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IMPACT OF GRAVITY ON THIN-LAYER CELL
ELECTROCHEMICAL DEPOSITION ∗

E. MOCSKOS† AND G. MARSHALL†

Abstract. Electrochemical deposition (ECD) in thin cells with different orientations relative to gravity leads to
complex stable and unstable physicochemical hydrodynamicflows. Here we study the impact of gravity on these
flows through a theoretical macroscopic 3D model and its numerical simulation. The model describes the diffusive,
migratory, and convective motion of ions in a fluid subject toan electric field through the Nernst-Planck, Poisson,
and Navier-Stokes equations, respectively. The equationsare written in terms of dimensionless quantities, in par-
ticular, the gravity Grashof number, revealing the importance of gravitoconvection. The nonlinear system of partial
differential equations is solved on a uniform grid using finite differences and a strongly implicit iterative scheme.
In ECD in a cell in a horizontal position, our model predicts the evolution of two gravity-driven convective rolls
and concentration shells attached to each electrode. We predict their birth, growth, expansion towards one another,
collision, and merger into a single roll that invades the whole cell. In ECD in a cell in a vertical position, cath-
ode above anode, our model predicts that gravity-induced rolls and concentration shells remain locally attached to
fingers that grow downwards; thus, global invasion of the cell by gravity-induced rolls is suppressed, leading to a
stable stratified flow. In ECD in a cell in a vertical position,cathode below anode, our model predicts the detachment
of rolls and concentration shells from each electrode in theform of plumes that expand towards one another, mix,
invade the whole cell, and lead to an unstable stratified flow.For ECD, whether in horizontal or vertical position, in
the presence of growth, our model predicts the existence of an electrically driven vortex ring at the dendrite tip that
interacts with concentration shells and rolls, leading to complex helicoidal flows. Such structures are experimentally
observed, suggesting that ion transport underlying dendrite growth is remarkably well captured by our model.
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drodynamic flows, unstable physicochemical hydrodynamic flows
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1. Introduction. In an electrochemical deposition (ECD) experiment, the electrolytic
cell consists of two glass plates sandwiching two parallel electrodes and a metal salt elec-
trolyte. A voltage difference applied between the electrodes produces a ramified deposit by
reduction of the metal ions. Depending on the cell geometry,cell orientation relative to grav-
ity, electrolyte concentration, cell voltage, and other parameters, the deposit can be fractal,
densely branched or dendritic, or even chaotic. ECD has become a paradigmatic model for
the study of growth pattern formation (GPF), that is, the unstable growth of interfaces [1, 3–
19, 21, 23–27, 32].

Beyond the dendrite growth, complex physicochemical hydrodynamical ion transport
processes take place. Ion transport is mainly governed by diffusion, migration, and convec-
tion. Convection is mostly driven by Coulombic forces due tolocal electric charges and by
buoyancy forces due to concentration gradients that lead todensity gradients. The relevance
of convection, relative to migration and diffusion, for cells with thickness larger than 50µm
has been demonstrated by a number of researchers [3, 4, 10–12, 14, 15, 18, 21]. In cells with
thickness less than 50µm, diffusion and migration are the dominant modes of ion transport
[19].

Convection adds to the complexity of ECD flows, and thereforeit is natural to try to
reduce it to a negligible level. One possibility is to reducebuoyancy forces by orienting the
cell in a vertical position relative to gravity [18]. With this technique, when the cathode (and
low-density fluid) is above the anode (and high-density fluid), the invasion of the cell by the
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gravity-induced rolls is globally suppressed while electroconvection remains. Stratification
remains stable as long as there is no growth of dendrites. Butas soon as a dendrite appears,
stratification breaks down, because the fluid concentrationsurrounding a downward-growing
dendrite tip diminishes, creating a horizontal concentration gradient and thus, locally, gravi-
toconvection. Away from dendrites, stratification remainsstable [18]. However, if the anode
(and high-density fluid) is above the cathode (and low-density fluid), an unstable stratification
leads to a global convective flow [18].

Figures1.1–1.7 illustrate the previous discussion. Figure1.1 shows the experimental
setup for ECD in horizontally and vertically oriented cellsrelative to gravity, respectively.

FIG. 1.1.(a) Cell in a horizontal position relative to gravity and (b)cell in vertical position relative to gravity.

Figure1.2shows, in a cell in the horizontal position (the plane of the growth is normal
to gravity), schlieren images of dendrites growing from thecathode towards the anode (dark
pixels) and concentration fronts (bright pixels). A characteristic of ECD growth in horizontal
cells is the appearance of a hierarchy of branch sizes ratherthan a uniform front.

FIG. 1.2.Schlieren image of ECD in a cell in the horizontal position (the plane of the growth is normal to
gravity). Copper sulfate solution concentration is 0.5 M, the cell width is 0.2 mm, and the applied constant voltage
is 15V (reproduced from [7]).

The concentration variations observed in Figure1.2 lead to density variations and there-
fore to the development of gravity-driven convection rollsat the electrodes [18]. This is il-
lustrated in Figure1.3, which shows a side view of the cell with a roll near the cathode.
Moreover, due to local instabilities, a dendrite growth at the cathode is triggered, and local
electric charges, and thus Coulombic forces, concentrate at the dendrite tips according to a
model developed in [13] (cf. also references cited therein). Each porous filament allows fluid
to penetrate its tip and to be ejected from the sides, forminga vortex pair in the plane of the
growth driven by the electric force. Figure1.4 shows a top view of the cell with a pair of
counter-rotating vortices, as described in [13].
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FIG. 1.3.Side view of the cathodic roll visualized with tracer particles (reproduced from [18]).

FIG. 1.4.Top view of the vortex ring visualized with tracer particles(reproduced from [18]).

Figure1.5shows a schlieren snapshot of the evolution of the deposit front (dark pixels)
and the cathodic and anodic concentration fronts (light pixels) in an ECD in a vertical cell
with the cathode above the anode. A characteristic of this growth is that the deposit front looks
rather uniform on average, and consists of dendrite tips surrounded by tenuous concentration
arches that join neighboring tips. The shape of the arches isthe result of electroconvection
and gravitoconvection.

FIG. 1.5.Schlieren image of ECD in a vertically oriented cell (cathode above anode) at 460s giving rise to a
globally stable flow. Copper sulfate solution concentration is 0.1M, the cell dimensions are70× 10× 0.2 mm3, and
the applied constant current is 5mA.

Figure 1.6 shows an ECD experiment in a vertical cell, cathode above anode, with a
small protruding spike (to mimic the behavior of one of the dendrite tips) on an otherwise
flat electrode, and the flow surrounding it. Convection is visualized with 200 snapshots of
micron-sized tracer particles, spanning an interval of 20 seconds, superposed to show their
motion. The tracer particles reveal a pair of counter-rotating vortices, the result of the vector
composition of local buoyancy and local electric forces. Inthis locally unstable regime, local
convection prevails, but globally the ECD process is controlled by migration and diffusion
and is thus stably stratified.



ETNA
Kent State University 

http://etna.math.kent.edu

IMPACT OF GRAVITY IN THIN-LAYER CELL ELECTROCHEMICAL DEPOSITION 93

FIG. 1.6.Visualization of 1µm-sized particle trajectories near a spike in the cathode inan ECD in a vertical
cell (cathode above anode) giving rise to a locally unstableflow. To show the motion of tracer particles, 200 digital
images were superimposed: from 40 to 60s. Copper sulfate solution concentration is 0.1M with 30% glycerol in
weight, the cell dimensions are70×10×0.127 mm3, the applied constant current is 2 mA, and the spike dimensions
are1× 0.5× 0.127 mm3.

Figure1.7 shows an experimental schlieren concentration snapshot ofan ECD experi-
ment in a vertical cell, anode above cathode. Here, the unstable flow emerges from the devel-
opment of high-density plumes detaching from the anode and descending, and low-density
plumes detaching from the cathode, rising towards the anode, and mixing with plumes com-
ing down. This global gravitoconvection strongly inhibitsdendrite growth.

FIG. 1.7.Unstable flow pattern: schlieren image of a vertically oriented cell at 100s. Copper sulfate solution
concentration is 0.1M, the cell dimensions are70 × 10× 0.2 mm3, and the applied constant current is 5mA.

To summarize the experimental evidence shown:
(a) A cell in a horizontal position relative to gravity leadsalways to a constrained unstable

flow regime.
(b) A cell in a vertical position with the cathode above the anode comprises two flow regimes:

(i) in the absence of dendrites, a globally stable stratifiedflow regime in which there is
no convection and the ECD process is controlled by migrationand diffusion;

(ii) in the presence of dendrites, a quasi-stable flow regimein a zone near the dendrites,
in which there is local convection and the ECD process is controlled by migration,
diffusion, and convection; outside that region, the flow is stably stratified.

(c) A cell in a vertical position with the anode above the cathode comprises one flow regime:
a globally unstable stratified flow, whether with or without dendrites.
A comparison between horizontal and vertical ECD experiments reveals that in the hori-

zontal case, ECD always leads to a constrained unstable flow regime. However, the orientation
of the cell walls relative to gravity impedes the development of a full unstable flow as in the
case of a vertical cell with the anode above the cathode. Moreover, a characteristic of ECD
growth in horizontal cells is the appearance of a hierarchy of branch sizes, while a uniform
front appears in the cell in the vertical position when the cathode is above the anode. Since
the only change in both cases is the direction of the electricfield relative to gravity, no doubt,
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gravity is the main cause of these differences in the growth and flow regimes.

The aim of this paper is to study the effect of gravity on ECD through numerical simu-
lations that could lead to new insights of ECD behavior. The paper is organized as follows.
Section2 presents the mathematical and computational models, Section3 presents the numer-
ical results, and finally Section4 presents a discussion and draws some general conclusions.

2. Mathematical and computational models.Ion transport in a thin-layer ECD can be
described with a mathematical model based on first principles [2, 20, 28, 31], including the
Nernst-Planck equations for ion transport, the Poisson equation for the electric potential, and
the Navier-Stokes equations for the fluid flow. The 3D dimensionless system of equations can
be written as

∂Ci

∂t
= −∇ · ji,(2.1)

ji = −MiCi∇φ −
1

Pei

∇Ci + Civ,(2.2)

∇2φ = Po
∑

i

ziCi,(2.3)

∂ζ

∂t
+ ∇× (ζ × v) =

1

Re
∇2ζ +

∑

i

[

Gei
zi(∇φ ×∇Ci) − Ggi

(∇× Ci)
g

g

]

,(2.4)

ζ = −∇2Ψ,(2.5)

v = ∇× Ψ.(2.6)

HereCi and ji are the dimensionless concentration and flux of an ionic species i (for
a ternary electrolyte such as ZnSO4 /H2SO4, i= C and A, standing for zinc and sulphate);
v, φ, ζ, andΨ are the dimensionless fluid velocity, electrostatic potential, vorticity vector,
and velocity potential vector, respectively; andg/g is a unit vector pointing in the direc-
tion of gravity. The quantitiesMi = µiΦ0/x0u0, Pei = x0u0/Di, Po = x2

0C0e/ǫΦ0,
Re = x0u0/ν, Gei

= eCiΦ0/ρ0u
2
0, andGgi

= x0Cigαi/u2
0 are the dimensionless mi-

gration, Peclet, electric Poisson, Reynolds, electric Grashof, and gravity Grashof numbers,
respectively. The quantitieszi, µi, andDi are, respectively, the number of charges per ion,
the mobility constant, and the diffusion constant of an ionic speciesi; µi andzi are signed
quantities, being positive for cations and negative for anions;g is the dimensional gravita-
tional acceleration;e is the electronic charge,ǫ is the permittivity of the medium, andν is
the kinematic viscosity.x0, u0, φ0, C0, andρ0 are reference values of the length, velocity,
electrostatic potential, concentration, and fluid density, respectively. For system closure, a
Boussinesq-like approximation has been used for the fluid density: ρ = ρ0(1 + Σiαi∆Ci),
whereαi = 1

ρ0

∂ρ
∂Ci

.

The system (2.1)–(2.6), with appropriate initial and boundary conditions, is valid in a
space-time domain defined byG = Ω(t) × (0, t), whereΩ is a three-dimensional region
with boundaryΓ(t); this boundary moves with speed proportional to the norm of the flux
ji. The boundary conditions for the velocity potential vectorare discussed, for instance, by
Mallinson and de Vahl Davis [22]: in a plane impermeable surface, the vector is normal to the
surface and its gradient is zero; at nonslip surfaces, the tangential derivative of the velocity
components is zero.

The computational model solves the previous 3D system of equations, for each time step,
in a fixed or variable domain, in a 3D uniform lattice, using finite difference and deterministic
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relaxation techniques. The solution is obtained via the system of difference equations:

Wn+1

k =
∑

j

ajW
n
j ,(2.7)

wherej represents the nearest-neighbor site for the sitek; the summation ranges over all
nearest-neighbor sites;Wk is a vector-valued function whose components are the concen-
trationsA andC, the electrostatic potentialφ, the vorticity vectorζ, and velocity potential
vectorΨ; andaj is a diagonal matrix whose elements contain the nonlinear coefficients of the
discretized equations. The resulting solutionWn+1

k is then used to advance the interface with
a dielectrical breakdown model (DBM) [30]. The interface is moved at random, proportionate
to the flux of cations, i.e.,

pk =
|jck|

∑

i |jci|
,(2.8)

wherek is a nearest-neighbor site to the interface,pk is the probability of selecting the
nearest-neighbor sitek to advance the interface, the summation is over all nearest-neighbor
sitesi to the interface, andjck is the flux of cations flowing from the neighbor sitek into the
aggregation.

In all the simulations presented below a fixed domain is used,and the following set of
dimensionless quantities remain constant:MA = 1/30, MC = 1/45, PeA = 600, PeC =
750, Po = 2.3 × 103, Ge = 1 × 105 GgA = 1.5 × 104, GgC = 1 × 104, andRe = 0.1.
Figures are constructed with the graphics software packageOpenDX [29].

3. Numerical results. In the following, we present numerical simulations of ECD ex-
periments with the cell in the horizontal position and in thevertical position, cathode above
and below anode, respectively. Figure3.1 shows a sequence of snapshots of ECD with the
cell in horizontal position in the presence of three spikes on an otherwise flat electrode. The
plots show particle trajectories released at different locations in the cell and anion concentra-
tion isosurfaces or concentration shells. The cell is represented using a grid of80× 200× 50
nodes. Particle trajectories serve to track the evolution of the cathodic and anodic convective
rolls. They reveal how density currents generate gravity-driven rolls consisting of horizontal
cylinders squeezed at their extremes due to lateral wall effects. While the anodic roll remains
undisturbed, the cathodic roll is wrapped around the electrode spikes. The snapshots show
the precise moment in which the cathodic and anodic rolls collide and merging starts. There
is a coalescence among individual rolls of adjacent filamenttips, resulting in a more uniform
cathodic front. This front is defined by dendrites and their vortex rings, which push the front
forward. Trajectories of particles released near the dendrite tips reveal the entangled nature
of flow: near the dendrite tips, the fluid is entrained by vortex rings whose basins of attrac-
tion are the dendrite tips. However, some particles manage to escape and are entrained by the
vortex roll, finally orbiting with a helicoidal motion. Particle trajectories also unveil vortex
interactions among themselves in the presence of dendrites, in an analogy with the physical
experiments from Figure1.2.

Figure3.2shows snapshots of ECD with the cell in horizontal position,in the presence
of three spikes in an otherwise flat electrode. The plots showa vertical cross-section of vortex
tube and anion concentration shells. The simulations reveal the evolution of concentration
shells which follow closely the evolution of rolls. One of the snapshots shows the precise mo-
ment in which the cathodic and anodic concentration fronts collide and slip one over the other.
Again, these simulations have some resemblance to the physical experiments of Figures1.2,
1.3, and1.4.
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(a) 20 s (b) 30 s

(c) 40 s (d) 50 s

FIG. 3.1.Snapshots of the horizontal cell flow pattern simulation with three spikes at different times: particle
trajectories and anion concentration isosurfaces.

(a) 20 s (b) 30 s

(c) 40 s (d) 50 s

FIG. 3.2.Snapshots of flow pattern simulation near three spikes at different times: velocity field superimposed
with anion concentration isosurfaces (clipped to improve visualization).

In the following, we present numerical simulations in a vertical cell (cathode above an-
ode). The cell is represented by a cubic grid of30 × 120 × 200 nodes.

Figure3.3 shows snapshots of ECD with the cell in a vertical position, cathode above
anode, in the presence of one single spike (enlarged) in an otherwise flat electrode.
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(a) Numerical schlieren image with concentration
contour lines superimposed.

(b) Electric field lines superimposed with electrostatic
potential contour lines.

(c) Particle trajectories superimposed with anion con-
centration contour lines.

(d) Velocity field superimposed with anion concentra-
tion contour lines.

FIG. 3.3.Flow pattern simulation near a spike in a vertical cell (cathode above anode).

Figure 3.3(a)displays numerical schlieren superimposed on concentration contours. Near
the spike, the white zone indicates the vortex tube and ring wrapped around the spike. Fig-
ure 3.3(b)displays a geometric form with the approximate shape of a spherical drop (gray
area turned slightly transparent) representing an isosurface of the modulus of the electric
field, and a cross-section (at spike level) of the electric field lines. The approximate spherical
shape of the drop is due to the value of the modulus of the electric field (thresholded); the
field strength is constant in a large portion of the cell and only increases near the finger tips.
The electric field lines converging to the filament tip are clearly seen in the figure. The drop
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(a) 56 s (b) 62 s

(c) 65 s (d) 69 s

FIG. 3.4. Simulated unstable stratified flow in a vertical cell (cathode below anode): numerical schlieren
images of ion concentration.

approximately indicates the space zone inside which there is absence of electroneutrality. In
fact, the exact computational zone where electroneutrality is absent can be obtained by the
surface of the function defined by the difference between thecation and anion concentra-
tion (

∑

i ziCi). This surface is approximately represented by the drop; wecall it the electric
spherical drop. Figure3.3(c)shows concentration shells and particles released near thespike,
which give evidence of the superimposed vortex tube and ring. Figure3.3(d)displays concen-
tration shells and the velocity field. These simulations have some resemblance to the physical
experiments of Figures1.5and1.6.

In the following, we present numerical simulations of ECD ina cell in a vertical position,
cathode below anode. In this case, the cell is represented bya grid of20 × 200 × 200 nodes.
Figures3.4 and3.5 present the simulation of an unstable stratified flow in whichdendrites
are represented just by one small spike at the cathode center. This configuration is intended
to mimic the situation depicted in Figure1.7. Figure3.4 shows snapshots of schlieren con-
centration plumes evolving towards an unstable stratified flow. In these remarkable images, it
is clear how high-density concentration plumes detach themselves from the anode at the top,
descend, and mix with ascending low-density concentrationplumes detaching from the cath-
ode at the bottom. Figure3.4(d)reveals a fully developed unstable flow. Finally, Figure3.5
shows detailed images of concentration shells and particletrajectories, their detachment from
each electrode, and their encounter and mixing.
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(a) 56 s (b) 62 s

(c) 65 s (d) 69 s

FIG. 3.5.Simulated unstable stratified flow: clipped isosurface of concentration shells and particle trajectories.

4. Discussion.We presented a 3D mathematical macroscopic model for ECD in cells in
horizontal and vertical positions relative to gravity, andnumerical simulations of that model.
The mathematical model and numerical simulations, the latter validated with 2D experimen-
tal measurements, allowed the construction of the following more complete predictive phe-
nomenological 3D model.

In a horizontal cell, our model predicts the existence of concentration shells and convec-
tion rolls near each electrode, not detaching from them but expanding towards one another,
and their interaction with ramified deposits. At the dendrite, the shells and rolls bend and
surround the tip, forming a sort of three-dimensional envelope tube which is squeezed by the
dendrite tip and which closely follows the evolution of the deposit front.

In a vertical cell, cathode above anode, in the presence of growth, our model predicts
that the fluid concentration near a downward-growing tip is lowered, thus generating a vortex
tube (driven by gravitoconvection) wrapping the dendrite tip (much as in the case of the
horizontal cell in which the dendrite tip is surrounded by rolls). The region close to the anode
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is not affected by the growth and remains without convection, giving rise to a global stable
stratified flow.

In a vertical cell, cathode below anode, our model predicts an unstable stratified flow
in which the cathodic and anodic vortex tubes transform themselves into plumes or tongues
expanding towards one another and merging. As a consequenceof this mixing, concentration
gradients are strongly attenuated.

In horizontal as well as in vertical cells, our model predicts the existence of vortex rings
driven by electroconvection and electric spherical drops at the tips of the dendrites, allowing
fluid to penetrate at the tip and to be ejected from its sides. Flow near the tips is the result of
the combined action of vortex rings, concentration shells,and rolls.

While electric and buoyancy forces are normal to each other in a horizontal cell, in verti-
cal cells, cathode above anode, both forces are coplanar andhave the same direction. This is,
naturally, the fundamental cause of their different behavior.

Mathematical modeling is supported by 3D numerical simulation results shown in Fig-
ures3.1(horizontal cell),3.3(vertical cell, cathode above anode), and3.5(vertical cell, cath-
ode below anode), respectively.

3D numerical simulations are validated by the corresponding 2D experimental measure-
ments presented in Figures1.3 and1.4 for horizontal cells, and in Figures1.6 and1.7 for
vertical cells, respectively.

In conclusion, the numerical simulation of our 3D mathematical model makes it possible
to prove from first principles the existence of 3D structures, and therefore it leads to a more
complete formulation of a 3D phenomenological model and itsspace-time evolution: rolls
are vortex tubes squeezed at their ends, concentration fronts form shells accompanying rolls,
electric spherical drops are isosurfaces of the modulus of the electric field, roll, and shell
envelope filaments, among other features. Thus, the model not only correctly predicts 2D
experimental measurements found in the literature, but it also provides new insights into the
physical problem.
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[17] G. GONZÁLEZ , G. MARSHALL , F. V. MOLINA , S. DENGRA, AND M. ROSSO,Viscosity effects in thin-layer
electrodeposition, J. Electrochem. Soc., 148 (2001), pp. C479–C487.

[18] J. HUTH, H. SWINNEY, W. MCCORMICK, A. KUHN, AND F. ARGOUL, Role of convection in thin-layer
electrodeposition, Phys. Rev. E, 51 (1995), pp. 3444–3458.

[19] C. LÉGER, J. ELEZGARAY, AND F. ARGOUL, Experimental demonstration of diffusion-limited dynamics in
electrodeposition, Phys. Rev. Lett., 78 (1997), pp. 5010–5013.

[20] V. G. LEVICH, Physicochemical Hydrodynamics, Prentice Hall, Englewood Cliffs, New Jersey, 1962.
[21] K. A. L INEHAN AND J. R.DE BRUYN, Gravity currents and the electrolyte concentration field inelectro-

chemical deposition, Canad. J. Phys., 73 (1995), pp. 177–186.
[22] G. D. MALLINSON AND G. DE VAHL DAVIS, Three-dimensional natural convection in a box: A numerical

study, J. Fluid Mech., 83 (1977), pp. 1–31.
[23] G. MARSHALL , E. MOCSKOS, F. V. MOLINA , AND S. DENGRA, Three-dimensional nature of ion transport

in thin-layer electrodeposition, Phys. Rev. E, 68 (2003), 021607 (8 pages).
[24] G. MARSHALL AND P. MOCSKOS, Growth model for ramified electrochemical deposition in thepresence of

diffusion, migration, and electroconvection, Phys. Rev. E, 55 (1997), pp. 549–563.
[25] G. MARSHALL , P. MOCSKOS, H. L. SWINNEY, AND J. M. HUTH, Buoyancy and electrically driven con-

vection models in thin-layer electrodeposition, Phys. Rev. E, 59 (1999), pp. 2157–2167.
[26] G. MARSHALL , F. V. MOLINA , AND A. SOBA, Ion transport in thin cell electrodeposition: modelling three-

ion electrolytes in dense branched morphology under constant voltage and current conditions, Elec-
trochimica Acta, 50 (2005), pp. 3436–3445.

[27] G. MARSHALL , E. PERONE, P. TARELA , AND P. MOCSKOS, A macroscopic model for growth pattern for-
mation of ramified copper electrodeposits, Chaos Solitons Fractals, 6 (1995), pp. 315–324.

[28] J. NEWMAN AND K. THOMAS-ALEA,Electrochemical Systems, 3rd ed., John Wiley & Sons, Hoboken, New
Jersey, 2004.

[29] OpenDX: An open source imaging package. Available athttp://www.opendx.org.
[30] K. PIETRONERO AND H. J. WEISMANN, Stochastic model for dielectric breakdown, J. Statist. Phys., 36

(1984), pp. 909–916.
[31] R. F. PROBSTEIN, Physicochemical Hydrodynamics: An Introduction, 2nd ed., John Wiley & Sons, New

York, 1994.
[32] T. V ICSEK, Fractal Growth Phenomena, 2nd ed., World Scientific, Singapore, 1992.

http://www.opendx.org

