0 is the radius of the pipeline and L is the pipeline length.

To describe the density and the viscosity in all Ω, we introduce the piecewise constant quantities ρ and μ defined by ρ = 2� i=1 χ^iρ^i and μ = 2� i=1 χ^iμ^i, (3.7)

where χ^i is the characteristic function of subdomain Ω^i, i = 1, 2, with χ^2 defined by χ^2 = χ_Ω2_{a∪Ω}2_b = χ_Ω2_a + χ_Ω2_b .

Here ρ^i and μ^i are, respectively, the given densities and the viscosities constant in each Ω^i, i = 1, 2. The velocity and pressure fields are set forth as follows:

∀ (x, t) ∈ Ω^i × [0, T ], u = u^i(x, t) = � u^i_x(x, t), u^i_y(x, t) � , p = p^i(x, t), i = 1, 2.

Then, for each time t ∈ [0, T ] ⊂ R, the Navier-Stokes problem is written as ρ � ∂u ∂t + u · ∇u � − μΔu + ∇p = ρg in each Ω^i, i = 1, 2, ∇ · u = 0 in Ω,

(3.8)

where g is the gravity and

u · ∇u = u_x ∂u ∂x + u_y ∂u ∂y . Togther with this PDE, we have the initial condition ∀x ∈ Ω^i, u^i(x, 0) = U^i_0(x), i = 1, 2, (3.9) in which U^i_0 is a smooth function such that ∇ · U^i_0 = 0 in Ω^i, i = 1, 2, and such that U^i_0(Γ_{0j} ∩ Γ^2_{in}) = 0, j = a, b. In turn, the boundary conditions are

u = U on Γ_{in}, u^2 = 0 on Γ_{0j} for j = a, b, σ · n = −p_{out}n on Γ_{out},

(3.10)

and the interface conditions (continuity of the velocity and balance of the normal stress with the surface tension across the interface) are � u^i � Γ_j = 0, [σ]Γj · n 1 j = − κ_j R_j n^1_j for i = 1, 2 and j = a, b, (3.11) where U = U^i on Γ^i_n for i = 1, 2 denotes the given inlet velocity independent of time, p_{out} is a given exterior pressure on the outlet boundary, n is the unit exterior normal vector to the boundary of Ω^i, n^1_j is the normal vector to Γ_j , j = a, b, exterior to Ω^1, and [·]_{Γj} denotes the jump on Γ_j in the direction of n^1_j , j = a, b, i.e.,

[f]_{Γj} = f|_Ω1 − f|_Ω2_j .

Physically, the first condition in (3.10) represents the velocity field with which the fluids enter into Ω^i, i = 1, 2, through Γ_{in}. The second condition refers to the non-sliding condition that is greater than the velocity field of fluid 2 since it is in contact with the pipe wall, Γ_{0j} , j = a, b, as a solid element of subdomain Ω^2(t). Finally, the third condition represents the balance of normal surface tension forces with respect to the external pressure necessary to establish equilibrium with the stresses exerted by both fluids on the outlet boundary Γ_{out}. For details on this type of boundary conditions, see [5, 12, 13]. On the other hand, κ_j > 0, j = a, b, are given physical constants depending of the two fluids in contact. In this spirit, as the lubricated fluid (water, top and bottom) is the same, it would be natural to take κ_a = κ_b =surface tension between water and oil. As the geometry of the interface is involved in the term [10], R_j , j = a, b, denotes the radius of the curvature with the appropriate sign, i.e., with the convention that R_j > 0 if the center of the curvature of Γ_j is located in Ω^1, j = a, b; and σ is the stress tensor given by the Navier-Stokes constitutive equation for incompressible Newtonian fluids:

σ = σ (u, p) = μA_1 (u) − pI,

where A_1(u) = � ∇u + (∇u)^t � is the rate of strain tensor; see [5, 7, 25, 29].

We assume that the inlet velocity U has the form:

∀y ∈ (−D, D), U = −U(y)n = (U(y), 0)^t , U(y) > 0, (3.12)

i.e., the inlet velocity is parallel to the normal vector n and is directed inside Ω. Moreover, we assume that U(D) = U(−D) = 0; thus, U satisfies the compatibility condition

U^2 � Γ_{0j} ∩ Γ^2_{in} � = 0, j = a, b. (3.13)

Finally, the equation for the motion of the free surface Γ_j , j = a, b, (stating the immiscibility of the fluids) is given by

∂Φ_j ∂t + u_x

∂Φ_j ∂x = u_y, j = a, b, (3.14)

with the following initial and boundary conditions:

∀x ∈ [0, L] , Φ_j (x, 0) = ±y_0, j = a, b, ∀t ∈ [0, T ] , Φ_j (0, t) = ±y_0, j = a, b,

where ±y_0 ∈ (0, ±D) is a constant that adopts the + sign if j = a and the − sign if j = b.

In [4], the nonlinear convection term in the Navier-Stokes equations (3.8) was semidiscretized using the characteristics method; see [1, 3, 6]. With this, the position of the fluid particles is a function of t and the convection term is the total derivative (or the material derivative) which is approximated by ∂u ∂t + u · ∇u = du dt ≈ u^{m+1}_m − u_m (X^m) δt , where δt > 0 is the time step, u^{m+1}_m is an approximation of the fluid’s velocity at time t^{m+1} defined on the approximate domain at time t^m, and X^m = X(t^m) is the characteristic at time t^m. Then, the Navier-Stokes equations in (3.8) are transformed into the known momentum equations, and the generalized Stokes system is obtained for incompressible flow (for simplificity, the dependency on each time t^m was suppressed):

αρu − μΔu + ∇p = ρg + ραw in each Ω^i, i = 1, 2, ∇ · u = 0 in Ω,

(3.15)

where α represents 1/δt and w represents u_m (X^m) (known at a previous time t^{m−1}). The boundary conditions are given by (3.10) and the problem posed in these terms is known as a generalized Stokes problem (cf. [18, 20]), which can be solved for each time step given the surface that describes the interface. The first condition for the interfaces (3.11) remains the same, and since the position of each interface is now known, the second condition simplifies, and (3.11) is transformed into � u^i � Γ_j = 0, [σ]Γj · n 1 j = −K_j n^1_j for i = 1, 2 and j = a, b, (3.16)

where K_j , used to represent κ_j /R_j for each j = a, b, is now a known function. Finally, (3.15), (3.10), and (3.16) are the expressions that define the generalized Stokes problem with non-standard boundary conditions. Let us consider a variational formulation equivalent to the generalized Stokes problem with non-standard boundary conditions (3.15), (3.10) and (3.16), studied in [4]: given the functions w, p_{out}, μ, ρ, K_j , j = a, b, and the constant α, find u ∈ X + U and p ∈ M to solve

∀v ∈ X, a (u, v) + b (v, p) = ℓ (v) , (3.17) ∀q ∈ M, b (u, q) = 0,

where the function U is an extension to all Ω of the inlet velocity U, X = � v ∈ � H^1(Ω)

�_2

; v|_{Γin} = 0, v|_{Γ0j} = 0 for j = a, b � , (3.18) M = � q : Ω → R; q ∈ L^2(Ω) � , (3.19)

a : X × X → R is a bilinear form defined as

a(u, v) = α � Ω ρu · v dx + 1 2 � Ω μA_1(u) : A_1(v) dx,

b : X × M → R is a bilinear form defined by

b(v, p) = − � Ω p∇ · v dx

and, finally, ℓ : X → R is a linear form defined by

ℓ(v) = � Ω ρ (g + αw) ·v dx − � Γ_{out}

p_{out}n · v ds − � Γ_a

K_an^1_a·v ds − � Γ_b

K_bn^1_b ·v ds.

The pressure has no indeterminate constant because the outflow condition in (3.10) and the transmission condition in (3.11) involve the stress tensor.

In [4], it is demonstrated that the bilinear form a(·, ·) is X-elliptic, the linear form ℓ(·) is a continuous linear functional, and the bilinear form b(·, ·) satisfies an inf-sup condition over X × M. Therefore, the variational formulation (3.17) is a well-posed problem.

FIGURE 4.1. Domain Ω_h and boundary ∂Ω_h

4. Spatial discretization. Taking into account that K_j , j = a, b, is related to the surface tension, from this section onwards we shall assume that each Γ_j is a curve of class C^1∩H^2(Ω) with a horizontal tangent at the inlet point (0, y_0) for Φ_a and at (0, −y_0) for Φ_b, i.e.,

Φ^′_a(0) = 0 y Φ^′_b(0) = 0.

Then we triangulate separately each subdomain Ω^i with a triangulation T^i_h , so that the global triangulation given by

T_h = T^1_h ∪ T^2_h ,

with T^2_h = T^2_{h,a} ∪ T^2_{h,b}, h = max_{T ∈Th} (h_T ), is conforming and regular in the sense that there is no overlapping among the elements of triangulation, and there exists a constant ζ independent of h such that

∀ T ∈ T_h, h_T ρ_T

≤ ζ,

where h_T denotes the diameter of each T and ρ_T is the diameter of the circle inscribed in T . Let us also consider that T_h contains two polygonal lines Γ_{h,a} and Γ_{h,b} whose nodes are on the interfaces Γ_a and Γ_b, respectively. Then we denote by Ω^i_h the domain approximating Ω^i, i.e., the region bounded by Γ_{h,a}, Γ_{h,b}, Γ^i_0, Γ^i_n and Γ^i_{out} as illustrated in Figure 4.1.

In order to employ the Crouzeix-Raviart/P_0 finite elements, we denote by E(T ) the set of all sides of an element T ∈ T_h, E = � T ∈T_h E(T ) the set of all sides in Th, E∂Ωh =

{e ∈ E; e ⊂ Ω_h} the set of sides at the boundary, and E_0 = E \ E_{∂Ωh} the set of internal sides, including even those corresponding to the two polygonal lines which approximate the interfaces. For a given piecewise continuous function v, the jump [v] on a side e ∈ E is defined by

[v](x) = v(x) � �_{T1} − v(x) � �_{T2} , e = (T_1 ∩ T_2) ⊄ ∂Ω_h, T_1, T_2 ∈ T_h,

where x is a point in e. Finally, for every e ∈ E, its midpoint shall be denoted by x_e.

From everything dealt with above, the nonconforming Crouzeix-Raviart space of degree one [11] is defined by

P_h = � v_h ∈ L^2(Ω) : ∀T ∈ T_h, v_h � �_T ∈ P_1(T ); ∀e ∈ E, v_h is continuous on x_e � , in which P_1(T ) is the space of polynomials of degree less than or equal to one defined on each T ∈ T_h. The property that v_h is only continuous on x_e implies that

∀e ∈ E_0, � e [v_h] ds = 0.

If e_i, i = 1, 2, 3, is the ith side of T ∈ T_h opposite to its ith vertex a_i, then for the space P_h the base functions associated to the midpoint x_{ei} are given by

φ_{i,T} = 1 − 2λ_i, i = 1, 2, 3,

where λ_i is the usual barycentric coordinate relative to the vertex a_i. Furthermore, for each φ_{i,T} , i = 1, 2, 3, we have that � e_i

φ_{j,T} ds = |e_i|δ_{ij} , (4.1)

where |e_i| is the length of the side e_i, i = 1, 2, 3, and δ_{ij} is the Kronecker delta function. We introduce now the global Crouzeix-Raviart interpolation operator, Π_h ∈ L(H^1(Ω), P_1), defined as

∀v ∈ H^1(Ω), ∀T ∈ T_h, Π_h(v) � �_T = Π_T (v � �_T ),

where Π_T ∈ L(H^1(T ), P_1(T )) is the local Crouzeix-Raviart operator defined by � e_i

Π_T (v) ds = � e_i

v ds, i = 1, 2, 3.

Now, considering (4.1), we have that for x_{ei}

Π_T (v)(x_{ei} ) = 1 |e_i| � e_i

v ds, i = 1, 2, 3.

Hence, Π_T : H^1(T ) → P^1(T ) can be written as

∀v ∈ H^1(T ), Π_T (v) = 3� i=1 Π_T (v)(x_{ei} )φ_{i,T} .

Thus, the velocity u of the problem shall be approximated by a function u_h belonging to the following space:

X_h = � v_h ∈ L^2(Ω)^2; ∀T ∈ T_h, v_h � T ∈ P^2_h � . (4.2)

Moreover, we define the space of functions v_h with zero discrete divergence in each T ∈ T_h as follows:

V_h = {v_h ∈ X_h; ∇_h · v_h = 0} , (4.3)

in which ∇_h · v_h = ∇ · (v_h � �_T ) for each T ∈ T_h. Similarly, we approximate the pressure p by a function p_h from the space

M_h = � q_h ∈ L^2(Ω); q_h � �_T ∈ P_0(T ), ∀T ∈ T_h� ,

where P_0(T ) is the space of zero degree polynomials defined on T ∈ T_h.

Now, we must define the lifting of the inlet velocity U, so that the lifting can be appropriately approximated, considering that it is not reasonable to assume that U is globally smooth. Due to physical considerations, the regularity of U cannot be greater than that of the inflow velocity of the static problem, specifically, H^{3/2−ε}(Γ_{in}). The following proposition demonstrates the existence of a lifting U.

PROPOSITION 4.1. Assume that Γ_j , j = a, b, satisfies the above assumptions, and that U belongs to H^1(Γ_{in}) and its restriction to Γ^i_n belongs to H^2(Γ^i_n) for i = 1, 2. Then there exists a function U ∈ [H^1(Ω)]^2 such that div(U) = 0 in Ω, U = 0 on Γ_{0j} , j = a, b, U = (U, 0)^t on Γ_{in}, its restriction U^i to Ω^i belongs to [H^2(Ω^i)]^2 for i = 1, 2, and

‖U‖_{[H}2_{(Ω}i_{)]}2 ≤ C‖U‖_H2_{(Γ}i_{n)} for i = 1, 2, (4.4)

with a constant C that is independent of U.

Proof. The proof shall be presented schematically for Ω^1; it is similar for Ω^2. The construction of U is based on the observation that if Φ_a(x) = y_0 and Φ_b(x) = −y_0 for all x ∈ [0, L], then the function U satisfies all the requirements in this proposition. Therefore, as a first intermediate step, we propose the lifting

~U = ( ~U, 0)^t,

in which

∀(x, y) ∈ Ω, ~U(x, y) = U (L (x, y)) a(x) + cb(x)ϱ^1(y), (4.5)

for which a ∈ C^∞ is a truncating function satisfying

0 ≤ a(x) ≤ 1 in [0, L], a(x) = 1 in [0, L/2], a(x) = 0 in [3L/4, L];

b ∈ C^∞ is given by b(x) = 1 − a(x); c is a constant such that for each connected component Ω^i, i = 1, 2, we have � ∂Ω^i

~U · n ds = 0;

L is the function

∀x ∈ [0, L], ∀y ∈ [Φ_b(x), Φ_a(x)],

L (x, y) = � 2y_0 Φ_a(x) − Φ_b(x) � y − y_0 � Φ_a(x) + Φ_b(x) Φ_a(x) − Φ_b(x) � ; and, finally, ϱ^1 is the restriction to Γ^i_{out} of a smooth non-negative function ϱ that vanishes identically in a neighborhood of ∂Ω except in the neighborhood of Γ_{out}. Moreover, its trace on Γ_{out} has compact support and satisfies � Γ_{out}

ϱ ds = 1.

Since ∂Ω^1 is closed, and considering the definition of c, we have � Ω^1

div( ~U) dx = 0.

The foregoing considerations imply that ~U satisfies all the hypotheses in the proposition, except that its divergence does not necessarily have to be zero. In effect,

div( ~U) = g(x, y),

with

g(x, y) = 2y_0 � [Φ_b(x) − y]Φ^′_a(x) − [Φ_a(x) − y]Φ^′_b(x) (Φ_a − Φ_b)^2 � a(x) ∂U ∂L + U(L (x, y))a^′(x) + cϱ^1(y)b^′(x),

where a^′ and b^′ are the first derivatives with respect to x of the functions a and b, respectively.

It can also be shown that ~U δ ∈ L^2(Ω^1), (4.6)

where δ(x) is the minimum distance of x ∈ Ω^1 to the corners of ∂Ω^1. Then, according to Kellogg and Osborn [24], the condition given by (4.6) implies that there exists a function v ∈ [H^2(Ω^1) ∩ H^1_0 (Ω^1)]^2 such that

div(v) = g in Ω^1 and ‖v‖_{[H}2_{(Ω}1_{)]}2 ≤ C‖g‖_H1_{(Ω}1_).

This is so even when the domain Ω^1 is not convex, since in this case it is only required that the angles at the two corners of the boundary Γ^1_{in} be smaller than π; this is satisfied due to the hypotheses established on the interfaces. Finally, the proof is concluded by taking

U = ~U − v, (4.7)

as the appropriate lifting that satisfies all the requirements of this proposition.

Since a function that belongs to H^1(Ω^i) for i = 1, 2 also belongs to H^{1/2−ε}(Ω) for any ε > 0, Proposition 4.1 has the following corollary.

COROLLARY 4.2. Under the assumptions of Proposition 4.1, the function U defined by (4.7) belongs to [H^{3/2−ε}(Ω)]^2 for any ε > 0, and there exists a constant C(ε) independent of U and U such that

‖U‖_{[H}3/2−ε_{(Ω)]}2 ≤ C(ε)‖U‖_H3/2−ε_{(Γin)} ≤ C(ε) 2� i=1 ‖U‖_H2_{(Γ}i_{n)}. (4.8)

As U ∈ [H^1(Ω)]^2, it can be approximated component by component using the global Crouzeix-Raviart interpolator, since it is enough for it to possess a continuous trace in each segment. We define this approximation by

U_h = (Π_h(U), 0)^t

and we have the following result.

PROPOSITION 4.3. Let U be the function of the Proposition 4.1 and U_h its approximation by means of the global Crouzeix-Raviart interpolator. Then

∀q_h ∈ M_h, � Ω q_h ∇_h · U_h dx = 0.

Proof. For all q_h ∈ M_h we have � Ω q_h ∇_h · U_h dx = � T ∈T_h

q_h � �_T^3 � i=1 � e_i

U_h · n_{ei} ds,

where n_{ei} is the normal unit vector external to T on its ith side e_i. By the definition of the Crouzeix-Raviart interpolation operator � e_i

U_h · n_{ei} ds = � e_i

U · n_{ei} ds.

Thus,

∀q_h ∈ M_h, � Ω q_h∇_h · U_h dx = � Ω q_h∇ · U dx

and the proof concludes with the fact that ∇ · U = 0 in Ω.

Another point that must be addressed prior to proposing a discrete variational formulation involves the approximation of the integral term that takes surface tension into account,

K_j (v) = � Γ_j

K_j n^1_j · v ds, j = a, b.

The proposed approximation is motivated by the fact that with the sign convention used for each R_j , we have

n^1_j R_j = − n_j R_j = dt_j ds , j = a, b,

where t_j is the tangent to Γ_j in the direction of increasing s, which is the same as the direction of increasing x; n_j is the principal normal vector to Γ_j , i.e., parallel to n^1_j and directed toward the center of curvature of Γ_j ; and R_j is the positive radius of curvature, i.e., R_j = R_j if the center of the curvature is located inside of Ω^1 and R_j = −R_j if the center of curvature is on the other side. Therefore, in the case of test functions v_h ∈ X_h, we have

K_j (v_h) = � Γ_j

κ_j v_h · dt_j ds ds = κ_j � Γ_j

v_h · dt_j ds ds, j = a, b. (4.9)

Now, let

x^j_r = � x^j_r, y^j_r = Φ_j (x^j_r) � , 0 ≤ r ≤ N, j = a, b

be the points defined in each Γ_j , with

0 = x^j_0 < x^j_1 < · · · < x^j_{(N−1)} < x^j_N = L, j = a, b.

Let S̃^j_r be the arch of Γ_j with end points x^j_r and x^j_{r+1}. The polygon Γ_{h,j} is built from straight lines that connect the nodes of x^j_r to x^j_{r+1} for every 0 ≤ r ≤ N − 1, and we denote by S^j_r the chord [x^j_r, x^j_{r+1}]. We define the unit tangent t^j along the chord S^j_r by

t^j_r = x^j_{r+1} − x^j_r � � �x^j_{r+1} − x^jr � � � , 0 ≤ r ≤ N, j = a, b, and approximate K_j (v_h) by the following formula:

∀v_h ∈ X_h, K_{hj} (v_h) = κ_j

N−1� r=1 v_h(x^j_{r+1/2}) · (t^j_r − t^j_{r−1}), j = a, b, (4.10)

where x^j_{r+1/2} is the midpoint of the segment S^j_r where the function is approximated with the Crouzeix-Raviart element.

Since elements of P_h do not have global weak derivatives, we must use a modification of a(·, ·) and b(·, ·) in order to state the discretization of the problem. Thus, we define

a_h(u_h, v_h) = � T ∈T_h � α � T ρ_hu_h · v_h dx

+ 1 2 � T μ_h(∇_hu_h + (∇_hu_h)^t) : (∇_hv_h + (∇_hv_h)^t) dx �

+ J_h(u_h, v_h),

(4.11)

where for all v_h ∈ X_h, the term ∇_hv_h = ∇(v_h � T ) is the discrete gradient in T ∈ T_h, ρ_h and μ_h are approximations to the density and the viscosity respectively defined by

ρ_h � �_{Ωih} = ρ^i, μ_h � �_{Ωih} = μ^i, i = 1, 2, (4.12) and ∀u_h, v_h ∈ X_h, J_h(u_h, v_h) = � e∈E 1 |e| � e [u_h] · [v_h] ds

is the factor that controls the rigid body rotations which cause a lack of coercivity for the Crouzeix-Raviart approximation when applied to the Stokes formulation written in terms of the strain tensor A_1(u) [8]. Likewise,

b_h(u_h, q_h) = − � T ∈T_h � T q_h ∇_h · v_h dx. (4.13)

Based on the foregoing, the discrete variational formulation is as follows: find u_h ∈ X_h + U_h and p_h ∈ M_h that satisfy

∀v_h ∈ X_h, a_h (u_h, v_h) + b_h (v_h, p_h) = ℓ (v_h) , ∀q_h ∈ M_h, b_h (u_h, q_h) = 0,

(4.14)

where

ℓ(v_h) = � Ω ρ_h (g + αw) · v_h dx − � Γ_{out}

p_{out}v_h · n ds − K_{h,a}(v_h) − K_{h,b}(v_h).

(4.15)

In the following, we will define the norm associated to the space X_h to be

∀v_h ∈ X_h, ‖v_h‖^2_h = ‖v_h‖^2_{[L}2_{(Ω)]}2 + |||∇v_h|||^2_{[L}2_{(Ω)]}2 + J_h(v_h, v_h), (4.16) where

∀v ∈ [L^2(Ω)]^2, |||∇v|||^2_{[L}2_{(Ω)]}2 = � T ∈T_h

‖∇v‖^2_{[L}2_{(T )]}2 , (4.17)

is the broken norm [19]. The following result on boundedness for J_h is obtained.

PROPOSITION 4.4. There exist constants C^′ and C^{′′} independent of h such that

∀v_h ∈ X_h, J_h(v_h, v_h) ≤ C^′|||∇v_h|||^2_{[L}2_{(Ω)]}2 ≤ C^{′′}‖v_h‖^2_h. (4.18)

Proof. The proof is similar to that presented by Girault et al. in [19]. On the other hand, with Korn’s inequality for piecewise H^1 vector fields [9],

∀v_h ∈ X_h, |||∇v_h|||^2_{[L}2_{(Ω)]}2 ≤ C_1 � |||A_1(v_h)|||^2_{[L}2_{(Ω)]}2 + J_h(v_h, v_h) � , (4.19)

Poincaré’s inequality for piecewise H^1 vector fields [8],

∀v_h ∈ X_h, ‖v_h‖^2_{[L}2_{(Ω)]}2 ≤ C_2 � |||∇v_h|||^2_{[L}2_{(Ω)]}2 + J_h(v_h, v_h) � , (4.20)

and the above result of boundedness for J_h, we have the following equivalence lemma between the norm associated to the space X_h and the broken norm of the gradient of every function v_h ∈ X_h.

LEMMA 4.5. There exist positive constants β_1 and β_2 such that

∀v_h ∈ X_h, β_1|||∇v_h|||^2_{[L}2_{(Ω)]}2 ≤ ‖v_h‖^2_h ≤ β_2|||∇v_h|||^2_{[L}2_{(Ω)]}2 . (4.21)

Now, using norm ‖ · ‖_h previously defined, we have the following lemma for the global Crouzeix-Raviart operator.

LEMMA 4.6. There is a constant C, independent of h, so that

∀v ∈ [H^1(Ω)]^2, ‖Π_h(v)‖^2_h ≤ C‖v‖^2_{[H}1_{(Ω)]}2 . (4.22)

Proof. The proof is similar to that presented, in a more general setting, by J.-L. Guermond and A. Ern in [15].

4.1. Uniform stability analysis. The first step in the numerical analysis of the problem (4.14) consists in proving a uniform discrete inf-sup condition for the pair of spaces X_h, M_h. This is the objective of the following proposition.

PROPOSITION 4.7. Let T_h be the triangulation previously defined. There exists a constant β^⋆ > 0, independent of h, such that the following discrete inf-sup condition holds:

∀ q_h ∈ M_h, sup_{vh∈Xh} b_h(v_h, q_h) ‖v_h‖_h

≥ β^⋆‖q_h‖_L2_{(Ω)}. (4.23)

Proof. By Fortin’s Lemma (see [16]), proving the discrete inf-sup condition is equivalent to demonstrating that there exists a restriction operator Π_h ∈ L(X, X_h) and a constant C, independent of h, such that

∀v ∈ X, ‖Π_h(v)‖_X ≤ C‖v‖_X , (4.24) ∀q_h ∈ M_h, b_h(Π_h(v) − v, q_h) = 0. (4.25)

It is easy to check that if Π_h is taken as the Crouzeix-Raviart operator, then (4.24) and (4.25) are verified and the proposition is established with

β^⋆ = β C , where β > 0 is the constant for the continuous inf-sup condition and C is the constant of Lemma 4.6.

4.2. Results on the existence and uniqueness of the discrete solution (u_h, p_h). Let us write the velocity u_h as

u_h = u_{0,h} + U_h,

where U_h satisfies Proposition 4.3. Then the problem (4.14) is the following linear system of equations: find (u_{0,h}, p_h) ∈ X_h × M_h that satisfy

∀v_h ∈ X_h, a_h (u_{0,h}, v_h) + b_h (v_h, p_h) = ℓ (v_h) − a_h � U_h, v_h � , ∀q_h ∈ M_h, b_h (u_{0,h}, q_h) = 0.

(4.26)

To prove the existence and uniqueness of the solution u_{0,h} ∈ X_h, the following must be proved:

• Bicontinuity of the bilinear form a_h(·, ·) over X_h ×X_h: there exists a constant γ > 0 such that

∀u_h, v_h ∈ X_h, |a_h(u_h, v_h)| ≤ γ‖u_h‖_h ‖v_h‖_h. (4.27)

• Coercitivity of the bilinear form a_h(·, ·) over X_h × X_h: there exists a constant α^∗ > 0 such that

∀v_h ∈ X_h, a_h(v_h, v_h) ≥ α^∗‖v_h‖^2_h. (4.28)

On the other hand, the existence and uniqueness of p_h holds automatically from Proposition 4.7 once we have the result for u_h. This is established with the following proposition.

PROPOSITION 4.8. The system of linear equations given by (4.26) has a unique solution (u_{0,h}, p_h) ∈ X_h × M_h.

Proof. Bicontinuity (4.27) is obtained immediately by considering the definition of the bilinear form a_h, the norm ‖·‖_h associated to space X_h, and the Cauchy-Schwartz inequality. Indeed, we have

γ = max � α max

1≤i≤2

(ρ^i), 1 2 max 1≤i≤2

(μ^i), 1 � . Finally, coercitivity (4.28) is verified with

α^∗ = C̃ C_1β_2

, C̃ = min � α min_{1≤i≤2}(ρ^i), 1 2 min 1≤i≤2

(μ^i), 1 � , as an immediate consequence of (4.19) and Lemma 4.5.

5. Numerical simulation. In this section we present a numerical simulation of the generalized Stokes problem at an initial time t_0, considering each interface as a horizontal line within the domain. Therefore, the terms K_{h,j} (v_h), j = a, b, are zero for every v ∈ X_j . The condition at the pipeline outlet is established for a manometric pressure given by p_{out} = 0, and g = 9.806e_2.

The simulation is based on the following parameters: ρ_1 = 1, ρ_2 = 1.1, μ_1 = 0.1 and μ_2 = 0.01. The inlet velocity U = (U(y))e_1 is defined by the function U given by

∀y ∈ Γ^2_{in}, U(y) = � − ξ 2Lμ_2 � y^2 + � − ξ 2Lμ_2 � D^2 and ∀y ∈ Γ^1_{in}, U(y) = � − ξ 2Lμ_1 � y^2 + � − ξ 2Lμ_2 � |Γ^1_{in}|^2 4 � μ_2 − μ_1 μ_1 � + D^2 � , where ξ > 0 is a hydrodynamic parameter taken from [7] for this test problem.

Figures 5.1 and 5.2 visualize, respectively, the velocity field and the pressure field. The pressure field is shown with greater intensity at the inlet of the pipe (red color) and less intensity at the outlet (blue color), which is consistent with the type of shear stresses that must be maintained to obtain the velocity field as illustrated in Figure 5.1; see [7, 22, 23].

FIGURE 5.1. Velocity field. FIGURE 5.2. Pressure field.

Following Hughes [21], we determine the constraint ratio for the system equations (4.14). The value of this ratio was r = 1.999, very close to 2, which is the optimal value. Therefore, in heuristic terms, the calculations verify the discrete inf-sup condition.

6. Conclusions. We have described a discretization of a water-petroleum two-phase flow problem based on a generalized Stokes problem with non-standard boundary conditions [4], using the Crouzeix-Raviart mixed finite element with spaces P_1 and P_0 for the velocity and pressure, respectively. Under an adequate variational formulation, we demonstrated that the discretization generates a linear system of equations whose solution exists, is unique, and is uniformly stable, since a discrete inf-sup condition was demonstrated over the nonconforming Crouzeix-Raviart finite element spaces P_1/P_0. The existence of a lifting function which extends the Dirichlet condition to the entire pipeline was also demonstrated, based on the regularity and properties that make it adequate to conserve an incompressible flow condition and be approximated by means of the Crouzeix-Raviart interpolation operator. Based on this, a numerical simulation was presented to visualize the velocity field and pressure field for an initial time in which the interfaces between the two fluids are straight lines.

The constraint ratio was also calculated, and it was consistent with the theoretical results, since the uniform stability of the solution was thus heuristically verified.

The finite element of Crouzeix-Raviart has been used by numerous authors for the solution of problems where the Navier-Stokes equations arise in the simulation of incompressible flows; see, for example, [28]. Like the mini-element, the Crouzeix-Raviart element is a stable mixed combination. However, since there is no physical reason to assume continuous pressure between the two fluids [22, 23], we consider the Crouzeix-Raviart element in the space discretization of the two-phase flow studied in this work a better tool to approximate the pressure.

In future work, we would like to do a convergence analysis and to compare our numerical results with those generated by the “mini-element.” Also, we would like to compute solutions for several time steps and approximations to the interface between both fluids.

REFERENCES

[1] M. ABDELWAHED, M. AMARA, F. DABAGHI, AND M. HASSINE, A numerical modeling of a two phase flow for water eutrophication problems, in Proceedings of the European Conference on Computational Methods in Applied Sciences, E. Oñate, G. Budega, and B. Suaárez, eds., CIMNE, Barcelona, 2000, 18 pages.

[2] R. A. ADAMS, Sobolev Spaces, Academic Press, New York, 1975.

[3] M. AMARA, F. EL DABAGHI, AND C. KADA KLOUCHA, Ecoulement incompressible à surface libre, Rapport d’INRIA Rocquencourt, 2000.

[4] W. ANGULO AND H. LÓPEZ, Formulación variacional y análisis de un modelo no axisimétrico en 2-D para un flujo bifásico agua-petróleo, Divulg. Mat., 16 (2008), pp. 195–219.

[5] G. K. BATCHELOR, An Introduction to Fluid Dynamics, Cambridge University Press, Cambridge, 1967. [6] A. BERMUDEZ AND J. DURANY, La méthode des caractéristiques pour les problèmes de convectiondiffusion stationnaires, RAIRO Modél. Math. Anal. Numér., 21 (1987), pp. 7–26.

[7] R. BIRD, W. STEWART, AND E. LIGHTFOOT, Fenómenos de Transporte, Editorial Reverté, Barcelona, 1997. [8] S. BRENNER, Poincaré-Friedrichs inequalites for piecewise H^1 functions, SIAM J. Numer. Anal., 41 (2003), pp. 306–324.

[9] , Korn’s inequalites for piecewise H^1 vector fields, Math. Comp., 73 (2004), pp. 1067–1087. [10] D. CAMPANA, C. CORVALÁN, AND F. SAITA, El método de elementos finitos en la simulación de problemas de inestabilidad capilar. Análisis numérico para la determinación de una estrategia computacional eficiente, Mecánica Computacional, 20 (2001), pp. 79–84 .

[11] M. CROUZEIX AND P. A. RAVIART, Conforming and nonconforming finite element methods for solving the stationary Stokes equations. I, RAIRO Anal. Numér., 7 (1973), pp. 33–76.

[12] J. M. DELHAYE, Jump conditions and entropy sources in two-phase systems. Local instant formulation, Int.

J. Multiphase Flow, 1 (1974), pp. 395–409.

[13] I. V. DENISOVA, Problem of the motion of two viscous incompressible fluids separated by a closed free interface, Acta Appl. Math., 37 (1994), pp. 31–40.

[14] D. EDWARDS, H. BRENNER, AND D. WASAN, Interfacial Transport Processes and Rheology, Butterworth- Heinemann, Boston, 1991.

[15] A. ERN AND J-L. GUERMOND, Theory and Practice of Finite Elements, Springer Series in Applied Mathematical Sciences 159, Springer, New York, 2004.

[16] M. FORTIN, Calcul numérique des écoulements des fluides de Bingham et des fluides newtoniens incompressibles par la méthode de éléments finis, Ph.D. thesis, Université Paris 6, 1972.

[17] V. GIRAULT, H. LÓPEZ, AND B. MAURY, One time-step finite element discretization of the equation of motion of two-fluid flows, Numer. Methods Partial Differential Equations, 22, (2006), pp. 680–707.

[18] V. GIRAULT AND P. RAVIART, Finite Element Methods for Navier-Stokes Equations, Theory and Algorithms, Springer Series in Computational Mathematics, Vol. 5, Springer, New York, 1986.

[19] V. GIRAULT, B. RIVIÈRE, AND M. WHEELER, A splitting method using discontinuous Galerkin for the transient incompressible Navier-Stokes equations, M2AN Math. Model. Numer. Anal., 39 (2005), pp. 1115– 1147.

[20] R. GLOWINSKI, Numerical Methods for Fluids (Part 3), Handbook of Numerical Analysis, P. G. Ciarlet and J. L. Lions, eds., North-Holland, Amsterdam, 2003.

[21] T. J. R. HUGHES, The Finite Element Method., Dover, Mineola, New York, 2000. [22] D. D. JOSEPH AND Y. RENARDY, Fundamentals of Two-Fluid Dynamics, Volume II: Lubricated Transport, Drops and Miscible Fluids, Springer, New York, 1993.

186 W. ANGULO AND H. L^´OPEZ

[23] D. D. JOSEPH, R. BAI, K. P. CHEN, AND Y. RENARDY, Core-annular flows, Annu. Rev. Fluid Mech., 29 (1999), pp. 65–90.

[24] R. B. KELLOGG AND J. E. OSBORN, A regularity result for the Stokes problem in a convex polygon, J. Funct.

Anal., 21 (1976), pp. 397–431.

[25] L. LANDAU AND E. LIFCHITZ, Mécaniques des Fluides, MIR Moscow, 1955.

[26] J. L. LIONS AND E. MAGENES, Problèmes aux Limites non Homogènes et Applications, I, Dunod, Paris, 1968.

[27] B. MAURY, Flujo de dos fáses, Avance del Proyecto ECOS-Nord-V00M04, UCV-CCT, Caracas-Venezuela, 2002.

[28] S. NORBURN AND D. SILVESTER, Stabilised vs. stable mixed methods for incompressible flow, Comput.

Methods Applied Mech. Engrg., 166 (1998), pp. 131–141.

[29] C. TRUESDELL AND K. R. RAJAGOPAL, An Introduction to the Mechanics of Fluids, Birkhäuser, Boston, 2000.