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Abstract. Discrete maximum principles are established for finite element approximations of nonlinear parabolic
problems. The conditions on the space and time discretizations are similar to the usual conditions for linear problems.
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1. Introduction. The numerical approximations of solutions of models described by
partial differential equations are naturally required to mirror some basic qualitative properties
of the exact solutions. For parabolic equations, such a basic qualitative property is the (con-
tinuous) maximum principle (CMP). Several variants of CMPs exist; see, e.g., [16, 26]. Its
discrete analogues, the so-called discrete maximum principles (DMPs) were first presented
and analysed for the case of parabolic problems in the papers [17, 22]. If the finite element
method (FEM) is employed for the spatial discretization, then the corresponding DMPs are
normally ensured by imposing certain geometrical restrictions on the spatial meshes used;
see, e.g., [7, 8, 10, 12, 17, 18, 19, 20, 24, 25, 29, 30] and the references therein. For ellip-
tic problems, an extra requirement for the mesh is to provide irreducibility of the stiffness
matrix [6]. This property is not always easy to ensure [8, p.5]. In contrast, there is no such
requirement in the parabolic case, cf. [17, 12] and Theorem 4.1 below. For parabolic prob-
lems, the other most important condition to satisfy the DMP is that the time-steps often have
to be chosen between certain lower and upper bounds with respect to the space mesh. In
general, At = O(h?) must hold [10, 13]; this well-known requirement also appears for fi-
nite difference discretizations [11] and in the context of convergence in maximum norm [27].
A related important discrete qualitative property of the numerical solutions is the so-called
nonnegativity preservation, analysed in the context of DMPs, e.g., in [10, 12].

In this paper, we prove discrete maximum principles for nonlinear parabolic problems,
which has never been considered so far according to the authors’ knowledge.

The paper is organized as follows. In Section 2, we formulate the nonlinear parabolic
problem. The discretization scheme is given in detail in Section 3. Some preliminaries on
linear problems and the maximum principle are given in Section 4. The DMP and related
nonnegativity preservation, and the conditions for their validity are presented in Section 5:
we first consider two types of growth conditions for the reaction terms, then we discuss suffi-
cient geometric conditions on the FE meshes used, and finally we give two relevant real-life
examples.
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2. The problem. In the sequel, we consider the following mixed nonlinear parabolic
problem. Find a function v = u(z, t), such that

2.1 % — div (k(x,t,u,Vu)Vu) +q(z, t,u) = f(z,t) in Qr:=Q x(0,7T),

where () is a bounded domain in R? and T > 0. The boundary and initial conditions are
given by

(2.2) uw(z,t) = g(z,t) for (z,t) € Tp x[0,T],
(2.3) k(z,t,u, Vu) 2% + s(z,t,u) = v(z,t) for (z,t) € Tnx x [0,T],
(24) u(z,0) = up(xz) for =z €,

respectively. We impose the following
ASSUMPTION 2.1.

(A1) Q is a bounded polytopic domain in R¢ with a Lipschitz continuous boundary 8;
I'n,Tp C 89 are open sets, such that Ty NT'p =@ and Ty UTp = 0N

(A2) The scalar functions k : Q7 x R - R, ¢: @y xR — Rands : Ty x
[0,T] x R — R are measurable and bounded. Moreover, ¢ and s are continuously
differentiable with respect to their last variable £, on their domains of definition.
Further, f € L®(Qt), v € L*(T'y x [0,T]), g € L*®(Tp x [0,7T]) and uy €

L>=(Q).
(A3) There exist positive constants po and g1, such that
(2.5) 0 < po <k(x,t,6,n) <

forall (z,t,£,m) € 2 x (0,T) x R x R?.
(Ad) Let2 < p; ifd=2,0r2 < p; < 2% if d > 2. Further, let2 < py < 2.5if d =2
or 3 and po = 2if d > 3. There exist constants oy, &z, 81, f2 > 0, such that for any
x € Q (orz € Ty, respectively), t € (0,7) and £ € R,
0 t 0 t .
(2.6) 0< % Sa1+ﬂ1|§|p1_2,OS % 5042+,32|§|p2_2.

We define weak solutions in the usual way as follows. Let HL(Q2) := {u € H*(Q) :
U, = 0}. A function u : Q7 — R is called the weak solution of the problem (2.1)-(2.4) if
u is continuously differentiable with respect to ¢ and u(.,t) € H5 () for all ¢ € (0,7 and
satisfies the relation

Ou
2.7 / EU dr + /(k(x, t,u, Vu)Vu - Vo + ¢(z, 1, u)v) dr + / s(z,t,u)vdo
Q

Q 'n

= /fvda:+ /’yvda, Yo e H5H(Q), te(0,T).
o) Tn

Further,

(2.8) u=g on [0,T]xTp, Um0 =uo in Q.

Here and in the sequel, equality of functions in Lebesgue or Sobolev spaces is understood
almost everywhere.
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3. Discretization scheme. The discretization of problem (2.1)—(2.4) is built up in a
standard way. The presentation below is an adoption of the discretization in [12] to the
nonlinear case.

3.1. Semidiscretization in space. Let 75 be a finite element mesh over the solution
domain Q C R?, where h stands for the discretization parameter. We choose basis functions
1, ---, O, assumed to be continuous and to satisfy

m

(3.1 $:>0 (i=1,...,m), Z¢,-E1.
i=1

Let there exist node points P; € 0,4 = 1,...,m, such that

(3.2) ¢i(P5) = b4,

where d;; is the Kronecker symbol. (These conditions hold, e.g., for standard linear, bilinear
or prismatic FEM.) Let V}, denote the finite element subspace spanned by the above basis
functions:

Vi = span{¢y, ..., ¢m} C HY(Q).
Now, let m < m be such that
(3.3) P,.. P,
are the vertices that lie in 2 or on I' v, and let
(CX) Prti, s Py

be the vertices that lie on I'p. Then the basis functions ¢, ..., ¢, satisfy the homogeneous
Dirichlet boundary condition on I'p, i.e., ¢; € Hp,(£2). We define

VY = span{¢1, ..., pm} C Hp(S).

Then the semidiscrete problem for (2.7) with initial-boundary conditions (2.8) reads as
follows: find a function up, = up(z,t), such that

uh(x,()):ug(x), er:

uh('at) - gh(-at) € ‘/Oha te (OaT)a

and

/ aaithvh dz + /(k(m,t,uh, Vup)Vuy - Vo, + q(x,t,uh)vh) dz + / s(x,t,up)vp do
Q Q I'n

3.5) = /fvh dx + /'yvda, Yoy, € Voh, te (0,7).
Q

I'n
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In the above formulae, the functions uf and gy (.,t) (for any fixed t) are suitable approx-
imations of the given functions ug and g(.,t), respectively. In particular, we will use the
following form to describe gp:

(3.6) Z 9 (1) pmyi(z

where
my =1 — m.

We note that, based on the consistency of the initial and boundary conditions (g(s,0) =
uo(s), s € 0N2), we obtain

9(Pr+i,0) = uo(Pmyi), 1=1,...,mp.

We seek the numerical solution of the form

(3.7) Z uf ) + gn(, 1)

and notice that it is sufficient that uy, satisfies (3.5) for vy, = ¢;, 4 = 1,2,...,m, only. Then,
introducing the notation

(3.8) u"(t) = [uf (1), .- up (1), 91 (2), -, g, (D]

we are led to the following Cauchy problem for the system of ordinary differential equations:

du”
(3.9) M-—-+G(u ") = £(t),
(310) uh(O) = llg = [UO(Pl); v ,UO(Pm),g{l(O), s Jg:lna (0)]T1
where
G M= Mylncn, M = [ ¢3()6i(a) da,

I'n

= /(k(az,t,uh,Vuh)Vuh-V¢i+q(:c,t,uh)¢,~) dw+/ s(z,t,up)p; do(x),
Q

€)= [y, filt) = / F(@ ) bi(e) do + / (2, ) 4() dor(2).

The solution u? = u” (t) of problem (3.9)—(3.10) is called the semidiscrete solution. Its
existence and uniqueness is ensured by Assumption 2.1, since then G is locally Lipschitz
continuous.
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3.2. Full discretization. In order to get a fully discrete numerical scheme, we choose
a time-step At and denote the approximation to u”(nAt) and f(nAt) by u™ and £ (for
n=0,1,2,...,ny, where npAt = T), respectively. To discretize (3.9) in time, we apply
the so-called #-method with some given parameter § € (0, 1].

We note that the case § = 0, which is otherwise also acceptable, will be excluded later by
condition (5.16). This gives no strong difference, since the presence of M makes the scheme
not explicit even for § = 0.

We then obtain a system of nonlinear algebraic equations of the form

un+1 —u”
(3.12) M——(——+ G U™ + (1 - )G (™) =9 .= o™+t 4 (1 — 6)f",

n =20,1,...,n7 — 1, which can be rewritten as a recursion

(3.13) Mu™! + JALG(u"H!) = Mu” — (1 — 0)AtG(u”) + At £

with u® = u”(0). Furthermore, we will use the notation

(3.14) Pu™™!) := Mu™™! + 0AtG(u™), Q(u™) := Mu" — (1 — §)AtG(u™).
Then, the iteration procedure (3.13) can be also written as

(3.15) P(u™!) = Q(u") + At £f(™9),

We note that finding u™*! in (3.15) requires the solution of a nonlinear algebraic system.
The mass matrix M is positive definite, and it follows from Assumption 2.1 that u — G(u)
has positive semidefinite derivatives. Therefore, by the definition in (3.14), the function
u — P(u) has regular derivatives. This ensures the unique solvability of (3.15) and, under
standard local Lipschitz conditions on the coefficients, also the convergence of the damped
Newton iteration; see, e.g., [ 14].

4. Preliminaries: linear problems and the maximum principle. An important and
widely studied special case of (2.1)—(2.4) is the linear problem with Dirichlet boundary con-
ditions

4.1 % — kAu+ c(z,t)u = f(z,1),
(4.2) u=g on [0,T]x 0N, ulgmo =up in £,

where k > 0 is constant and ¢ > 0. If the data and solution are assumed to be sufficiently
smooth, then problem (4.1)—(4.2) is known to satisfy the continuous maximum principle, see
[12], which is a starting point for our study:

min{0; Ilglin u} + t; min{0; Icrglin [} <u(z,t) <
t1 t1

4.3)
< max{0; r%laxu} + t; max{0; max f}
tq tq

for all z € Q and any fixed t1 € (0,T), where @y, := Q x [0,%1], and [y, denotes the
parabolic boundary, i.e., I'y, := (02 x [0,#1]) U (2 x {0}). A related property, which follows
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from the above [11], is the continuous nonnegativity preservation principle: relations f > 0,
g > 0and ug > 0 imply that

(4.4) u(z,t) >0

for all (z,t) € Qr.
In the discrete case, the ODE system (3.9) now becomes a linear system

h
(4.5) Mddit +Kuh(t) =f,

where K;; = f(k Vi -V; + c¢,~¢j). The full discretization is
Q

un+1 —u” " (n.0) 1
(46) M- — +fKu"" 4 (1 - 9)Ku" = £ = 6£" + (1 - )"

Then (3.14)—(3.15) can be simplified: introducing the matrices

4.7 A =M + ALK, B:=M - (1 -0)AtK,
equation (4.6) now can be rewritten as

(4.8) Au™t! = Bu” + At £,

To formulate the discrete maximum principle, let us define the following values:

(4.9) Imin =min{g?, ... g0}, g = max{gl,...,9m,},
(4.10) Upin =min{gy ., ul, ..., um},  Umoe = max{gy .o UTs - U }s
forn =0,1,...,np, and
nt1 . 41
4.11) Fin ¥ = inf  f(z,7), ) = sup  f(z,7),
rE(mAL(n )AL re(nAT(ak1)AL
forn =0,1,...,ny—1. If f is only in L>°((2), then the above infima and suprema will mean

essential infima and suprema, respectively. Then the discrete analogue of the continuous
maximum principle (4.3) can be formulated as follows:

min{0, ¢ w1 4+ Atmin{0, 0"V} <

min > Ymin min
(n+1) (n,n+1)

4.12) il (n)
U; < maX{O; 9mazx ;Umaav} + At max{O, fmaz }

This will be denoted by DMP and it corresponds to the continuous maximum principle for
one time-level, i.e., when t; € [nAt, (n + 1)At].

It was proved that the full discretization of the linear problem satisfies the DMP (4.12)
in the following case:

THEOREM 4.1. [17, 12] Let the basis functions satisfy (3.1)—(3.2), and let the following
conditions hold for the matrices (4.7):

(i) Aij; <0 (i#j, i=1,..,mj=1,..,m)

(ii) B >0 (i=1,..,m).
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Then the Galerkin solution of the problem (4.1)—(4.2), combined with the 6-method in the
time discretization, satisfies the discrete maximum principle (4.12).

We note that in the original form (see, e.g., [12, Theorem 6]) it is also assumed that
Kij <0 @G#yj, i=1,.,m,j=1,..,m). However, now by our assumption 8 > 0,
using (3.1) and (3.11) we have M;; > 0. Hence it follows from assumption (i) and (4.7) that
K;; = (1/0At)(A;j — M;;) <0.

The above result has been extended recently to mixed boundary value problems [13]. Let
the boundary conditions in (4.2) be replaced by

(4.13) u=g on [0,T]xTp, kVu-v=¢q on [0,T]xTI%,

kEVu-v+ou=p on [0,T]xT},

where o > 0 is constant. If the conditions of Theorem 4.1 hold and ¢ < 0, then

mazxr umuz mar

1 (n,n+1)
@19l <max{0,g0, ull), H Atmax{0, £ max{O,( 9) 1.

0/ mazx

In [13] a constant o is considered for simplicity, in which case ¢ is simply a constant factor
above and 95,%2“’ is defined analogously to (4.11). However, their proof can be rewritten
exactly in the same way for a variable coefficient 0 = o(z, 7), simply by estimating ¢/o by

its suprema, in which case we have the DMP (4.14) with

(n,n+1)
(4.15) (3) = sp A&7
0/ mazx mer}v, U(.’L‘,T)
rE(nAt,(n+1)At)

REMARK 4.2. The indices 1, ...,m that arise in (4.10) now correspond to node points
in the interior of 2 or on I'y, as in (3.3), and accordingly, the other my indices involved in
9%:;1) in (4.14) correspond to the values on I'p. That is, whereas the DMP (4.12) involves
the values of g on 0f2, the DMP (4.14) involves the values of g on I'p only.

REMARK 4.3. Before we turn from linear problems to the nonlinear case, we note that
the above-mentioned CMP results directly imply the same form of the CMP for some non-
linear problems as well. Namely, since the solution w is fixed, first we can replace ¢(z,t) by
¢(z,t,u(x)) which just means that we have another fixed variable coefficient of u. There-
fore, if c(z, t,u(z)) > 0 then the same CMP (4.3) holds. More generally, monotone nonlinear
lower order terms can be rewritten as a nonlinear coefficient multiplied by the solution u, and
we can then use the above result. Details of this technique are given below, since it will be
used as well in our study of the DMP in the sequel.

5. The discrete maximum principle for the nonlinear problem.

5.1. Reformulation of the problem. We can rewrite problem (2.7) as follows. Let

1 1
5D rete) = /0 g—g@,t,aada, 2(,4,€) = /0 Z—Zm,t,as)da,

foranyx € Q,¢t >0, £ € R, and

~

f(.’L',t) = f(:lf,t) - q(m,t, 0)7 ﬁ(xat) = ’Y(mat) - S(.’L’,t,O),
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for any x € 2, or respectively, x € I'y, t > 0. Then the Newton-Leibniz formula yields for
all z, ¢, & that

q(.’L’,t,é‘) - q(m,t,O) = T(Z’,t,g) £7 S(.’L’,t,f) - S(.’L’,t,O) = Z(Z’,t,g) é-

Subtracting ¢(x,t,0) and s(z,t,0) from (2.1) and (2.3), respectively, we thus obtain that
problem (2.7) is equivalent to

(5.2) /%vdx + B(u;u,v) = /fvdx + /’?vda, Yo € HH(Q), te(0,T),
Q I'n
where
(5.3) B(w;u,v)::/(k(:c,t,w,Vw)Vu-VU—H‘(x,t,w)uv) da:+/z(a:,t,w)uv do,
Q I'n

for any w,u,v € H,(Q). The semidiscretization of the problem reads as follows: find a
function up, = up(z,t), such that

up(z,0) = ul(z), = €Q,

uh('at) - gh(-at) € V0h7 te (OaT)7

and
/%”hdm+3(“h?“hv“h) :/fvhd$+/%nda, Vup € V', t€(0,T).
Q Q Cn

Proceeding as in (3.7)—(3.9), the Cauchy problem for the system of ordinary differential
equations (3.9) takes the following form:

h
(5.4) M L Kty = §,
a
(5.5) u"(0) = uff = [uo(P1), ..., uo(Pm),9t(0), ..., 9, (0)]7,

where M is as in (3.9),
Ku") = [K(u")ij]im»  K@")ij = Blup; ¢, 63),

6.6 O =[filt)iey, o i) = /Q f(@,t)pi(z) dv + /F Y(@,t)¢i(x) do ().

N

The full discretization reads as

6.7 Mu™t! 4 hAIK (u" )"t = Mu” — (1 — 6)AtK (u™)u” + At £9).

Since we have set G(u") = K(u”)u” in (3.9), the expressions (3.14)—~(3.15) become
Pu™t!) = (M + 0AtK (u™!)) u"*, Qu") = (M —(1-60)AtK(u")) u”,

respectively. Letting

(5.8) A(u") := M+0AtK(u"), B(u") := M- (1-0)AtK(u"), vu" e R™,
the iteration procedure (5.7) takes the form
(5.9) A@tHu™t! = Bu™)u” + At £9)

n+4+1

which is similar to (4.8), but now the coefficient matrices depend on u or on u”.
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5.2. The DMP: problems with sublinear growth. Let us consider Assumption 2.1,
where we let p; = p2 = 2 in (A4), i.e., we have instead
(A4') There exist constants g, ap > 0 such that forany z € Q (orz € T'y), t € (0,7)
and £ € R,

dq(z,t,§)

9s(z,t,§)
24

In what follows, we will need the standard notion of (patch-)regularity of the considered
meshes, cf. [3].

DEFINITION 5.1. Let @ C R? and let us consider a family of FEM subspaces V =
{Vh}n—o. The corresponding family of FE meshes will be called regular if there exist con-
stants cg, ¢y > 0, such that for any h > 0 and basis function ¢y,

(5.10) <o, 0< < as.

(5.11) c1h® < meas(supp ¢,), diam(supp é,) < coh,

where meas denotes d-dimensional measure and supp denotes the support, i.e., the closure
of the set where the function does not vanish, and

(5.12) meas(@(supp ¢p)) < bt

where meas denotes (d — 1)-dimensional measure of the boundary of supp ¢,.
Note that (5.11) also implies

(5.13) meas(supp ¢p) < csh.

In fact, (5.12) also follows from (5.11) under certain natural but additional assumptions, e.g.,
if supp ¢, is convex, as is the case for linear, bilinear or prismatic elements.

THEOREM 5.2. Let problem (2.1)—(2.4) satisfy Assumption 2.1, such that we let py =
p2 = 2in (2.6), i.e., (A4) reduces to (A4') above. Let us consider a family of finite element
subspaces V = {Vi}n—0, where the basis functions satisfy (3.1)-(3.2) and the family of
associated FE meshes is regular as in Definition 5.1. Let the following assumptions hold:

(i) foranyi=1,..,m, j=1,...,m (i # j), if meas(supp ¢; Nsupp ¢;) > 0, then

(5.14) V¢i-V¢; <0 on Q and /w)i-w),- < —Koh?2,
Q

with some constant Ko > 0 independent of i, j and h;
(ii) the mesh parameter h satisfies

2p0 Ko )
coary + /a3 + 4o Kocoay

(5.15) h < hg:=
(iii) we have

02h2
(5.16) At > :
0(u0K0 - a162h2 - OéQCgh)

(iv) if 0 < 1, then

(5.17) At <
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where
(5.18) R(h) :== p1 N(h) + a2 G(h) + a1,
using the notation

max fg|v¢z|2 fFN ¢3
i=lm  [o @7 7 Jod?

Then for all u € R™, the matrices A(u") and B(u"), defined in (5.8), have the following
properties:

(1) Auh);; <0 (i#j, i=1,.mj=1,..m);

(2) Buhy; >0 (i=1,..,m)

Proof. (1) We have

(5.19) N(h) =

G(h) := _ max

(5.20) A(uM)ij = My + 0AtK (uh);; = / b + OALB(up; ¢j, ¢i)
Q

= [ i 0nt| [ (ka,t,un, Vun) Ve - V61 + o, tun)son) + [ (ot un)dses
Q

Q 'y
Let 2;; := supp ¢; N supp ¢; and I';; := 9€Q;;. Here, by (3.1) and (5.12)-(5.13),
(5.21) / (ﬁj(ﬁ,’ < meas(Q,-j) < C2hd and ¢J¢Z < meas(I‘ij) < Cth71
Q I'n

and, similarly,

(5.22) / r(z,t,up)pjd; < ajesh?  and /z(m,t,uh)qﬁjqﬁi < aseah®L,
Q

'~

since by (5.1), r and z inherit (5.10). By (2.5) and (5.14),

(5.23) / k(x,t,un, Vun)Vj - Vo < —pokoh?~2.
Q

Altogether, we obtain

Ky 1
A@")yj < eah? [1+ 9At (_“"c 0 toq+ a2>] _
2

h? h

Since h < hg for hg defined in (5.15), it readily follows that we have a negative coefficient of
0At above, and from (5.16) we obtain that the expression in the large brackets is nonpositive.
Hence A(u”);; <0.

(2) Analogously to (5.20), we have

B(uh)ii = i T (]- - G)AtK(uh)“ Z 0,

if and only if
(5.24)

i>(1-0)at| [ (k il? +r(w,t,un) g} ot un) ¢
/Q¢’ >(1-6)At /( (z,t,un, Vup) |V |* +r(z,t uh)¢)+/z(m t,up) @

'~
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The latter holds for all At if & = 1 (i.e. the scheme is implicit). If 8 < 1, we estimate the
expression in brackets in (5.24) by

[(iva +ag) + [t < B0 [

Q I'n

It readily follows that (5.24) holds for all At that satisfies (5.18). 0

Now we can derive the corresponding discrete maximum principle:

COROLLARY 5.3. Let the conditions of Theorem 5.2 hold, and let 4(z,t) := y(z,t) —
s(x,t,0) <0. Then
(5.25) u < max{0, gt w1 + At max{0, firr DY,

max mazx

Proof. Our reformulated problem has the right-hand side f (z,t) := f(z,t) — q(z,t,0),
which is in L*(Q7) by Assumption 2.1 (A2). Further, by (5.2)-(5.3), we have the Neumann
boundary condition

k(z,t,u, Vu) Vu - v + z(z,t,u)u = §(x,t) on 'y,

where z > 0 and 4 < 0. We can rewrite our boundary conditions to match (4.13): let
I'Q and T’y be the portions where z = 0 and z > 0, respectively. Then, by assumption,
q:= &‘F(IJV <0Oandp:= ﬁqp}v < 0. Therefore (4.14) can be applied (with f) and its last term
can be dropped, whence we obtain (5.25). |

REMARK 5.4. Note that the DMP (5.25) involves the values of g on I'p; see also Re-
mark 4.2. Besides that, (5.25) is formally identical to the upper part of (4.12), and could in
fact be derived from it directly as an alternate proof. Namely, one can apply Theorem 4.1 as
an algebraic result for the ODE system (5.4). Here f is replaced by f, which also involves the
values of 4; see (5.6). However, by our assumption 4 < 0. Therefore, we obtain a further
upper bound by dropping the integrals with 4, and we are thus led to (5.25).

REMARK 5.5. For various popular finite elements one has N (h) = O(h=?) and G(h) =
O(h~1)in (5.19). Therefore,

in (5.18). Let us first consider N (h). Exact formulae for [,.|V¢;| and [ . ¢7 on elements T
have been derived for simplicial elements in any dimension ([2], [5, p. 201]) bilinear elements
in 2D [12] and prismatic elements in 3D [28] showing that

(5.26) /T|V¢,-|2=0(hd*2) and /Tqﬁ;%’=0(hd).

This immediately yields N(h) = O(h™2), since the integral over Q equals the integral
over the support which consists of a bounded number of elements. For G(h), we have
fFN 7 < |, B(supp :) @?. The latter is an integral over the finite union of (d — 1)-dimensional
elements of the above types. Hence we can apply the (d — 1)-dimensional formula to obtain
Jr #7 < O(h%1). This implies G(h) = O(h™").

REMARK 5.6. (Discussion of the assumptions in Theorem 5.2.)

(i) Assumption (i) can be ensured by suitable geometric properties of the space mesh;
see subsection 5.4 below.

(ii) The value of hg contains given or computable constants from the assumptions on the
coefficients, the mesh regularity and geometry.
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(iii) The lower bound in (5.16) is asymptotically
(5.27) At > O(h?),

as h — 0, and the constants are similarly computable.

(iv) If § = 1, i.e., the scheme is implicit, then there is no upper restriction on At. If
§ < 1, then Remark 5.5 shows that for many popular elements one has R(h) = O(h~2)
in (5.18). This has been proved so far for simplicial elements in any dimension, bilinear
elements in 2D and prismatic elements in 3D. Hence, At < O(h?) as h — 0, which yields
with (5.27) the usual condition

(5.28) At = O(h?)

as h — 0, for the space and time discretizations. In addition, the lower bound in (5.16) must
be smaller than the upper bound in (5.17): in view of the factor 1 — @ in the latter, this gives
a restriction on 6 to be close enough to 1.
REMARK 5.7. Let us consider problem (2.1)—(2.4) with principal parts only, i.e., when
q=s=0
Ou

i div (k(x,t,u,Vu)Vu) = f(z,t) in Qr:=Qx (0,7T),

uw(z,t) = g(z,t) for (z,t) € Tp x[0,T],

k(a:,t,u,Vu)% =(z,t) for (z,t) €'y x][0,T],
and
u(z,0) = uo(z) for x €.

Then Assumptions (ii)-(iv) of Theorem 5.2 become much simplified, since oy = as = 0.
Namely, assumption (ii) is dropped since formally hy = oo, i.e., there is no upper bound
on h. Assumptions (iii)-(iv) read as follows:

2
= h?; if § <1, then At < fQ b;

5.29 At > ——— min —=——.
( ) - O/J,()K() 751 (1 —9) i=1,...,m flv¢z|2
Q

Let us now return to the statement (5.25). By reversing signs in Corollary 5.3, we obtain
the corresponding discrete minimum principle:

COROLLARY 5.8. Let the conditions of Theorem 5.2 hold, and let (z,t) := v(z,t) —
s(z,t,0) > 0. Then
(5.30) w1 > min{0, g™ W™ 1 4 Atmin{o, £ DY

min O “min min

An important special case is the discrete nonnegativity preservation principle, the dis-
crete analogue of (4.4):

THEOREM 5.9. Let the conditions of Theorem 5.2 hold, and let f >0,9g>04>0and
ug > 0. Then the discrete solution satisfies

u; >0, Vn=0,1,...n7,i=1,..,m.
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Proof. Assumptions f > 0, g > 0 and 4 > 0 imply ggg;;l) > 0 and f;(:i’,?H) for all n
and ¢. Hence (5.30) becomes

utt > min{O,ug;)n}.

ggz.n > 0. Hence we obtain by induction that u("-) > 0 for

Here assumption ug > 0 implies u min

all n. a

By Theorem 5.9, u" is nonnegative at each node point. Properties (3.1)—(3.2) of the basis
functions imply that the FEM solution u" (., nAt) is also nonnegative for all time levels nAt.
If, in addition, we extend the solutions to ) with values between those on the neighbouring
time levels, e.g., with the method of lines, then we obtain that the discrete solution satisfies

uP >0 on Q.

5.3. The DMP: problems with superlinear growth. In this subsection we allow stronger
growth of the nonlinearities ¢ and s than above, i.e., we return to Assumption 2.1 (A4). For
this we need some extra technical assumptions and results. Let us first summarize the addi-
tional conditions.

ASSUMPTION 5.10.

(B1) We restrict ourselves to the case of an implicit scheme:

0=1.

(B2) V}, is made up by linear, bilinear or prismatic elements.
(B3) The coefficient on 'y satisfies ¥(z,t) := y(z,t) — s(z,,0) = 0. Further, T'p # 0.
(B4) The exact solution satisfies u(.,t) € W14(Q) for some ¢ > 2 (if d = 2) or some
q>2d/(d—(d—2)(p1 —2)) (ifd > 3)forall t € [0,T].
(B5) The discretization satisfies Mp, := sup,¢po 1) [|[u(-,t) — un(-, 1)l Le1 () < oo.
Now, by [1], under Assumption 2.1 (A4), we recall the Sobolev embedding estimates

(5.31) ||U||LP1(Q) < CQ,IHH'UHH}): ||v||L1"2(FN) < CFN7P2||1)||HB7 Vo € Hll)(Q)a

with some constants Cq p,, Cry,p. > 0 independent of v.
LEMMA 5.11. Let V}, be made up by linear, bilinear or prismatic elements. Then there
exists a constant cp, > 0, such that

(5.32) vl Lro(ry) < cpab Hlvllz2(), Vv € V.

Proof. We have

J|Vv?
2 2 2 Q 2
= \Y% < max —— < -R(h
HU”H}) Q/| v _/QU ve%/}: fQU2 < ¢p, ( )/Q’U .

where R(h) comes from (5.18) and, as seen before, satisfies R(h) = O(h~2). This, com-
bined with (5.31), yields the required estimate. O
Now we consider the full discretization (5.7) for 8 = 1:

(5.33) Mu"t! + AtK(u"tH)u™t! = Mu” + At £,
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Letu™*! € V}, denote the function with coefficient vector u™*!, and let f™(x) := f(z,nAt).
Then, by the definition of the mass and stiffness matrices, (5.33) implies

(5.34) /u”+1v+AtB(u"+1;u"+1,v):/
Q Q

u"v+At(/ frot ﬁ/"v), Yv € Vp,.
Q

I'n

Here, from Assumption 5.10 (B3), the integral on I'y vanishes. Furthermore, recall that
f € L*®(Qr) by Assumption 2.1 (A2).
LEMMA 5.12. If Assumption 5.10 holds, then for all t € [0,T],

1A
luCs O)llzr (@) < N1ullzri ) + T(meas(2)) 21 || fll Lo (@) -

Proof. Let v = |u|P*~2u, which satisfies Vo = (p1 — 1)|u|P* 2Vu. By assumption
(B4), |Vu| € L(R), and it is easy to see from the condition on g that [u[?*~2 € L7 (Q),
where (1/q) + (1/q') = 1/2. This implies by Holder’s inequality that [Vv| € L?({2). That
is, for all fixed ¢t we have v(.,t) € Hp(f2). Hence, we can set it in (5.2):

(5.35)

/% |u|Pr 2w do+ B (u; u, |uP* 2u) = /f|u|p1_2u dz, Yv e HH(Q), te€(0,T),
Q Q

where we have used that ¥ = 0. Let

N(t) = [ Dl oy = [ o) do
Q

Then N'(t) = s{pl |u|P*~2u 2% dz. Further, using (5.3) and that Vv = (p; — 1)[u[P* =2V,
we obtain

B(u; u, [u"*2u) = /(k(x,t,u,Vu)(pl — 1) [ul” 2| Vuf?
Q

+r(m,t,u)|u|p1) dx + / z(z, t,u)|ulP* do > 0.

I'n

Hence, the left-hand side of (5.35) is estimated below by N'(¢) /p1. Using Holder’s inequality
for the right-hand side of (5.35), we obtain
1 p1—1

A _ ETIAN p1=1
p—lN'(t) <Gt lluls B[ ) < (meas(2)) 75 [| il oo @y N () 71 -

pp—1
Excluding the trivial case u = 0, we can divide by N(t) 1 and integrate from O to ¢ to

obtain
1 1 1A
N(t)r1 — N(0)r1 < T(meas(Q)) 71| fllL=(Qr);

which is the desired estimate. o
LEMMA 5.13. (1) If Assumptions 5.10 (B1) and (B3) hold, then the norms ||u"(|12(q)
are bounded independently of n and Vi,:

lu™l|z2) < |u®llz2(o) + T(meas(2))2 || fll=(0r) = KL, -
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(2) If all assumptions in Assumption 5.10 hold, then the norms ||u™||Ls: () are bounded
independently of n and Vy,:

1A
[ llzr1 ) < My, + [[u®]l1e1 o) + T (meas()) 71 || fllzoe (@r) =2 Kpr -

Proof. (1) Setting v = u™*! in (5.34), we obtain

(5.36) / (un+1)2 +AtB(u”+1;u"+1,u"+1) :/
Q

unun+1+At/ f-nun—i-l‘
Q

Q
To estimate below, the bilinear form can be dropped from the left-hand side since it is coer-
cive. Using Cauchy-Schwarz inequalities, we have

||U"+1||%2(Q) < ||un||L2(Q)||un+1”L2(Q) + At||fn||L2(Q)||un+1||L2(Q)-
Dividing by ||[u™*!|| 2() and repeating the argument n, times, we obtain
lu*  lz20) < [[W°llz2(@) + (0 + DAL 22(0),

where the r.h.s. is bounded since (n 4+ 1)At < T and ||f"||Lz(Q) < (meas())2 ||f||Loo(QT).
(2) It follows directly from Lemma 5.12 and assumption (B5). a
Lemmas 5.11 and 5.13 imply
COROLLARY 5.14. We have

||un||LP2 ('n) < KP2,FNh'717

where the constant K, v, > 0 is bounded independently of n and Vj,.
THEOREM 5.15. Let problem (2.1)—(2.4) satisfy Assumption 2.1 and Assumption 5.10.
Let us consider a family of finite element subspaces V = {Vi}n—0, where the family of
associated FE meshes is regular as in Definition 5.1. Let the following assumptions hold:
(i) foranyi=1,..,m, j=1,..,m (i # j), if meas(supp ¢; Nsupp ¢;) > 0, then

(5.37) V¢i-Vp; <0 on Q and / Vi -V < —Koh?=?
Q

with some constant Ko > 0 independent of i, j and h;
(ii) the mesh parameter h satisfies h < hg, where hg > 0 is the first positive root of the
equation

Ko 1 /3 KP1—2 /3 KP2—2
_ Mo 0_+a1+%+ 158p1,0 + 2 pZ’FN:(),

(5.38) ca h? h hm h2

where the numbers 0 < 1,72 < 2 are defined below in (5.40), (5.41), respectively;
(iii) we have
(5.39)

02h2
At 2 P1—272 P2—2 12 ’
0(/10K0—C20(1h —Czazh—CQﬂle’Q h _71—C2ﬂ2K h _72)

p2,I'n
Then the matrices A(u™') and B(u™), defined in (5.8)—(5.9), have the following properties:
(1) AWy <0, i#j i=1..,mj=1,..m
(2) B >0, i=1,..,m
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Proof. We follow the proof of Theorem 5.2. As a first difference, instead of uj in
the arguments, we must consider the functions u™*! (for A) and 4™ (for B) that have the
coefficient vectors u™*! and u™, respectively.

(1) Since we now have (2.6) instead of (5.10), the first estimate in (5.22) is replaced by

/ r(w,t,un+1)¢j¢i < / (a1+ﬂ1|un+1|p1—2)¢j¢i < aymeas(§;;)+p1 / |un+1|p1—2 _
Q Q Qi
Here the first term is bounded by a4 coh? as before. To estimate the second term, we use
Holder’s inequality:
- -2
[ < g e
For the first factor, we use Lemma 5.13 (2) to find that

n+1||p1 -2 ”un—i-l”m -2 <Kp1 2‘

||U LP1(Q;;) = LP1(Q) = “*p1,Q

The second factor satisfies, by (5.21),
. 5 24 B
||1||ip1(gij) = (meas(Q;;)) /p < cohpt = cph®,
with

2
(5.40) v i=d— p—d <2,

since from Assumption 2.1 (A4), we have > d — 2. Hence,

n+1|p1—2 pP1—2 d—71
/Q [u™t < Kplg eh®m,

ij

and, altogether,
/ r(z, t,u™ )¢ < areoh® + ﬂlel 920 pd—m |
Q
Similarly,

/z(x,t,u"+1)¢j¢,~ Sa202hd_1+52/ |un-‘,-1|p2—27

I'n

and here, for d = 2,3 we use Corollary 5.14 and (5.13) to obtain

_ —2 2 2/
/F P2 < a2 e,y < 0™ 1202 (meas(Tyy)) ™™

ij

9 5 +z(az n 9 de
<K5§FNC h P2 K£§FN02h ",
where
2(d—1
(5.41) 72:=d—2+p2—g<2,

D2
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from assumption py < 2.5. Summing up, using the above and (5.23), we obtain

-2 p2—2
poKo 1 Q2 'BlKII:;,Q ﬂQKPmFN
1+ 0At <— o 72 +a1+7+ =D + e .

A(uh)ij S Czhd

Since h < hg for hg defined in (5.38), it follows that we have a negative coefficient of 8 At
above, and from (5.39) we obtain that the expression in the large brackets is nonpositive.
Hence A(u”);; <0.

(2) For the implicit scheme, B{u™) coincides with the mass matrix M, whose diagonal
entries are positive. d

Similarly to the sublinear case, we can derive the corresponding discrete maximum, min-
imum and nonnegativity preservation principles. We only formulate here the latter:

COROLLARY 5.16. Let the conditions of Theorem 5.15 hold, andletf >0,9g>204>0
and ug > 0. Then the discrete solution satisfies ui* > 0, forn =0,1,...,nr, i =1,...,m.

5.4. Geometric properties of the space mesh. In order to satisfy condition (5.37), the
most direct way is to require

(5.42) Véi-V¢; < —Koh™?

pointwise on the common support of these basis functions. In view of well-known formulae
(see, e.g., [2, 7, 25, 30]), the above condition has a nice geometric interpretation: in the case
of simplicial meshes, it is sufficient if the employed mesh is uniformly acute [4, 25]. In the
case of bilinear elements, condition (5.42) is equivalent to the so-called strict non-narrowness
of the meshes; see [12, 19]. The case of prismatic finite elements is treated in [18].

These conditions are sufficient but not necessary. For instance, for linear elements, some
obtuse interior angles may occur in the simplices of the meshes, just as for linear problems
(see, e.g., [24]), or one can require (5.42) only on a proper subpart of each intersection of
supports with asymptotically nonvanishing measure, see more details in [21]. These weaker
conditions may allow in general easier mesh adaptive procedures that preserve the DMP.

5.5. Examples. We give two real-life examples where discrete nonnegativity can be
derived for suitable discretizations.

(a) Nonlinear heat conduction.

Heat conduction in a body 2 C R?® with nonlinear diffusion coefficient is often described
by the model

0 .
(5.43) G_Z —div (k(m,t,u)Vu) = f(z,t)

in Q7 := Q x (0,T), where T > 0 is the time interval considered; see, e.g., [15]. The usual
boundary and initial conditions are

(5.44) u(z,t) = g(z,t) for (x,t) € Tp x[0,T],
(5.45) k(x,t,u)% =v(z,t) for (z,t) €'y x][0,T],
and

(5.46) u(z,0) =up(z) for z€Q,
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where all coefficients are bounded nonnegative measurable functions and k has a positive
lower bound. The function u describes the temperature. Hence u > 0.

(b) Reaction-diffusion problems.

A reaction-diffusion process in a body  C R?, d = 2 or 3, is often described by the
model

ou

(5.47) 5

— div (k(a:, t)Vu) +q(a,u) = f(z,1)

in Qr := Q x (0,T). The boundary and initial conditions are

(5.48) u(z,t) = g(z,t) for (z,t) €eT'p x[0,T],
(5.49) k(x,t)g—’,j + s(z,u) = y(z,t) for (z,t) € 'y x[0,T],
and

(5.50) u(z,0) = uo(z) for =z €,

The function u describes the concentration. Hence u > 0. Here the coefficients &, f, g, v and
ug are bounded nonnegative measurable functions and k has a positive lower bound. Further,
q and s desribe the rate of reaction in the body and on the transmission boundary, respectively.
Hence g(z,0) = s(z,0) = 0 for all z. In various examples the reaction process is such that
q and s grow along with u. Further, the rate is at most polynomial, i.e., we may assume
that the growth conditions (2.6) are satisfied. For instance, g(z,u) = u? for some ¢ > 1 in
some autocatalytic chemical reactions, or ¢(z,u) = %ﬁ describes the Michaelis-Menten
reaction in enzyme kynetics [9, 23].

In both examples, we have f =f>0, g>0, y=+v > 0and ug > 0. Therefore
we can use Theorem 5.9 and Corollary 5.16, respectively, to derive the discrete nonnegativity
principle:

THEOREM 5.17. Let the full discretization satisfy the conditions of Theorem 5.2 for
problem (5.43)—(5.46), or the conditions of Theorem 5.15 for problem (5.47)—(5.50). Then
the discrete solution satisfies ui > 0, forn =0,1,...,n7, i =1,...,m.

In particular, for problem (5.43)—(5.46) we can use the simplified assumptions (5.29) for
Theorem 5.2, as given in Remark 5.7.

Consequently, as pointed out after Theorem 5.9, if we extend the solutions to Q)7 with
values between those on the neighbouring time levels, e.g., by the method of lines, then the
discrete solution satisfies u” >0,on Q7.
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